
Quantum Monte Carlo Implementations for 𝒆𝟐
𝟒𝐇𝐞 Scattering in 

the GENIE Monte Carlo Event Generator
Steven Gardiner (gardiner@fnal.gov) and Joshua Barrow (jbarrow@fnal.gov)

FNAL Joint Theory/Experiment Seminar

Monday, November 25th, 2019 This  material is  based upon JB’s  work supported by the 
U.S. Department of Energy, Office of Science, Office of 

Workforce Development for Teachers  and Scientis ts , 
Office of Science G raduate Student Research (SCG SR) 

program. The SCGSR program is  adminis tered by the Oak 
Ridge Institute for Science and Education for the DOE 

under contract number DE‐SC0014664.

mailto:gardiner@fnal.gov
mailto:jbarrow@fnal.gov


• For electron scattering, one can parametrize the cross section 

in terms of longitudinal and transverse nuclear response 

functions
𝒅𝟐𝝈

𝒅𝑬′𝒅𝛀′
= 𝝈𝑴 𝝂𝑳𝑹𝑳 𝒒,𝝎 + 𝝂𝑻𝑹𝑻 𝒒,𝝎 = 𝜎𝑀
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– For a full model of 𝑉 and 𝑉 − 𝐴 generalized lepton scattering, one can 

parametrize the cross section in terms of five similar nuclear response 

functions

– If the underlying theoretics are identical, one can in principle validate a 𝜈
scattering model using electron scattering comparisons

• The underlying intranuclear dynamics should be identical! It’s the same 

nucleus!

How electron scattering can inform neutrino scattering
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• The second order correction to a Hamiltonian describing a system of bound nucleons comes 

from two-body interaction terms in a high-order expansion:

𝐻 =

𝑖

𝑡𝑖+

𝑖<𝑗

𝑣𝑖,𝑗 +⋯

Considering the modes of possible lepton interaction, one conceives of longitudinal and transverse 
responses 𝜌 and 𝐣, respectively:

𝑂𝐿~𝜌 =

𝑖=1

𝐴

𝜌𝑖 +

𝑖<𝑗

𝐴

𝜌𝑖,𝑗 +⋯ ≡ 𝑂𝐿;𝑖 +𝑂𝐿;𝑖,𝑗 + ⋯

𝑂𝑇~𝐣 =

𝑖=1

𝐴

𝐣𝑖 +

𝑖<𝑗

𝐴

𝐣𝑖,𝑗 +⋯ ≡ 𝑂𝑇;𝑖+𝑂𝑇;𝑖,𝑗 +⋯

– The total inclusive cross section can be parametrized in terms of the nuclear response:

𝒅𝟐𝝈

𝒅𝑬′𝒅𝛀′
= 𝝈𝑴 𝝂𝑳𝑹𝑳 𝒒

𝝁 + 𝝂𝑻𝑹𝑻 𝒒𝝁 = 𝜎𝑀

𝑓

𝛿 𝜔+ 𝐸0 −𝐸𝑓 𝑓 𝜈𝐿𝑂𝐿 𝑞𝜇 0 2+ 𝑓 𝜈𝑇𝑂𝑇 𝑞𝜇 0 2 = ⋯

⋯ = 𝜎𝑀න𝑑𝑡 0 𝑂𝐿
† 𝑞𝜇 𝑒𝑖 𝐻−𝜔 𝑡𝑂𝐿 𝑞𝜇 0 + 0 𝑂𝑇

† 𝑞𝜇 𝑒𝑖 𝐻−𝜔 𝑡𝑂𝑇 𝑞𝜇 0

STA: The Inclusion of Two-Body Physics: Nuclear Response
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• The nuclear response in a mode 𝛼 can be expanded to include two-

body terms for short times, where

𝑒𝑖 𝐻−𝜔 𝑡 = 𝑒𝑖
σ𝑖 𝑡𝑖+σ𝑖<𝑗 𝑣𝑖,𝑗−𝜔 𝑡 ≈

𝑖

𝑡𝑖+

𝑖<𝑗

𝑣𝑖,𝑗 = 𝑃 𝑡

⟹ 𝑅𝛼 𝑞𝜇 = න𝑑𝑡 0 𝑂𝛼
† 𝑞𝜇 𝑒𝑖 𝐻−𝜔 𝑡𝑂𝛼 𝑞𝜇 0 ≈ න𝑑𝑡 0 𝑂𝛼

† 𝑞𝜇 𝑃 𝑡 𝑂𝛼 𝑞𝜇 0

⟹ 𝑅𝛼~𝑂𝛼;𝑖
† 𝑃 𝑡 𝑂𝛼;𝑖 + 𝑶𝜶;𝒊

† 𝑷 𝒕 𝑶𝜶;𝒋 + 𝑶𝜶;𝒊
† 𝑷 𝒕 𝑶𝜶;𝒊,𝒋 + 𝑂𝛼;𝑖,𝑗

† 𝑃 𝑡 𝑂𝛼;𝑖,𝑗

• This naturally leads us to consider lepton scattering off of pair 

objects

ȁ ۧ𝑓 ~ห ൿ𝜓𝑝′ ,𝑃′,𝐽,𝑀,𝐿,𝑆,𝑇,𝑀𝑇
𝑟,𝑅

– Correlated two-nucleon wave-functions allow for a full solve of the 
Schrödinger equation

