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String theory, QFT, and all that…

I. Introduction

The understanding and classification of phases of quantum matter has a  
long and storied history in condensed matter physics.

A rich field is provided by the study 
of universal behaviors of quantum 

field theory, encoded in the endpoints 
of the Wilsonian renormalisation group.

This has enjoyed fruitful interplay with string theory (2d world-sheet CFT,  
supersymmetric and higher dimensional CFTs, holography,…).
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Figure 1. A stack of D2-branes with spacing ! in Type IIA string theory.

Table 1. A diagram encoding the layout of the D2I-branes in spacetime.
An x denotes a direction along which the branes extend, and :: a direction
along which they are localized but form an evenly spaced lattice with spac-
ing !. If an entry is empty, the brane is at the origin of the corresponding
dimension, i.e. at xi = 0.

t x y z 4 5 6 7 8 9

D2I x x x ::

that 2"R = L!. We label the Ith brane D2I. As described in §2,
the theory on their world-volumes is a (2+1)D U(L)  = 8 su-
per Yang-Mills theory, with its gauge group spontaneously bro-
ken down to U(1)L. We call ÃI the U(1) gauge field on the Ith
D2-brane, and F̃I its field strength. See Figure 1 and Table 1 for a
summary of this setup.
We would like to take a large L (and hence ! → 0) limit and

interpret these U(1) gauge fields as a foliated stack of decoupled
(2+1)D freeMaxwell theories, as in Equation (9). The one subtlety
is that the stacks are in fact coupled together by strings which
stretch between the different layers. These are the massive W-
bosons associated with the spontaneous breaking of the gauge
group. To make sure that they do not contribute, we must take
!, ls → 0 simultaneously in such a way that the mass of the W-
bosons, which goes like MW ∼ !∕l2s (cf. Equation (5)), stays very
large. If wewere only interested in cooking up a theory of a large L
number of decoupled (2+1)D U(1) gauge fields (plus their super
partners),

S ∼ − 1
4g2YM

L∑
I=1 ∫ d3xF̃I

ijF̃
Iij + (super partners), (10)

then we would simply take gs → 0, in conjunction with !, ls → 0
as described above, so that g2YM ∼ gs∕ls remains fixed and finite.
However, we may also try to make closer contact with the FFT

description. This would involve taking the continuum limit in
such a way that the sum over I in Equation (10) could be replaced
with an integral over an emergent dimension,

!
L∑
I=1

L→∞
!→0
←←←←←←←←←←←←←←←←←←→ ∫ dz. (11)

In order to achieve this, we multiply Equation (10) by 1 = !∕!.
The ! in the numerator is used in converting the sum to an inte-
gral, whereas the ! in the denominator appears as a proportion-
ality constant relating the coupling of the foliated field theory to
the coupling on the world-volume of the D2-branes,

g2f = g2YM! ∼ !gs∕ls. (12)

Thus, it is clear that we should arrange for a slightly different de-
coupling limit than the one described in the previous paragraph:
we take gs, ls, ! → 0 again, keeping the W-bosons heavy as before,
but this time such that the foliated gauge coupling g2f ∼ !gs∕ls re-
mains fixed and finite (as opposed to the Yang-Mills coupling).
This ensures that the action Equation (10) goes over to the La-
grangian in Equation (9) in the continuum limit. In addition, the
bosonic content of the theory will also include 7 foliated scalars
(cf. Equation (2)) which are neutral with respect to the U(1) foli-
ated gauge theory, and whose action can be determined similarly.
One can straightforwardly dualize the foliated gauge field by lift-
ing to M-theory, where it becomes a foliated scalar describing the
embedding of the M2-brane stack into the 11th dimension.

3.2. Intermezzo: The X-cube Model

In the previous subsection, we treated an example of a theory
which only had foliation fields, i.e. no bulk fields. We saw that
its physics was essentially the same as that of a stack of trivially
decoupled lower-dimensional theories. One way that one could
imagine producing a more interesting system is to couple the
layers of such a theory together by immersing them inside of a
bulk whose fields permeate all of space. This is what we will do
in the next two subsections, §3.3 and §3.4.
But first, in order to motivate this approach, we will illustrate

how it is analogous to a particular coupled layer construction of
the X-cube Hamiltonian[16 ] (see also [36] for a related model).
Much of the perspective we take in this subsection was empha-
sized recently in [37, 38]. Consider a 3d Lx × Ly × Lz cubic lattice
Λ, and place a qubit ℂ2 on each edge. The Hamiltonian of the
X-cube lattice model is

(13)

where the red/yellow lines indicate a Pauli X/Pauli Z operator
applied to the corresponding edge. This model has what one
might call a “ℤ2 one-form planar subsystem symmetry”. What
thismeans essentially is that within each plane, themodel admits
operators which behave like the symmetry operators of an ordi-
naryℤ2 one-form symmetry in (2+1)D (see [39] for a lucid discus-
sion of ordinary higher-form symmetries). Indeed, it is straight-
forward to check that, for each plane Pand each closed loop %̃
through the dual lattice of the 2d sublattice picked out by P, the
operator

XCUP
%̃ :=

∏
e∈%̃

Xe (14)

commutes with HXC, where the product is over edges which are
perpendicularly bisected by the path %̃ . Moreover, the operators
are topological in the sense that one can deform the path %̃ within
the planePto which it belongs without changing how it acts (so
long as one is careful not to pass through charged operators).
One can approximate the symmetry structure described in the

previous paragraph by considering three orthogonal decoupled
stacks of (2+1)D toric code layers, which we again think of as
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Introduction

“Fundamental” physics — whatever it may mean — has made 
tremendous progress in the last ~ century.

