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The Clock Signal !2

v(t) = V0 [1 + ↵(t)] cos [!0t + '(t)]
v(t) = V0 cos !0t + nc(t) cos !0t� ns(t) sin!0t

↵(t) =
nc(t)
V0

and '(t) =
ns(t)
V0

polar coordinates

Cartesian coordinates

|nc(t)|⌧ V0 and |ns(t)|⌧ V0

under low noise approximation It holds that
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Sᵩ(ƒ) and 𝓛(ƒ) !3

Definition of 𝓛(ƒ)Definition of Sᵩ(ƒ)

Sφ  –>  [rad2/Hz]    
10 Log10(Sφ)  –>  [dBad2/Hz] 

10 Log10(𝓛)  –>  [dBc/Hz]
Unit of angle √2 rad ≈ 80º  

(𝓛)dB   =   (Sφ)dB – 3 dB 

Autocovariance

S'(f) = 2F {C''(⌧)} , f > 0

WK theorem

S'(f) = 2E {�(f)�⇤(f} , f > 0

measured

S'(f) ⇡ 2
T h�(f)�⇤(fim , f > 0

<latexit sha1_base64="xEEYl52hOHIpxZEbTqv6PPuPbBs="></latexit>

L (f) =
1

2
S'(f)

<latexit sha1_base64="WfpjKqPUqpc71Ym0pY9DhdWPgzc="></latexit>

Unwrapping the phase —> valid measures 
even for large anges (multiple cycles)

The IEEE Std 1139-2009

dBc no longer means (SSB noise / carrier)



Polynomial Law !4

b�1/f
log-log scale
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The integrated 1/ƒ noise is amazingly small ln(AU /τP) ≃ 140 (21.5dB)



David B. Leeson, Proc. IEEE 54(2) p.329, Feb 1966
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The Leeson Effect in a Nutshell !5

ν0, Q

Sψ( f ) Sφ( f )
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Sφ( f )

DRO100,  10 GHz DRO
Synergy Microwave Corp.

L(ƒ), dBc/Hz

ƒ, HzE.R, Dec 2017

b0 = 1x10–17

b–2 = 1.41x10–4

b–3 = 14.1

ƒL = 3.75 MHzƒc = 100 kHz

[b–1]SA = 10–12
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Additive vs Parametric Noise !6

additive noise parametric noise

the noise sidebands are 
independent of the carrier

the noise sidebands are 
proportional to the carrier

R. Boudot, E. Rubiola, Phase noise in RF and microwave amplifiers IEEER T UFFC 59(12) p.2613-2624, December 2012.
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Example – Microwave Amplifier !7

parametric noise is constant vs P

additive

scales as 1/P

Parametric noise in amplifiers tends to be independent of �ν0



Physical Quantities !8

Frequency Domain
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S'(f)
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S�⌫ = f2S'(f)
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L = 1
2 S'
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Sy(f) = 4⇡2f2Sx(f)
<latexit sha1_base64="P8CEW9n7DsY2aZ1qNSOd3rQE1Jw="></latexit>

L (f)
<latexit sha1_base64="Gm9t3Z02e5Xrx5hgY1h37p6++iA=">AAAB83icZVDLSsNAFL2pr1pfUZduBluhQilJCmpXFty4cFHBPqANZTKdtEMnD2YmhRL6JboSdeef+AP+hZ9gklZQe2CYw7n3cs89TsiZVIbxqeXW1jc2t/LbhZ3dvf0D/fCoLYNIENoiAQ9E18GScubTlmKK024oKPYcTjvO5Catd6ZUSBb4D2oWUtvDI5+5jGCVSANdL/U9rMaSiPhuXnbPSwO9aFSNDGiVmEtSvP6CDM2B/tEfBiTyqK8Ix1L2TCNUdoyFYoTTeaEfSRpiMsEj2kuojz0q7ThzPkdniTJEbiCS5yuUqb8nYuzJ1F8l+dMOmRI585yK41XSgpCu/LdDuVd2zPwwUtQnixVuxJEKUBoAGjJBieKzhGAiWOISkTEWmKgkpkJ2fr1uWRc1tEp+zm9bVbNWte6tYqO8yAHycAKnUAYTLqEBt9CEFhCYwhO8wpsWaY/as/ayaM1py5lj+APt/RtF2pJA</latexit>

time domain variances
AVAR, MVAR, PVAR
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time domain variances
AVAR, MVAR, PVAR

dimensionless

PSD

Power Spectral DensityFunction of time (time series)
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boldface notation
total = nominal + fluctuation
'(t) = 2⇡⌫0t+ '(t) phase
⌫(t) = ⌫0 + (�⌫)(t) frequency
x(t) = t+ x(t) time
y(t) = 1 + y(t) fractional frequency
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Two Types of Noise Mechanism

Phase-type noise

•Phase noise Sφ(ƒ) is independent of 

•Time fluctuation Sx(ƒ) scales as 


Time-type noise

•Time fluctuation Sx(ƒ) is independent 
of � 

•Phase noise Sφ(ƒ) scales as 

ν0
1/ν2

0

ν0
ν2

0
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Sx(f) =
1

4⇡2⌫20
S'(f)
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Allan-(Like) Variance(s) !11
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Allan Variance (AVAR)
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1/⌧<latexit sha1_base64="gn/pSEsRjvyUdcj75K+vxGqzvjE=">AAAB8XicbVDLSsNAFL3xWeur6tLNYCO4qkmK1a4suHFZwT6wDWUynbRDJ5MwMxFK6F+4caGIW//GnX/hJ5imFerjwIXDOfdy7z1exJnSlvVhLC2vrK6t5zbym1vbO7uFvf2mCmNJaIOEPJRtDyvKmaANzTSn7UhSHHictrzR1dRv3VOpWChu9TiiboAHgvmMYJ1Kd6Zpn3Y1jk2zVyhaJSsDWiBnll2t2MieK8XLT8hQ7xXeu/2QxAEVmnCsVMe2Iu0mWGpGOJ3ku7GiESYjPKCdlAocUOUm2cUTdJwqfeSHMi2hUaYuTiQ4UGoceGlngPVQ/fam4n9eJ9b+hZswEcWaCjJb5Mcc6RBN30d9JinRfJwSTCRLb0VkiCUmOg0pn4VQrTpOpYz+ku8Qmk7JLpecG6dYM2dpQA4O4QhOwIZzqME11KEBBAQ8wBM8G8p4NF6M11nrkjGfOYAfMN6+AEtekPc=</latexit>

⌧0
<latexit sha1_base64="eQwkDMU0wV0H+f869h/CQS4qfNI=">AAAB8XicbVDLSsNAFL2pr1pfVZduBhvBVUlSrHZlwY3LCvaBbSyT6aQdOpmEmYlQQv/CjQtF3Po37vwLP8E0VaiPAxcO59zLvfd4EWdKW9a7kVtaXlldy68XNja3tneKu3stFcaS0CYJeSg7HlaUM0GbmmlOO5GkOPA4bXvji5nfvqNSsVBc60lE3QAPBfMZwTqVbkyzp3F8a5lmv1iyylYGtEBOLLtWtZH9pZTOPyBDo1986w1CEgdUaMKxUl3birSbYKkZ4XRa6MWKRpiM8ZB2UypwQJWbZBdP0VGqDJAfyrSERpm6OJHgQKlJ4KWdAdYj9dubif953Vj7Z27CRBRrKsh8kR9zpEM0ex8NmKRE80lKMJEsvRWREZaY6DSkQhZCreY41Qr6S75DaDllu1J2rpxS3ZynAXk4gEM4BhtOoQ6X0IAmEBBwD4/wZCjjwXg2XuatOeNrZh9+wHj9BJNrkSU=</latexit>

