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Normal Inverted

Absolute neutrino mass scale?

Neutrino mass squared splittings and angles

Talks by Mohapatra, Valle

Seattle Snowmass Summer Meeting, 2022 
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reactor angle measured!
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CP violation hint? (T2K)
normal hierarchy hint?
non-maximal atm hint?
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2018: CP cons disfavored at (T2K)2σ

neutrino 
oscillations 
discovery!

SuperK ’98

2 decades+ of results…

2021: improved direct mass limit (KATRIN)

A wealth of neutrino data…



The emergent picture…
a (seemingly) robust 3-neutrino mixing scheme

(normal ordering) (inverted ordering)

(image credit: King, Luhn)

(cosmology)

KATRIN (2021)
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m⌫ < 0.8 eV

NuFIT 5.1 (2021)
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Esteban et al. ’20, (www.nu-fit.org) Global Fits:
Capozzi et al. ’21, deSalas et al. ’20 

http://www.nu-fit.org


Caveat: light sterile neutrino(s)?

appearance (LSND)
appearance (MiniBooNE)

(Gallium)
(Reactor)

1995:
2007:

1995:
2011:

2012:
disappearance

(image credit: ParticleBites)

appearance (MiniBooNE)
νe

νe

νe

νe

disappearanceνe

Anomalies:

[well-documented tension between 
appearance and disappearance data]

       Recent update: Kopp’s talk at Neutrino 2022

Restrict focus here to 3 active light families only

status remains unclear!

(see also: Arguelles’ talk at Neutrino 2022)



two large lepton mixing angles (or more**)

(image credit: S.Stone)

Physics Beyond the Standard Model!

implications for the flavor puzzle of the Standard Model

suppression of overall neutrino mass scale

mass pattern: nature of mass hierarchy, neutrino mass ordering

window to new physics, possibly at very high energy scales!

connections to cosmology, astrophysics (matter-antimatter asymmetry,…)



  Dirac  Majorana
∆L = 0 ∆L = 2

(image credits: FB, Wikipedia)

main question: are neutrinos Dirac or Majorana?

Critically important question, to be settled by experiment!

Neutrino Masses

Minimal extensions of SM:

include NR terms
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L = LSM + L5 + . . .

include RH neutrinos
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L = LSM + L4 + . . .

which (if any) global symmetries are preserved in the truncation…



Majorana neutrinos

� � O(1)

Majorana neutrino masses upon EWSB

MMaj
ν !

λij〈H〉2

Λ Λ ! 〈H〉 ∼ O(100 GeV)
“seesaw”

see Ma ’98

�SM “   SM”minimal scenario:
<latexit sha1_base64="oD5ErQwT9D0OdCPg0ETN6+j7N9Y="></latexit>

L5 ' �ij

⇤
LiLjHH Weinberg ’79 

violates lepton number ∆L = 2

if

Many ways to UV complete the �   SM

Type I Type II Type III

At tree level:



Type I seesaw Minkowski ’77, Gell-Mann, Ramond, Slansky ’79, Yanagida ’79
Mohapatra, Senjanovic ’80, Schecter, Valle ’80…

introduce right-handed neutrinos

m1 ⇠
m2

M
m2 ⇠M � m1Mν =

(

0 m

m M

)

<latexit sha1_base64="FFQaF1/byMZ5TNHksZN1qNiGPs0="></latexit>

L ' YijLiNjH +MRijNiNj

Mν ∼ 〈H〉2Y M
−1

R
Y

T

(canonical version)

“phenomenological” Type I seesaw: active — (heavy) sterile mixing
<latexit sha1_base64="wewKLJx0tnug11hpZU4t6rzny1s="></latexit>

⌫` =
3X

m=1

U⇤
`m⌫m +

3+nRX

m0=4

V ⇤
`m0Nm0

Han et al., 2203.06131
Snowmass TF11

Pascoli et al. ’18,…
see also: del Aguila et al. ’08, Atre et al. ’09 



Type II seesaw 

introduce EW triplet Higgs scalar

Magg, Wetterich ’80, Lazarides, Shafi, Wetterich ’81,
Cheng, Li ’80, Schechter, Valle ’80,  Mohapatra, Senjanovic ’81

∆ ∼ (3, 2)

Mν ∼ 〈H〉2Y∆µ∆/M2
∆

Fileviez Perez et al. ’08, Gavela et al. ’09,…  

<latexit sha1_base64="xEXVEcP/2t4VTXFVC6Wnvn/nN2E="></latexit>

L ' Y� ijLiLj�+ µ�HH�

<latexit sha1_base64="BxmWcv4DsOxQaZHxgVW7c/rpp/0="></latexit>p
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✓
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◆

Han et al., 2203.06131
Snowmass TF11

couplings to SM leptons directly 
connected to PMNS parameters! 

