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The search for new physics
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• Sensitivity to reveal small beyond—Standard-Model effects

• Magnetic moments


• Dark matter direct detection


• Neutrino physics


• Charged lepton flavour violation,  
ββ-decay, proton decay, neutron-
antineutron oscillations…

Precise experiments seek new physics 
at the “Intensity Frontier”
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Need to understand the Standard Model 
physics of nucleons and nuclei 

Axial form factors of Argon 
A=40 DUNE long-baseline 
neutrino experiment


Double-beta decay rates of 
Calcium A=48


Scalar matrix elements in A=131 
XENON1T dark matter direct 
detection search

The search for new physics

Interpretation of intensity-frontier experiments



• Euclidean space-time


• Non-zero lattice spacing


• Finite volume


• Some calculations use larger- 
than-physical quark masses (cheaper)

Lattice QCD
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Numerical first-principles approach to  
non-perturbative QCD



Numerical first-principles approach to  
non-perturbative QCD

Lattice QCD action has same free 
parameters as QCD: quark masses, 


• Fix quark masses by matching to 
measured hadron masses, e.g.,                               
                       for


• One experimental input to fix lattice 
spacing in GeV (and also      ), e.g.,                                   
            splitting in    , or      or      mass

Lattice QCD

Calculations of all other 
quantities are QCD 
predictions
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Phiala Shanahan, MIT

Nuclei on the lattice are HARD


• Calculations of matrix elements of currents in light nuclei 
just beginning:


• Controlled calculations of spectrum of light nuclei yet to be achieved


• First exploratory calculations of matrix elements taking place now


• With sufficient computing resources,  
calculations are in principle possible:


• Deeply bound nuclei: same techniques as for  
single hadron matrix elements


• Near threshold states: need to be careful  
with volume effects

Phiala Shanahan

Gluon Structure of Hadrons 
and Nuclei 

6

Nuclear physics from lattice QCD



Phiala Shanahan, MIT

• Noise:  
Statistical uncertainty grows 
exponentially with number of 
nucleons


• Complexity: 
Number of contractions grows 
factorially time

COST

Calculations possible for A<5

Nuclear physics from lattice QCD

7

Nuclei on the lattice are HARD




8 Phiala Shanahan, MIT

Larger nuclei

• Nuclear effective field theory:


1-body currents are dominant


2-body currents are sub-leading  
but non-negligible


• Determine one body contributions from single nucleon


• Determine few-body contributions from A=2,3,4... 


• Match effective theory and many body methods to lattice results 
to make predictions for larger nuclei


• Can reproduce axial matrix elements for large nuclei

What about larger  
(phenomenologically-relevant) nuclei?

[Phys.Rev.D 103 (2021);  

arXiv:2202.03530]



Phiala Shanahan, MIT

Many other collaborations are studying 
nuclei from lattice QCD 

•PACS-CS  
e.g. ,Yamazaki et al,  PRD 92 (2015); 

•Callatt  
e.g., E Berkowitz et al, PLB 765 (2017); 
Hörz et al, PRC 103 (2021)

•Mainz  
e.g., A. Francis et al, PRD 99 (2019);  
Green et al, PRL 127 (2021)

•HALQCD  
e.g., Ishii et al, PRL 99 (2007)  
(potential approach)

 

9

Nuclear matrix elements from lattice 
QCD studied only by the NPLQCD 
Collaboration to date 

• Proton-proton fusion and tritium β-
decay [PRL 119, 062002 (2017)]


• Double β-decay [PRL 119, 062003 (2017), PRD 96, 

054505 (2017)]


• Gluon structure of light nuclei       
[PRD 96 094512 (2017)]


• Scalar, axial, tensor MEs       
[PRL 120 152002 (2018), PRD 103, 074511 (2021)]


• Baryon-baryon interactions, including 
QED [PRD 103, 054504 (2021), PRD 103, 054508 (2021)]


• EMC-type effects in light nuclei       
[PRD 96 094512 (2017), PRL 126, 202001 (2021)]

Nuclear physics from lattice QCD



Neutrino oscillation experiments

Phiala Shanahan, MIT

Seek to determine neutrino mass hierarchy, 
mixing parameters, CP violating phase

Need robust understanding of 
relevant nucleon and nuclear level 
amplitudes


e.g., axial and pseudo-scalar form 
factors in quasi-elastic region 

[J.A. Formaggio, G.P. Zeller, RMP84 (2012) 1307]

To differentiate between mixing 
& CP parameter scenarios

Need neutrino energy 
reconstruction from final state 
to better than 100 MeV


production method of neutrinos as secondary decay products of hadrons, mostly pions and

kaons, that were produced in primary reactions of protons with nuclei. The neutrino energy

thus must be reconstructed event by event from the final state of the reaction, at both the

near and the far detectors.

