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A Greeting from Tom Nash

Ah, Paul, such memories and I am sad I can’t be at your fest. Back in the day . . . there were
few in HEP or computer science who saw the future as well as you did and accepted that
dedicated farms of little processors could get so much done. Seems quite obvious now, what
with Google, Apple, Amazon, etc., following what our field pioneered. I am really glad that
ACPMAPS, which you and Estia and Andreas and colleagues suffered so much to make
productive, has led to such a successful and long-lasting lattice gauge program.
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A Greeting from Sinéad Ryan

I arrived to Fermilab in autumn of 1996, fresh from my PhD in
Edinburgh. Safe to say it was something of a culture shock - I
suddenly had to buy a car (and drive it to work!) not to mention
coming to terms with a Chicago winter! I was intimidated too at
the idea of working with people whose names I knew only from their
ground-breaking papers, Paul’s of course foremost amongst them,
but the lattice group, and in fact the whole theory group at the Lab
were so welcoming and kind that I was soon very happily settled and
I can honestly say that I loved every minute of my postdoc! While at
Fermilab I worked with Paul and Andreas, as well as Aida and Jim,
on lattice heavy quark physics, learning a huge amount which I still
rely on today. I still work on aspects of heavy quark physics - at finite
temperature and in hadronic spectroscopy and those Fermilab years
have had great impact and stood me in good stead. To Paul and
Liz - thank you both for welcoming me to your home and for your
friendship while I was at the Lab. To Paul, thank you for sharing
your wisdom and intuition - it was a privilege to work with you.
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A Greeting from Estia Eichten
Although I am not able to attend the Paul Fest in person, I want to
add my admiration for Paul’s contributions to Lattice QCD. He has
been a leading figure in the transformation of Lattice calculations
from rough ideas into a precision tool relied on by both experimen-
talist and theorists. Paul and Peter Lepage showed how to define
renormalized coupling constants in LQCD, thus allowing the use of
Wilson loops to provide an accurate determination of αs. Paul has
made many leading contributions to Lattice collaborations that have
calculated masses and weak decays of B,D, and K mesons. The
goal of such calculations was to provide experimentally needed re-
sults but also to determine the quark masses and CKM angles of
the underlying QCD Lagrangian. In addition, Paul provided strong
leadership as the chair of the Executive Committee of USQCD for
many years. But all this will be discussed in much detail by other
speakers. From my point of view Paul’s greatest achievement was
his insistence on lattice calculations having a true error budget. This
has driven lattice QCD development and has been the vision that
transformed the field into the precision tool that it has become.
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Prehistory of lattice computing
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Lepton/Photon, Ithaca (1993)
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Charmonium Modelers at Newman Lab
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CESR resolves three narrow Υ states (1979–80)VOLUME 44, NUMBER 17 PHYSICAL REVIEW LETTERS 28 APR&L 1980
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FIG. 3. Measured cross sections, including cor-
rections for backgrounds and for acceptance, but not
for radiative effects. Errors shown are statistical
only. There is an additional systematic normalization
error of + 20/o arising from uncertainties in efficiencies
and in the luminosity calibration. The energy scale
has a calibration accuracy of 30 MeV. The curves
show the best fit described in the text.

orbit. Although CESR energy settings were found

by repeated resonance scans to be reproducible
to better than 0.01/o accuracy, there is at present
an uncertainty in the overall calibration scale
factor amounting to about 0.3%.

The resonances near 9.4 and 10.0 GeV match
the & and Y' observed first by Herb et a~.~ and
confirmed at the DORl8 e+e ring. ' 4 Because

of the superior energy resolution of the CESR
machine, our resonance peaks appear about two
times higher and narrower than those observed
at DORIS. The resonance near 10.3 GeV is the
first confirmation of the &" claimed by Ueno
et al.'

We fit the data by three very narrow resonan-
ces, each with a radiative tail convoluted with a
Gaussian energy spread, added to a continuum. '
A single fit to the three peaks with a common
energy spread proportional to ~' and a common
continuum proportional to ~ ' has a X equal to
0.94 per degree of freedom. The rms energy
spread is 4.1~0.3 MeV at ~=10 GeV, as ex-
pected from synchrotron radiation and beam-
orbit dynamics in CESR. Individual fits to the
three peaks with independent continuum levels
and peak widths give results for the rms energy
spread and for 1"„which remain within the er-
rors quoted. From the radiatively corrected
area under each peak we extract the leptonic
width &„, using the relation fo'd~= 6m'1;, /M'.
The results are given in Table I. We list our
results in terms of relative masses and leptonic
widths, since systematic errors in these quanti-
ties tend to cancel. Our measurements agree
with those reported by Bohringer et al. ' On the
Y and &' our results agree with those from
DORIS ' for the mass difference but not for the
I;, ratio. Because of rather large uncertainties
in the contribution of background processes such
as & production and two-photon collisions, we do
not regard our present measurement of the con-
tinuum cross section as definitive.

Mass differences have been predicted by as-
suming that the Y, Y', and &" are the triplet
IS, 2S, and 3S states of a bb quark pair bound in
a phenomenological potential, essentially the
same as that responsible for the psion spectrum.
When the potential is adjusted to fit masses in the
psion region and earlier measurements of the
&'-Y difference, the predictions for the Y"-T
mass difference' "range from 881 to 898 MeV,

TABLE I. Measured masses and leptonic widths for the second and
third & states, relative to values for the first state, &(9.4). The first
error is statistical, the second systematic.