Nemeviesk et al. ’16, Fuks et al. ’19 ,…



 Foot, He, Joshi ’89, Ma ’98,…Type III seesaw 

introduce electroweak triplet fermions Σ ∼ (3, 0)

Mν ∼ 〈H〉2YΣM
−1

Σ
Y

T

Σ

del Aguila et al. ’08, Franchesini et al. ’08,… 

Abada et al. ’07, Gavela et al. ’09,…

MΣ ∼ O(TeV)

<latexit sha1_base64="ZAXOXP+xwDUlR+EU9ktgS4XaqLg="></latexit>

L ' Y⌃ ijLi⌃jH +M⌃ ij⌃i⌃j

triplet mass can be at high or low scales

“phenomenological” Type III seesaw:

Han et al., 2203.06131
Snowmass TF11

mixing w/charged leptons



Zee ’86, Babu ’88, Ma ’98,…

Mν ∼ λ
〈H〉2

16π2
Y M

−1

R
Y

T

Canonical example: “scotogenic” model Ma ’06,…

“radiative Type I 
seesaw”

can also have radiative Type III, Type II Ma, Suematsu ’09,… Fraser et al. ’15,…

Radiative possibilities: �   SM

hybrid versions: “scoto-seesaw,”… Rojas et al. ’18, Valle et al., ’20,… 

Radiative models: �   SMbeyond

Babu et al. ’01, de Gouvea et al. ’07, 
Bonnet et al. ’12 …

d=7
LLLe

c
H LLQdcH

LLQucH Le
c
u

c
d

c
H

d=9
LLLe

c
Le

c (Zee-Babu)

LLQdcQdc

…

∆L = 2 Zee ’86, Babu ’88, Ma ’98,…

Cai et al. 1706.08524 
An excellent review:

possible connections to  dark matter (discrete symmetries)

possible connections to  flavor physics anomalies

many authors!

muon g-2



SUSY with R-parity violation

Many other ideas for Majorana masses

inverse seesaw:
Mohapatra, Valle ’86,… 

<latexit sha1_base64="AcnTyL5UV9YCkm8160VGkls6MmY="></latexit>

L ' YijLiNjH +MijSiNj + µijSiSj

Aulakh, Mohapatra ’82, Hall, Suzuki ’84,…
Borzumati et al. ’96, Grossman et al. ’03,…
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M⌫ ⇠ hHi2(Y T (MT
µ
�1

M)�1
Y ) Mν ∼





0 m 0

m 0 M
0 M µ



 µ,m ! M

Recent examples:

Pati-Salam + conn. to B anomalies, muon g-2 Fileviez Perez et al. ’21 

flavor+CP model with Hagedorn et al. ’21 
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�(3n2), �(6n2)

3  RH neutrinos and 3 new singlet fermions

…



Dirac neutrinos

introduce right-handed neutrinos
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L = LSM + L4 + . . .

∆L = 0

like charged fermions: but stronger suppression

radiative

extended gauge sectors

SUSY breaking

warped extra dimensions

Cheng, Li ’78, 

Mohapatra ’87, ’88,…

see e.g. Langacker ’11 for review,…

Arkani-Hamed et al. ’00,…(Kähler potential)

many authors!
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|Y⌫ |  10�12

Grossman et al. ’99, Huber et al. ’00,…

Ma, Popov ’16,…

e.g. B-L with

discrete symmetry realization of L “lepton quarticity” Chulia et al. ’16,…

Fileviez Perez et al. ’20,…Stückelberg mech

many examples!

…



large reactor angle

anarchy

small reactor angle

structure

vs.

Two large mixing angles: θ23, θ12

Is        “large” or “small”?θ13

Lepton mixing NuFIT 5.1 (2021)