⌧
<latexit sha1_base64="jGMQpr4+YNf2XH3EA3sSeC+EBNk=">AAAB73icbVDJSgNBEK2JW4xb1KOXxozgKcxMMJqTAS8eI5gFkiH0dHqSJj2L3T1CGPITXjwo4tXf8eZf+Al2JhHi8qDg8V4VVfW8mDOpLOvDyK2srq1v5DcLW9s7u3vF/YOWjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXvjq5nfvqdCsii8VZOYugEehsxnBCstdUyzp3Bimv1iySpbGdASObPsWtVG9kIpXX5Chka/+N4bRCQJaKgIx1J2bStWboqFYoTTaaGXSBpjMsZD2tU0xAGVbprdO0UnWhkgPxK6QoUydXkixYGUk8DTnQFWI/nbm4n/ed1E+RduysI4UTQk80V+wpGK0Ox5NGCCEsUnmmAimL4VkREWmCgdUSELoVZznGoF/SXfIbScsl0pOzdOqW7O04A8HMExnIIN51CHa2hAEwhweIAneDbujEfjxXidt+aMxcwh/IDx9gVs6JCD</latexit>

⌧2
<latexit sha1_base64="UdsNc5C1Wl85DHOf4aQAoX1FSQM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBhvBVUlSrHZlwY3LCvaBbSyT6aQdOpmEmYlQQv/CjQtF3Po37vwLP8E0VaiPAxcO59zLvfd4EWdKW9a7kVtaXlldy68XNja3tneKu3stFcaS0CYJeSg7HlaUM0GbmmlOO5GkOPA4bXvji5nfvqNSsVBc60lE3QAPBfMZwTqVbkyzp3F865hmv1iyylYGtEBOLLtWtZH9pZTOPyBDo1986w1CEgdUaMKxUl3birSbYKkZ4XRa6MWKRpiM8ZB2UypwQJWbZBdP0VGqDJAfyrSERpm6OJHgQKlJ4KWdAdYj9dubif953Vj7Z27CRBRrKsh8kR9zpEM0ex8NmKRE80lKMJEsvRWREZaY6DSkQhZCreY41Qr6S75DaDllu1J2rpxS3ZynAXk4gEM4BhtOoQ6X0IAmEBBwD4/wZCjjwXg2XuatOeNrZh9+wHj9BJZ3kSc=</latexit>

1/⌧ 2
<latexit sha1_base64="tdSLUQNL5CtsMoZKRT4w+JkRJxk=">AAAB83icbZDLSsNAFIZPvNZ6q7p0M9gIrmqSYrUrC25cVrAXaGKZTCft0MmFuQil9DXcuFDErS/jzrfwEUzTCvXyw8DP95/DHH4/4Uwqy/owlpZXVtfWcxv5za3tnd3C3n5TxloQ2iAxj0Xbx5JyFtGGYorTdiIoDn1OW/7wapq37qmQLI5u1SihXoj7EQsYwSpFrmnap67C+s4xzW6haJWsTGjBnFl2tWIje06Kl5+Qqd4tvLu9mOiQRopwLGXHthLljbFQjHA6ybta0gSTIe7TTmojHFLpjbObJ+g4JT0UxCJ9kUIZXdwY41DKUeinkyFWA/k7m8L/so5WwYU3ZlGiFY3I7KNAc6RiNC0A9ZigRPFRajARLL0VkQEWmKi0pnxWQrXqOJUy+mu+S2g6Jbtccm6cYs2ctQE5OIQjOAEbzqEG11CHBhBI4AGe4NnQxqPxYrzORpeM+c4B/JDx9gV1tZGb</latexit>

1/⌧ 3

<latexit sha1_base64="Y0ZpXHDAvnQdeaE2q8kqh8wepN0=">AAAB83icbZDLSsNAFIZPvNZ6q7p0M9gIrmIuWNuVBTcuK9gLNLFMppN26OTCzEQopa/hxoUibn0Zd76Fj2CaVvD2w8DP95/DHH4/4Uwq03zXlpZXVtfWCxvFza3tnd3S3n5LxqkgtEliHouOjyXlLKJNxRSnnURQHPqctv3R5Sxv31EhWRzdqHFCvRAPIhYwglWGXF23Tl2F01tH13ulsmmcmVatYiLTMHPlpmo5FrIWpHzxAbkavdKb249JGtJIEY6l7FpmorwJFooRTqdFN5U0wWSEB7Sb2QiHVHqT/OYpOs5IHwWxyF6kUE6/b0xwKOU49LPJEKuh/J3N4H9ZN1VB1ZuwKEkVjcj8oyDlSMVoVgDqM0GJ4uPMYCJYdisiQywwUVlNxbyEWs22Kw76a75KaNmG5Rj2tV2u6/M2oACHcAQnYME51OEKGtAEAgncwyM8aan2oD1rL/PRJW2xcwA/pL1+Aommkag=</latexit>

MVAR, PVAR
white phase

E.Rubiola, 2019

⌧ 2⌧

⌧ 2⌧

⌧ 2⌧

t

t

t

w
⇧
(t
)

<latexit sha1_base64="QSs4KllMtNL/BKdN/6cZlhL2Gas=">AAAB7XicZZDbSsNAEIYnHms9Vb30ZrERKpSSpKD2yoI3XlawB2hC2Ww37dLNgd2NUkIfQ69EvfNlfAHfwkcwSSuoHVj2458ZZv5xI86kMoxPbWV1bX1js7BV3N7Z3dsvHRx2ZBgLQtsk5KHouVhSzgLaVkxx2osExb7LadedXGf57j0VkoXBnZpG1PHxKGAeI1ilkq3rDwO7xSrqTNcHpbJRM/JAy2AuoHz1BXm0BqUPexiS2KeBIhxL2TeNSDkJFooRTmdFO5Y0wmSCR7SfYoB9Kp0k33mGTlNliLxQpC9QKFd/dyTYlz5W42r6ZxUyAzn13arrV7OEkJ78N0N5l07CgihWNCDzEV7MkQpRZh0NmaBE8WkKmAiWbonIGAtMVHqgYm6/0bCs8zpahh/7Hatm1mvWrVVuVud3gAIcwwlUwIQLaMINtKANBCJ4gld400LtUXvWXualK9qi5wj+hPb+Da2oj5o=</latexit>

w
⇤
(t
)

<latexit sha1_base64="XWicViLLwXePW4NJ911m86iLwXs=">AAAB83icZVDLSgMxFL3js9bXqEs3wVaoUMrMFNSuLLhx4aKCfUBbSibNtKGZB0mmUkq/RFei7vwTf8C/8BPMTCuoPRByOPce7r3HjTiTyrI+jZXVtfWNzcxWdntnd2/fPDhsyDAWhNZJyEPRcrGknAW0rpjitBUJin2X06Y7uk7qzTEVkoXBvZpEtOvjQcA8RrDSUs808/mHXudWG/q4oM7y+Z6Zs0pWCrRM7AXJXX1BilrP/Oj0QxL7NFCEYynbthWp7hQLxQins2wnljTCZIQHtK1pgH0qu9N08xk61UofeaHQL1AoVX87ptiXPlbDov6TDpkQOfHdousXk4KQnvw3Q3mX3SkLoljRgMxHeDFHKkRJAKjPBCWKTzTBRDC9JSJDLDBROqZsen6l4jjnZbRMfs5vOCW7XHLunFy1OM8BMnAMJ1AAGy6gCjdQgzoQGMMTvMKbERuPxrPxMm9dMRaeI/gD4/0bFHmRew==</latexit>

w
⌦
(t
)

<latexit sha1_base64="HlR3CAsBl1p2+d8I5lMgangt8IM=">AAAB8nicZZDNSsNAEMcnftb6VfXoZbEVKpSSpqD2ZMGLNyvYVmhL2Ww37eJuEnYnSil9ET2JevNRfAHfwkcwSSv4MbDsj//MMPMfN5TCoG1/WAuLS8srq5m17PrG5tZ2bme3ZYJIM95kgQz0jUsNl8LnTRQo+U2oOVWu5G339jzJt++4NiLwr3Ec8p6iQ194glGMpX5uu1C473cvFR/SIh4VCv1c3i7baZD/UJlD/uwT0mj0c+/dQcAixX1kkhrTqdgh9iZUo2CST7PdyPCQsls65J0Yfaq46U3SxafkMFYGxAt0/HwkqfqzY0KVURRHpfhPKkwCZqzckqtKSUIbz/yZgd5pbyL8MELus9kIL5IEA5L4JwOhOUM5joEyLeItCRtRTRnGV8qm9ms1xzmukv/wbb/llCvVsnPl5Oul2R0gA/twAEWowAnU4QIa0AQGETzCC7xaaD1YT9bzrHTBmvfswa+w3r4AZxSRGQ==</latexit>