M-M(9. 4) (MeV)

Y'(10.0), DORIS (Ref. 3)
Y'(10.0), DORIS (Ref. 4)
&'(10.0), this experiment
&"(10.3), this experiment

555+ 11
560+ 10

560.7+ 0.8+ 3.0
891.1+ 0.7 + 5.0

0.23 + 0.08
0.31+0.09
0.44+ 0.06+ 0.04
0.35 + 0.04 + 0.03
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all signals were digitized and recorded on tape.
This trigger gave an event rate of 0.3 Hz for a
luminosity of 1 pb ' s '. A typical fill of CESR
lasts 3 to 5 hours yielding an integrated lumi-
nosity of up to -15 nb '. The integrated luminos-
ity for each run was measured by detecting and
counting small-angle (40 to 80 mrad) collinear
Bhabha scatter s w ith lead-scintillator sandwich
shower detectors. The long-term stability of the
luminosity monitor is confirmed by the yield of
large-angle Bhabha scattering events in the NaI
array.

Because of the limited solid angle of the NaI
array as used, a major fraction of the hadronic
e e annihilations gave very few particles in the
detector. Rather than trying to identify all had-
ronic events, which would result in an unaccept-
able amount of background, our aim in the analy-
sis was to obtain a clean sample through the use
of strict event- selection criteria. Fundamental
in all criteria used was the identification of mini-
mum-ionizing hadrons. At normal incidence,
minimum-ionizing particles deposit 15 MeV in
the first four Nal layers and - 68 MeV in the last
layer of a single sector. In all scans one unam-
biguous and isolated minimum-ionizing track
plus at least two other tracks or showers were
required. All data were scanned by physicists
and with computer programs. The acceptance
criteria for data presented were determined by
maximizing detection eff iciency while maintain-
ing the background level well below l0'%%uo of the
continuum cross section. The overall efficien-

cies for detecting continuum and Y events are,
respectively, 28% and 37/o. These values are ob-
tained by use of the cross sections measured at
DORIS'' (g„„,=3.8 nb at 9.4 GeV, o ~»&=18.5
nb after correcting for the difference in beam en-
ergy spread at CESR and DORIS). Absolute nor-
malization was obtained by use of large-angle
Bhabha-scattering data. The difference in effi-
ciencies is due to the fact that & decays have
higher multiplicity and sphericity than continuum
events. ' The actual number of &, Y', and&"
events detected above continuum were, respec-
tively, 214, 53, and 133. From the continuum
around the three ~'s we collected 272 events.

The major sources of background were (i) far
single beam-wall and beam-gas interactions,
(ii) close beam-wall interactions, (iii) close
beam-gas interactions, and (iv) cosmic rays.
Case (i) was trivially removed by the require-
ment of an isolated track. Cases (ii) and (iii) oc-
cur with very small probability of producing pene-
trating hadrons at 8 =90'~ 30' with 5-GeV elec-
trons. Case (ii), which is more frequent, is also
recognizable by tracks crossing azimuthal sector
boundaries. Case (iv) was rejected by the re-
quirement of three tracks. We point out that the
minimal residual background does not affect the
results presented here.

The hadronic yield is presented in Fig. 2, plot-
ted in arbitrary units proportional to the ratio of
detected events to small-angle Bhabha yield. In
this way, the energy dependence (- I/E') of the
single-photon processes is removed. The hori-
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FIG. 2. The number of hadronic events, normalized to the small-~~pie Bhabha yield. The solid line indicates a
fit described in the text.
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Υ(4S) launches B physics (1980)
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Rich spectrum of (bb̄) levels
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Reconstruction of B Mesons (CLEO, 1983)

PDG: I , J ,P still need confirmation!
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https://doi.org/10.1103/PhysRevLett.50.881
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Paul and quarkonium off the lattice . . .

VOLUME 47, NUMBER 18 PHYSICAL REVIEW LETTERS 2 NOVEMBER 1981

Quantum Chromodynamic Corrections to the Gluonic Width of the Y Meson

Paul B. Mackenzie'" and G. Peter Lepage
Newman Laboratory of Nuclear Studies, Cornell University, Ithaca, A'em York l4853

(Received 3 August 1981)

The corrections to the gluonic width of &-like mesons in quantum chromodynamics
(QCD) through first order in 0'~ are calculated, with the result I~ = &'~ [1+(3.8+ 0.5)

o', (&&T)l~], using the lVIS scheme definition of o', , renormaiized at MT. With this cor-
rection, the measured value of the leptonic branching ratio of the '&' can be used to de-
termine 0', , or, equivalently, the QCD scale parameter &~p. The result is A~ =100
MeV, with experimental errors of +2& MeV and comparable theoretical uncertainties.
Analysis of the p and P' data is consistent with this value.

PACS numbers: 13.25.+m, 12.40.Cc, 13.65.+i, 14.40.Pe

(ry+g», is the width into a direct photon plus glu-
ons. ) The ratio in Eq. (1) is very sensitive to the
value of 0, Current results for the branching
ratio (B» -—3.3 + 0.5%)' when combined with Eq.
(1) give an effective coupling constant

n, (M) = 0.158'~~ oo,"o. (2)

That many processes give n, in the range 0.1 to
0.3 is in itself a significant success of QCD. How-
ever, given the large size of a„ the order-n,
corrections to QCD predictions are necessary be-
fore a test of the theory at the 10/o-20% level is
possible. The corrections have long been known
for the leptonic width. ' We have calculated the
0(n, ) corrections to the gluonic width, thereby
completing the analysis of B„„t Eq. (1)] through
next order in n, .'