|U |w/o SK-atm
3� =

0

B@
0.801 ! 0.845 0.513 ! 0.579 0.143 ! 0.156

0.232 ! 0.507 0.459 ! 0.694 0.629 ! 0.779

0.260 ! 0.526 0.470 ! 0.702 0.609 ! 0.763

1

CA

|U |with SK-atm
3� =

0

B@
0.801 ! 0.845 0.513 ! 0.579 0.144 ! 0.156

0.244 ! 0.499 0.505 ! 0.693 0.631 ! 0.768

0.272 ! 0.518 0.471 ! 0.669 0.623 ! 0.761

1

CA

<latexit sha1_base64="hsKB4YayVuvxRhnkOCQgWf5Tsuc="></latexit>

UPMNS = R1(✓23)R2(✓13, �)R3(✓12)P



Post-reactor angle measurement: de Gouvea, Murayama ’12
Altarelli et al. ’12,… 

: random draw of unbiased distribution of 3x3 unitary matricesUν

statistical tests: lower bound on 

Hall, Murayama, Weiner ’99 

|Ue3|
2

model-building + quark sector Babu et al. ’16,… 
RG analysis Brdar, Konig, Kopp ’15  

renewed focus

Fortin et al. ’17,… 

Anarchy hypothesis alone does not provide information on 

(character: Watterson)

Some recent highlights:

∆m
2

basis independence:
distribution invariant upon unitary transformations

Haba, Murayama ’00 

Anarchy

CP violation



Postulate family symmetry Gf

spontaneously broken by “flavon” fields 

� > ��� > �H�

{ϕa}

Froggatt, Nielsen ’79

YijH ·  ̄Li Rj

�
���
�

�nij

H · �̄Li�Rj

ε =

(

〈ϕ〉

Λ

)

ε ! 1

Achieve special structures via symmetries:

natural identification: ε ∼ O(λ) λ = sin θc

Unique theoretical starting point: UCKM ∼ 1 + O(λ)

Structure

Recall often-used quark paradigm:

(typically related to ratios of quark masses)



Gf*spontaneously broken

“traditional” choice

“bare” mixing angles

(θν

12, θ
ν

23, θ
ν

13)

(diagonal charged lepton basis)

λ
′
! 1

discrete non-Abelian group

Now, for leptons:

A priori, expansions in quark and lepton sectors unrelated

unification paradigm (broad sense): λ
′
= λ

Ideas of  quark-lepton complementarity and “Cabibbo haze” 

Raidal ’04, Minakata+Smirnov ’04,...

(“haze” terminology from Datta et al. ’05) (empirical)θ23 = θ12 + θc

<latexit sha1_base64="ixEw888wOIbMBSc+4qjbvjkn0rY=">AAACD3icbVDLSsNAFJ34rPUVdelmsKgVoSRStBuh4MaNWtE+oAlhMpm2QycPZiZCCfkDN/6KGxeKuHXrzr9x0mahrQcGDufce+fe40aMCmkY39rc/MLi0nJhpbi6tr6xqW9tt0QYc0yaOGQh77hIEEYD0pRUMtKJOEG+y0jbHV5kfvuBcEHD4F6OImL7qB/QHsVIKsnRD5pOYnEfNq6u71J4Di0fyQFGLGmnxzdli6lJHjo8cvSSUTHGgLPEzEkJ5Gg4+pflhTj2SSAxQ0J0TSOSdoK4pJiRtGjFgkQID1GfdBUNkE+EnYzvSeG+UjzYC7l6gYRj9XdHgnwhRr6rKrN1xbSXif953Vj2anZCgyiWJMCTj3oxgzKEWTjQo5xgyUaKIMyp2hXiAeIISxVhUYVgTp88S1onFfO0Ur2tluq1PI4C2AV7oAxMcAbq4BI0QBNg8AiewSt40560F+1d+5iUzml5zw74A+3zB551mxw=</latexit>

UPMNS = W +O(�0)

Ramond ’04
θ

ν

13 = 0 Vissiani ’98, ’01

pre-measurement, idea that          might be  a Cabibbo effect:θ13

θ13 = λ/
√

2



usual choices: subgroups:SU(3), SO(3)

A4 S4 A5 ∆(3n
2) ∆(6n

2) T
′
I
′…

Flavons:

φl,φν

Residual symmetries:

(image credit: King, Luhn)

see reviews by King, 
Luhn ’13, King ’17 

Many papers and authors! Some authors (not comprehensive):
Babu, Chen, Ding, L.E., Feruglio, Grimus, Hagedorn, King, Lam, Luhn, Ma, Merle, Ohlsson, Rodejohann, Stuart,… 

T 〈φl〉 ≈ 〈φl〉

S,U〈φν〉 ≈ 〈φν〉

(or broken further, e.g. 
only S or U unbroken)

Dn

Family symmetry models (traditional)

“Platonic 
solid” groups

example (Majorana):

“driving fields”
also often needed:

Almumin et al., 2204.08668
Snowmass TF11

Gehrlein et al., 2203.06219
Snowmass TF11

often in SUSY context

see also the very nice recent review of Feruglio and Romanino ’19 



Most studied: maximal atm, zero reactor

classify scenarios by   bare solar angle

sin
2 θν

12 = 1/3tri-bimaximal mixing:

bimaximal mixing: sin
2 θν

12 = 1/2

golden ratio (A) mixing: sin2 θν

12 = 1/(2 + r) ∼ 0.276

golden ratio (B) mixing: sin2 θν

12 = (3 − r)/4 ∼ 0.345

sin
2 θν

12 = 1/4hexagonal mixing:

Harrison, Perkins, Scott ’02; 
Xing ’02, He, Zee ’02, Ma ’03…

Petcov ’82, Vissiani ’97,

Datta, Ling, Ramond ’03; 
Kajiyama, Raidal, Strumia ’08;…

Rodejohann ’09,… 

Albright, Duecht, Rodejohann ’10, 
Kimand, Seo ’11,…

r = (1 +
√

5)/2

can also study nonzero reactor: Lam ’13, Holthausen et al. ’12,…

All can be obtained via SSB of discrete non-Abelian family symmetries 

…

sin
2 θν

23 = 1/2 sin
2
θ

ν

13 = 0

sin
2
θ

ν

13 != 0

Barger et al. ’98,  Baltz et al. ’98

Barger et al. ’98,  Baltz et al. ’98



Residual Symmetries

model-independent approach: Lam ’08, ’09, Grimus et al. ’09, 

determine rows and columns in  

as pure numbers, independent of masses,
UMNSP

depending on preserved subgroups of finite group Gf

…

T
†
MeM

†
e
T = MeM

†
e S

†
MνS = Mν

Gf → Ge, T ∈ Ge Gf → Gν , S ∈ Gν

Gν ⊇ Z2 × Z2Majorana:

U
†
ν
S Uν = S

diagU
†
eL

T UeL = T
diag

(Klein group)

systematic classification of possible mixing matrices Fonseca, Grimus ’14 

Very different from quark paradigm (CKM mixing angles as ratios of quark masses)!

many authors!



charged lepton corrections

source the reactor angle: UeL ∼ 1 + O(λ)

canonical normalization (Kahler potential corrections)

RG effects

correlations among observables

Antusch et al. ‘03

“sum rules”

Ge, Dicus, Repko ’11, Hanlon et al. ’12,  

Marzocca et al. ’13, Petcov ’14, 
Girardi et al. ’14-16, 

Gehrlein et al. ’16 

Ballet et al. ’14

Many authors. 
King ’17 (review)

more significant for IO, 
heavy neutrino masses

(can be significant for sum rule analysis)

Corrections

…

example: UeL ∼ R1(θ
e
23, δ

e
23)R3(θ

e
12, δ

e
12)

Prediction for Dirac phase δ

1 model parameter!

!

Gehrlein et al., 2203.06219
Snowmass TF11 Many authors! Marzocca et al. ’13, 

Petcov ’14, Girardi et al. ’14-16,… 
LE, Ramos, Rock, Stuart ’19 



Generalized CP

Residual/generalized CP  
or “CP-like” symmetries

X
T
MνX = M

∗

ν Y
†
MeM

†
e
Y = (MeM

†
e
)∗

Branco, Lavoura, Rebelo ’86…“ordinary” CP has X = Y = 1

spontaneous CP violation

Holthausen et al. ’12,  
Feruglio et al. ’12,   

Chen et al. ’14, 
…

automorphisms of discrete family symmetry

Xρ(g)∗X−1 = ρ(g′)

many recent papers!

family symmetry

Grimus, Rebelo ’95 

CP Violation Almumin et al., 2204.08668
Snowmass TF11

Gehrlein et al., 2203.06219
Snowmass TF11

see recent review of Feruglio and Romanino ’19 



Example: full quark, lepton flavor model with ∆(384) Hagedorn and Konig, ’18 

MSSM framework, Type I seesaw

leptons: first break to TBM reactor angle generated

quarks: first step breaking, λ ∼ π/16 Cabibbo angle corrected

requires intricate sector of flavons+ driving fields (characteristic)

Qi, Li ∼ 3



Modular Symmetries

recent proposal:

Feruglio ’17,…

modular symmetry: 

flavor model-building based on modular groups

<latexit sha1_base64="C6nQcCqNwdKNdplGcGzsiqjIo2c=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2o0GwMe5K0KBNwMYyonlAdgmzk0kyZPbBzF0lLGlt/BUbC0Vs/QM7/8bZZAtNPHDhcM693HuPFwmuwLK+jdzC4tLySn61sLa+sbllbu80VBhLyuo0FKFseUQxwQNWBw6CtSLJiO8J1vSGV6nfvGdS8TC4g1HEXJ/0A97jlICWOia+dfYvsHOJHSAxdiTvD4BIGT7gY/sk1Tpm0SpZE+B5YmekiDLUOuaX0w1p7LMAqCBKtW0rAjchEjgVbFxwYsUiQoekz9qaBsRnyk0mn4zxoVa6uBdKXQHgifp7IiG+UiPf050+gYGa9VLxP68dQ6/iJjyIYmABnS7qxQJDiNNYcJdLRkGMNCFUcn0rpgMiCQUdXkGHYM++PE8apyX7rFS+KRerlSyOPNpDB+gI2egcVdE1qqE6ougRPaNX9GY8GS/Gu/Exbc0Z2cwu+gPj8wfbUJiJ</latexit>

S : ⌧ ! �1/⌧
<latexit sha1_base64="PizGVp+784XmlA3KRChE9Yhk1os=">AAACCHicbVDLSgNBEJyNrxhfqx49OBoEQQi7EjToJeDFY4S8ILuE2ckkGTL7YKZXCUuOXvwVLx4U8eonePNvnGz2oIkFDUVVN91dXiS4Asv6NnJLyyura/n1wsbm1vaOubvXVGEsKWvQUISy7RHFBA9YAzgI1o4kI74nWMsb3Uz91j2TiodBHcYRc30yCHifUwJa6pqHdefoCjvX2AESY0fywRCIlOFDKpzZXbNolawUeJHYGSmiDLWu+eX0Qhr7LAAqiFId24rATYgETgWbFJxYsYjQERmwjqYB8Zlyk/SRCT7RSg/3Q6krAJyqvycS4is19j3d6RMYqnlvKv7ndWLoV9yEB1EMLKCzRf1YYAjxNBXc45JREGNNCJVc34rpkEhCQWdX0CHY8y8vkuZ5yb4ole/KxWoliyOPDtAxOkU2ukRVdItqqIEoekTP6BW9GU/Gi/FufMxac0Y2s4/+wPj8AWW7mE8=</latexit>

T : ⌧ ! ⌧ + 1

<latexit sha1_base64="+4wM8/IMvUhYckTzmh2hpkB4+Z8=">AAACH3icbVBNSwMxFMz6WetX1aOXaBEEoeyKqOBF8OKxgq2Fbilv02wbzCZL8lYpS/+JF/+KFw+KiDf/jWktqK0DgcnMPJI3USqFRd//9GZm5+YXFgtLxeWV1bX10sZm3erMMF5jWmrTiMByKRSvoUDJG6nhkESS30S3F0P/5o4bK7S6xn7KWwl0lYgFA3RSu3QcImQ0lFp1jej2EIzR9zSMDbAcwrNwhw4DB9EgZz+3zqBdKvsVfwQ6TYIxKZMxqu3SR9jRLEu4QibB2mbgp9jKwaBgkg+KYWZ5CuwWurzpqIKE21Y+2m9A95zSobE27iikI/X3RA6Jtf0kcskEsGcnvaH4n9fMMD5t5UKlGXLFvh+KM0lR02FZtCMMZyj7jgAzwv2Vsh64btBVWnQlBJMrT5P6YSU4rhxdHZXPT8d1FMg22SX7JCAn5JxckiqpEUYeyBN5Ia/eo/fsvXnv39EZbzyzRf7A+/wCWjeifQ==</latexit>

⌧ �! a⌧ + b

c⌧ + d
<latexit sha1_base64="S26ml9eai09MWFCZkDRoAZnr/Kk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFO2x4MWDh4r2A9tQNttNu3SzCbsboYT+CC8eFPHq7/Hmv3HT5qCtDwYe780wM8+LOFPatr+t3Nr6xuZWfruws7u3f1A8PGqrMJaEtkjIQ9n1sKKcCdrSTHPajSTFgcdpx5tcp37niUrFQvGgpxF1AzwSzGcEayN17m/L1YvH80GxZFfsOdAqcTJSggzNQfGrPwxJHFChCcdK9Rw70m6CpWaE01mhHysaYTLBI9ozVOCAKjeZnztDZ0YZIj+UpoRGc/X3RIIDpaaBZzoDrMdq2UvF/7xerP26mzARxZoKsljkxxzpEKW/oyGTlGg+NQQTycytiIyxxESbhAomBGf55VXSrlacy0rtrlZq1LM48nACp1AGB66gATfQhBYQmMAzvMKbFVkv1rv1sWjNWdnMMfyB9fkDld6OZw==</latexit>