The Standard Model and the Concordance Cosmology can 
explain a bewildering host of phenomena at scales ranging from 

subnuclear to our present Hubble volume.



Every answer raises more questions.

— What is the origin of the Standard Model gauge group and  
charged particle content?

— Is the dark energy a cosmological constant (as measurements of w 
hint)?  Can we understand its value?

— Does cosmic inflation explain the approximate flatness of todays  
Universe?  Inflation at what scale, with what properties?

— How do we understand the hierarchies visible in Yukawa couplings of 
the Standard Model?

— Why/how is the Higgs boson so light?

These are questions directly motivated by data.  But the 
same framework also suggests more qualitative questions.



General relativity also has black hole solutions.  There are qualitative puzzles 
 associated with these objects.

There are singularity theorems governing relativistic cosmology.  How do we  
understand the initial singularity?

Sewing together graviton vertices to make a 
perturbation theory for quantum gravity 
leads to UV divergences.  How to cure?



All these questions have helped motivate an intense research program on quantum  
field theory and string theory over the past decades.

Today I will try to report on where some of that has gone / is going.  The 
community of researchers is large and diverse in origin, interests, and  

opinions.  The talk will be guided by my own biases and limited competence.

We don’t have any examples of theories which we know to satisfactorily 
answer the full second set of questions (even at the level of “toy models” that  

do not accurately describe Nature).

The rest of the talk will consist of…

II.  Some lessons about quantum field theory 
III. Some lessons about gravity 
IV.  Some important directions



II.  Some lessons in quantum field theory

When we take a quantum field theory class, we (used to?) learn about 
QFT by starting with an expansion of a free field in terms of harmonic 
oscillator “creation and annihilation operators” that create or destroy 

single quanta:

� ⇠
X

k

ake
ikx + a†ke

�ikx .
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Then treating interactions in perturbation theory, we could study theories like 
that with the Lagrangian

L = @µ�@
µ�� 1

2
m2�2 � �

4!
�4 + · · ·
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This leads to a set of scattering processes whose amplitudes are 
computable in terms of Feynman diagrams.

It is a brief hop, skip, and jump to the Feynman rules of the Standard 
Model:

Of course perturbation theory has enjoyed tremendous success in this 
setting!



An old-fashioned viewpoint was that particular Lagrangians — those 
for “renormalizable theories” — were especially preferred. 

Classifying operators in L by their scaling dimensions under the rescaling of  
space and time

t ! �t, x ! �x
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we learn that at low energy / long distances, we can (often) ignore operators 
which scale to zero (“irrelevant operators”), while focusing on those which 

are relevant or marginal.  

I. Introduction

The understanding and classification of phases of quantum matter has a  
long and storied history in condensed matter physics.

A rich field is provided by the study 
of universal behaviors of quantum 

field theory, encoded in the endpoints 
of the Wilsonian renormalisation group.

This has enjoyed fruitful interplay with string theory (2d world-sheet CFT,  
supersymmetric and higher dimensional CFTs, holography,…).

This leads to the Wilsonian picture 
on my opening slide, depicting some 
renormalization group trajectories — 

studies of how the couplings in a  
QFT flow as one goes to long distance.

A more modern viewpoint is that of effective field theory.  We keep terms that 
are naively non-renormalizable, suppressed by appropriate powers of a high scale.



The fixed points of this flow are then natural QFTs to consider.  They are the starting or 
ending points of renormalization group flows.  They contain the answers to all 

“universal” questions.

A great deal of effort has gone towards understanding and classifying little  
patches of the space of conformal field theories.

Examples:

— 2d CFTs  
— the conformal bootstrap 
— the modular bootstrap 
— supersymmetric CFTs 
….

In particular, they capture (universal properties of) second order phase 
transitions in real statistical systems.



Let me discuss a few lessons from these studies.

Specialization to d=2 space-time dimensions

In 2d, the conformal group becomes infinite dimensional. The 
power of this bigger group of symmetries is considerable.

Example:  the IR behavior of theories such as 

L = (@�)2 � g�2n
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can be understood and solved exactly (for all n).  All correlation functions 
of the various operators in the quantum theory are determined by well specified 

solutions to concrete differential equations.



The 2d case is not an irrelevant peculiarity for two reasons.

— critical phenomena in 2d arise in labs 

— this is the case relevant to the world sheet of fundamental strings in  
string theory!  (It is an old miracle that the equations for conformal invariance 
of the 2d world-sheet theory, are the space-time equations of motion.)

A 2d CFT, e.g. arising from a theory of maps 
from the worldsheet to a curved target 

space manifold, lives here.

It is not true that general 2d CFTs can be exactly solved.  E.g., the sigma 
models mapping the string worldsheet to standard manifolds used in 

string compactification (Calabi-Yau manifolds) are rarely soluble.