The leading-order analyses of the gluonic and
leptonic decay rates of a nonrelativistic heavy-

Recent measurements of the leptonic branching
ratio (B&&) of the T meson provide one of the best
determinations of n, (M}, the running coupling
constant of quantum chromodynamics (QCD). The
ratio of the gluonic and leptonic widths of the Y is
predicted to leading order in o, to be

r, 1-(3+R+ r„,,„,/r„„)B
W PP

10(~'-9) n, '(M)
Bl m'e

~ &em

where M= M~, e,= ——,
' is the charge of the b

quark,

n M a'
R= g e' 1+ ' +0 ' ~35

quark F 7r'

in QCD with four light quarks, and

1"y+ glue 8(1T —9) u (M) 1+ O ~ =0.8

quark meson like the Y are essentially identical
to analogous calculations for positronium. 4 Each
rate is proportional to the square of the nonrel-
ativistic wave function at the origin:

r '= (m' —9)o '(M )81 ()
I'„„=16me,n,o . . ikNR(0} i'

C

To this order, the widths depend on the long-dis-
tance structure of the meson only through the
overall factor of

i $Na(0)i'. This factorization of
(nonperturbative) low-energy effects occurs be-
cause the annihilation of the heavy quarks is only
possible at distances of order 1/M, —i.e., at
distances much smaller than the meson radius.
Corrections to these leading-order rates come
from two regions of wave function and loop mo-
menta:

(a) Nonrelativistic P (- (P) ~). These include
0(u'/c') corrections due to relativistic kinemat-
ics, and to perturbative terms in the spin-orbit,
spin-spin, and similar interactions. Contribu-
tions are also expected from other Fock states in
the T—e.g. , ibbg), ibbgg), etc. However, both
perturbative and nonperturbative couplings be-
tween these and the

i
bb) state are almost cer-

tainly of order v'/c' or smaller.
(b) Relativistic P (-M, ). The only interactions

thought to contribute at such short distances are
perturbative. The resulting corrections have an
expansion in powers of 0,

We thus assume that the wave function gNa(0)
contains the effects of all relevant long-distance
nonperturbative interactions, and of the instan-
taneous Coulomb exchange, which must therefore
not be included in the one-loop correction. [This
last assumption is unnecessary when computing
the ratios of rates as in Eq. (1}.] We ignore non-

1244 1981 The American Physical Society
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Quarkonium annihilation rates

Waikwok Kwong
Enrico Fermi Institute and Department of Physics, University of Chicago, Chicago, Illinois 60637

Paul B. Mackenzie
Fermilab, P.O. Box 500, Batavia, Illinois 60510

Rogerio Rosenfeld and Jonathan L. Rosner
Enrico Fermi Institute and Department ofPhysics, Uniuersity of Chicago, Chicago, Illinois 60637

(Received 8 September 1987; revised manuscript received 11 January 1988)

Recent measurements of ratios of quarkonium annihilation rates are used to evaluate the strong
fine-structure constant u, . Expressions are presented for QCD radiative corrections with a, re-

ferred to the quark-mass scale. We find a, (mb)=0. 179+000, from the ratio I (Y~ygg)/
I (Y~ggg). The corresponding range of A~~~ (the QCD scale factor for four light-quark flavars) is

146-210 MeV, where MS denotes the modified-minimal-subtraction scheme. The experimentally
more precise but theoretically more questionable ratio of the gluonic and muonic widths of J/f and
Y yields a, (m, )=0.29+0.02, a, (mb)=0. 189+0.008 when VIE corrections to these ratios for J/g
and f are parametrized linearly. Further predictions are made for ratios of rates.

The annihilation of a heavy-quark-antiquark pair
("quarkonium") into final states consisting of leptons,
photons, and light quarks can provide useful information
on the strong fine-structure constant a, ((u) (Refs. 1 and
2). Here p is a renormalization scale, for which various
prescriptions have appeared in the literature. ' Annihi-
lation rates typically depend on a, (p ) to some power p,
times a correction factor:

I (QQ~(final state)) = A [a,(p)] [1+8(p)a,(p)

+O(a, )] . (1)

Unless p =0, the coefficient B depends both on the scale

p and on the exact definition of the coupling constant
(the "renormalization scheme"). This double ambiguity
means that a scale choice which is reasonable in one
scheme is unreasonable in another, and has led to some
confusion about whether the power-series expansion is
well behaved in most processes. In Ref. 4, a technique
was introduced for probing physical momentum scales in
QCD processes so as to allow an intelligent and informed
guess for the renormalization scale in a scheme-
independent way. This analysis concluded that with the
important exception of the ratio of the gluonic and
muonic widths of the Y, the perturbation series for most
QCD processes is quite well behaved and can be used for
phenomenology.

