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β 

Inverse problems in imaging

• Inpainting 
• Deblurring 
• Superresolution 
• Compressed 

Sensing 
• MRI 
• Radar

Observe:            y = Xβ + ε  

Goal:            Recover β from y 

y 



Classical approach: Tikhonov regularization (1943)

• Example: deblurring 

• Least squares solution:

Wildly	Different	Solutions

Blurred	image	with	noiseBlurred	image

Deblurred the	“naïve”	way Deblurred the	“naïve”	way

β̂ = (X�X)�1X�y
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Classical approach: Tikhonov regularization (1943)

• Example: deblurring 

• Least squares solution:

Wildly	Different	Solutions

Blurred	image	with	noiseBlurred	image

Deblurred the	“naïve”	way Deblurred the	“naïve”	way

• Tikhonov regularization  
(aka “ridge regression”)

better conditioned; suppresses noise

β̂ = argmin
β

�y � Xβ�2
2 + λ�β�2

2

=(X�X + λI)�1X�y
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Wildly different solutions

Tikhonov regularization



Geometric models of images
Total variation

Noisy
Patches

Denoised
Patches

Patch
Denoising

Combine to
estimate
denoised
pixel

Patch subspaces and manifolds

(Wavelet) sparsity



Regularization in inverse problems

y β̂
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Regularization in inverse problems
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Classical: r(β) is a pre-defined 
smoothness-promoting regularizer  
(e.g. Tikhinov or ridge estimation)

Geometric: r(β) reflects image geometry   
(e.g. sparsity, patch redundancy, total variation)

Learned: use training data to learn r(β)



Classes of methods

Model Agnostic  
(Ignore X)

Decoupled  
(First learn, then reconstruct)

Unrolled Optimization Neumann Networks  
(this talk!)



X-1~
raw data 
(low resolution image)

approximate 
high-resolution 

image

Train deep CNN 
to remove artifacts

reconstructionblurry/blocky 
artifacts due to  

re-scaling

bicubic 
interpolation

Pictures from: http://webdav.tuebingen.mpg.de/pixel/enhancenet/

Super-resolution with CNNs
Model Agnostic  

(Ignore X)



Classes of methods

Model Agnostic  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Decoupled  
(First learn, then reconstruct)

Unrolled Optimization Neumann Networks  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GANs for inverse problems
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r(β) =

�
0, β on image manifold
�, otherwise
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“Good” image on manifold

“Bad” image off manifold

Decoupled  
(First learn, then 

reconstruct)



GANs for inverse problems
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 z           

 G(z)

r(β) =

�
0, β � range(G)
�, otherwise
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Learn generator G that outputs β ∈ ℝd given z ∈ ℝd’ for d’ < d
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Bora, Jalal, Price, Dimakis, 2017

Choose β ∈ range(G) that best fits data:

β̂ = argmin
β�range(G)

�y � Xβ�22

=G(̂z)
ẑ = argmin

z
�y � XG(z)�22
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Learn generator G that outputs β ∈ ℝd given z ∈ ℝd’ for d’ < d



How much training data?

Original 
β

Observed 
y

Reconstruction with 
convolutional neural 

network (CNN) trained 
with 80k samples



Reconstruction with 
convolutional neural 

network (CNN) trained 
with 2k samples

How much training data?

Original 
β

Observed 
y



Prior vs. conditional density estimation

p(β) 



Prior vs. conditional density estimation

pixels irrelevant 
to inpainting

p(β) 



Prior vs. conditional density estimation

We need conditional density p(X⟂β | Xβ)

pixels irrelevant 
to inpainting

p(β) 

p(X⟂β | Xβ)



Implications for learning to regularize

Estimating conditional density p(X⟂β | Xβ) can require far 
fewer samples than estimating full density p(β) 

 

X should be fully utilized in learning process



Model Agnostic  
(Ignore X)

Classes of methods

Decoupled  
(First learn, then reconstruct)

Unrolled Optimization Neumann Networks  
(this talk!)



Assume r(β) differentiable.

β̂ = arg min
β

�y � Xβ�2
2 + r(β)

set β̂(1)and stepsize η > 0
for k = 1, 2, . . .