E.Rubiola, 2019

AVAR

MVAR𝗒 = ∫ℝ
𝗒(t) w(t) dr

PVAR

Use the weighted 
average

E. Rubiola, RSI 76(5) 054703, May 2005

E. Rubiola & al, IEEE T UFFC 63(7) p.961, Jul 2016

F. Vernotte & al, IEEE T UFFC 63(4) p.611, Apr 2016
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                       From Sᵩ(ƒ) to the Variances !12
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S'(f)
<latexit sha1_base64="U+WmiV1KUtOZvY8ScV5jvU6T3SY=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M9gIdVOSFNSuLLhxWdFeoA1hMp20QycXZiaFEvomblwo4tY3cedb+AimaQW1/jDw8f/nMIffizmTyjQ/tJXVtfWNzcJWcXtnd29fPzhsySgRhDZJxCPR8bCknIW0qZjitBMLigOP07Y3up7l7TEVkkXhvZrE1AnwIGQ+I1hllqvrhnHn9sZYxENW9s8Mw9VLZsXMhZbBWkDp6hNyNVz9vdePSBLQUBGOpexaZqycFAvFCKfTYi+RNMZkhAe0m2GIAyqdNL98ik4zp4/8SGQvVCh3f26kOJByEnjZZIDVUP7NZuZ/WTdR/qWTsjBOFA3J/CM/4UhFaFYD6jNBieKTDDARLLsVkSEWmKisrGJeQq1m2+dVtAzfJbTsilWt2Ld2qV6etwEFOIYTKIMFF1CHG2hAEwiM4QGe4FlLtUftRXudj65oi50j+CXt7QsVpJOb</latexit>

S�⌫(f)
<latexit sha1_base64="nM9Dfd8JIucgZMbJiH2ahr9gbfU=">AAAB/XicbZDLSsNAFIZP6q3WW73s3Ay2Qt2UJAW1Kwu6cFnRXqAtZTKdtEMnkzAzEWoovoobF4q49T3c+RY+gmlaQa0/DHz8/znM4XcCzpQ2zQ8jtbC4tLySXs2srW9sbmW3d+rKDyWhNeJzXzYdrChngtY005w2A0mx53DacIbnk7xxS6VivrjRo4B2PNwXzGUE69jqZvfy+etu1L6gXOO2CMcF9yif72ZzZtFMhObBmkHu7BMSVbvZ93bPJ6FHhSYcK9WyzEB3Iiw1I5yOM+1Q0QCTIe7TVowCe1R1ouT6MTqMnR5yfRk/oVHi/tyIsKfUyHPiSQ/rgfqbTcz/slao3dNOxEQQairI9CM35Ej7aFIF6jFJieajGDCRLL4VkQGWmOi4sExSQrls28clNA/fJdTtolUq2ld2rlKYtgFp2IcDKIAFJ1CBS6hCDQjcwQM8wbNxbzwaL8brdDRlzHZ24ZeMty8sIpVa</latexit>

Sy(f)
<latexit sha1_base64="7XabTO/3x9fH97x9/nt6lMu7OZs=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDDZC3ZQ0BbUrC25cVrQPaEOZTCft0MmDmYkQQv0VNy4UceuHuPMv/ATTtIJaD1w4nHMv93CckDOpTPNDy62srq1v5DcLW9s7u3v6/kFbBpEgtEUCHoiugyXlzKctxRSn3VBQ7DmcdpzJ5czv3FEhWeDfqjiktodHPnMZwSqVBnrRMG4GfQ+rsXSTeFp2TwxjoJfMipkBLZPqgpQuPiFDc6C/94cBiTzqK8KxlL2qGSo7wUIxwum00I8kDTGZ4BHtpdTHHpV2koWfouNUGSI3EOn4CmXqz4sEe1LGnpNuZjH/ejPxP68XKffcTpgfRor6ZP7IjThSAZo1gYZMUKJ4nBJMBEuzIjLGAhOV9lXISqjXLeu0hpbJdwltq1KtVaxrq9Qoz9uAPBzCEZShCmfQgCtoQgsIxPAAT/Cs3WuP2ov2Ol/NaYubIvyC9vYFvbOVIw==</latexit>

Sx(f)
<latexit sha1_base64="T65YLTH/b/gRbF21KXn2njk+N8Q=">AAAB/HicbVDLSsNAFL3xWeur2qWbwVaom5KkoHZlwY3LivYBbSmT6aQdOpmEmYkYQv0VNy4UceuHuPMv/ATTtIJaD1w4nHMv93CcgDOlTfPDWFpeWV1bz2xkN7e2d3Zze/tN5YeS0AbxuS/bDlaUM0EbmmlO24Gk2HM4bTnji6nfuqVSMV/c6CigPQ8PBXMZwTqR+rl8sXjd73pYj5Qb301K7nGx2M8VzLKZAi0Sa04K55+Qot7PvXcHPgk9KjThWKmOZQa6F2OpGeF0ku2GigaYjPGQdhIqsEdVL07DT9BRogyQ68tkhEap+vMixp5Skeckm2nMv95U/M/rhNo968VMBKGmgsweuSFH2kfTJtCASUo0jxKCiWRJVkRGWGKik76yaQnVqm2fVNAi+S6haZetStm+sgu10qwNyMABHEIJLDiFGlxCHRpAIIIHeIJn4954NF6M19nqkjG/ycMvGG9fvCmVIg==</latexit>

S
x
(f
)
=

1

4⇡
2
⌫
2 0

S
'
(f
)

<latexit sha1_base64="iz/Oow+P2UHEsKvH0ZOryyG+z4Y="></latexit>

S�⌫ = f2S'(f)
<latexit sha1_base64="FP2QFavItYNENcplIVJ/PhVD/sE="></latexit>

S
y
(f
)
=

1 ⌫
2 0

S
�
⌫
(f
)

<latexit sha1_base64="wKMuVZBG1OOCt2aZSbOYPugZeB8="></latexit>

L = 1
2 S'

<latexit sha1_base64="64gy0zlRxuZwpjD0KvNs5B4vi0s="></latexit>

S
y (f) = f 2

⌫ 2
0 S

' (f)

<latexit sha1_base64="Qp6KM/AnpiWpsk3ReRcGlYHcOxE="></latexit>

Sy(f) = 4⇡2f2Sx(f)
<latexit sha1_base64="P8CEW9n7DsY2aZ1qNSOd3rQE1Jw="></latexit>

L (f)
<latexit sha1_base64="Gm9t3Z02e5Xrx5hgY1h37p6++iA=">AAAB83icZVDLSsNAFL2pr1pfUZduBluhQilJCmpXFty4cFHBPqANZTKdtEMnD2YmhRL6JboSdeef+AP+hZ9gklZQe2CYw7n3cs89TsiZVIbxqeXW1jc2t/LbhZ3dvf0D/fCoLYNIENoiAQ9E18GScubTlmKK024oKPYcTjvO5Catd6ZUSBb4D2oWUtvDI5+5jGCVSANdL/U9rMaSiPhuXnbPSwO9aFSNDGiVmEtSvP6CDM2B/tEfBiTyqK8Ix1L2TCNUdoyFYoTTeaEfSRpiMsEj2kuojz0q7ThzPkdniTJEbiCS5yuUqb8nYuzJ1F8l+dMOmRI585yK41XSgpCu/LdDuVd2zPwwUtQnixVuxJEKUBoAGjJBieKzhGAiWOISkTEWmKgkpkJ2fr1uWRc1tEp+zm9bVbNWte6tYqO8yAHycAKnUAYTLqEBt9CEFhCYwhO8wpsWaY/as/ayaM1py5lj+APt/RtF2pJA</latexit>

start
noise
type

S'(f) Sy(f) S' $ Sy AVAR �2
y (⌧) MVAR mod�2

y (⌧) PVAR �2
y (⌧)

white
PM

b0 h2f2 h2 =
b0
⌫20

3fH
4⇡2

h2
⌧2

3

8⇡2

h2
⌧3

3

2⇡2

h2
⌧3

0.0760 fHh2/⌧
2 0.0380 h2/⌧

3 0.1520 h2/⌧
3

flicker
PM

b�1f�1 h1f h1 =
b�1

⌫20

3� � ln 2 + 3 ln(2⇡fH⌧)