Early on theorists speculated that perhaps the “space of all 2d quantum 
field theories” provides a suitable off-shell configuration space for 

string theory, with the CFTs cutting out on-shell configurations. 

2 4 6 8

2.5

5

7.5

10

12.5

15

17.5

20

Fig. 3: Log of the exact number of W = 0 vacua with Nflux < L as a function of

log L fit by predicted curve log (0.143) + 2 log L up to L = 5000.
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Fig. 4: Distribution of W = 0 vacua in complex structure fundamental domain
for L = 5000 for small values of Im τ .

In fig. 4 and fig. 5 we illustrate the distribution of W = 0 vacua in the complex

structure fundamental domain for small and large values of Im τ respectively. The curves

visible in fig. 4 can be interpreted as the loci of values of τ associated to vacua with a linear

constraint imposed on (l, m, n); using (4.47), one sees that constraints not involving n will

fix x = Re τ , while for n = C1m+C2l one relates x to y = Im τ as y2+x2 = −2C1x+C2.

The large scale peak structure in fig. 5 can be deduced from (4.47) with the additional

modular group fixing constraint (4.48). In particular, the heights of the maximal peaks

48

There was even an optimistic 
conjecture that exactly soluble 2d CFTs 

would be “dense” in the space of 2d 
CFTs relevant for strings.

This gives an illustration of how ideas about the full space of (conformal) field 
theories can potentially be important.



The conformal bootstrap

Given a CFT, one can give a list of its operators.  A special set called the 
“primary operators” are most important.

Very roughly, one can totally specify the CFT by giving the following data:

A fundamental role is played by the operator product expansion of 
the (primary) operators of the theory:
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will use one additional physical assumption: that the partition function of
the theory on Sd�1 ⇥ S1

�
is finite,

ZSd�1⇥S
1
�

= Tr(e��D) < 1. (135)

This means that e��D is trace-class, and hence diagonalizable with a dis-
crete spectrum (by the spectral theorem).ee It follows that D is also diag-
onalizable, with real eigenvalues because D is Hermitian.

Now consider a local operator O, and assume for simplicity it is an
eigenvector of dilatation with dimension �. By finiteness of the partition
function, there are a finite number of primary operators Op with dimension
less than or equal to �. Using the inner product, we may subtract o↵
the projections of O onto the conformal multiplets of Op to get O0. Now
suppose (for a contradiction) that O0 6= 0. Acting on it with Kµ’s, we must
eventually get zero (again by finiteness of the partition function), which
means there is a new primary with dimension below �, a contradiction.
Thus O0 = 0, and O is a linear combination of states in the multiplets Op.

8. The Operator Product Expansion

If we insert two operators Oi(x)Oj(0) inside a ball and perform the path
integral over the interior, we get some state on the boundary. Because
every state is a linear combination of primaries and descendants, we can
decompose this state as

Oi(x)Oj(0)|0i =
X

k

Cijk(x, P )Ok(0)|0i, (136)

where k runs over primary operators and Cijk(x, P ) is an operator that
packages together primaries and descendants in the k-th conformal multi-
plet (figure 20).

Eq. (136) is an exact equation that can be used in the path integral, as
long as all other operators are outside the sphere with radius |x|. Using the
state-operator correspondence, we can write

Oi(x1)Oj(x2) =
X

k

Cijk(x12, @2)Ok(x2), (OPE) (137)

eeAssuming e
��D is trace-class may be too strong for some applications. Boundedness

of e
��D su�ces for D to be diagonalizable (with a possibly continuous spectrum). An

interesting example is Liouville theory, which has a divergent partition function and
continuous spectrum, but still has many properties of a sensible CFT, like an OPE.

— a list of primary operators and their scaling dimensions
— three-point correlation functions of those operators (which boils 

down to the        )Cijk
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But not all sets of data are allowed!  There are crossing conditions, which  
basically impose that one should be able to take OPEs of different 

operators in different orders and still get the same answer.
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And we showed that the di↵erential operators Cijk(x, @) are determined by
conformal symmetry in terms of dimensions �i, spins, and OPE coe�cients
fijk.

Now it’s time to implement the last step of the bootstrap program:
impose consistency conditions and derive constraints. Using the OPE, all
correlation functions can be written in terms of the “CFT data” �i, fijk.
Now suppose someone hands you a random set of numbers �i, fijk. Does
that define a consistent CFT?

Fig. 24. Two di↵erent ways of evaluating a five-point function using the OPE. Dots
represent operators in the correlator, and vertices represent the OPE. The two ways di↵er
by a crossing symmetry transformation (182) applied to the left part of the diagram.

The answer is: not always. By doing the OPE (179) between di↵erent
pairs of operators in di↵erent orders (see figure 24), we get naively di↵erent
expressions for the same correlator in terms of CFT data. These expressions
should agree. This means the OPE should be associative,

O1O2O3 = O1O2O3, (180)

or more explicitly,

C12i(x12, @2)Ci3j(x23, @3)Oj(x3) = C23i(x23, @3)C1ij(x13, @3)Oj(x3).