The method of Ref. 4 is uniquely specified in QED. In
QCD the prescription of Ref. 4 for choosing the scale p is
such that the coefficient of nf, the number of light-quark
fiavors, is made to vanish in the constant 8 (p) of Eq. (1).
All the dependence on nf is then absorbed into the term
[a,(p)]~. Thus, the choice of scale is form-invariant un-
der a change in the number of flavors. Light fermion
loops act as a probe of the scale of the virtual momentum

which appears in the argument of a, . The corresponding
scale, defined as p =Q', then appears physical and
reasonable for S-wave quarkonium decays. In particular,
one can argue that Q' for such decays corresponds
roughly to an expected scale of virtual momentum associ-
ated with two- or three-gluon emission. (We have quoted
the scales Q' relative to AMs, where MS denotes the
modified-minimal-subtraction scheme. The physical
momentum scales are roughly twice as large, since AM&M
is roughly twice AMs. )

This happy situation does not appear to persist for P-
wave decays. Radiative corrections to hadronic decay
rates of J =0++ and 2++ quarkonium levels contain
terms associated with final states consisting of a light-
quark pair and a gluon which become infrared singular
when the gluon's four-momentum approaches zero. If
the nf dependence associated with such terms is absorbed
into the definition of the scale p, curiously high values of
Q' are obtained. We will return to the interpretation of
these large values of Q' at the end of this paper. For the
purpose of comparing expressions of the form (1) for S-
and P-wave decays, however, we wished instead to exam-
ine the results of making the simpler (but ad hoc ) choice
p=m&. It should be stressed that this choice is not the
one dictated by experience with QED (Ref. 4), and that
p=m& in the MS scheme is not the same as p=m& in
some other scheme. Moreover, the presence of the in-
frared logarithms in corrections to P-wave decays points
to a role of nonperturbative effects in such corrections,
which probably merits further study.

In this paper we provide a concise summary of QCD
corrections to decay rates based on the choice p=rn& in
the MS scheme. At the same time we make use of the
most recent measurements of Y annihilation rates to
evaluate a, (mb ) precisely. We find

37 3210 1988 The American Physical Society
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Paul and quarkonium on the lattice . . .
VOLUME 69, NUMBER 5 PH YSICAL REVIEW LETTERS 3 AUGUST 1992

Determination of the Strong Coupling Constant from the Charmonium Spectrum

Aida X. El-Khadra, George Hockney, Andreas S. Kronfeld, and Paul B. Mackenzie

Theoretical Physics Group, Fermi National Accelerator Laboratory, P.O. Box 500, Batavia, Illinois 60510
(Received 27 January 1992)

Lattice gauge theory techniques have recently achieved sufficient accuracy to permit a determination
of the strong coupling constant from the 1P-1S splitting in the charmonium system, with all systematic
errors estimated quantitatively. The present result is aMs(5 GeV) =0.174~0.012, or, equivalently,

AMs
= 160 37 MeV (MS denotes the modified minimal subtraction scheme).

PACS numbers: 12.38.6c, 12.38.Aw, 14.40.Gx

A central task in understanding quantum chromo-
dynamics (QCD) is the determination of its coupling con-
stant, g . The Particle Data Group quotes values for
a, (5 GeV)—=g /4z in the range 0.18-0.22 [I]. Recent
measurements at the CERN e+e collider LEP yield
values in the range 0.20-0.24 [2]. Most perturbative
determinations of g contain nonperturbative contamina-
tions which become small only at high energies. On the
other hand, high-energy determinations yield g at lower

energies only imprecisely. Lattice gauge theory calcula-
tions provide a nonperturbative means of determining the
strong coupling constant from low-energy quantities.

In principle, any lattice calculation of a mass or energy
E allows a determination of the strong coupling constant.
The lattice calculation yields the dimensionless quantity
aE, where a is the lattice spacing which is determined by
comparing aE with the experimentally measured value
for E. The bare lattice coupling constant go at scale a
may then be converted into one of the more familiar
definitions of the coupling constant using known pertur-
bative results [3,4]. In practice, most existing lattice cal-
culations contain systematic errors which are difficult to
analyze quantitatively. Consider, for example, the obvi-

ous case of the proton mass. Lattice calculations have
not yet been done with quark masses as light as their
physical values. Chiral perturbation theory calculations
[5] indicate that at pion masses of around 400 MeV,
where lattice calculations are often done, the proton mass
is reduced by a term (of order m, ) of around 100% of its

physical, light pion value. Similarly, the most accurate
lattice calculations to date have been done ignoring the
effects of sea quarks. Some chiral quark model calcula-
tions [6] estimate that the proton mass may be altered as
much as 30% by the effects of the strange quarks in the
sea, let alone the light quarks. Whether or not these cal-
culations are quantitatively reliable, the point is that
the approximation of ignoring the sea quarks (the
"quenched" approximation) introduces potentially large
systematic errors for the light hadrons which are difficult
to analyze and control.

Heavy quark systems offer the best opportunity for
determining the strong coupling constant with present
day lattice calculations [7]. For these systems no extrap-
olation to light valence quark masses is necessary, and er-

rors arising from the omission of sea quarks and also
from the finiteness of the lattice spacing may be sys-
tematically analyzed and quantitatively estimated with

some input from phenomenology, as we discuss below.
As lattice calculations improve, the phenomenological as-
pects of the corrections and error analysis will ultimately
be removed. A rigorous program to extract the strong
coupling constant from lattice gauge theory entirely from
first principles is being formulated by Luscher et al. [8].

The cleanest quantity in heavy-quark systems from
which to extract the strong coupling constant is the split-
ting between the spin averaged masses of the 1S and I P
states. This splitting is insensitive to errors in spin-
dependent interactions which are induced by the finite
size of the lattice spacing. It is also known to be quite in-
sensitive to any errors in the definition of the quark mass,
since the /P-1S splittings in the y and Y systems are al-
most identical ~ Higher-order finite-lattice-spacing errors
such as those resulting in effective p interactions and
four-fermion interactions may be easily analyzed pertur-
batively using potential models and Coulomb gauge lat-
tice wave functions, and if necessary removed by correc-
tions to the lattice action.