4⇡2

h1
⌧2

(24 ln 2� 9 ln 3)

8⇡2

h1
⌧2

3 [ln(16)� 1]

2⇡2

h1
⌧2

[3� � ln 2 + 3 ln 2⇡]/4⇡2 = 0.166 0.0855 h1/⌧
2 0.2694 h1/⌧

2

white
FM

b�2f�2 h0 h0 =
b�2

⌫20

1

2

h0
⌧

1

4

h0
⌧

3

5

h0
⌧

flicker
FM

b�3f�3 h�1f
�1 h�1 =

b�3

⌫20
2 ln(2) h�1

27 ln 3� 32 ln 2

8
h�1

2 [7� ln(16)]

5
h�1

1.3863 h�1 0.9352 h�1 1.691 h�1

random
walk FM

b�4f�4 h�2f�2 h�2 =
b�4

⌫20

2⇡2

3
h�2⌧

11⇡2

20
h�2 ⌧

26⇡2

35
h�2 ⌧

6.5797 h�2⌧ 5.4283 h�2⌧ 7.3317 h�2⌧

linear frequency drift Dy
1

2
D2

y ⌧
2 1

2
D2

y ⌧
2 1

2
D2

y ⌧
2

MVAR and PVAR formulae need ⌧>1/fH , where fH<1/2⌧0 is the cuto↵ frequency, and ⌧0 is the sampling interval.
<latexit sha1_base64="TbrzI6ntKJwfaJf2MnfpuKWqWSc="></latexit>

You may like the 

Enrico’s Noise Chart


on http://rubiola.org

http://rubiola.org


The Measurement of Phase Noise

!13



Direct Digitization !14

NCO

cossin

atan

abs
amplitude
(optional)

filter &
decimation

down
conversion computing

ADC
in

frequency 
control 
word (in)

analog FPGA output

NCO
cossin

atan

abs
amplitude
(optional)

ADC
ref

frequency 
control 
word (ref)

+
Σ

–

x(ƒi/ƒr)

phase

scale &
compare

clock

FPGA or microprocessor

anti
aliasing

anti
aliasing

Outline 
• Range 0…0.5 GHz w/o down converter

• High ADC’s white and flicker noise,  

b0  ≈ –160 dBrad2/Hz  
b–1 ≈ –110 dBrad2

• Arbitrary frequencies, ƒin ≠ ƒref allowed


• Unwrapped phase 

• Trace/plot time x(t) and time error x(t)

• Allan(-like) variance(s)

Commercial products 
• Microsemi 3120A, 5120A (5125A —> ?)

• Jackson Labs PhaseStation 53100A

• Rohde Schwarz FSWP (8/26/40 GHz,  

no time and AVAR capability)
Figure from U. L. Rohde, E. Rubiola, J. C. Whithaker, Microwave and 
Wireless Synthesizers, ISBN 978-1-119-66600-4, ©J.Wiley 2020

Add cross-spectrum for lower noise



Tracking DDS (TDDS) !15

• DACs and DDSs have lower noise than ADCs

• The mixer noise is negligible

• DDS Control Word —> slow estimate of φ

• Combine Control Word ψ and the error θ 

provides fast estimate of φ

• Unwrapped phase gives x(t) vs the clock

• Full access to 2-sample variances

• Originally intended for time-domain 

measurements

• Single channel � 

• Use two equal channels per input to reject 

the TDDS noise (cross spectrum or two-
sample covariance)

σy = 1.4 × 10−14/τ

C. E. Calosso CE, Proc IFCS, 2013 No commercial instruments

DDSφ control

estimator

ADC
'
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The Traditional Scheme !16

Double Balanced Mixer 
• Suitable to microwaves (40-60 GHz)

• Lowest background noise

•White, b0 = –170…–180 dBrad2/Hz

• Flicker, b–1 ≈ –120 dBrad2 (µwave) 

b–1 = –130…–140 dBrad2  (RF)

But 
•Narrow phase range, ±0.1 rad (±6º)

•No phase unwrapping

• Low φ —> v gain (0.1…0.5 V/rad)

•High sensitivity to 50-60 Hz B fields 

because of low output voltage

•  …and other flaws
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Noise Rejection Law !17

Syx( f ) =
2
T

Y( f )X*( f )

ℜ {⟨Syx( f )⟩m} = Sφ( f ) + O(1/m)

ℑ {Syx( f )} = O(1/m)

Cross spectrum

All the signal goes in Re{Syx}

Im{Syx} contains only background noise

Sφ(ƒ)

 ƒlog-log scale

single channel noise

averaging limit

–10 dB/dec

1/
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m
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E. Rubiola, F. Vernotte, The cross-spectrum experimental 
method, Feb 2010, arXiv:1003.0113 [physics.ins-det]. 

Manufacturers use ⟨Syx( f )⟩m



Example !18

©2019 Jackson Labs Technologies, Inc. and Miles Design LLC
Edited by E.R., Aug 2019

100 MHz
10 MHz

5 MHz

–15 dB/dec reference line

Background PM Noise of the PhaseStation 53100A

L(
ƒ)

, d
Bc

/H
z

Input and reference connected to the same oscillator

ƒ



Flaws of the Cross Spectrum !19

Dark-Port Temperature sin(!0t + 'a)

sin(!0t + 'b)

cos(!0t + 'c)

vx = kx('c � 'a)

vy = ky('c � 'b)

sin(!0t + 'b)

cos(!0t + 'c)

vy = ky('c � 'b)

� sin(!0t + 'a)

vx = �kx('c � 'a)
AM(a)

AM(c)

AM(c)

rejected
correlated

rejected
correlated

AM(a)

AM(c)

AM(c)

rejected
correlated

rejected
correlated

AM-to-DC Conversion

Crosstalk 
has sign!!!

No way to 
divide the effect 
of AM from PM
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k (T2 − T1)

Ch. A

DUT
REF A

REF B

3dB

sy
nt

h
sy

nt
h

du
al

-c
ha

nn
el

FF
T 

an
al

yz
er

Ch. B

Ch. A

DUT
REF A

REF B

3dB

sy
nt

h
sy

nt
h

du
al

-c
ha

nn
el

FF
T 

an
al

yz
er

Ch. B

Impedance 
mismatch

Erratic 
behavior 
reported

0º

0º
0º

180º

T2
X = A+B

T1 Y = A–B

Systematic error

A forthcoming paper by Y.Gruson, U.L.Rohde, A.Roth,  A.Rus, E.Rubiola

Y. Gruson & al, IEEE T UFFC 64(3) p.634-641, Mar 2017



Example of Odd Spectrum !20

A forthcoming paper by Y.Gruson, U.L.Rohde, A.Roth,  A.Rus, E.Rubiola

–70

–80

–90

–100

–110

–120

–130

–140

–150

–160

–170

–180

–190
1 10 102 103 104 105 106 107

Phase noise PSD, dBc/Hz

ƒ, Hz

A
B

C

D E

Pascall 100MHz 
level E OCXO

Spectrum © DDC Electronics Ltd, UK
Editing/comments E.R., Aug 2019

Fi
gu

re
 fr

om
 U

. L
. R

oh
de

, E
. R

ub
io

la
, J

. C
. W

hi
th

ak
er

, 
M

ic
ro

w
av

e 
an

d 
W

ire
le

ss
 S

yn
th

es
ize

rs
, 2

nd
 e

di
tio

n 
W

ile
y 

20
20



Type-A, Type B, and Null Uncertainty

• A-type (noise-like) uncertainty 
• B-type (system) uncertainty 
• Combined U2 = A2+B2 
• “Regular” case S –> S0 ± U 

• Zero uncertainty, applies to S > 0


When S0 ± U hits 0, 
the outcome is 0 
with zero-uncertainty of U

!21

Pushing the instruments to the limit  
takes deep understanding of the system and of metrology
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PM Noise in Digital Circuits

!22



Output Time Fluctuation
•Output can be synchronized to the clock

•Time fluctuation cannot be smaller than

•External clock signal

•Clock input stage

•Clock distribution

•Output stage

!23

outinternal
data
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Phase Noise Sampling !24

saturated analog gain

equivalent sampling function

t

t

input sampling frequency 2⌫0 �! noise bandwidth B = ⌫0

variance �2
x = E{x2}

• Sampling occurs at the edges

• (in some cases, only at rising or falling edges)

• Square wave signals need analog bandwidth at least  

3 νmax  … 4 νmax 

•  Aliasing is around the corner



Phase-Type (φ-type) PM Noise !25

f

S'(f)

pure '-type

S'(f) =
Sn(f)

V 2
0

b�1/f

b0

aliased '-type

S'(f) =
B

⌫0V 2
0

Sn(f)

⇠ 1/⌫0

corner fc =
⌫0
B

h�1

h0

h0

h�1/f

etc.