β̂(k+1)
= β̂(k)

+ ηX�(y � Xβ̂(k)
) + η�r(β̂(k)

)
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`

[I-ηX⊤X](⋅)  
+ ηX⊤y

-η∇r(⋅)

+

[I-ηX⊤X](⋅)  
+ ηX⊤y

-η∇r(⋅)

+

[I-ηX⊤X](⋅)  
+ ηX⊤y

-η∇r(⋅)

+…β̂(0)
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Unrolled 
Optimization



Assume r(β) differentiable.

β̂ = arg min
β

�y � Xβ�2
2 + r(β)

set β̂(1)and stepsize η > 0
for k = 1, 2, . . .

β̂(k+1)
= β̂(k)

+ ηX�(y � Xβ̂(k)
) + η�r(β̂(k)

)
<latexit sha1_base64="Pu5/Uf2JjbVre55GjOb1FeuMfWY="></latexit><latexit sha1_base64="Pu5/Uf2JjbVre55GjOb1FeuMfWY="></latexit><latexit sha1_base64="Pu5/Uf2JjbVre55GjOb1FeuMfWY="></latexit><latexit sha1_base64="Pu5/Uf2JjbVre55GjOb1FeuMfWY="></latexit>

`

Replace with learned neural network

[I-ηX⊤X](⋅)  
+ ηX⊤y

-η∇r(⋅)

+

[I-ηX⊤X](⋅)  
+ ηX⊤y

-η∇r(⋅)

+

[I-ηX⊤X](⋅)  
+ ηX⊤y

-η∇r(⋅)

+…β̂(0)
<latexit sha1_base64="BCWAouX/c2U2orEOKh9L3AF6NBU=">AAAL8niczVbNbhs3EN6kf6nUNk577GVT2YADbAStUbu+CEjToHGBNE1/nAQQFYO7Oyux5nLXJNeWQOwT9A16K3rtpYde2ifp23TIlWStpAZODkXXsEDOfEPON+RwJio4U7rX+/va9TfefOvtd26822q/9/4HN7duffhU5aWM4TjOeS6fR1QBZwKONdMcnhcSaBZxeBadfmH1z85BKpaLH/S0gGFGR4KlLKYaRSdbO+Tx0SM2Gm </latexit><latexit sha1_base64="BCWAouX/c2U2orEOKh9L3AF6NBU=">AAAL8niczVbNbhs3EN6kf6nUNk577GVT2YADbAStUbu+CEjToHGBNE1/nAQQFYO7Oyux5nLXJNeWQOwT9A16K3rtpYde2ifp23TIlWStpAZODkXXsEDOfEPON+RwJio4U7rX+/va9TfefOvtd26822q/9/4HN7duffhU5aWM4TjOeS6fR1QBZwKONdMcnhcSaBZxeBadfmH1z85BKpaLH/S0gGFGR4KlLKYaRSdbO+Tx0SM2Gm </latexit><latexit sha1_base64="BCWAouX/c2U2orEOKh9L3AF6NBU=">AAAL8niczVbNbhs3EN6kf6nUNk577GVT2YADbAStUbu+CEjToHGBNE1/nAQQFYO7Oyux5nLXJNeWQOwT9A16K3rtpYde2ifp23TIlWStpAZODkXXsEDOfEPON+RwJio4U7rX+/va9TfefOvtd26822q/9/4HN7duffhU5aWM4TjOeS6fR1QBZwKONdMcnhcSaBZxeBadfmH1z85BKpaLH/S0gGFGR4KlLKYaRSdbO+Tx0SM2Gm </latexit><latexit sha1_base64="BCWAouX/c2U2orEOKh9L3AF6NBU=">AAAL8niczVbNbhs3EN6kf6nUNk577GVT2YADbAStUbu+CEjToHGBNE1/nAQQFYO7Oyux5nLXJNeWQOwT9A16K3rtpYde2ifp23TIlWStpAZODkXXsEDOfEPON+RwJio4U7rX+/va9TfefOvtd26822q/9/4HN7duffhU5aWM4TjOeS6fR1QBZwKONdMcnhcSaBZxeBadfmH1z85BKpaLH/S0gGFGR4KlLKYaRSdbO+Tx0SM2Gm </latexit>