(181)

(We suppress spin indices for simplicity.) Taking the correlator of both
sides with a fourth operator O4(x4) gives the crossing symmetry equation
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These equations can be summarized as:
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Concretely, for a given operator appearing in the intermediate channel, 
we get a contribution to the four-point function governed by a particular 

function of the (cross-ratios of the) four points of insertion:
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local operators beyond the OPE and crossing equations. The most famous
is modular invariance: the requirement that the partition function of a 2d
CFT on the torus T 2 be invariant (or covariant) under large di↵eomor-
phisms. Imposing modular invariance is an additional step that must be
performed after solving the crossing equations in 2d CFTs [50].jj

10.2. Crossing Symmetry for Identical Scalars

For the rest of this course, we study the crossing equation for a four-point
function of identical real scalars h�(x1)�(x2)�(x3)�(x4)i. Let us summarize
the consequences of conformal symmetry and unitarity for this case.

• We have the OPE

�(x1)�(x2) =
X

O
f��OCµ1···µ`(x12, @2)Oµ1···µ`(x2). (183)

We denote the dimension of O by � and the spin by `. By exercise 9.2,
` must be even.

• We can choose a basis of operators such that the O’s are real and
orthonormal, as in (151). Unitarity implies that the three-point coe�-
cients f��O are real in this basis (section 7.1.1).

• Each O satisfies the unitarity bounds

� = 0 (unit operator), or

� �
⇢

d�2
2 (` = 0),

` + d � 2 (` > 0).
(184)

• We have the conformal block expansion

h�(x1)�(x2)�(x3)�(x4)i =
g(u, v)

x
2��

12 x
2��

34

(185)

g(u, v) =
X

O
f2
��Og�,`(u, v), (186)

where g�,`(u, v) are conformal blocks, and the cross ratios are

u = zz̄ =
x2

12x
2
34

x2
13x

2
24

, v = (1 � z)(1 � z̄) =
x2

23x
2
14

x2
13x

2
24

. (187)

jj2d is special because the space of states on a spatial slice S
1

⇢ T
2 is the same as

the space of states in radial quantization, and thus modular invariance on T
2 directly

constrains local operators. This is not true in d � 3, so it is not clear how modular
invariance on T

d constrains local operators in that case.

We can actually write that equation two ways, by either fusing the operators 
at locations 1,2 and 3,4, or at 1,4 and 2,3.  So we see:
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One can prove that as z ! 0, the sum on the right-hand side is dom-
inated by operators of dimension � ⇠ 1/

p
z [38]. In other words, the

unit operator on the left-hand side maps to the large-� asymptotics of the
sum over operators on the right-hand side. This is a general feature of the
crossing equation — it cannot be satisfied block-by-block.

One can also show [38] that the conformal block expansion converges
exponentially in � whenever |⇢|  1, where ⇢ is defined in (169). In par-
ticular, this means that both sides of the crossing equation converge expo-
nentially in a finite neighborhood of the point z = z̄ = 1

2 , which will play
an important role in the next section.

Analyzing di↵erent limits of the crossing equation can give other infor-
mation about the CFT spectrum. For example, the limit z ! 0 with z̄
fixed gives information about operators with large spin [46, 51–53].

10.4. Bounds on CFT Data

The crossing equation (188) has been known for decades. However, lit-
tle progress was made in solving it for CFTs in d � 3 until 2008, in a
breakthrough paper by Rattazzi, Rychkov, Tonni, and Vichi [54]. Instead
of trying to solve the crossing equation exactly, their insight was to de-
rive bounds on CFT data by studying the crossing equation geometrically.
Crucially, their methods let one make rigorous statements about some of
the CFT data (for example, the lowest few operator dimensions), without
having to compute all of it.

The basic idea is simple. Let us write the crossing equation as
X

O
f2
��O

�
v��g�,`(u, v) � u��g�,`(v, u)

�
| {z }

F
��
�,` (u,v)

= 0. (191)

Abstractly, we can think of the functions F
��

�,`
(u, v) as vectors ~F

��

�,`
in the

(infinite-dimensional) vector space of functions of u and v. Recall that the
coe�cients f2

��O are positive, so (191) has the form
X

�,`

p�,`
~F

��

�,`
= 0, p�,` � 0, (192)

where �, ` run over dimensions and spins of operators in the � ⇥ � OPE.
Equation (192) says that a bunch of vectors sum to zero with positive

coe�cients. This may or may not be possible, depending on the vectors.
The left-hand side of figure 25 shows a case where it’s possible, and the
right-hand side shows a case where it’s impossible. The way to distinguish

Consider a four-point function of four identical scalar operators.

positive! vectors in some big space 
of functions
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Fig. 25. On the left, a bunch of vectors that can sum to zero with positive coe�cients.
On the right, a bunch of vectors that can’t. In the latter case, it’s possible to find a
separating plane ↵.

these cases is to search for a separating plane ↵ through the origin such that
all the vectors ~F

��

�,`
lie on one side of ↵. If ↵ exists, then the ~F

��

�,`
cannot

satisfy crossing, for any choice of coe�cients p�,` = f2
��O. This suggests

the following procedure for bounding CFT data.

Algorithm 1 (Bounding Operator Dimensions).

(1) Make a hypothesis for which dimensions and spins �, ` appear in the
� ⇥ � OPE.

(2) Search for a linear functional ↵ that is nonnegative acting on all ~F
��

�,`

satisfying the hypothesis,

↵(~F
��

�,`
) � 0, (193)

and strictly positive on at least one operator (usually taken to be the
unit operator).