Polynomial law Sn(ƒ) = ∑ hi ƒi      [do not mistake with Sy(ƒ)]

Aliasing strikes hard on white noise, yet little/not on flicker



Time-Type (x-type) Fluctuation !26

etc.

Sx(f)

⇠ 1/⌫0

k�1/f
k0

corner fc =
⌫0 k�1

hx2wi

f

pure x-typeS
x (f) = k�1

f

aliased x-type

Sx(f) =
1
⌫0

⌦
x2
↵

Polynomial law Sx(ƒ) = ∑ ki ƒi    

Aliasing strikes hard on white noise, yet little/not on flicker



Phase Noise in the Input Stage !27

mechanism

x(t) =
n(t)

(SR)(t)

'(t) =
2⇡⌫0 n(t)

(SR)(t)

out
Σ

in

threshold noise
n(t)

phase noise
!(t)

nominal threshold

threshold
error n(t)

error x(t) = n(t)/SR

slope
SR = dv/dt

vin

vout

t

t

Threshold fluctuation

actual threshold

Sinusoid of peak amplitude V0 
results in phase-type noise

S'(f) =
Sn(f)

V 2
0

constant vs ⌫0



Full Noise Mechanism

• The φ-type noise noise may show up or not, depending 
on input noise and SR

• At the comparator out, the edges attain full SR and 

bandwidth of the technology

• Complex distribution –> independent fluctuations add up


x(t) = ∑i xi(t)     and    <x2(t)> =  ∑i <xi2(t)>

!28

out
Σin

noise v(t) random delay
x(t) = ∑i xi(t)

comparator complex distribution

full SR 
and BW

high ν0 
SR >> noise SR

𝞅-type noise x-type noise



Cyclone III Clock Buffer

Flicker

• High ν0  –> scales as ν0 (x-type)

• Low ν0, –> to 𝞅-type (bumps 0.1–10 Hz)

!29
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Cyclone III Output Buffer !30

400 MHz

100 MHz
50 MHz

25 MHz
12.5 MHz6.25 MHz3.125 MHz

200 MHz
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74S140 – Old TTL 50 Ω Driver !31

aliased-φ
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Additional Facts

!32

Volume Law 
Input Chatter 
Internal PLL 
Thermal Effects



The Volume Law
• The 1/ƒ coefficient b–1 is independent of 

power

• The flicker of a branch does not 

increase at P/2

• At the output,

• the carrier adds up coherently

• the phase noise adds up statistically

• With m branches, the 1/ƒ PM noise is 

reduced by 1/m

• White noise cannot be reduced in this 

way

!33
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input

Experiment

Gedankenexperiment
• Flicker is of microscopic origin because it has Gaussian PDF 

• Join the m branches into a compound

• 1/ƒ noise is proportional to 1/V, the volume of the active region



The Volume Law! !34

Zynq
28 nm

Cyclone
130 nm

Cyclone II
90 nm

Cyclone III
65 nm

Max V
180 nm

Max 3000
300 nm

Exact 1/V law –30 dB/dec
(Residuals 3.2 dB rms)

–26.2 dB/dec
(Residuals 3 dB rms)

Bad experim. 
conditions, 
discarded

Technology, nm

All devices used as ÷10 Λ divider at 100 MHz input  
(30 MHz with Cyclone and Cyclone II, and results are scaled up as x-type noise)  

The Λ divider reduces aliasing (white), thus makes 1/f noise more visible
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Input Chatter !35

Wide band noise
⌦
SR2

↵
= 4⇡2

Z B

0
f2SV (f) df

=
4⇡2

3
�2
V B

2 (rms)

Chatter occurs when the RMS Slew Rate of noise 
exceeds the slew rate of the pure signal

Chatter threshold

⌫20 =
1

3

SvB3

V 2
0

With high-speed devices, chatter can 
occur at rather high frequencies

chatter 
region

Pure signal
v(t) = V0 cos(2⇡⌫0t)

SR = 2⇡⌫0V0

Example

• V0 = 100 mV peak

• 10 nV/√Hz noise

• 650 MHz max –> 2 GHz noise BW

• Chatter threshold 𝝼 = 5.2 MHz



Input Chatter – Example
Experiment

• Cyclone III FPGA

• Estimated noise 10 nV/√Hz

• Estimated BW 2 GHz

!36

V0 = 50 mV (100 mVpp) 

ν0 = 4.7 MHz

V0 = 100 mV (200 mVpp)

ν0 = 4.7 MHz

Asymmetry shows up

Explanation takes a detailed electrical 
model, which we have not

Good agreement with theory



Cyclone III Internal PLL !37

Crossover between phi-type 
and x-type at 20 MHz

5 MHz

10 MHz

20 MHz

30 MHz

–90.5 dB
–93 dB–96 dB

PLL used as clock buffer
⌫out = ⌫in

b–1

File: CYCIII-PLL-Buffer
E.Rubiola, C.Calosso, Sept 2014

b�1

⌫0

20 MHz

⇠
⌫
2

0

'-type
x-
ty
pe

x-t
yp

e

φ-
typ

e

x-type –> analog noise in the phase detector

PLL used as a buffer

VCO

phase
detect

÷ N

lock

⌫o

⌫i

File: CYCIII-PLL-Scheme

÷ D

÷ C
÷ 2optional

m
ux

⌫vco

• LC oscillator, 0.6–1.3 GHz, Q≈10

• Optional ÷2 always present

•We set D = 1 (for lowest noise)

• QUARTUS app chooses C and N



Cyclone III Internal PLL !38

10 MHz input, N x 10 MHz out

–115 dB + 20 log10(v0),     v0 in MHz

PLL used as a frequency multiplier

320 MHz: –65 dB

640 MHz: –59 dB160 MHz: –71 dB
80 MHz: –77 dB

40 MHz: –83 dB
20 MHz: –89 dB
10 MHz: –95 dB

b–1

File: CYCIII-PLL-Multiplier
E.Rubiola, C.Calosso, Sept 2014

b�1

⌫0
<<10
MHz

⇠
⌫
2

0

x-
ty
pe

VCO

phase
detect

÷ N

lock

⌫o

⌫i

File: CYCIII-PLL-Scheme

÷ D

÷ C
÷ 2optional

m
ux

⌫vco

• 1/ƒ phase noise is dominant

• Scales as N2  –>  analog noise in 

the phase detector

• ADEV 1.5x10–12 @ 1 s, fH = 500 Hz



Thermal Effects !39

In real applications, other parts of the same FPGA impact on the temperature

10–15 drift

10–15 drift
10–15 drift

10–15 drift

10–15 drift
Cyclone III clock buffer

File: Cyclone-III-Thermal-effect
C.Calosso, E.Rubiola

environment drift

effect of ∆P

time constant

40
0 

s

1 2 4 8 16

64

32

16

8

4

2

x, ps

∆!0,  AU

200 –> 100

400 –> 200

100 –> 5050 –> 25

25 –> 12.5

x ~
 ∆ν 0

File: Cyclone-III-Thermal-effect-log

C
P = CV2

CC νc

Gate power



Frequency Synthesis

!40



The Egan Model – Modern View

For N/D <<1, the scaled-down noise hits the output-stage limit

!41

(N/D)2

input signal

output stage
actual output

noise-free synth output

(N
/D

)2

(N
/D

)2
S'(f)