β̂(1)
<latexit sha1_base64="EBFh1kwZWtfk4Cfvlgksr9WqfMk="></latexit><latexit sha1_base64="EBFh1kwZWtfk4Cfvlgksr9WqfMk="></latexit><latexit sha1_base64="EBFh1kwZWtfk4Cfvlgksr9WqfMk="></latexit><latexit sha1_base64="EBFh1kwZWtfk4Cfvlgksr9WqfMk="></latexit>

β̂(2)
<latexit sha1_base64="RmMIqqV/5Cr1t/Dk4lgLodpBaKk="></latexit><latexit sha1_base64="RmMIqqV/5Cr1t/Dk4lgLodpBaKk="></latexit><latexit sha1_base64="RmMIqqV/5Cr1t/Dk4lgLodpBaKk="></latexit><latexit sha1_base64="RmMIqqV/5Cr1t/Dk4lgLodpBaKk="></latexit>

β̂ = β̂(B)
<latexit sha1_base64="GKv9hMUyWhotL62t8yCs8AI5Q4Y="></latexit><latexit sha1_base64="GKv9hMUyWhotL62t8yCs8AI5Q4Y="></latexit><latexit sha1_base64="GKv9hMUyWhotL62t8yCs8AI5Q4Y="></latexit><latexit sha1_base64="GKv9hMUyWhotL62t8yCs8AI5Q4Y="></latexit>

Unrolled 
Optimization



Assume r(β) differentiable.

β̂ = arg min
β

�y � Xβ�2
2 + r(β)

set β̂(1)and stepsize η > 0
for k = 1, 2, . . .

β̂(k+1)
= β̂(k)

+ ηX�(y � Xβ̂(k)
) + η�r(β̂(k)

)
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Replace with learned neural network

[I-ηX⊤X](⋅)  
+ ηX⊤y

-η∇r(⋅)

+

[I-ηX⊤X](⋅)  
+ ηX⊤y
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+
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+ ηX⊤y
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Unrolled 
Optimization



Assume r(β) differentiable.

β̂ = arg min
β

�y � Xβ�2
2 + r(β)

set β̂(1)and stepsize η > 0
for k = 1, 2, . . .

β̂(k+1)
= β̂(k)

+ ηX�(y � Xβ̂(k)
) + η�r(β̂(k)

)
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`

Replace with learned neural network

[I-ηX⊤X](⋅)  
+ ηX⊤y

-η∇r(⋅)

+

[I-ηX⊤X](⋅)  
+ ηX⊤y

-η∇r(⋅)

+

[I-ηX⊤X](⋅)  
+ ηX⊤y

-η∇r(⋅)

+…β̂(0)
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β̂ = β̂(B)
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“Unrolled” optimization framework trained end-to-end

Unrolled 
Optimization



Neumann series
Assume r(β) differentiable.  

Let A be a linear operator. Then the Neumann series is 

If A is contractive, we know higher-order terms are smaller. 

Assume r(β) differentiable.

β̂ = argmin
β

�y � Xβ�2
2 + r(β)

=(X�X + �r)�1X�y

=
��

k=1
(�1)k(X�X � I + �r)kX�y
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(1)

Can we estimate β by approximating (1) using (2)? 
(e.g. A = I - X⊤X + ∇r if ∇r is linear)

(2)(I � A)�1 =
��

k=0
Ak = I + A + A2 + A3 + · · ·
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Neumann 
Networks 



Neumann networks 

Neumann network:

Assume r(β) differentiable.

β̂ = argmin
β

�y � Xβ�2
2 + r(β)

=(X�X + �r)�1X�y

�
B�

k=1
(I � ηX�X � η�r)kηX�y
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[I - ηX⊤X](⋅)

-η∇r(⋅)

+

[I - ηX⊤X](⋅)

-η∇r(⋅)

+

[I - ηX⊤X](⋅)

-η∇r(⋅)

+…

+ + +… +

�β
(0)
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�β =
B�

k=0

�β
(k)
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Neumann networks 

Replace with learned 
neural network

Neumann network:

Assume r(β) differentiable.

