
Updates on Quantum Monte Carlo Implementations for ℓ𝟐
𝟒𝐇𝐞 and 

ℓ 𝟔
𝟏𝟐𝐂 Scattering in GENIE

Steven Gardiner (gardiner@fnal.gov) and Joshua Barrow (jbarrow@fnal.gov)

Joint Theory/Experiment Meeting on Lepton-Nucleus Scattering

Tuesday, October 1st, 2019 This material is based upon JB’s work supported by the 
U.S. Department of Energy, Office of Science, Office of 
Workforce Development for Teachers and Scientists, 
Office of Science Graduate Student Research (SCGSR) 

program. The SCGSR program is administered by the Oak 
Ridge Institute for Science and Education for the DOE 

under contract number DE‐SC0014664.

mailto:gardiner@fnal.gov
mailto:jbarrow@fnal.gov


• See Artur’s talk, along with Kendall and Joe

• We require good 𝜈 energy and position 

reconstruction to nail down SM 𝜈 interactions

– Understanding of in/exclusive cross sections, 

fluxes, etc.

– PMNS matrix elements (flavor changing 

oscillations), associated 𝜃𝑖𝑗 values

– Value of 𝛿𝐶𝑃
– Supernovae 𝜈’s, masses, mass hierarchy, 

majorana-nature, etc., etc…

• The same can be said for limits on BSM 

interactions

– Lorentz/CPT violation

• We require accurate simulations of atmospheric 

neutrino backgrounds for BSM searches

– 𝑝-decay, 𝑛 → ത𝑛, and other baryon number violating 

modes

– Dark matter

• All of these require ample theoretical and 

computational study across large swaths of energy 

and momentum transfer

The Need for Accurate and Precise ℓ Monte Carlo Generators

Ghosh et al. Eur. Phys. J. C (2016)76
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https://indico.fnal.gov/event/20271/session/0/contribution/11
https://indico.fnal.gov/event/20271/session/1/contribution/5/material/slides/0.pdf
https://indico.fnal.gov/event/20271/session/1/contribution/6/material/slides/0.pdf
https://link.springer.com/article/10.1140/epjc/s10052-016-3962-7
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• The second order correction to a Hamiltonian describing a system of bound nucleons comes 

from two-body interaction terms in a high-order expansion:

෡𝐻 =෍
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𝑡𝑖 +෍

𝑖<𝑗

𝑣𝑖,𝑗 +⋯

Considering the modes of possible lepton interaction, one conceives of longitudinal and transverse 

responses 𝜌 and 𝐣, respectively:

𝑂𝐿~𝜌 =෍

𝑖=1

𝐴
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– The total inclusive cross section can be parametrized in terms of the nuclear response:

𝒅𝟐𝝈

𝒅𝑬′𝒅𝛀′
= 𝝈𝑴 𝝂𝑳𝑹𝑳 𝒒𝝁 + 𝝂𝑻𝑹𝑻 𝒒𝝁 = 𝜎𝑀෍

𝑓

𝛿 𝜔 + 𝐸0 − 𝐸𝑓 𝑓 𝜈𝐿𝑂𝐿 𝑞𝜇 0 2 + 𝑓 𝜈𝑇𝑂𝑇 𝑞𝜇 0 2 = ⋯

⋯ = 𝜎𝑀න𝑑𝑡 0 𝑂𝐿
† 𝑞𝜇 𝑒𝑖 ෡𝐻−𝜔 𝑡𝑂𝐿 𝑞𝜇 0 + 0 𝑂𝑇

† 𝑞𝜇 𝑒𝑖 ෡𝐻−𝜔 𝑡𝑂𝑇 𝑞𝜇 0

STA: The Inclusion of Two-Body Physics: Nuclear Response
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• The nuclear response in a mode 𝛼 can be expanded to include two-