SL(2, Z)

Almumin et al., 2204.08668
Snowmass TF11

Gehrlein et al., 2203.06219
Snowmass TF11

generates discrete group
<latexit sha1_base64="sDAylcZhkyjjuHC1ruBcMZMUSyk=">AAAB83icbVDLTgJBEOzFF+IL9ehlIjHBC9lFolxISLx4xPBMYCGzwwATZmc3M7MmZMNvePGgMV79GW/+jQPsQcFKOqlUdae7yws5U9q2v63U1vbO7l56P3NweHR8kj09a6kgkoQ2ScAD2fGwopwJ2tRMc9oJJcW+x2nbm94v/PYTlYoFoqFnIXV9PBZsxAjWRurV+8VKvt647t9UnEE2ZxfsJdAmcRKSgwS1QfarNwxI5FOhCcdKdR071G6MpWaE03mmFykaYjLFY9o1VGCfKjde3jxHV0YZolEgTQmNlurviRj7Ss18z3T6WE/UurcQ//O6kR6V3ZiJMNJUkNWiUcSRDtAiADRkkhLNZ4ZgIpm5FZEJlphoE1PGhOCsv7xJWsWCc1soPZZy1XISRxou4BLy4MAdVOEBatAEAiE8wyu8WZH1Yr1bH6vWlJXMnMMfWJ8/h6uQCA==</latexit>

S2 = (ST )3 = 1

<latexit sha1_base64="vTwr0CLa70RIPXRdttAFRjeCFqk=">AAAB+XicbVBNT8JAEJ3iF+JX1aOXRmKCF9IiUS4kJF48GQyfCRSyXRbYsN02u1sS0vBPvHjQGK/+E2/+GxfoQcGXTPLy3kxm5nkho1LZ9reR2tre2d1L72cODo+OT8zTs6YMIoFJAwcsEG0PScIoJw1FFSPtUBDke4y0vMn9wm9NiZA04HU1C4nroxGnQ4qR0lLfNGu9QjlXq1/3bsr13mPZ6ZtZO28vYW0SJyFZSFDtm1/dQYAjn3CFGZKy49ihcmMkFMWMzDPdSJIQ4QkakY6mHPlEuvHy8rl1pZWBNQyELq6spfp7Ika+lDPf050+UmO57i3E/7xOpIYlN6Y8jBTheLVoGDFLBdYiBmtABcGKzTRBWFB9q4XHSCCsdFgZHYKz/vImaRbyzm2++FTMVkpJHGm4gEvIgQN3UIEHqEIDMEzhGV7hzYiNF+Pd+Fi1poxk5hz+wPj8AYLvkZ4=</latexit>

S2 = (ST )3 = TN = 1
<latexit sha1_base64="c4CoJvdVxrm1+bYFAByhOze82Ws=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexK0BwDHvQkEcwDkiX0TmaTITO768ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VZQ1aCxi1Q5QM8Ej1jDcCNZOFEMZCNYKRtczv/XElOZx9GDGCfMlDiIecorGSu3uDUqJvbteseSW3TnIKvEyUoIM9V7xq9uPaSpZZKhArTuemxh/gspwKti00E01S5COcMA6lkYomfYn83un5MwqfRLGylZkyFz9PTFBqfVYBrZTohnqZW8m/ud1UhNW/QmPktSwiC4WhakgJiaz50mfK0aNGFuCVHF7K6FDVEiNjahgQ/CWX14lzYuyd1mu3FdKtWoWRx5O4BTOwYMrqMEt1KEBFAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AKrVj7U=</latexit>

�N finite discrete group, level N

modulus

(holomorphic) Yukawa couplings as modular forms:

<latexit sha1_base64="ufjc8WIpETAjpxyUWtWCuXFcwc0="></latexit>

Y (⌧) ! Y (�(⌧)) = (c⌧ + d)k⇢(�)Y (⌧)

group rep matrix

modular weight

Allows for simplification of flavon sector:
<latexit sha1_base64="zwJabkVv/+e7F/6gSbCy6m/SgWo="></latexit>

�⌫ = (�⌫
1 ,�

⌫
2 ,�

⌫
3)

T �! (Y1(⌧), Y2(⌧), Y3(⌧))
Te.g. triplet flavon known functions!

many authors!!