f

W.F. Egan, Modeling phase noise in frequency dividers, TUFFC 37(4), July 1990

for phase noise in frequency dividers
φ-type

outoutput 
stage

!in

!out =
N
D !in

!out

× N/D
gearbox

input 
stage

φ-typex-type
in



DDS

!42



Basic DDS Scheme !43

The contents n of the m-bit register  
is interpreted as a complex number

<{z}

={z}

<
{z

}
=
{z

}

z plane zk
zk�1

✓k�1

✓k

k

k

time t = k/⌫c

quantity digital analog

state variable n ✓ = 2⇡
n

D
assoc. complex z = ej✓

modulo D = 2m 2⇡

increment N ⌘ = 2⇡
N
D

time k, 0, 1, 2, . . . t = k/⌫s

clock freq. ⌫s output freq. ⌫0 =
N
D ⌫s

LUT

DAC

D-type
register

adder

DAC

sin

cos

carry

output

control
word

clock

integer: nk = (nk�1 +N ) mod D

phase: ✓k = (✓k�1 + ⌘) mod 2⇡

N

⌫s

⌫0 =
N
D ⌫s

complex: zk = zk�1 exp(j⌘)

replace 
θ —> φ

Skip



High-Frequency DDSs !44

AD9915 12 bit, 2.5 GHz 
64 bit accumulator (135 pHz res)

ƒ, Hz

L(
ƒ)

, d
Bc

 (t
w

o 
di

vi
de

rs
)

Y.Gruson

18 as/√Hz

2.
4 

fs

output stage

   
   

x-
ty

pe

φ-
ty

pe



!45PM Noise vs Output Frequency

22.5 MHz:  b
–1  = –114.5 dB

Balun and MAV-11 at the DDS output 

11.25 MHz:  b
–1  = –120.5 dB

5.625 MHz:  b
–1  = –126 dB

2.81 MHz:  b
–1  ≈ –130 dB

1.406 MHz:  b
–1  ≈ –133.5 dB b0 ≈ –155 dB 

b0 ≈ –159.5 dB 

b0 ≈ –162.5 dB 

DDS internal stages

(DDS) output stage

30 dB/dec
thermal effect?

power supply



100 MHz: –110 dB 

50 MHz: –116 dB 

25 MHz: –122 dB 

12.5 MHz: –128 dB 
6.25 MHz: –131.5 dB 

1.56 MHz: –129 dB (!!!) 

3.125 MHz: –131.5 dB 

INRIM

AD 9912 PM Noise

• At 50 MHz and 10/12.5 MHz we get ≈15 dB lower flicker than the 
data-sheet spectrum

• Experimental conditions unclear in the data sheets

!46

AD9912  
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Figure 15. Absolute Phase Noise Using HSTL Driver,  

SYSCLK = 1 GHz Wenzel Oscillator (SYSCLK PLL Bypassed), 
 HSTL Output Doubler Enabled 
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Figure 16. Absolute Phase Noise Using CMOS Driver at 3.3 V,  

SYSCLK = 1 GHz Wenzel Oscillator (SYSCLK PLL Bypassed)  
DDS Run at 200 MSPS for 10 MHz Plot 
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Figure 17. Absolute Phase Noise Using CMOS Driver at 1.8 V, 

SYSCLK = 1 GHz Wenzel Oscillator (SYSCLK PLL Bypassed) 
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Figure 18. Power Dissipation vs. System Clock Frequency  

(SYSCLK PLL Bypassed), fOUT = fSYSCLK/5, HSTL Driver On, CMOS Driver On, 
SpurKiller Off 
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Figure 19. Power Dissipation vs. Output Frequency  

SYSCLK = 1 GHz (SYSCLK PLL Bypassed), HSTL Driver On,  
CMOS Driver On, SpurKiller Off 
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Figure 20. SFDR Comparison With and Without SpurKiller,  

SYSCLK = 1 GHz, fOUT = 400 MHz 

AD9912

Figure 16. Absolute Phase Noise Using CMOS Driver at 3.3 V,  
SYSCLK = 1 GHz Wenzel Oscillator (SYSCLK PLL Bypassed)  
DDS Run at 200 MSPS for 10 MHz

f (Hz)

b–1 = –103.5 dB

14
 d

B
9.

5 
dB

b–1 = –110.5 dB

b–1 = –94 dB

9.
5 

dB

b0 = –145 dB
b0 = –153 dB

b0 = –141.5 dB

Focus on 1/ƒ only



3.3 V: Lower PM Noise than 1.8 V !47

Probably related to the cell size and to the dynamic range

Plots originally used to extract the noise parameters

AD9912  
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Figure 15. Absolute Phase Noise Using HSTL Driver,  

SYSCLK = 1 GHz Wenzel Oscillator (SYSCLK PLL Bypassed), 
 HSTL Output Doubler Enabled 
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Figure 16. Absolute Phase Noise Using CMOS Driver at 3.3 V,  

SYSCLK = 1 GHz Wenzel Oscillator (SYSCLK PLL Bypassed)  
DDS Run at 200 MSPS for 10 MHz Plot 
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Figure 17. Absolute Phase Noise Using CMOS Driver at 1.8 V, 

SYSCLK = 1 GHz Wenzel Oscillator (SYSCLK PLL Bypassed) 
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Figure 18. Power Dissipation vs. System Clock Frequency  

(SYSCLK PLL Bypassed), fOUT = fSYSCLK/5, HSTL Driver On, CMOS Driver On, 
SpurKiller Off 
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Figure 19. Power Dissipation vs. Output Frequency  

SYSCLK = 1 GHz (SYSCLK PLL Bypassed), HSTL Driver On,  
CMOS Driver On, SpurKiller Off 
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Figure 20. SFDR Comparison With and Without SpurKiller,  

SYSCLK = 1 GHz, fOUT = 400 MHz 
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Figure 1 7 . Residual Phase Noise with fOUT = 1 5 9 .5  MHz,  

fCLK = 4 0 0  MSPS; PLL Bypassed (Green), PLL Set to 4 × (Red), and  
PLL Set to 2 0 × (Blue) 
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Figure 1 8 . Residual Phase Noise with fOUT = 9 .5  MHz, fCLK = 4 0 0  MSPS; 
PLL Bypassed (Green), PLL Set to 4 × (Red), and PLL Set to 2 0 × (Blue) 
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Figure 1 9 . Comparator Rise and Fall Time at 1 6 0  MHz 
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Figure 1 9 . Residual Phase Noise (SSB) with fOUT = 1 5 .1  MHz, 4 0 .1  MHz,  

7 5 .1  MHz, 1 0 0 .3  MHz, fCLK = 5 0 0  MHz with REF_CLK Multiplier Bypassed 
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Figure 20 . Residual Phase Noise (SSB) with fOUT = 1 5 .1  MHz, 4 0 .1  MHz,  
7 5 .1  MHz, 1 0 0 .3  MHz, fCLK = 5 0 0  MHz with REF_CLK Multiplier = 5 × 
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Figure 21 . Residual Phase Noise(SSB) with fOUT = 1 5 .1  MHz, 4 0 .1  MHz,  
7 5 .1  MHz, 1 0 0 .3  MHz, fCLK = 5 0 0  MHz with REF_CLK Multiplier = 20 × 
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Figure 22. Power vs. System Clock Frequency 
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Figure 23 . Amplitude Modulation Using Primary Channel  

(CH1  = 5 0  MHz) and One Auxiliary Channel (CH0  = 1  MHz) 
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Figure 24 . Two-Tone Generation Using Primary Channel (CH1  = 1 0 .1  MHz) 
and One Auxiliary Channel (CH0  = 1 0 .3  MHz) 

AD9911, AD9958, AD9959

 A D9 8 5 2
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Figure 18 and Figure 19 shows the narrow-band performance of the AD9852 when operating with a 30 MHz reference clock with the 
REFCLK multiplier enabled at 10× vs. a 300 MHz reference clock with the REFCLK multiplier bypassed. 
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Figure 16 . A Slight Change in Tuning Word Yields Dramatically Better Results; 