body terms for short times, where

𝑒𝑖 ෡𝐻−𝜔 𝑡 = 𝑒
𝑖 σ𝑖 𝑡𝑖+σ𝑖<𝑗 𝑣𝑖,𝑗−𝜔 𝑡

≈෍

𝑖

𝑡𝑖 +෍

𝑖<𝑗

𝑣𝑖,𝑗 = 𝑃 𝑡

⟹𝑅𝛼 𝑞𝜇 = න𝑑𝑡 0 𝑂𝛼
† 𝑞𝜇 𝑒𝑖 ෡𝐻−𝜔 𝑡𝑂𝛼 𝑞𝜇 0 ≈ න𝑑𝑡 0 𝑂𝛼

† 𝑞𝜇 𝑃 𝑡 𝑂𝛼 𝑞𝜇 0

⟹ 𝑅𝛼~𝑂𝛼;𝑖
† 𝑃 𝑡 𝑂𝛼;𝑖 + 𝑶𝜶;𝒊

† 𝑷 𝒕 𝑶𝜶;𝒋 + 𝑶𝜶;𝒊
† 𝑷 𝒕 𝑶𝜶;𝒊,𝒋 + 𝑂𝛼;𝑖,𝑗

† 𝑃 𝑡 𝑂𝛼;𝑖,𝑗

• This naturally leads us to consider lepton scattering off of pair 

objects

ȁ ۧ𝑓 ~ ฬ ඀𝜓𝑝′,𝑃′,𝐽,𝑀,𝐿,𝑆,𝑇,𝑀𝑇
𝑟, 𝑅

– Correlated two-nucleon wave-functions allow for a full solve of the 

Schrödinger equation

– Retains all nuclear and electroweak interactions induced by an 𝑒 or 𝜈

• Does not directly include Δ-resonance

STA: The Inclusion of Two-Body Physics: 1b-1b, 1b-2b, 2b-1b, 2b-2b
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• One can encode all of this structure within response 

densities, 𝒟
𝑅𝛼 𝑞𝜇 ~න𝑑Ω𝑃′𝑑Ω𝑝′𝑑𝑃

′𝑑𝑝′𝛿 𝜔 + 𝐸0 − 𝐸𝑓 ⋅ 𝑝𝜇
′2
𝑃𝜇

′2
0 𝑂𝛼

† 𝑞𝜇 𝑝𝜇
′
, 𝑃𝜇′ 𝑝𝜇

′
, 𝑃𝜇′ 𝑂𝛼

† 𝑞𝜇 0 = ⋯

⋯ = න𝑑𝑃′𝑑𝑝′𝛿 𝜔 + 𝐸0 − 𝐸𝑓 ⋅ 𝓓 𝒑𝝁′, 𝑷𝝁′; 𝒒𝝁

• Contains information about…

– …the contents of the nucleus after the probe 

interacts with the pair

– “Exclusive” information on specific nucleon pair 

kinematics

– Correctly accounts for interference terms

STA: The Inclusion of Two-Body Physics: Densities
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Hadron tensor framework & SuSAv2 implementation
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• Hadronic tensor framework for GENIE

– Based on Valencia CCMEC implementation in v2, 

generalized and expanded

– SuSAv2 CCQE+MEC implementation under GENIE 

review, expected in next release (v3.2)

• Bilinear interpolation used to evaluate tensor 

elements in 𝜔, Ԧ𝑞 space

• Used by our STA implementation to select lepton 

kinematics

• Noemi has also provided tensor tables for 2-body 

contribution

– QE cross section for SF approach computed directly 

within GENIE

• HadronTensor framework technical note now available
SuSAv2 implementation note

https://genie-docdb.pp.rl.ac.uk/cgi-bin/ShowDocument?docid=137
https://arxiv.org/pdf/1905.08556.pdf​


• Spectral function code & tabulated data for 12C updated 

to reflect latest calculation provided by Noemi

• Checks of GENIE QE differential cross section

look good

– EMQE example shown

– Weak interactions show similar agreement

• Two-body EM hadronic tensor table in hand,

testing in progress

– Will employ the same code as Valencia, SuSAv2 MEC

• Currently troubleshooting a problem with EM

event generation

– Maximum cross section estimate fails during sampling

– Low 𝑄2 cut needed to avoid divergence → appears related

• When resolved, will prepare for GENIE review soon

GENIE spectral function implementation status
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Interpolation of STA responses
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• Saori has provided STA tables to use for 

interpolation

– Integrated responses (hadron tensor elements)

– Response densities (for future use in sampling 

hadronic final states)

• Plots show current status of bilinear interpolation

– Correct at the grid points, but 𝑞 grid is too coarse

– Production of more tables underway

• Use of more sophisticated interpolation methods 

are also possible if number of tables becomes too 

unwieldy

• STA/SF/GFMC technical note is developing

– Will eventually include…

1. Full validation of cross section/response comparisons

2. Writeup of (forthcoming) generator module processes 

"Kinks" are an artifact of 
interpolation on a coarse grid

https://www.overleaf.com/read/nmfksrkngdzc


• Simple interfaces between GENIE’s SuSAv2 HadronTensor framework 

have been made for easy plotting of interpolated cross sections

– Some validation of Noemi’s responses and their interpolation within GENIE to 
𝑑2𝜎

𝑑𝐸′𝑑Ω′ Ԧ𝑞 , 𝜔 still needs to be completed (unit checks?)