<latexit sha1_base64="mU3QgZpcuRy79UUkXLEAyIrFf64=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrCHrEePGIiQsksCHd0oWGbrtpuyZkw2/w4kFjvPqDvPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjf3O09UaSbFo5kmNIjxSLCIEWys5FdvB/XLQbni1twF0DrxclKBHK1B+as/lCSNqTCEY617npuYIMPKMMLprNRPNU0wmeAR7VkqcEx1kC2OnaELqwxRJJUtYdBC/T2R4VjraRzazhibsV715uJ/Xi810U2QMZGkhgqyXBSlHBmJ5p+jIVOUGD61BBPF7K2IjLHCxNh8SjYEb/XlddK+qnmNWv2hXmk28jiKcAbnUAUPrqEJ99ACHwgweIZXeHOE8+K8Ox/L1oKTz5zCHzifP4HOjc4=</latexit>

(A4)

see also recent talks of Feruglio, Tanimoto at FLASY 2022



Gehrlein et al., 2203.06219
Snowmass TF11

Sum Rules

modular family symmetries new sum rules 

e.g. modular 
<latexit sha1_base64="rX/JYE8Iy5gCNZBWDXIghWO75ds=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU7bHixWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSw02/2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+6pScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw5qfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlqXFe+qUr2vluu1PI4CnMIZXIAH11CHO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AG8T41r</latexit>

A4 2 dof:
<latexit sha1_base64="aYysitTYZxBXIT8mdgjLLHqUWc4=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBg5REivZY8OKxgv2AJJTNdtMu3eyG3YlQQn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZF6WCG3Ddb6e0sbm1vVPereztHxweVY9PukZlmrIOVULpfkQME1yyDnAQrJ9qRpJIsF40uZv7vSemDVfyEaYpCxMykjzmlICV/ADGDMhVkI75oFpz6+4CeJ14BamhAu1B9SsYKpolTAIVxBjfc1MIc6KBU8FmlSAzLCV0QkbMt1SShJkwX5w8wxdWGeJYaVsS8EL9PZGTxJhpEtnOhMDYrHpz8T/PzyBuhjmXaQZM0uWiOBMYFJ7/j4dcMwpiagmhmttbMR0TTSjYlCo2BG/15XXSva57N/XGQ6PWahZxlNEZOkeXyEO3qIXuURt1EEUKPaNX9OaA8+K8Ox/L1pJTzJyiP3A+fwAgw5Ei</latexit>

✓,�
<latexit sha1_base64="l8Fl5iP8qSzzl8KCzChjBMoF9nM="></latexit>

sin2 ✓12 =
1

3� 2 sin2 ✓
, sin2 ✓13 = (2/3) sin2 ✓

<latexit sha1_base64="O3g3q1eFj8071EgyUxWBrgSj7vI="></latexit>

sin2 ✓23 =
1

2
+

p
2� 3 sin2 ✓13

2(1� sin2 ✓13)
sin ✓13 cos�, sin � = � sin�

sin 2✓23

current       range, NO
<latexit sha1_base64="GDRdN4UD3zGte3sPctu5L7XBx6Y=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9nVUj0WvHisYD+gXUo2zbahSTYkWaEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZepDgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pmyTVhLZIwhPdjbChnEnassxy2lWaYhFx2okmd3O/80S1YYl8tFNFQ4FHksWMYOukznXfsJHAg3LFr/oLoHUS5KQCOZqD8ld/mJBUUGkJx8b0Al/ZMMPaMsLprNRPDVWYTPCI9hyVWFATZotzZ+jCKUMUJ9qVtGih/p7IsDBmKiLXKbAdm1VvLv7n9VIb34YZkyq1VJLlojjlyCZo/jsaMk2J5VNHMNHM3YrIGGtMrEuo5EIIVl9eJ+2ralCv1h5qlUY9j6MIZ3AOlxDADTTgHprQAgITeIZXePOU9+K9ex/L1oKXz5zCH3ifPw8sj10=</latexit>

3�
projected,       DUNE 15 yr

projected,        JUNO 6 yr

<latexit sha1_base64="GDRdN4UD3zGte3sPctu5L7XBx6Y=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9nVUj0WvHisYD+gXUo2zbahSTYkWaEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZepDgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pmyTVhLZIwhPdjbChnEnassxy2lWaYhFx2okmd3O/80S1YYl8tFNFQ4FHksWMYOukznXfsJHAg3LFr/oLoHUS5KQCOZqD8ld/mJBUUGkJx8b0Al/ZMMPaMsLprNRPDVWYTPCI9hyVWFATZotzZ+jCKUMUJ9qVtGih/p7IsDBmKiLXKbAdm1VvLv7n9VIb34YZkyq1VJLlojjlyCZo/jsaMk2J5VNHMNHM3YrIGGtMrEuo5EIIVl9eJ+2ralCv1h5qlUY9j6MIZ3AOlxDADTTgHprQAgITeIZXePOU9+K9ex/L1oKXz5zCH3ifPw8sj10=</latexit>