We have calculated this splitting using standard Monte
Carlo techniques at three lattice spacings (or, equivalent-

ly, three values of p—=6/go). The smallest lattice spacing
used corresponds to p=6. 1 on lattice volumes of 24 with
25 gauge configurations separated by 8000 pseudo-heat-
bath sweeps. The larger lattice spacings correspond to
P=5.9 on volumes of 16 and P=5.7 on volumes of
12 x24, each with 25 configurations separated by 2000
pseudo-heat-bath sweeps.

The Wilson action for fermions was used with the
O(a) correction term, —(i/2)cy X„„F„,y, added [9].
[Addition of this operator to the action suffices to correct
O(a) errors for Wilson fermions. ] The coefficient c was
set to 1.4 rather than its tree-level value c=1 on the basis
of mean-field theory estimates of the higher-order correc-
tions. For nonre1ativistic fermions, it contributes mainly
an additional cr-8 interaction to the quarks. The spin
averaged level splitting on which this paper is based is ex-
pected to be very insensitive to this correction. On the
other hand, such spin splittings as the y-g, splitting
which we have also investigated are very sensitive to it

1992 The American Physical Society 729

High-Precision Lattice QCD Confronts Experiment

C.T. H. Davies,1 E. Follana,1 A. Gray,1 G. P. Lepage,2 Q. Mason,2 M. Nobes,3 J. Shigemitsu,4

H. D. Trottier,3 and M. Wingate4

(HPQCD and UKQCD Collaborations)

1Department of Physics and Astronomy, University of Glasgow, Glasgow, United Kingdom
2Laboratory for Elementary-Particle Physics, Cornell University, Ithaca, New York 14853, USA

3Physics Department, Simon Fraser University, Vancouver, British Columbia, Canada
4Physics Department, The Ohio State University, Columbus, Ohio 43210, USA

C. Aubin,5 C. Bernard,5 T. Burch,6 C. DeTar,7 Steven Gottlieb,8 E. B. Gregory,6 U. M. Heller,9 J. E. Hetrick,10

J. Osborn,7 R. Sugar,11 and D. Toussaint6

(MILC Collaboration)

5Department of Physics, Washington University, St. Louis, Missouri 63130, USA
6Department of Physics, University of Arizona, Tucson, Arizona 85721, USA
7Physics Department, University of Utah, Salt Lake City, Utah 84112, USA

8Department of Physics, Indiana University, Bloomington, Indiana 47405, USA
9American Physical Society, One Research Road, Box 9000, Ridge, New York 11961-9000, USA

10University of the Pacific, Stockton, California 95211, USA
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M. Di Pierro,12 A. El-Khadra,13,14,15 A. S. Kronfeld,14 P. B. Mackenzie,14 D. Menscher,13 and J. Simone14

(HPQCD and Fermilab Lattice Collaborations)

12School of Computer Science, Telecommunications and Information Systems, DePaul University, Chicago, Illinois 60604, USA
13Physics Department, University of Illinois, Urbana, Illinois 61801-3080, USA

14Fermi National Accelerator Laboratory, Batavia, Illinois 60510, USA
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(Received 7 April 2003; published 15 January 2004)

The recently developed Symanzik-improved staggered-quark discretization allows unquenched
lattice-QCD simulations with much smaller (and more realistic) quark masses than previously possible.
To test this formalism, we compare experiment with a variety of nonperturbative calculations in QCD
drawn from a restricted set of ‘‘gold-plated’’ quantities. We find agreement to within statistical and
systematic errors of 3% or less. We discuss the implications for phenomenology and, in particular, for
heavy-quark physics.

DOI: 10.1103/PhysRevLett.92.022001 PACS numbers: 12.38.Aw, 11.15.Ha, 12.38.Gc

For almost 30 years, precise numerical studies of non-
perturbative QCD, formulated on a space-time lattice,
have been stymied by our inability to include the effects
of realistic quark vacuum polarization. In this Letter,
we present evidence that a milestone has been reached:
Simulations that include vacuum-polarization effects for
three light quarks are now possible. This implies that
accurate nonperturbative QCD calculations for a re-
stricted (‘‘gold-plated’’) set of quantities are achievable.
The set includes, for example, B and D meson decay
constants, mixing amplitudes, and semileptonic form
factors—all quantities of great importance in current
experimental studies of heavy quarks. The key to our
work is the use of the Symanzik-improved staggered-

quark formalism for the light quarks [1–3], which allows
us to include three dynamical light quarks in simula-
tions, with a physical strange quark mass, and u and d
quark masses that are 3–5 times smaller than in previous
studies.

Quark vacuum polarization is by far the most expen-
sive ingredient in a QCD simulation. It is particularly
difficult to simulate with small quark masses, such as
u and d masses. Consequently, most lattice-QCD
(LQCD) simulations in the past have either omitted quark
vacuum polarization (‘‘quenched QCD’’), or they have
included effects for only u and d quarks, with masses
10–20 times larger than the correct values. This results
in uncontrolled systematic errors that can be as large as
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Anticipating Bc (1994)
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Observation of Bc → J/ψ`ν (1998)

VOLUME 81, NUMBER 12 P H Y S I C A L R E V I E W L E T T E R S 21 SEPTEMBER1998

TABLE I. Bc signal and background summary.