• build_XX.sh and test_XX.cc scripts run interpolations within the 

HadronTensor framework

– Within SuSA fork: ./build_XX.sh; ./test_XX

• Create table outputs for input to simple ValidationCode.C plotter

– Will compare all available outputted model cross sections for all targets to 

available World Data: root –l ValidationCode.C;

Scripts for Comparisons Against World Data
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https://liveutk-my.sharepoint.com/:u:/g/personal/jbarrow3_vols_utk_edu/EWkh0F-7jR1BoSPcrxuMUZIBCPrBv3WZpPxxr0UJC6FinQ?e=HK1a73
https://liveutk-my.sharepoint.com/:u:/g/personal/jbarrow3_vols_utk_edu/EbGUV7iOSTxOnc92nWgqvVUBPZtowB_jzjA-HH1fozh5Bg?e=TbCkPx
https://liveutk-my.sharepoint.com/:u:/g/personal/jbarrow3_vols_utk_edu/EX_QgNRHFpFKgXNbXTVtja0B95cJZhzpyuqNjCkkTj8TSQ?e=cHaz8t
faculty.virginia.edu/qes-archive/index.html


Dark Blue: one-body diagonal; Green: one-body off-diagonal; Light Blue: interference; Purple: two-body

Saori’s STA is shown here component by component for two different shifts/thresholds.

The interference and one-body off-diagonal terms show asymmetric and even destructive behavior to the total 

response (shown in black)

New threshold predominately effect the transverse response
Current experimental response data interpolated by Ingo Sick for 𝟐

𝟒𝑯𝒆 only, so far; some others exist (Dytman) and will integrated for comparisons
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STA 𝟐
𝟒𝑯𝒆 Responses Used in GENIE for Interpolation (GFMC coming soon!)



Green-Noemi, GFMC (as given)

Blue-Saori, STA (GENIE interpolated)

Red-Cross section data, with uncertainty bands

Elastic peak in STA needs to be removed still

Some of the resonant production seems to be included

Green-Noemi, GFMC (as given)

Blue-Saori, STA (GENIE interpolated)

Red-Cross section data, with uncertainty bands

No apparent resonant production from Noemi’s model 

here?
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Some simple, first-pass comparisons between models and data for 𝟐
𝟒𝑯𝒆



Collaborators—Thank-you!
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Saori Pastore, WUSTL Minerba Betancourt, FNAL

Steven Gardiner, FNAL

The Roses
Between

The Thorns

Joshua Barrow, UTK



Backup Slides
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• An attempt at a general framework should be considered

– When new response densities are ready for larger nuclei from future 

calculations, we should want to be able to simply “drop something in”

• Must streamline table reading, or avoid it altogether with another structure

• Must hand off two-nucleon configurations properly to GENIE…

– Attain particle identities

– Select all angles (currently integrated out)

– Derive individual nucleon momenta

– Track individual nucleons through the intranuclear cascade

• Could be critically dependent upon initial positions and separations

• One or both nucleons may not be emitted due to low momentum transfer

– A phenomenological momentum cutoff must be considered for each struck nucleon

Requirements Going Forward with GENIE
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• Ample amounts of data are available for 𝑒2
4𝐻𝑒 and 𝑒 6

12𝐶 scattering

– Will serve as a good comparison for total inclusive cross sections

– Will compare to other GENIE nuclear models

– I would highly encourage everyone to investigate any BSM contributions your 

models could make to electron interactions

• Can they already be constrained?