(3) If ↵ exists, the hypothesis is wrong. We see this by applying ↵ to both
sides of (192) and finding a contradiction.

A slight modification of this algorithm also lets one bound OPE coe�-
cients [55].

10.5. An Example Bound

Let’s work through an example.ll Consider a 2d CFT with a real scalar
primary � of dimension �� = 1

8 . Project the crossing equation onto a

llAn early version of this example is due to Sheer El-Showk, and this specific implemen-
tation is due to João Penedones and Pedro Vieira.

You can’t always get a bunch of vectors to sum to zero with positive coefficients.

This allows one to test proposed CFT spectra numerically in a very precise way.

If one can find positive linear functionals acting on the (combinations of) blocks 
F appearing on the LHS, then the proposed OPE is inconsistent.

Generalizing this strategy has led to strong constraints on which simple CFTs 
can exist, including constraints on the precise OPE coefficients.

The really salient point here is that modern computing has grown so powerful 
that “brute-force” approaches likes this can now teach us a lot!



One goal of condensed matter physics has been to classify phases of 
matter.  Classifying the possible critical theories would be a  

meaningful step in this direction.  While neither the special power of 2d 
nor the bootstrap allow a complete solution of this problem, our  

knowledge of theory space has been considerably enlarged by both.

Last example: Supersymmetry

Supersymmetry has been a very well studied candidate for BSM physics.

There is still a lot of phase space to explore, and we have our



Supersymmetry has taught us a lot about theory space, regardless.

Maybe the prototype supersymmetric theory — in some sense, the simplest 
interacting QFT in four dimensions — is maximally supersymmetric Yang-Mills 

theory:

Remarkably, this theory has a full half-plane of conformal fixed points — one for 
each value of the Yang-Mills coupling and the theta angle.

First lesson:  Conformal manifolds can exist and are interesting (though 
very non-generic).

Fields : Aµ,�,�

L =
1

g2
tr(Fµ⌫F

µ⌫) + tr(Dµ�)
2 + ✓ tr(FF̃ ) + . . .
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Even more remarkably, what I told you is inaccurate in a beautiful way.

The theory enjoys a remarkable “duality” symmetry: the dualities relate different 
points on the plane of couplings             .(

1

g2
, ✓)
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By varying the couplings and the gauge group (e.g. SU(N) for any value of N), one 
finds in this way many theories whose properties differ significantly from  
anything one would see via perturbation theory from a free fixed point.



III.  Lessons in gravity

We now segue to a discussion of gravity.  This may seem like an abrupt change; 
I promise a connection will emerge.

It has been known for many years that there is a miraculous theoretical structure 
that is called “string theory”.  The name is inherited from the fact that in limits 

of its parameter space, it is well described by perturbative strings.

Some of the most exciting lessons of recent decades have come by trying to  
take the quest to find non-perturbative formulations seriously.



A major step was taken by thinking carefully about the entropy of  
black holes.

Work by general relativists in the 1970s taught us some striking 
facts:

1 — Black holes have no hair



2 — The space of black solutions in general relativity obeys a set of  
identities…

The quantities characterising a black hole include:

M = mass of black hole 

A = area of event horizon 

J = angular momentum 

Q = electric charge

Bardeen, Carter, and Hawking codified the laws: 

The quantities characterising a black hole include:

A = area of event horizon

Q = electric charge

J = angular momentum

M = mass

Bardeen, Carter, and Hawking codified the laws:

dM =  dA+ µ dQ+ ⌦ dJ

dA � 0
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…with notable similarity to the laws of thermodynamics.

In this analogy, the area of the event horizon “A” plays the role of 
an entropy.  (Its coefficient above is the Hawking temperature!)

This is striking, as a black hole encloses a volume’s worth of space, and 
conventional statistical systems have extensive entropy.



Careful study of higher-dimensional black holes in string theory has leveraged this 
observation into a remarkable tool — the “AdS/CFT” duality.

L ⇠
p
�g (R� 2⇤) + · · ·

<latexit sha1_base64="n0iePCUH4OhNeCTT30xJ6wArX3Q="></latexit><latexit sha1_base64="n0iePCUH4OhNeCTT30xJ6wArX3Q="></latexit><latexit sha1_base64="n0iePCUH4OhNeCTT30xJ6wArX3Q="></latexit><latexit sha1_base64="n0iePCUH4OhNeCTT30xJ6wArX3Q="></latexit>

The starting point for what most of us mean by gravity is the Einstein-Hilbert 
action, perhaps with a cosmological term.  With negative vacuum energy, 

some basic facts are:

— the maximally symmetric gravity solution is AdS space:

ds2 = r2(⌘µ⌫dx
µdx⌫) +

dr2

r2
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The (d+1)-dimensional AdS space has the structure of a can:

There is a peculiar coincidence: the symmetries of its metric are in accord 
with the conformal group in d space-time dimensions.

This coincidence is explained by the following observations:

 In various examples, string theory has d-dimensional extended 
“branes” whose worldvolume supports a QFT.  



Consider for specificity branes of spatial dimension three, whose world-volume 
fields are governed by a 3+1 dimensional quantum field theory.

These branes carry stress-energy.  They source a solution of the Einstein equations 
in 10-dimensional string theory. 