– Retains all nuclear and electroweak interactions induced by an 𝑒 or 𝜈

• Does not directly include Δ-resonance

STA: The Inclusion of Two-Body Physics: 1b-1b, 1b-2b, 2b-1b, 2b-2b
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• One can encode all of this structure within response 

densities, 𝒟
𝑅𝛼 𝑞𝜇 ~න𝑑Ω𝑃′𝑑Ω𝑝′𝑑𝑃

′𝑑𝑝′𝛿 𝜔+𝐸0 −𝐸𝑓 ⋅ 𝑝𝜇′2𝑃𝜇′2 0 𝑂𝛼
†
𝑞𝜇 𝑝𝜇′, 𝑃𝜇′ 𝑝𝜇′ , 𝑃𝜇′ 𝑂𝛼

†
𝑞𝜇 0 = ⋯

⋯ = න𝑑𝑃′𝑑𝑝′𝛿 𝜔 + 𝐸0 − 𝐸𝑓 ⋅ 𝓓 𝒑𝝁
′
, 𝑷𝝁

′
; 𝒒𝝁

• Contains information about…

– …the contents of the nucleus after the probe 

interacts with the pair

– “Exclusive” information on specific nucleon pair 
kinematics

– Correctly accounts for interference terms

• Leads to enhancement of the transverse response, and 

thus, the overall cross section

STA: The Inclusion of Two-Body Physics: Densities
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Current QMC STA Response Density Outputs for 𝒆𝟐
𝟒𝐇𝐞
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• Tables are currently available for densities and responses

– Contain kinematics relevant to the ~quasielastic regime (𝜔ϵ 0,800 𝑀𝑒𝑉 )

– 𝑒′, 𝐸′ ⊗ 𝒟𝛼,1𝑏
𝑖→𝑖 ,𝒟𝛼,1𝑏

𝑖→𝑖,𝑠𝑡𝑎𝑡. + 𝒟𝛼,1𝑏
𝑖→𝑗

, 𝒟𝛼,1𝑏
𝑖→𝑗,𝑠𝑡𝑎𝑡.

+ 𝒟𝛼,2𝑏
𝑖𝑗→𝑖𝑗

,𝒟𝛼,2𝑏
𝑖𝑗→𝑖𝑗,𝑠𝑡𝑎𝑡.

– Particle identities of struck pair, radii, and separation distance are all already 
available (or are in principle) within this and other consistent schemes

• Table reading and interpolation algorithms have been developed for 

this model within GENIE

Current QMC STA Outputs for 𝒆𝟐
𝟒𝐇𝐞
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Interpolation of response densities: technique

• We adopt a technique called "moment morphing"

– Developed for interpolating generator predictions for 

LHC analyses

– Available in RooFit package, but limited 

documentation

– See arXiv:1410.7388 for more details

• Steps

– Pre-calculate 𝑛 reference distributions

(response density tables in our case)

– Apply a Taylor expansion of order 𝑛 − 1 about a 

given parameter value

– Interpolated prediction depends on references and 

distances in parameter space

Example: 1D distribution with
morphing parameter 𝑚

https://arxiv.org/abs/1410.7388
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Interpolation of response densities: first tests

• 2D distributions dependent on 

lepton 3-momentum transfer Ԧ𝑞

– Observables are the relative (𝑒) 

and total (𝐸) energies of the 

outgoing nucleon pair (pre-FSIs)

• Computationally expensive!

– Saori needs many CPU hours to 

produce, even on a sparse grid

• Moment morphing smoothly 

varies between tabulated inputs

– 50 MeV spacing is enough?!?

– Further validation in progress...

• …some variance around the 

zero plane…

(arbitrary units)



Leptonic cross section modeling: hadron tensor framework
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SuSAv2 implementation note

• Use a very general form to provide 

differential prediction for lepton kinematics

– Hadronic tensor pre-calculated and tabulated 

for speedy evaluation in GENIE

– Elements expressed as a function of

• First new GENIE model that uses these: 

SuSAv2 (G. Megias et al.)

– Expected in next public release (v3.2)!!

– Still missing important hadronic physics that 

the STA calculation can provide!