β̂ = argmin
β

�y � Xβ�2
2 + r(β)

=(X�X + �r)�1X�y

�
B�

k=1
(I � ηX�X � η�r)kηX�y
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[I - ηX⊤X](⋅)

-η∇r(⋅)

+

[I - ηX⊤X](⋅)

-η∇r(⋅)

+

[I - ηX⊤X](⋅)

-η∇r(⋅)
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+ + +… +

�β
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Comparison

Neumann network

Gradient descent network

[I - ηX⊤X](⋅)

-η∇r(⋅)

+

[I - ηX⊤X](⋅)

-η∇r(⋅)
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[I - ηX⊤X](⋅)

-η∇r(⋅)

+…

+ + +… +

�β
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[I-ηX⊤X](⋅)  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Preconditioned Neumann net: ηλ[I+λX⊤X]-1 is linear and ∇r nonlinear

=ηX⊤y 

η[X⊤X+λI]-1X⊤y 



Model Agnostic  
(Ignore X)

Classes of methods

Decoupled  
(First learn, then reconstruct)

Unrolled Optimization Neumann Networks  
(this talk!)



Comparison Methods

 z           

 
G(z)

Design-agnostic GAN

β̂ = argmin
β�range(G)

�y � Xβ�22

=G(̂z)
ẑ = argmin

z
�y � XG(z)�22
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1. Train

2. Reconstruct

Bora, Jalal, Price, Dimakis, 2017

Unrolled Gradient Descent Neumann Network
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“skip connection”

Residual Autoencoder
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Summary of Results



Sample Complexity



Sample Complexity



Application: MRI 
reconstruction



Neumann series for nonlinear operators?

Can we justify Neumann net as an estimator  
beyond the linear setting? 

If A is a nonlinear operator, Neumann series identity does not hold:

In our case, A = I - ηX⊤X -η∇r, where ∇r may be nonlinear

(I � A)�1 �=
��

k=0
Ak
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Case Study: Union of Subspaces Models
Model images as belonging to a union of low-dimensional subspaces



Case Study: Union of Subspaces Models

Images from: Extended Yale B dataset 
& http://dhpark22.github.io/greedysc.html

Model images as belonging to a union of low-dimensional subspaces



Neumann nets and union of subspaces
For simplicity, assume: 
• X has orthonormal rows 
• measurements are noise-free: y = Xβ ∈ ℝm  
• maximum subspace dimension < m/2 
• the union of subspaces is “generic”

• β

Lemma:  

• Optimal “oracle” regularizer ∇r is piecewise linear in β  
 
 
 

• Neumann network with ReLU activations can closely approximate this 

• Outputs of all Neumann net blocks are in the same Sk for some k 
⇒ for a fixed input, ∇r behaves linearly  
⇒ Neumann series foundation is justifiable and accurate

Sk = set of points closer to 
subspace k than any other 

subspace
�r�(β) =

�
���

���

R1β if β � S1
... ...
RKβ if β � SK
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I-ηXTX

“learned component”

Neumann nets and union of subspaces
For simplicity, assume: 
• X has orthonormal rows 
• measurements are noise-free: y = Xβ ∈ ℝm  
• maximum subspace dimension < m/2 
• the union of subspaces is “generic” 

Theorem (informal): 
For a given step size 0 < η < 1 and number of blocks B  
there exists a Neumann network estimator  
with a piecewise linear learned component such that  
 
 
for all β in the union of subspaces.

�β̂(Xβ) � β� � (1 � η)B+1�Xβ�
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• β
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“learned component”

Neumann nets and union of subspaces
For simplicity, assume: 
• X has orthonormal rows 
• measurements are noise-free: y = Xβ ∈ ℝm  
• maximum subspace dimension < m/2 
• the union of subspaces is “generic” 

Theorem (informal): 
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arbitrarily small reconstruction error

• β



Empirical support for theory

2

Experiments on synthetic data show that when ∇r is a deep ReLU 
network, the trained ∇r behaves as the predicted ∇r*

Test of Piecewise Linearity of ∇r

Outputs of all blocks 
in same subspace

R = ∇r only 
affects β in X’s 

null space

R = ∇r reflects union of 
subspaces structure



• Explicitly accounting for design (X) 
during training can dramatically 
reduce sample complexity. 

• Networks that include X in training, 
such as unrolling approaches and 
Neumann networks, perform well in 
the low-sample regime. 

• Neumann networks are 
mathematically justified for union of 
subspaces.