3.35 , MsJyc ,d , 11.0 GeVyc2

Jyc e events Jyc m events

False electrons 4.2 6 0.4
Undetected conversions 2.1 6 1.7
False muons 11.4 6 2.4
BB background 2.3 6 0.9 1.44 6 0.25

Total background (predicted) 8.6 6 2.0 12.8 6 2.4
(from fit) 9.2 6 2.0 10.6 6 2.3

PredictedNsBc ! Jyc endyNsBc ! Jyc ,nd 0.58 6 0.04
e andm signal (derived from fit) 12.013.8

23.2 8.412.7
22.4

Total signal (fitted parameter) 20.416.2
25.5

Signal1 backgrounda 21.2 6 4.3 19.0 6 3.5
Candidates 23 14

PsNulld b 0.63 3 1026

aThe total number of fitted events was not constrained to be equal to the number of candidates.
bProbability that background alone can fluctuate to produce an apparent signal of 20.4 events
or more, based on simulation of statistical fluctuations.

are able to predict the number of events and mass distribu-
tion in an independent, background-rich sample of same-
charge, low-mass lepton pairs. (See Fig. 27 in Ref. [23].)
As a further check, we applied all selection criteria ex-
cept the requirement that the third track intersect theJyc

vertex. The resulting impact parameter distribution has a
prominent peak at zero, demonstrating that, for most can-
didate events, the three tracks arise from a common ver-
tex. (See Fig. 28 in Ref. [23].)

Table I summarizes the results of the background
calculation and of a simultaneous fit for the muon and
electron channels to the mass spectrum over the region
between 3.35 and11 GeVyc2 [23]. Figure 1 shows
the mass spectra for the combinedJyc e and Jyc m

candidate samples, the combined backgrounds, and the
fitted contributions fromB1

c ! Jyc ,1n decay. The
fitted number ofBc events is20.416.2

25.5.
To test the significance of this result, we generated

Monte Carlo trials with the statistical properties of the
backgrounds, but with no contribution fromBc mesons.
These were fit to determine the apparent signal size arising
solely from background fluctuations. The probability of
obtaining a yield of 20.4 events or more is0.63 3 1026,
equivalent to a 4.8 standard-deviation effect.

To check theBc signal stability, we varied the assumed
Bc mass from 5.52 to7.52 GeVyc2. The signal template
for each value ofMsBcd and the background mass
distributions were fit to the data. The magnitude of
the Bc signal is stable over the range of theoretical
predictions for MsBcd, and the minimum in the log-
likelihood function vs mass yieldedMsBcd  6.40 6

0.39sstatd6 0.13ssystdGeVyc2.
We obtained the mean proper decay lengthct and

hence the lifetimet of the Bc meson from the distribu-
tion of ctp. We used only events with4.0 , MsJyc ,d ,

6.0 GeVyc2, and we changed the decay-length require-
ment fromctp . 60 mm to ctp . 2100 mm for this life-

time measurement. This yielded a sample of 71 events,
42 Jyc e and 29Jyc m. We fit functional forms to
the shapes inctp for each of the backgrounds. To the
sum of these we added a resolution-smeared exponen-
tial Bc-decay contribution, dependent onct. Because
of the missing neutrino, the proper decay lengthct for
each event differs fromctp of Eq. (1). We convoluted
the exponential inct with the distribution ofctpyct de-
rived from Monte Carlo studies. Finally, we incorpo-
rated the data from each of the candidate events in an

J/ψ+e  and J/ψ+µ
Data (Bc Candidates)
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FIG. 1. Histogram of theJyc , mass that compares the signal
and background contributions determined in the likelihood fits
to the combined data forJyc e andJyc m. Note that the mass
bins, indicated by tick marks at the top, vary in width. The
total Bc contribution is20.416.2

25.5 events. The inset shows the
behavior of the log-likelihood function22 lnsLd vs the number
of Bc mesons.

2435

M(Bc) = 6.40± 0.39(stat)± 0.13(syst) GeV
Chris Quigg Paul Mackenzie Fest: Quarkonium Fermilab · 8 XI 2019 14 / 31

https://doi.org/10.1103/PhysRevLett.81.2432


Reconstruction of Bc meson (CDF, 2006)

M(Bc) = 6285.7± 5.5 MeV (Test of lattice QCD prediction (2005), 6304± 12+18
−0 MeV)

PDG (2019): 6274.9± 0.8 MeV
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Mesons with beauty and charm: stress test for NRQM, LQCD

Bc : weak decays only
b → c c → s bc̄ → W−

Bc → J/ψπ: (QQ̄) transmutation

Rich (bc̄) excitation spectrum;
interpolates J/ψ,Υ (6= masses)

Excited states below BD → Bc + . . .

Bc(2S)→ Bc(1S) + ππ

P states: γ transitions

Many states observable at LHC, TeraZ

Update: Eichten & CQ (2019)
using “frozen-αs” potential, new
approach to spin splittings
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12–15 narrow levels

Lattice: ∆ = 54 MeV

Chris Quigg Paul Mackenzie Fest: Quarkonium Fermilab · 8 XI 2019 16 / 31

http://arxiv.org/abs/arXiv:1902.09735
https://doi.org/10.1103/PhysRevD.99.054025


Observing the Bc spectrum: ππ transitions
Combine predicted production rates
(BCVEGPY2.2) with calculated
branching fractions to obtain
expectations for ππ transition rates
; peak heights: B∗′c /B

′
c ≈ 2.5

M1 B∗c → /γBc unobserved

[M(B∗′c )−M(B ′c)]− [M(B∗c )−M(Bc)]
≈ −23 MeV: B∗′c lower peak

2S → ππ+ 1S transitions observed by
ATLAS, CMS, LHCb

CMS separation: −29 MeV
LHCb: −31 MeV

dσ
/d

M
 [n

b/
M

eV
]