SuSAv2 prediction compared to T2K data

https://arxiv.org/pdf/1905.08556.pdf


• The interference and one-body off-

diagonal terms show asymmetric and 
even destructive behavior to the total 
response

• Exclusive nuclear responses are 

available for 𝑛𝑝,𝑝𝑝,𝑛𝑛 scattering
• 𝑝𝑝 responses are nonzero for both 

longitudinal and transverse modes

• 𝑛𝑛 is effectively zero for the longitudinal 

response

• Current experimental response data 

interpolated by I. Sick and K. F. von 

Reden for 𝑒 2
4He

• Both match rather well using 

different data and independent 
interpolation methods

• Shows great agreement at larger 
values of Ԧ𝑞 ≥ 400MeV/c when 

outside of the lower energy elastic 
response regime
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QMC STA 𝒆𝟐
𝟒𝐇𝐞 Response Comparisons Used in GENIE for Interpolation



Current Interpolation of STA responses
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"Kinks" are an artifact of 
nearest-neighbor bilinear 

interpolation on a coarse grid

• Saori has provided STA tables to use for 

interpolation

– Integrated responses (hadron tensor elements)

– Response densities (for future use in sampling 

hadronic final states)

• Plots show current status of bilinear 

interpolation

– Correct at the grid points, but 𝑞 grid is too 

coarse

– Currently leads to “Brooklyn Bridge” artifacts

• Will attempt to apply moment morphing to 

these distributions similarly

– Hope to smooth things out?



• Apparent continuity of QE cross section 

sections is heavily influenced by presence 

of more 𝑞 grid points

• Makes interpolation more complete

• This shows a rather continuous 

example using only five nuclear 

responses distributions:

300,400,500,600,700 MeV/c

• Artifacts can occur—need to compute 

more responses with a finer grid in 𝑞

• Can also potentially extend to ~1 GeV/c

• Things yet to do…

• Elastic peak in STA needs to be 

removed

• Cross section is too high at lower 

energies near the elastic peak

• Compare longitudinal and transverse 

cross section components at various 

kinematics
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Some simple, first-pass comparisons of models and data for 𝒆𝟐
𝟒𝐇𝐞 cross sections



• Ample amounts of data are available for 𝑒2
3He, 𝑒2

4He and 𝑒 6
12C scattering

– Some even exist for tritium!→Recent JLab thesis from Jason Bane

– Will serve as a good testing ground for models of total inclusive electromagnetic 

quasielastic cross sections (before electroweak modeling)

– Will compare to other GENIE nuclear models (𝝌𝟐 analyses to follow)

– Publication in preparation now of initial implementation

– JLab two-body final state data should also be investigated eventually!

• Once our full generator is complete, tested, and validated on 𝑒 data, we will 

proceed to 𝜈 generation

– Will involve more response densities (five in total) for CC/NC interactions

– Will similarly compare to data where available…

– …and other GENIE nuclear and interaction models

• Publication(s) will follow soon after

Current and Future Generator Validation
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http://faculty.virginia.edu/qes-archive/data/4He.html/
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• Neutrino MC generators must grow and evolve their capabilities as we 

enter the precision era for oscillation studies

– One step in this evolution is implementation of the QE QMC STA model using 

semi-final states and extensively validated on electromagnetic data

– Avoids phenomenological nuclear models of initial states in Monte Carlo

• A new series of total inclusive electromagnetic scattering cross sections 

are now available from 𝑒2
4He nuclear responses with q ϵ 300,800 MeV/c

– Employs two-body physics in an inherent way (exclusive cross sections!)

• Full implementation of this model is progressing for GENIE

– Must still formulate algorithms to efficiently and accurately pass two-body 
kinematics and particle identity information to the intranuclear cascade

– This will eventually allow for the study of potential final state topologies in 

experimental detectors

Summary
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Collaborators—Thank-you!
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Saori Pastore, WUSTL Minerba Betancourt, FNAL

Steven Gardiner, FNAL

The Roses
Between

The Thorns

Joshua Barrow, UTK



Backup slides
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Neutrinos in the Standard Model
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Neutrino Oscillations

• Compelling evidence from solar and 

atmospheric neutrino experiments

• The 3 known neutrino flavors represent 
mixtures of at least 3 mass states

– 3-flavor model parameterized by the 

Pontecorvo-Maki-Nakagawa-Sakata 

(PMNS) matrix

• Key questions remain:

– Do neutrinos and antineutrinos oscillate 

differently? (CP violation)

– Is v3 the heaviest or lightest of the known 

mass states? (Mass ordering)

– Is the 3-flavor model sufficient to describe 

nature? (Sterile neutrinos)
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Neutrino Oscillations

• Compelling evidence from solar and 

atmospheric neutrino experiments

• The 3 known neutrino flavors represent 
mixtures of at least 3 mass states

– 3-flavor model parameterized by the 

Pontecorvo-Maki-Nakagawa-Sakata 

(PMNS) matrix

• Key questions remain:

– Do neutrinos and antineutrinos oscillate 

differently? (CP violation)

– Is v3 the heaviest or lightest of the known 

mass states? (Mass ordering)

– Is the 3-flavor model sufficient to describe 

nature? (Sterile neutrinos)

Strong evidence for 3 active neutrino flavors
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Importance of neutrino cross sections for answering the big questions
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Example analysis from the T2K experiment

• Disappearance

– Measure deficit of detected vμ relative to 

expectation without oscillations

– Fit as a function of reconstructed energy

– Extract PMNS matrix parameters

• We can't measure the neutrino energy 

directly

– Instead, we estimate it event-by-event 

based on the final particles we can see

• Modeling deficiencies in the cross section 
prediction can lead to bias!

T2K Collaboration, Phys. Rev. D 91, 072010
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What tasks are involved in predicting event rates?

Images by C. Andreopoulos
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What tasks are involved in predicting event rates?
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Generators resort to an approximate picture of the relevant physics

• "Traditional" treatment includes

– Fermi gas model of initial nuclear state

• No shell structure, correlations, etc.

– Neutrino scatters on a single bound nucleon

• Two-nucleon contributions known to be 

important!

– Interference between processes neglected

• "Square then sum" → Not what you learned 

in quantum mechanics class . . .

– Semi-classical transport of hadrons out of 

the nucleus

• Rescattering cross sections based on 

hadron-nucleus data
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Generators resort to an approximate picture of the relevant physics

• "Traditional" treatment includes

– Fermi gas model of initial nuclear state

• No shell structure, correlations, etc.

– Neutrino scatters on a single bound nucleon

• Two-nucleon contributions known to be 

important!

– Interference between processes neglected

• "Square then sum" → Not what you learned in 

quantum mechanics class . . .

– Semi-classical transport of hadrons out of the 

nucleus

• Rescattering cross sections based on hadron-

nucleus data

• High-precision needed to definitively 
answer open questions: can we do better?



Two-nucleon physics in event generators: "nucleon cluster model"

11/25/2019 FNAL Joint Theory/Experiment Seminar28

• Generators are beginning to include these contributions, but in a very 

rough way

• STA calculations allow us to do this much more rigorously



Some future plans on a full GENIE generator module…

→Putting it all together!

What new things need to be considered within GENIE?

11/25/2019 FNAL Joint Theory/Experiment Seminar29



The GENIE 

Generator
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• We have begun the implementation of the 

QMC STA within GENIE using semi-final 

states from tabulated response densities

• This will be tricky, to say the least…

– GENIE’s normal operating mode is almost 

always dependent on an predominately single 
particleparadigm

• Initial state preparation—𝐚𝐯𝐨𝐢𝐝𝐚𝐛𝐥𝐞?
– Single nucleon lepton scattering

– Single nucleon momentum distributions in 

nuclear models

– Single nucleon initial positions

– Some two-body dynamic options becoming 

available as we speak (SuSA), but initial 

correlations are highly approximate

• Final state preparation—𝐮𝐧𝐚𝐯𝐨𝐢𝐝𝐚𝐛𝐥𝐞!

– Propagation of single particles through the 

nucleus using an intranuclear cascade

GENIE Implementation
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QMC STA 
Simulation:
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• Simple interfaces between GENIE’s SuSAv2 HadronTensor

framework have been made for easy plotting of interpolated 

cross sections from given theoretical nuclear response 

functions

– Some validation of responses and their interpolation within GENIE to 
𝑑2𝜎

𝑑𝐸′𝑑Ω′ Ԧ𝑞 ,𝜔 still needs to be completed

• Scripts run interpolations within the HadronTensor framework

• Create table outputs for input to simple plotting scripts

– Can compare all available outputted model cross sections for 𝑒2
4He to 

available World Data

Scripts for Comparisons Against World Data are Working
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• An attempt at a general framework is being pursued

– When new nuclear responses and response density tables become available for 

larger nuclei, can simmply “drop something in”

• Must hand off two-nucleon configurations properly to GENIE…

– Attain particle identities

– Select all angles (currently integrated out) via some method…

• The geometric interpretation of electromagnetic nuclear responses is well understood, 

but how to define this generically for electroweak processes needs much more 

consideration

– Derive individual nucleon momenta via law of cosines

– Track individual nucleons through the intranuclear cascade

• Critically dependent upon initial positions and separations

• One or both nucleons may not be emitted due to low momentum transfer

– A phenomenological momentum cutoff must be considered for each struck nucleon

Requirements Going Forward with GENIE for Two-Body Physics

11/25/2019 FNAL Joint Theory/Experiment Seminar34