If the number of branes is large, the solution stays “weakly curved” near its 
core (where the branes are), and in fact in a suitable “close to the brane” limit 

it is precisely of the form

AdS5 ⇥ S5
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Heuristically, the “radial” direction in the cylinder picture takes us towards the  
branes (at the center of the AdS). 

What is the field theory on the D3-branes?  It is

N = 4 super Yang �Mills, G = SU(N), g2YM = gs .
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These observations led to the conjecture that IIB string theory in AdS5 and 
maximally supersymmetric YM theory are two descriptions of the same 

object!

The SYM is the theory governing the horizon entropy, in analogy to our 
earlier discussions of black holes.

The curvature of the AdS space is:

R2 ⇠ g2YMN
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To get a description of this theory in the regime where curvatures are weak 
and string theory effects are small corrections to supergravity, we want:

These field theories are some of the peculiar beasts on the conformal 
manifold of maximally SUSY Yang-Mills theory!

N ! 1, g2YMN fixed, large
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The peculiar properties of these QFTs include:

— a large number of degrees of freedom 
— a sparse spectrum of operators at low conformal dimensions 
— large anomalous dimensions for operators not protected by SUSY

This full list is never true of CFTs we access by doing perturbation 
theory around free fixed points.

But by learning about these objects, we have stumbled upon a new type of 
free description for a QFT: in terms of higher dimensional supergravity!

In addition to providing an amazing example of emergence, this duality 
provides us with a candidate non-perturbative definition of string theory, 

with very particular asymptotics.

Two significant foci of recent work:

— obtaining a deeper understanding of how this kind of duality works 
— pushing to expand to more interesting space-times



IV.  Some important directions

Here I discuss, in cartoon terms, two directions that I find important. 
There are others; my time is limited.

A.  Nuts and bolts of AdS/CFT

A correspondence between a d-dimensional theory (without gravity) and a 
d+1-dimensional theory (with gravity) obviously begs certain questions.

How are degrees of freedom of the gravity theory encoded in the QFT?

Can we engineer QFTs to emerge designer gravity theories of our choice?

Let me just describe two qualitative insights in this direction.



1.  Quantum entanglement is a natural object in the bulk

(| "i+ | #i)⌦ (| "i+ | #i)
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After the beautiful thought experiment of Einstein-Podolsky-Rosen and 
the discovery of the Bell inequalities, most of us have heard about  

quantum entanglement as a central interesting feature of QM:

vs

| "i ⌦ | "i+ | #i ⌦ | #i
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The entanglement entropy of two subsystems — which is a good simple 
measure — is defined by a suitable (partial) trace of the density matrix. 



We can ask the same about the quantum state of two “regions” in a 
QFT.  In holography there is an elegant statement:

The entanglement entropy between subregion A and its 
complement is measured by the area of a minimal  

surface extending from the boundary 
of A into the bulk.

This serves as a launching point for many investigations into “which region 
in a boundary field theory encodes which part of the bulk geometry.”

One simple qualitative idea that comes out of this:



Easy to find situations where the physics of a point in the bulk could be encoded 
by an operator supported on any of 

A [B,A [ C,B [ C
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This indicates a duplication of information in how the bulk is encoded in the 
boundary, and is thought to be an indication that “quantum error-correcting 
codes” play a key role in the dictionary enabling bulk space reconstruction 

in holography.

 “logical qubits”                      bulk physics 

“physical qubits”                    boundary encoding



2.  More interesting space-times

AdS space is a great playground for theorists.  The boundary locks down 
fluctuations, and nothing too wild can happen.   AdS space plays well 

with supersymmetry, as do theorists.

But for better or worse, we do not live in AdS space, and key features of both 
Minkowski and de Sitter space are different from AdS.

find 0.321 0.018mW = and w 0.978 0.059= -
(Table 2, row 5). Our constraint on w is consistent with the
cosmological-constant model for dark energy. The 68% and
95% confidence intervals are given by the red contours in
Figure 3, which also shows the contributions from DES-
SN3YR and CMB. We show two contours for DES-SN3YR,
with and without systematic uncertainties, in order to
demonstrate their impact. In Table 2, row6, we show the
impact of the low-redshift SN sample by removing it; the w-
uncertainty increases by 25% and the constraint lies approxi-
mately 1σ from w=−1.

Next, we consider other combinations of data. Adding a
BAO prior (Beutler et al. 2011; Ross et al. 2015; Alam et al.
2017) in addition to the CMB prior and SN constraints, our
best-fit w-value (Table 2, row 7) is shifted by only 0.006, the
uncertainty is reduced by 20%~ compared to our primary
result, and the evidence ratio between SN+CMB and BAO is
R 81= showing consistency among the data sets. If we remove
the low-z SN subset (row 8), the w-uncertainty increases by
only ∼8%. Furthermore, we remove the SN sample entirely
and find that the w-uncertainty increases by nearly
50% (row 9).

4.3.3. Flat w0waCDM

Our last test is for w evolution using the w wa0 CDM model,
where w=w0+wa(1−a) and a=(1+ z)−1. Combining
probes from SNe, CMB, and BAO, we find results (Table 2,
row 10) that are consistent with a cosmological constant
(w w, 1, 0a0 = - ) and a figure of merit (Albrecht et al. 2006)
of 45.5. Removing the SN sample increases the w0 and wa

uncertainties by a factor of 2 and 1.5, respectively (row 11).