2.0

1.0
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0
6820

M(Bcπ
+π–) [MeV]
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Chris Quigg Paul Mackenzie Fest: Quarkonium Fermilab · 8 XI 2019 17 / 31

https://doi.org/10.1103/PhysRevD.99.054025
https://doi.org/10.1103/PhysRevLett.122.132001


Observing the Bc spectrum: ππ transitions
Combine predicted production rates
(BCVEGPY2.2) with calculated
branching fractions to obtain
expectations for ππ transition rates
; peak heights: B∗′c /B

′
c ≈ 2.5

M1 B∗c → /γBc unobserved

[M(B∗′c )−M(B ′c)]− [M(B∗c )−M(Bc)]
≈ −23 MeV: B∗′c lower peak

2S → ππ+ 1S transitions observed by
ATLAS, CMS, LHCb

CMS separation: −29 MeV
LHCb: −31 MeV

dσ
/d

M
 [n

b/
M

eV
]

2.0

1.0

0.5

1.5

0
6820

M(Bcπ
+π–) [MeV]

6830 6840 6850 6860 6870 6880 6890

Chris Quigg Paul Mackenzie Fest: Quarkonium Fermilab · 8 XI 2019 17 / 31

https://doi.org/10.1103/PhysRevD.99.054025
https://doi.org/10.1103/PhysRevLett.122.132001


Mesons with beauty and charm: states near flavor threshold
3S states above threshold have significant decay widths

31S0 33S1

3P states just below threshold; J = 1 may have significant mixing

33P0 3P (′)
1 33P2
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Narrow (cc̄) states above flavor threshold

LHCb: M ≈ 3842.71 MeV

Γ = 2.79± 0.51± 0.35 MeV

Eichten, Lane, Quigg, Phys. Rev. D 69, 094019 (2004) / hep-ph/0401210.
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LHCb observation of 3D3 candidate

Can we find 3F4, perhaps near 4054 MeV?
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Observing the Bc spectrum: E1 transitions

E1 spectroscopy in the (bb̄) family:
LHC experiments discovered χ′′b1, χ

′′
b2.

Incentive for the search: 2S → 2P and
2P → 1S transitions, assuming missing
B∗c → Bc/γ in the reconstruction.

3S , 3P yields ≈ 1
4
× 2P → 1S lines, but

higher γ energies may aid detection.

33P2(7154)→ B∗c γ(777 MeV)

Encourage search for (3, 2)P(bc̄).
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Investigating unusual body plans for hadrons
R. L. Jaffe, “Perhaps a Stable Dihyperon” (1977) C = 〈

∑
i<j λ

(i) ·λ(j) σ(i) ·σ(j)〉 (uds)2 490
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Charmonium-associated states not pure charmonium
All these states near or
above threshold

near threshold states have
possible molecule
component

“¿. . . ?” need more info

if JPC = 0++, ¿X (3915)?
possible 23P2

¿ψ(4660)? possible 5S

ψ(4230), ¿ψ(4360)?
possible hybrids E

JE
ic

h
te

n

When can we find (bb̄) analogues?
Chris Quigg Paul Mackenzie Fest: Quarkonium Fermilab · 8 XI 2019 23 / 31



Quarkonium-associated states: M & threshold: X (3872) etc.
Mostly narrow, seen in hadronic transitions or decays

What are they?
Quarkonium (+ coupled-channels, thresholds)

Threshold effects
New body plans:

quarkonium hybrids (qq̄g)
two-quark–two-antiquark states, including

dimeson “molecules”
tetraquarks

diquarkonium · hadroquarkonium
and superpositions!
(crypto)pentaquarks
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Toward a new symmetry of QCD
Volume 243, number 4 PHYSICS LETTERS B 5 July 1990 

Static effective field theory: 1/m corrections 

Estia Eiehten ~ and  Brian Hill  2 
Fermi National Accelerator Laboratory, P.O. Box 500, Batavia, IL 60510, USA 

Received 10 April 1990 

The static approximation, which is the zeroth order approximation in an expansion in the inverse of the mass of a heavy quark, 
has previously been formulated in terms of an effective field theory action. In this formulation, corrections to the approximation 
can be systematically included by the addition of higher dimensional operators to the action. We determine the coefficients to one 
loop of the dimension-five operators incorporating the 1/m corrections to the theory. 

1. Introduction 

The static approximation is the zeroth order ap- 
proximation in an expansion in the inverse of  the 
mass of a heavy quark, termed the 1/m expansion. 
The conceptually clearest and computationally most 
efficient way to formulate the approximation is in 
terms of an effective field theory action [ 1-4].  Com- 
putations using this action and the simple Feynman 
rules that result have recently been performed [ 4 ]. 
Once formulated in terms of an effective field theory 
action, it is clear [ 2,4 ] that the static effective theory 
is conceptually very similar to the nonrelativistic ef- 
fective field theory already developed to an advanced 
state for QED by Caswell and Lepage [ 5 ]. The con- 
jecture that the static effective field theory can repro- 
duce the results of  the full theory to all orders in as  
and to any fixed order in 1/m has been demonstrated 
at zeroth order in 1/m by Grinstein [ 6 ]. 