3�

<latexit sha1_base64="GDRdN4UD3zGte3sPctu5L7XBx6Y=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9nVUj0WvHisYD+gXUo2zbahSTYkWaEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZepDgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pmyTVhLZIwhPdjbChnEnassxy2lWaYhFx2okmd3O/80S1YYl8tFNFQ4FHksWMYOukznXfsJHAg3LFr/oLoHUS5KQCOZqD8ld/mJBUUGkJx8b0Al/ZMMPaMsLprNRPDVWYTPCI9hyVWFATZotzZ+jCKUMUJ9qVtGih/p7IsDBmKiLXKbAdm1VvLv7n9VIb34YZkyq1VJLlojjlyCZo/jsaMk2J5VNHMNHM3YrIGGtMrEuo5EIIVl9eJ+2ralCv1h5qlUY9j6MIZ3AOlxDADTTgHprQAgITeIZXePOU9+K9ex/L1oKXz5zCH3ifPw8sj10=</latexit>

3�



Almumin et al., 2204.08668
Snowmass TF11

Beyond Modular Symmetries

Modular symmetries: perhaps a hint at top-down physics

further reduction of ad hoc parameters (modular weights,…)

further “stringy” ingredients

connection to explicit top-down constructions

String constructions:

higher-dimensional operators (field theoretic)
geometric suppression (braneworlds)
worldsheet instantons (nonperturbative)

many fields: many possible RH neutrino candidates
can have anarchy or family symmetry

see e.g. Cremades et al. ’03, ’04
Blumenhagen et al. ’06,…   

Langacker ’11 (review)

Buchmüller et al. ’07 

Bottom-up approach:

possibilities for mass suppression

discrete symmetries:
see e.g. Kobayashi et al. ’06  

Abe et al. ’09,…
 Cvetič et al. ’18 

flavor sector

modular symmetry and



eclectic
Chen et al. ’21,… 

combination of “traditional”
<latexit sha1_base64="yJkmy9AQSoVieWkvYOKedVhOuGY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCBz1WtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHm77Yb9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHq16uX9ZaVey+Mowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8QsI2h</latexit>

Gf and
<latexit sha1_base64="YD9MZFArWZqeUT4ZAyGxGww8hPA=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIqS4LLnRZwT6gDWEymbRDZyZhHkIN/RI3LhRx66e482+ctllo64ELh3Pu5d57ooxRpT3v2yltbG5t75R3K3v7B4dV9+i4q1IjMenglKWyHyFFGBWko6lmpJ9JgnjESC+a3Mz93iORiqbiQU8zEnA0EjShGGkrhW71NsyHkkOexoYhOQvdmlf3FoDrxC9IDRRoh+7XME6x4URozJBSA9/LdJAjqSlmZFYZGkUyhCdoRAaWCsSJCvLF4TN4bpUYJqm0JTRcqL8ncsSVmvLIdnKkx2rVm4v/eQOjk+sgpyIzmgi8XJQYBnUK5ynAmEqCNZtagrCk9laIx0girG1WFRuCv/ryOule1v1mvXHfqLWaRRxlcArOwAXwwRVogTvQBh2AgQHP4BW8OU/Oi/PufCxbS04xcwL+wPn8Ac/ykys=</latexit>

Gmodular

top-down: heterotic orbifolds

large class of bottom-up constructions 

(nontrivial issue: moduli/
flavon vev stabilization)

(including R symmetries, CP or CP-like tmns)

see also recent talks of Chen, Ratz, Trautner at FLASY 2022

Nilles et al. ’20, ’21  

metaplectic (half-integer modular weights)

connection to magnetized tori

Liu et al. ’20, Ding et al. 
’20, Yao et al. ’20,…  

Almumin et al. ’21,…  

Recent examples:

an exciting new direction!



Conclusions

If sterile neutrinos confirmed:

Stay tuned!

For 3 active neutrinos only:

mixings: anarchy or symmetry
(spontaneously broken) symmetries:

Many mechanisms for suppressing the neutrino mass scale

More data (atmospheric angle, Dirac CP phase,…) will help enormously!

many TeV-scale scenarios, testable at LHC 

paradigm shifts again!

Neutrino data has led to a renaissance for beyond SM model-building!

discrete non-Abelian groups

modular symmetries and generalizations