4.4. Comparison to Other SNIa Surveys/Analyses

The DES-SN3YR result has competitive constraining power
given the sample size ( 0.059w,tots = with 329 total SNeIa),
even after taking into account additional sources of systematic
uncertainty. While our DES-SN3YR sample is less than one-
third of the size of the Pantheon sample (PS1+SNLS+SDSS
+low-z+HST, 0.041w,tots = ), our low-z subset is 70% the size
of Pantheon’s low-z subset, and we included five additional
sources of systematic uncertainty, our improvements
(Section 1) result in a w-uncertainty that is only ×1.4 larger.

5. Discussion and Conclusion

We have presented the first cosmological results from
the DES-SN program: 0.321 0.018mW = and w =
0.978 0.059- for a flat wCDM model after combining with

CMB constraints. These results are consistent with a
cosmological constant model and demonstrate the high
constraining power (per SN) of the DES-SN sample. DES-
SN3YR data products used in this analysis are publicly
available at https://des.ncsa.illinois.edu/releases/sn. These
products include filter transmissions, redshifts, light curves,
host masses, light curve fit parameters, Hubble Diagram, bias
corrections, covariance matrix, MC chains, and code releases.
We have utilized the spectroscopically confirmed SNIa

sample from the first three years of DES-SN as well as a low-
redshift sample. This 3-year sample contains ∼10% of the
SNeIa discovered by DES-SN over the full five-year survey.
Many of the techniques established in this analysis will form
the basis of upcoming analyses on the much larger five-year
photometrically identified sample.
To benefit from the increased statistics in the five-year sample

it will be critical to reduce systematic uncertainties. We are
working to improve calibration with a large sample of DA white
dwarf observations, including two HST Calspec standards. Other
improvements to systematics are discussed in Section7.2
of B18. We are optimistic that our systematic uncertainties can
remain at the level of our statistical uncertainties for the five-year
analysis. This progress in understanding systematics will be
critical for making new, exciting measurements of dark energy
and for paving the way toward Stage-IV dark energy
experiments like the Large Synoptic Survey Telescope and the
Wide Field Infrared Survey Telescope.

Funding for the DES Projects has been provided by the U.S.
Department of Energy, the U.S. National Science Foundation,
the Ministry of Science and Education of Spain, the Science
and Technology Facilities Council of the United Kingdom, the
Higher Education Funding Council for England, the National
Center for Supercomputing Applications at the University of
Illinois at Urbana-Champaign, the Kavli Institute of Cosmo-
logical Physics at the University of Chicago, the Center for
Cosmology and Astro-Particle Physics at the Ohio State
University, the Mitchell Institute for Fundamental Physics
and Astronomy at Texas A&M University, Financiadora de
Estudos e Projetos, Fundação Carlos Chagas Filho de Amparo
à Pesquisa do Estado do Rio de Janeiro, Conselho Nacional de
Desenvolvimento Científico e Tecnológico and the Ministério
da Ciência, Tecnologia e Inovação, the Deutsche Forschungs-
gemeinschaft, and the Collaborating Institutions in the Dark
Energy Survey.

Figure 3. Constraints on mW –w for the flat wCDM model (68% and 95%
confidence intervals). SN contours are shown with only statistical uncertainty
(white dashed) and with total uncertainty (green shaded). Constraints from
CMB (brown) and DES-SN3YR+CMB combined (red) are also shown.
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Given this plot (and many others), the case of accelerated expansion in  
general and de Sitter space in particular seems most urgent.



There has been a lot of work on obtaining semi-classical de Sitter solutions 
from string theory.  There is nothing as simple as the supersymmetric AdS  

solutions. Approximations / effective field theory play an important role.

One lesson from these constructions is that de Sitter space will almost 
surely be metastable in string theory:

The internal action corresponds to the energy of the field configuration on the compact

space, at a fixed size R. Therefore a constant or growing potential requires an energy

density that grows as the volume. There are no known examples of physical phenomena

with such strong growth in field theory or in string theory. Intuitively, any non-trivial

field configuration will only dilute, and thus have decreasing energy density, as we expand

the volume it is confined within. As it dilutes it leaves behind vacuum, but vacuum

energy density is expected to become at most constant at large distances, or decline from

decreasing numbers of degrees of freedom, in correspondence with c-theorem intuition.

Even a wrapped brane has at most an asymptotically constant energy density. We can

also think of this from the perspective of the equation of state of the field configuration on

the compact space. An energy density that grows faster than the volume corresponds to

an equation of state parameter in p = wρ that is smaller than w = −2. This violates the

null dominant energy condition, and there is no known physics that can give such values

without introducing acausality or other instabilities.3 We will investigate simple examples

of physical asymptotic behavior in the next section.

V

D

Fig. 1: A generic potential with a dS minimum has a runaway direction to

infinite volume

3 For some recent discussion, see [24].
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One line of research therefore seeks to embed de Sitter holography in an  
asymptotic boundary of the space-time decay product (e.g. an FRW space).



A more recent approach — particularly effective in 2+1 dimensional toy models — 
uses the remarkable properties of a new tractable deformation of QFT.

Normally, one cannot write a perturbation of a Lagrangian by an irrelevant 
operator and make sense of integrating up the flow!  The special properties 

of stress tensors in 2d CFT make this tractable.