• Once the generator is complete, tested, and validated on 𝑒 data, we will 

proceed to 𝜈 generation

– Will involve more response densities (five in total) for inclusion of CC 

interactions

– Will similarly compare to data where available…

– …and other GENIE nuclear and interaction models

• Publication will follow soon after

Future Generator Validation
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http://faculty.virginia.edu/qes-archive/data/4He.html/
http://faculty.virginia.edu/qes-archive/data/12C.html


Nucleon Correlations: A Requirement for Future Simulations
• There are QM problems with the assumptions made 

when throwing momenta for multiple nucleons from 

single nucleon momentum distributions
– By making a choice from a distribution of all single

nucleons, we have changed the remaining 

distribution

• Furthermore, it has been found that nucleons are 

choosey about their neighbors
– Neutrons spend more time around protons in the 

nucleus

– These pairs can have inextricably linked momenta

• More JLAB data interpretation on LAr coming? See 

also recent cross section measurements

• Can we use ~two body momentum distributions 

instead?
– ⟶𝐍𝐨𝐞𝐦𝐢 𝐞𝐭 𝐚𝐥.

• Or, can we deal solely with accurate semi-final 

states induced by vertex interactions?
– ⟶ 𝐒𝐚𝐨𝐫𝐢 𝐞𝐭 𝐚𝐥.

What do we use as 
the next distribution?

Neutrons
Protons

Interior Nucleon Momentum (GeV/c)

October 1st, 

2019

Joint Theory & Experiment Meeting18

https://arxiv.org/abs/1412.0138
https://www.phy.anl.gov/theory/research/momenta2/
https://www.jlab.org/exp_prog/proposals/14/PR12-14-012.pdf
https://arxiv.org/abs/1810.10575


QMC STA 
Simulation:

5/30/2019 J. L. Barrow | Neutrino Theory Network Workshop on Neutrino Non-Standard Interactions 19 October 1st, 

2019

Joint Theory & Experiment Meeting19



Current QMC STA Outputs for 𝒆𝟐
𝟒𝐇𝐞
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• Tables are currently available

– Contain response density quantities for ~quasielastic region (𝜔෤ϵ 0,800 𝑀𝑒𝑉 )

– 𝑒′, 𝐸′ ⊗ 𝒟𝛼,1𝑏
𝑖→𝑖 , 𝒟𝛼,1𝑏

𝑖→𝑖,𝑠𝑡𝑎𝑡. + 𝒟𝛼,1𝑏
𝑖→𝑗

, 𝒟𝛼,1𝑏
𝑖→𝑗,𝑠𝑡𝑎𝑡.

+ 𝒟𝛼,2𝑏
𝑖𝑗→𝑖𝑗

, 𝒟𝛼,2𝑏
𝑖𝑗→𝑖𝑗,𝑠𝑡𝑎𝑡.

– Particle identities of struck pair, radii, and separation distance are all already 

available (or are in principle)

• Steven Gardiner has developed table reading algorithms for SuSAv2 

which will serve as a building block for this model in GENIE

Current QMC STA Outputs for 𝒆𝟐
𝟒𝐇𝐞
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The GENIE 

Generator
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• We will soon begin implementation of QMC 

STA within GENIE using semi-final states from 

tabulated response densities

• This will be tricky, to say the least…

– GENIE’s normal operating mode is almost 

always dependent on an predominately single 

particle paradigm

• Initial state preparation—𝐚𝐯𝐨𝐢𝐝𝐚𝐛𝐥𝐞?

– Single nucleon lepton scattering

– Single nucleon momentum distributions in 

nuclear models

– Single nucleon initial positions

– Some two-body dynamic options becoming 

available as we speak (SuSA), but initial 

correlations are only approximate

• Final state preparation—𝐮𝐧𝐚𝐯𝐨𝐢𝐝𝐚𝐛𝐥𝐞!

– Propagation of single particles through the 

nucleus using an intranuclear cascade

GENIE Implementation
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• Neutrino generators must grow and evolve their capabilities as we enter 

the precision and intensity frontiers

– One step in this evolution is implementation of a generator dependent only upon 

semi-final states

– Avoids phenomenological nuclear models of initial states in MC

• A new series of total inclusive lepton scattering cross section calculations 

for 𝜔෤ϵ 300,800 𝑀𝑒𝑉 are now available for ℓ2
4He and ℓ 6

12C responses

– Employs two-body physics in an inherent way

• Implementation of this model is beginning for GENIE

– Will likely depend on many developments from Steven Gardiner (SuSAv2)

– Efficient table reading implementation is necessary, or another structure

– Will pass much of the particle information to the intranuclear cascade for 

transport

Summary
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