Conclusions
{β: ‖y-Xβ‖=0}  

probability density 
over space of all 

images p(β)
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Predicting precipitation in southwest US

Nino 4 Nino 3
Nino 3.4

NZI



Predicting precipitation in southwest US



Sparse inverse problems

+

precipitation SSTs at different lags and locations 

weights on 
SSTs

noise or 
observation 

errors



Sparse inverse problems

+

precipitation SSTs at different lags and locations 

weights on 
SSTs

noise or 
observation 

errors

Columns of X are highly 
correlated



Climate forecasting

900 spatio-temporal sea-
surface temperatures each year 

75 years of data
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observational / experimental 
data? 

• Data augmentation (treat simulated data as extra samples from same distribution at 
experimental data) — poorly understood biases 

• Transfer learning (train on simulated data, then tweak learned model using 
experimental data) — active area of ML 

• Prior selection (use simulated data to choose a prior distribution) — GTV is special 
case of this
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What is the best way to 
combine simulated data with 
observational / experimental 
data? 

• Data augmentation (treat simulated data as extra samples from same distribution at 
experimental data) — poorly understood biases 

• Transfer learning (train on simulated data, then tweak learned model using 
experimental data) — active area of ML 

• Prior selection (use simulated data to choose a prior distribution) — GTV is special 
case of this

Depends on physical model accuracy, 
computational complexity of 

simulations, scale (mis)match between 
simulations and experiments, etc.



Model Weighted graph G = (V,E,W) 
V = covariates; (E,W) influences: 
1. Correlations among covariates 

(columns of X) 
2. Similarity among covariate 

weights (β’s)
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Model Weighted graph G = (V,E,W) 
V = covariates; (E,W) influences: 
1. Correlations among covariates 

(columns of X) 
2. Similarity among covariate 

weights (β’s)

Assume i-th row of X is 
distributed Xi ~ 𝒩(0,Σ) 

      gives covariance of 
columns j and k
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Graph total variation estimation

Data fit

Laplacian  
smoothness

Graph total 
variation

LASSO

reduces the ill-conditionedness of 
X when columns are highly 

correlated

promotes estimates that are well-
aligned with graph structure

promotes sparsity
<latexit sha1_base64="+FsKvkBKiRQy4xVGy0eIIYu0zrU="> xMg7JdVeAADDPZhosF+/a9YB+6r/gtAMPfV2v5dv4HQ8lzTdtkxe8lmdS+wdjbb2oOhMVgfETcXe4P+l/3gh0Hv1u3F9Hi+81Hn4861TtD5onOrc6/zsLPXibpx96fuz91ftn7d+m3r960/HPRcdyHzYaf1bf35D1PfU4o=</latexit>

Method finds a sparse set of covariate clusters that encode 
information on response



Example 1: Highly correlated clusters

Columns of X in well-
separated clusters



Example 1: Highly correlated clusters

B = # blocks containing nonzero elements of  
Much 
bigger 
than B!

Columns of X in well-
separated clusters



Highly correlated clusters:  
Estimates
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p = 280 = number of 
covariates 

n = 100 = number of 
responses 

r = .6 = off-diagonal 
correlation strength 

a = 2 = diagonal variance 
|Supp(  )| = 84 
6/20 active blocks



Example 2: Chain graph

Columns of X not in  
well-separated clusters
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Chain graph: Estimates
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p = 280 = number of 
covariates 

n = 100 = number of 
responses 

r = .45 = off-diagonal 
correlation strength 

a = 2 = diagonal variance 
|Supp(  )| = 80



GTV in climate forecasting
• We have 75 years of observational 

data 

• We also have physical models we 
can use to generate simulated 
data:  

• Large Ensemble Community 
Project (LENS) 

• 40 independent 75-year 
simulations of SSTs and 
precipitation 

• How can we best leverage this? 

Jim Randerson, 
UCI

Efi Foufoula-
Georgiou, UCI

https://www.esrl.noaa.gov/psd/data/20thC_Rean/







physical 
model

prediction
new 
(test) 
data

training data

How do we leverage a combination of training 
data and physical models?



Physical models and training data

• Training data can be limited in volume, expensive to 
collect → we may learn over-simplified predictors 

• Physical models can be inaccurate or biased → we may 
end up with a biased predictor 

• If we think of machine learning as using training data to 
search over a family of predictors, then physical models 
help constrain the set of viable predictors 

• Fundamental tradeoffs among volumes of training data, 
manifestation of physical models, and risk minimization 
present significant open challenges 



Thank you!