Because all modern experiments use nuclear targets, such as H2O, CHn and 40Ar, the

energy reconstruction depends not only on the initial neutrino-nucleus interaction but also

on the final-state interactions (FSI) of all particles. The precision with which neutrino

oscillation properties can be extracted from such experiments then depends directly on the

description of the final state of the neutrino-nucleus interaction.

To get a sense for the accuracy needed for the energy reconstruction in oscillation exper-

iments, it is helpful to look at Fig. 1. The figure shows the expected oscillation signal for

DUNE as as a function of neutrino energy E⌫ for some values of two neutrino properties: the

mixing angle ✓13 and the CP-violating phase �CP . The three curves under the flux profile
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FIG. 1. Appearance probability of ⌫e in a ⌫µ beam at a distance of 1300 km, calculated for standard

oscillation mixing angles. The four colored curves illustrate the sensitivity of the expected signal to

the neutrino mixing angle ✓13 and the CP-violating phase �CP . The black peak shows the expected

energy distribution for the µ-neutrino beam. From Reference [3].

can be distinguished from one another only if the neutrino energy can be determined to

4

Rich Neutrino Physics
§ Exciting opportunities in upcoming decade for

neutrino oscillation experiments

[Mass hierarchy, CP-���������������ǡ�ǥ�
§ Challenge: experiments cover a wide range of energy scale
[ DUNE: neutrino energy covers O(1Ȃ10) GeV

§ To maximize potential for physics 
discoveries, one needs improve 
the precision of theoretical inputs,
especially QCD

Huey-Wen Lin - LQCD Review 2
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Constraining 𝜈-nucleus interactions

11 Phiala Shanahan, MIT

• For DUNE neutrino energy 
distributions peak at 1-10 GeV


• Challenging region: several 
processes contribute


• Quasielastic lepton scattering


• Deep inelastic scattering


• Resonances


• Lattice QCD can provide direct 
non-perturbative QCD 
predictions of nucleon and 
nuclear matrix elements
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FIG. 9 Total neutrino and antineutrino per nucleon CC cross sections (for an isoscalar target) divided by neutrino energy and
plotted as a function of energy. Data are the same as in Figures 28, 11, and 12 with the inclusion of additional lower energy
CC inclusive data from N (Baker et al., 1982), ⇤ (Baranov et al., 1979), ⌅ (Ciampolillo et al., 1979), and ? (Nakajima et al.,
2011). Also shown are the various contributing processes that will be investigated in the remaining sections of this review.
These contributions include quasi-elastic scattering (dashed), resonance production (dot-dash), and deep inelastic scattering
(dotted). Example predictions for each are provided by the NUANCE generator (Casper, 2002). Note that the quasi-elastic
scattering data and predictions have been averaged over neutron and proton targets and hence have been divided by a factor
of two for the purposes of this plot.

J.A. Formaggio, G.P. Zeller, Rev. Mod. Phys. 84 (2012) 1307

Neutrino charged-current  
cross-section



Quasi-elastic scattering

Phiala Shanahan, MIT
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FIG. 9 Total neutrino and antineutrino per nucleon CC cross sections (for an isoscalar target) divided by neutrino energy and
plotted as a function of energy. Data are the same as in Figures 28, 11, and 12 with the inclusion of additional lower energy
CC inclusive data from N (Baker et al., 1982), ⇤ (Baranov et al., 1979), ⌅ (Ciampolillo et al., 1979), and ? (Nakajima et al.,
2011). Also shown are the various contributing processes that will be investigated in the remaining sections of this review.
These contributions include quasi-elastic scattering (dashed), resonance production (dot-dash), and deep inelastic scattering
(dotted). Example predictions for each are provided by the NUANCE generator (Casper, 2002). Note that the quasi-elastic
scattering data and predictions have been averaged over neutron and proton targets and hence have been divided by a factor
of two for the purposes of this plot.
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Cross-section for quasi-elastic neutrino-
nucleon scattering