Many authors have contributed to the study of 
heavy quark dynamics in QCD. An interesting and 
pedagogical review has been written by Peskin [ 7 ]. 
The static potential in QCD was studied by Feinberg 
[ 8 ] and others [ 9 ], and applied to the definition and 
determination of the spin-dependent potential in 
heavy quark-antiquark bound states by Eichten and 
Feinberg [ 10 ]. The utility of  the static approxima- 
tion and the closely related nonrelativistic approxi- 

Bitnet address: eichten @fnal 
2 Bitnet address: bhill@fnal 

mation for simplifying lattice calculations of  matrix 
elements of  heavy quarks was discussed by Eichten 
[ 1 ], and by Lepage and Thacker [ 2 ], and the pertur- 
bative corrections to the B meson decay constant 
measured on the lattice using the static approxima- 
tion [ 11 ] have been calculated [ 12 ]. Politzer and 
Wise [3 ] used the approximation to extract loga- 
rithms of heavy quark masses previously obtained in 
the full theory [ 13 ]. The symmetries of heavy quarks 
treated at lowest order in the 1/m expansion have 
been discussed and applied to semileptonic B to D 
decays at the kinematic endpoint where the B and D 
have a common rest frame by Isgur and Wise [ 14 ]. 
They also generalized these symmetries to an arbi- 
trary frame and used this to extend their results for B 
to D decays and relate other form factors [ 15 ]. The 
radiative corrections to these relations have been ob- 
tained very recently by Falk, Georgi, Grinstein and 
Wise [ 16 ] using a generalization of the static effec- 
tive field theory to an arbitrary frame proposed by 
Georgi [ 17 ]. 

In the effective field theory formulation of the static 
approximation, corrections can be systematically in- 
cluded by adding operators of dimension greater than 
four to the action. There are two dimension-five op- 
erators which incorporate the 1/m corrections to the 
static effective theory: the chromomagnetic moment  
operator and the nonrelativistic kinetic energy. The 
coefficients of the operators must be fixed by match- 
ing amplitudes in the effective theory to their coun- 
terparts in the full theory. These are the same opera- 

0370-2693/90/$ 03.50 © 1990 - Elsevier Science Publishers B.V. (North-Holland) 427 
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Heavy quark symmetry ⇒ stable heavy tetraquarks QiQj q̄k q̄l

(QQ)

q̄

q̄

(QQ)

q̄

q̄

(QQ)

q̄

q̄

q̄

q̄

Q Q

HQS relates DHTQ mass to masses of QQq, Qqq, Qq̄.

Lightest bbūd̄ , bbūs̄, bbd̄ s̄ states: (likely) no strong decays.

Heavier bbq̄k q̄l , ccq̄k q̄l , bcq̄k q̄l → Qq̄ + Qq̄ might be seen
as “double-flavor” resonances near threshold.

Observing a weakly decaying double-beauty state would
establish the existence of tetraquarks and illuminate the role of
heavy color-3̄ diquarks as hadron constituents.

Eichten & CQ 1707.09575
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No open strong decay channels in the heavy-quark limit!

(QQ)

q̄

q̄

As M →∞, stable QiQj q̄k q̄l mesons must exist

Implications for the real world?

(QQ)

q̄

q̄

〈r 2〉1/2 = 0.28 fm(cc), 0.24 fm(bc), 0.19 fm(bb)
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HQS relations for ground-state tetraquark masses

Assumed: compact diquark, light degrees of freedom “same” for all (QQ)

m(QiQj q̄k q̄l)−m(QiQjqm) = m(Qxqkql)−m(Qx q̄m)

+ finite-mass corrections RHS is determined from data

One doubly heavy baryon observed, Ξcc ; others from model calculations?

LHCb: M(Ξ++
cc ) = 3621.40± 0.78 MeV

?We adopt Karliner & Rosner, PRD 90, 094007 (2014)

Strong decays (QiQj q̄k q̄l) 6→ (QiQjqm) + (q̄k q̄l q̄m) ∀ ground states

Consider decays to pairs of heavy–light mesons case-by-case
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Expectations for ground-state tetraquark masses, in MeV
State JP m(QiQj q̄k q̄l) Decay Channel Q [MeV]
{cc}[ūd̄ ] 1+ 3978 D+D∗0 3876 102
{cc}[q̄k s̄] 1+ 4156 D+D∗+

s 3977 179
{cc}{q̄k q̄l} 0+, 1+, 2+ 4146, 4167, 4210 D+D0,D+D∗0 3734, 3876 412, 292, 476
[bc][ūd̄ ] 0+ 7229 B−D+/B0D0 7146 83
[bc][q̄k s̄] 0+ 7406 BsD 7236 170
[bc]{q̄k q̄l} 1+ 7439 B∗D/BD∗ 7190/7290 249
{bc}[ūd̄ ] 1+ 7272 B∗D/BD∗ 7190/7290 82
{bc}[q̄k s̄] 1+ 7445 DB∗

s 7282 163
{bc}{q̄k q̄l} 0+, 1+, 2+ 7461, 7472, 7493 BD/B∗D 7146/7190 317, 282, 349

{bb}[ūd̄ ] 1+ 10482 B−B̄∗0 10603 −121

{bb}[q̄k s̄] 1+ 10643 B̄B̄∗
s /B̄s B̄

∗ 10695/10691 −48
{bb}{q̄k q̄l} 0+, 1+, 2+ 10674, 10681, 10695 B−B0,B−B∗0 10559, 10603 115, 78, 136

Cf. M. Karliner & J. L. Rosner model, Phys. Rev. Lett. 119, 202001 (2017) [arXiv:1707.07666].
Estimate deeper binding, so additional bc and cc candidates.
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The (QiQj q̄k q̄`) system

Should we expect a bbb̄b̄ tetraquark bound state?

How does the color configuration depend on the quark masses?
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How has Paul accomplished so much?

Thank you, Paul!
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