112.4 6 9 MHz with All Spurs Shifted Out-of-Band, RECLK is 3 00 MHz 
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Figure 17 . Narrow-band SFDR, 3 9.1 MHz, 50 kHz BW, 200 MHz REFCLK 

with REFCLK Multiplier Bypassed 
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Figure 18 . Residual Phase Noise, 3 00 MHz REFCLK 

with REFCLK Multiplier Bypassed 
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Figure 19. Residual Phase Noise, 3 0 MHz REFCLK 

with REFCLK Multiplier = 10× 
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Figure 20. SFDR vs. DAC Current, 59.1 AOUT, 3 00 MHz REFCLK 

with REFCLK Multiplier Bypassed 
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Figure 21. Supply Current vs. Output Frequency; Variation Is Minimal, 
Expressed as a Percentage, and Heavily Dependent on Tuning Word 

AD9852, AD9854 

b–1 = –100.2 dB

b–1 = –102.5 dB

b–1 = –108.7 dB
b–1 = –117 dB

b–1 = –104 dB
b–1 = –125 dB

b0 = –151 dB
b0 = –154 dB

b0 = –157 dB
b0 = –161 dB

AD9858 
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Figure 15 . Residual Phase Noise, 10 3  MHz FOUT, 1 GHz REFCLK 

–10

0

–20

–30

–40

–50

–60

–70

–80

–90

–170

–100

–110

–120

–130

–140

–150

–160

10 10M 100M1M100K10K1K100

0
3
1
6
6
-A
-0
1
6

FREQUENCY (Hz)

P
H

A
S

E
 N

O
IS

E
, 

L
(f

) 
(d

B
c

/H
z
)

 

Figure 16 . Fractional Divider Loop Residual Phase Noise,  
FIN = 115  MHz, FOUT = 15 5 0  MHz, Loop BW = 5 0  kHz 
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Figure 17 . Fractional Divider Loop SFDR, FIN = 9 6 .9  MHz,  
FOUT = 15 5 0  MHz, BW = 1.5  MHz 
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Figure 18 . Residual Phase Noise, 4 0 3  MHz FOUT, 1 GHz REFCLK 
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Figure 19 . Translation Loop Residual Phase Noise  
FLO = 15 0 0  MHz, FOUT = 15 5 0  MHz, Loop BW = 5 0  kHz 
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Figure 2 0 . Fractional Divider Loop SFDR, FIN = 9 7 .3  MHz,  
FOUT = 15 5 0  MHz, BW = 1.5  MHz 

AD9858

b–1 = –116 dB

b–1 = –150 dB

b0 = –149 dB
b0 = –159 dB

48 bit accu, 12 bit dac
fc=300MHz, 3.3V cmos

AD9956 
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Figure 1 0 . AD9 9 5 6  DAC Performance: 4 0 0  MSPS Clock,  
1 6 0  MHz FOUT, 1  MHz Span 
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Figure 1 1 . AD9 9 5 6  DDS/DAC Residual Phase Noise  
4 0 0  MHz Clock, 1 0  MHz Output 

FREQUENCY (Hz)

L
(f

) 
(d

B
c

/H
z
)

0

–10

–20

–30

–40

–60

–50

–70

–80

–90

–100

–110

–130

–120

–140

–160

–150

–170
10 1k100 10k 100k 1M

0
4
8
0
6
-0
-0
2
4

 

Figure 1 2 . AD9 9 5 6  DDS/DAC Residual Phase Noise  
4 0 0  MHz Clock, 4 0  MHz Output 
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Figure 1 3 . AD9 9 5 6  DAC Performance: 4 0 0  MSPS Clock,  
1 6 0  MHz FOUT, 2 0 0  MHz Span 
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Figure 1 4 . AD9 9 5 6  DDS/DAC Residual Phase Noise  
4 0 0  MHz Clock, 1 0 3  MHz Output 
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Figure 1 5 . AD9 9 5 6  DDS/DAC Residual Phase Noise  
4 0 0  MHz Clock, 1 5 9  MHz Output 

AD9956

b–1 = –113 dB

b–1 = –101 dB
b0 = –152 dB

b0 = –159 dB

48 bit accu, 14 bit dac
fc=400MHz, 1.8V cmos

AD9951, AD9952, AD9953, AD9954

b–1 = –107 dB

b0 = –153 dB

32 bit accu, 10 bit dac
fc=1GHz, 3.3V cmos

fo = 103 MHz

fo = 10 MHz

fo  = 40 MHz

32 bit accu, 10 bit dac
fc=1GHz, 3.3V cmos

32 bit accu, 14 bit dac
fc=400MHz, 1.8V cmos

clock multiplier enabled
fo = 9.5 MHz

1/2/4 outputs two outputs:
cos+aux / I-Q

single output single output,
diff. aux functions

single output

E. Rubiola, Mar 2007 (adapted from the Analog Devices data sheets)

AD9912

Figure 16. Absolute Phase Noise Using CMOS Driver at 3.3 V,  
SYSCLK = 1 GHz Wenzel Oscillator (SYSCLK PLL Bypassed)  
DDS Run at 200 MSPS for 10 MHz
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State-Variable Truncation !48

LUT

DAC

D-type
register

adder

DAC

sin

cos

carry

output

control word

clock

p

mm

m

q q

m

N

⌫c

nk = (nk�1 +N ) mod D, D = 2m

⌫0 =
N
D ⌫c

• Only quantization shows up with full 
m-bit conversion

• Technology –> q max

• Why p > q

• Slow pseudorandom beat,  

3d 6h 11m 15s @ 1 GHz, 48 bit

total D = 2m states

2m visible
states

2m � 2p

hidden states

error

± ⇡

2q
rad

pitch
2⇡

2m
rad

visible pitch
2⇡

2p
rad

pha
se v

ecto
r ✓

2⇡
N
D rad

t =
k � 1

⌫s

t =
k

⌫s
⌫0 =

N
D ⌫s

Spurs: Torosyan A,  Wilson AN jr, Proc 2005 IFCS p.50-58



Λ and Π dividers
(multibuffer Π config)

artifacts?

b–1 = –130.5 dB

–128.5 dB

b–1 = –120 dB –116.5 dB

b0 ≈ –165 dB

b–1 ≈ –156 dB

Phase Noise of Π and Λ Dividers !49

insuffi
cient 

averaging?
Multibuffer Π divider 

experimental problems still present

÷ 10

in
out

D-type register

÷ 10

÷ 10 shift registerD

Dshift register

in out

Λ divider 

Aliasing is present

High-f sampling removes aliasing



ADCs 

!50



!51Quantization & Sinusoidal Signals

6.02 M + 1.25 –10 Log10(ƒs) –10 Log10(a)  dB

P0 =
V 2
pp

8
=

a2V 2
FSR

8

Signal power

VFSR
aVFSR

Noise power
�2 =

V 2
LSB

12

Parseval theorem,  B = fS/2

S' = b0
�2

B
, b0 =

V 2
LSB

V 2
FSR

4

3a2fs

Sv =
�2

B
) Sv =

V 2
LSB

6fs

b0 =
1

(2M )2
4

3a2fs

Phase noise, Sv = b0   (white)

Assume that the noise power is equally 
distributed between 0 and B = ƒs/2

This is not true when signal and clock are 
highly coherent (Widrow-Kollar, Appendix G)

SNR =
3

2
22M , a = 1

Widrow B, Kollar I - Quantization Noise - Cambridge 2008

Sampling jitter breaks AM/PM symmetry



Phase Noise !52

b0 =
1

(2M )2
4

3a2fs

6 dB reduction costs either 
•One additional bit

• Factor of 4 higher ƒs

Best results are obtained with the fastest 16 bit converters

16

14

12

10

8

6

1 100 1E4

–175 dBrad2/Hz

–165 dBrad2/Hz

–119 dBrad2/Hz
4

–143 dBrad2/Hz

–155 dBrad2/Hz

–131 dBrad2/Hz

–107 dBrad2/Hz

M
, b

its

fs, MHz

Clock jitter not included



Selected ADCs !53

ADC type AD9467 / Single

Alazartech board)

LTC2145 / Dual

Red Pitaya board

LTC2158 / Dual

Eval board

Platform Computer Zynq (onboard) Zynq (separated)