Recent work starts with a 2d CFT dual to an AdS3 gravity theory, and finds 
the CFT state counts governing the entropy of the black holes there.

T T̄<latexit sha1_base64="3e2eU1I9BrA3tQtGcqopLDxQ0xA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LDaCp5L0oseiF48V+gVNKJvtpl26uwm7G6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSjnTxvO+ndLW9s7uXnm/cnB4dHxSPT3r6iRThHZIwhPVj7CmnEnaMcxw2k8VxSLitBdN7xd+74kqzRLZNrOUhgKPJYsZwcZKgeu2URBhhdquO6zWvLq3BNokfkFqUKA1rH4Fo4RkgkpDONZ64HupCXOsDCOczitBpmmKyRSP6cBSiQXVYb68eY6urDJCcaJsSYOW6u+JHAutZyKynQKbiV73FuJ/3iAz8W2YM5lmhkqyWhRnHJkELQJAI6YoMXxmCSaK2VsRmWCFibExVWwI/vrLm6TbqPte3X9s1Jp3RRxluIBLuAYfbqAJD9CCDhBI4Rle4c3JnBfn3flYtZacYuYc/sD5/AFwgo/5</latexit><latexit sha1_base64="3e2eU1I9BrA3tQtGcqopLDxQ0xA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LDaCp5L0oseiF48V+gVNKJvtpl26uwm7G6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSjnTxvO+ndLW9s7uXnm/cnB4dHxSPT3r6iRThHZIwhPVj7CmnEnaMcxw2k8VxSLitBdN7xd+74kqzRLZNrOUhgKPJYsZwcZKgeu2URBhhdquO6zWvLq3BNokfkFqUKA1rH4Fo4RkgkpDONZ64HupCXOsDCOczitBpmmKyRSP6cBSiQXVYb68eY6urDJCcaJsSYOW6u+JHAutZyKynQKbiV73FuJ/3iAz8W2YM5lmhkqyWhRnHJkELQJAI6YoMXxmCSaK2VsRmWCFibExVWwI/vrLm6TbqPte3X9s1Jp3RRxluIBLuAYfbqAJD9CCDhBI4Rle4c3JnBfn3flYtZacYuYc/sD5/AFwgo/5</latexit><latexit sha1_base64="3e2eU1I9BrA3tQtGcqopLDxQ0xA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LDaCp5L0oseiF48V+gVNKJvtpl26uwm7G6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSjnTxvO+ndLW9s7uXnm/cnB4dHxSPT3r6iRThHZIwhPVj7CmnEnaMcxw2k8VxSLitBdN7xd+74kqzRLZNrOUhgKPJYsZwcZKgeu2URBhhdquO6zWvLq3BNokfkFqUKA1rH4Fo4RkgkpDONZ64HupCXOsDCOczitBpmmKyRSP6cBSiQXVYb68eY6urDJCcaJsSYOW6u+JHAutZyKynQKbiV73FuJ/3iAz8W2YM5lmhkqyWhRnHJkELQJAI6YoMXxmCSaK2VsRmWCFibExVWwI/vrLm6TbqPte3X9s1Jp3RRxluIBLuAYfbqAJD9CCDhBI4Rle4c3JnBfn3flYtZacYuYc/sD5/AFwgo/5</latexit><latexit sha1_base64="3e2eU1I9BrA3tQtGcqopLDxQ0xA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LDaCp5L0oseiF48V+gVNKJvtpl26uwm7G6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSjnTxvO+ndLW9s7uXnm/cnB4dHxSPT3r6iRThHZIwhPVj7CmnEnaMcxw2k8VxSLitBdN7xd+74kqzRLZNrOUhgKPJYsZwcZKgeu2URBhhdquO6zWvLq3BNokfkFqUKA1rH4Fo4RkgkpDONZ64HupCXOsDCOczitBpmmKyRSP6cBSiQXVYb68eY6urDJCcaJsSYOW6u+JHAutZyKynQKbiV73FuJ/3iAz8W2YM5lmhkqyWhRnHJkELQJAI6YoMXxmCSaK2VsRmWCFibExVWwI/vrLm6TbqPte3X9s1Jp3RRxluIBLuAYfbqAJD9CCDhBI4Rle4c3JnBfn3flYtZacYuYc/sD5/AFwgo/5</latexit>Deforming both sides by the         flow (+…), it is argued that a patch of the 
geometry containing the black hole horizon morphs to a patch of dS 

space containing a cosmological horizon.

The Gibbons-Hawking entropy of de Sitter space (including a recently 
computed one-loop correction) emerges from this state count.

I believe that a more fundamental understanding of the technology 
to generate solutions, of the mechanisms and predictions underlying 

models of accelerated expansion in string theory, and of the conceptual 
issues of “non-perturbative formulations” in this setting, will be 

areas of well-motivated interest going forward.



Summary: where are we going?

In learning about theory space, I find this globe (the Hunt-Lenox globe  
from 1510) a good way to think about the state of our knowledge. 

   
I’ll bet continued exploration will reveal qualitatively new regions of theory space, 

and striking new phenomena in theoretical physics.

There are big questions about Nature we cannot answer today.  It may prove 
worthwhile to understand theory space better.