Sampling ƒ

Input BW

250 MHz

900 MHz

125 MHz

750 MHz

310 MHz

1250 MHz

Bits / ENoB 16 / 12 14 / 12 14 / 12

Expected noise (2 Vfsr) –158 dBV2/Hz –155 dBV2/Hz –159 dBV2/Hz

Delay & Jitter 1.2 ns & 60 fs 0? & 100 fs diff 
0? & 80 fs single 1 ns & 150 fs

Power supply 1.8 V & 3.3 V

1.33 W

1.8 V

190 mW

1.8 V

725 mW

For reference, 100 fs jitter is equivalent to

carrier ƒ 𝛗 rms S𝛗(ƒ) = b0 10 Log10[L(f)]

10 MHz 6.3 µrad 4x10–18 rad2/Hz –177 dBc/Hz

100 MHz 63 µrad 4x10–17 rad2/Hz –167 dBc/Hz

Dissipation is relevant to thermal stability

Sk
ip



LT 2158 Noise !54

-240

-220

-200

-180

-160

-140

-120

-100

-80

-60

-40

 0.001  0.01  0.1  1  10  100  1000  10000 100000 1e+06 1e+07 1e+08

"temp_g2p16_OK/dif_ab.dat"
"temp_2stages/dif_ab.dat"
"temp_3stages/dif_ab.dat"

–104 dBV2/Hz @ 1 Hz

–158 dBV2/Hz

SV(ƒ), dBV2/Hz
LT 2158

10 MHz, Vpp ≈ 0.95 VFSR

≈ 1 dB added



LT2145 (Red Pitaya) Noise !55

-240

-220

-200

-180

-160

-140

-120

-100

-80

-60

-40

 0.01  0.1  1  10  100  1000  10000 100000 1e+06  1e+07  1e+08

"temp_redp_0_diff/dif_ab.dat"
"temp_redp_1_diff/dif_ab.dat"
"temp_redp_2_diff/dif_ab.dat"

SV(ƒ), dBV2/Hz
LT 2145

–110 dBV2/Hz @ 1 Hz

–153 dBV2/Hz

10 MHz, Vpp ≈ 0.95 VFSR

≈ 2 dB added



AD9467 (Alazartech) Noise !56

-190

-180

-170

-160

-150

-140

-130

-120

-110

-100

-90

 1  10  100  1000  10000  100000  1e+06  1e+07  1e+08

"dif_cha_chb_avg100.dat"
"dif_chc_chd_avg100.dat"

f(x)–110 dBV2/Hz @ 1 Hz

–157 dBV2/Hz
≈ 1 dB added

10 MHz, Vpp ≈ 0.95 VFSR



Time-To-Digital Conversion

!57

Count clock cycles (trivial)

Measure the fraction of clock cycle (next)



         The Frequency Vernier !58

gate

vernier
clock

main 
clock

Tc = 1/⌫c

⌫0c =
n

n+ 1
⌫c

t

early

(0→1) ➔ coincidence

late

T 0
c = 1/⌫0c

N 0
aT

0
c

NaTc

Ta Ta +NaTc = N 0
aT

0
c = NaT 0

c

Note that Na = N 0
a

Pierre Vernier, French mathematician 
Ornans (Besancon), 1580–1637

Pi
ct

ur
e 

Lu
ca

sb
os

ch
, C

C
-B

Y-
SA

-3
.0

Example (HP5370A) 
ƒc = 200 MHz (5 ns)

n = 256

1/257 x 5 ns = 20 ps



The Ramp Interpolator !59

gate

clock

charge hold

Actual timing

Ta

T+
a =

Ta + Tc

t

smooth start

Vx

clock

S

R

Q

main
clock

integrator

reset

aux
clock

ch
arg

e

ADC

Tc

I I0

Vx

t

t

t

t

V̂x

⌫c

C

gate
pulse

gate pulse

I0

VC

S

R

Q

ch
arg

e
hold

Ta

Vx t

VC

I
sample
& hold

Example (Stanford SR620) 
ƒc = 90 MHz (Tc = 11.1 ns)

11 bits

Tc / 211 = 5.4 ps

This costs 1 bit 
ADC resolution 
loss



Thermometer-Code Interpolator !60

D Q

✓

D Q

✓

D Q

✓

D Q

✓

D Q

✓

D Q

main
clock ⌫c

gate pulse

Q1 Q2 Q3 Q4 Q5

etc.

Q0

✓

D Q

✓

D Q

Q6 Q7

C0 C1 C2 C3 C4 C5 C6 C7

0

0

0

0

0

1

1

1

gate
pulse

C0

C1

C2

C3

C4

C5

C6

C7

t

t

t

t

t

t

t

t

t

cl
oc

k 
ph

as
es

1

1

1

0

0

0

0

0
word 0000 0111
indicates delay 5✓

word 1110 0000
indicates delay 3✓

Also called Multi-tapped delay-line 
interpolator

Review article:  
J. Kalisz, Metrologia 41 (2004) 17–32

FPGA implementation 
• Needs full layout control

• The pipeline may not fit in a cell


Great for ASIC implementation 

Vernier (enhanced resolution) version 
•Delay is on both lines is inevitable

• Just exploit it 

             θeq = θck – θin



Some Examples !61

Carmel NK732 3 ps PCI/PXI time stamp

Guide Tech GT667/668 1 ps PCI/PXI time stamp

Keysight 53230A 20 ps Lab instrument Frequency vernier

Lange Electronic KL-3360 50 ps Π / Λ, special purpose Ramp

Lumat PCI card Thermometer code

Stanford SR620 25 ps Lab instrument Ramp

Serenum TDC 6 ps rms PCB module FPGA Thermometer code

AMS Group TDC GPX 22 ps Chip

MAXIM MAX35101 8 ps Chip

SPAD Lab TDC Module Packaged module

Texas THS788 8 ps Chip Thermometer code 

N

Sk
ip



…And Something More

!62



Oscillator Instability Measurement Platform

• REFIMEVE+ in progress

• White Rabbit 

• Frequency distribution on fibers

!63

Three-cornered hat noise measurements
Digital Electronics & Metrology

• BIPM CMC 
• COFRAC, top level 
• 2 FS combs 
• Shielded chamber 
• 10 mK dilution cryo

• Prop-Integr Temp & 

hygro contr. rooms

• ULISS traveler

Time System

3rd Time site in France

Microwave photonic oscillators

• 3 H masers & 3 CS 
• TWSTFT  
• Common view GPS 

Also 
• Spherical FP cavity, 1E–15 stability 
• Compact FP cavity, A3 size breadboard

• Si Monocrystal FP, Bragg 
mirrors 
• 17 K natural turning point 
• Projected stability 3E–17 
• First tests

Ω, Λ Π counters 
are commercial 

products

AD9144, two channels

7.5 decades

125 MHz out
1 GHz sampling
50 dB gain

exact 1/ƒ slope

Fr
ac

tio
na

l n
oi

se
 P

SD
, d

B/
Hz

–170

–150

–130

–110

–90

–70

–50

c–1 = 1.5x10–11

File: Results-wide-span
C.E.Calosso, A.C.Cárdenas Olaya, E.Rubiola, June 2019



Liquid-He Sapphire Oscillator !64

Cr3+ Fe3+ doped 
Al2O3 mono crystal 
ϕ ≈ 5 cm, H ≈ 3 cm

0.1 ppm

0.2 ppm

20
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 0

30

∆ƒ, Hz

40

WGH16,0,0 mode at 11.565 GHz

5 6 7 8

temperature, K

Whispering Gallery 
H mode

H
E

Paramagnetic 
temperature 

compensation10 GHz resonance 
Q ≈ 2×109 at 5–7 K

Pound-Galani Oscillator

• Pound frequency lock to the cavity

• The same cavity is used in the VCO

ƒm

control

out

PM

oscillator loop

power
detector

ν0 
Q

VCO

V ~ ν–ν0
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2.1×10 –14/τ,  two channels



• Crash course on T&F for newcomers 

• Oscillators, measurement, atomic  

standards, time scales, and general topics

• Broad target audience: PhD/PostDoc  

Students, Academics, Private Company Engineers

• Balance between academic and applied issues

• Instructors from leading European institution

• Plenary lectures 23 H, labs 12 H in small groups

• Capped no of participants, set by the labs

!65
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