Well-determined from electron scattering expts


can be related to        by pion pole dominance
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When considering neutrino scattering from nucleons, an axial current comes into play.  The 

total nucleon current coupling to the charged weak leptonic current is an isovector one 

body nucleon current with both vector and axial‐vector components: 

. The full nucleon weak current had been written down by 

Llewellyn‐Smith (1) but for our purposes it suffices to write the axial current of the nucleon 

as 

jA
µ
(Q

2
) = u (p ') GA (Q

2
)γ µ

+
1

2M
GP (Q

2
)q

µ⎛
⎝⎜

⎞
⎠⎟
γ 5
u(p)          (4) 

where the induced pseudoscalar GP(Q
2
)=4mN

2
GA/(mπ

2
+Q

2
)

 
is determined by PCAC and the 

axial-vector form factor GA(Q
2
) is established from experiment. 

 

The weak leptonic current is 

                                                              
 

jµ
l
=ψ

l
−

l
+

(1 γ 5 )γ µψν
ν

             (5) 

The lepton‐nucleon coupling is the scalar product of the two currents.  The change in sign 

for the axial coupling arises from the opposite helicity of neutrinos and anti‐neutrinos 

leading to constructive interference between the transverse vector and axial vector 

amplitudes for neutrino cross sections and destructive interference for anti‐neutrinos.   

 

It follows that the differential cross section for neutrino QE scattering off free nucleons can 

be expressed in the form (1):  

 

 

dσ

dQ
2
=
Gf

2
M

2
cos

2θC

8πEν
2

A 
(s − u)

M
2
B +

(s − u)2

M
4

C
⎡

⎣
⎢

⎤

⎦
⎥    (6) 

GA

F1,2

GP
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where (‐)+ refers to (anti)neutrino scattering, (s ‐ u) = 4MEν ‐ Q2 ‐ m2, and m is the lepton 

mass. The factors A, B, and C are functions of the Q2‐dependent vector, axial‐vector, and 

pseudoscalar form factors:  

 

A =
(m

2
+Q

2
)

M
2

[(1+ τ )G
A

2 − (1− τ )F
1

2
+ τ (1− τ )F

2

2
+ 4τF

1
F
2

−
m
2

4M
2

F
1
+ F

2( )
2

+ G
A
+ 2G

P( )
2

−
Q
2

M
2
+ 4

⎛
⎝⎜

⎞
⎠⎟
G

P

2
⎛

⎝⎜
⎞

⎠⎟
⎤

⎦
⎥
⎥

B =
Q
2

M
2
G

A
(F
1
+ F

2
)

C =
1

4
(G

A

2
+ F

1

2
+ τF

2

2
)

    (7) 

 

and F1 and F2 are the aforementioned isovector Dirac and Pauli vector form factors. With 

the vector form factors determined from electron scattering and small contributions from 

the pseudoscalar form factor for νµ scattering, early studies of neutrino QE scattering 

focused on investigating the axial‐vector form factor of the nucleon. 

 

2.2 – Early Investigations of the Weak Hadronic Current 

Some of the earliest experimental investigations of neutrino QE scattering,  vµ + n→ µ−
+ p , 

were performed in the late 1960's using spark chambers (aluminum, iron) (2,3) and bubble 

chambers (propane, freon) (4) as neutrino detectors.   These early experiments provided 

the first neutrino QE scattering event samples from which initial determinations of the 

underlying nucleon form factors were made.   In the early 1970's, many experiments 

•dominant contribution


•largest uncertainty

GA

12



Nucleon axial form factors
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[Alexandrou et al., Phys. Rev. D 103, 034509 (2021)]

• Recent calculations of nucleon form factors including axial in agreement 
with experiment with fully-controlled uncertainties


• Q2-dependence well-determined in LQCD: competitive with experiment 18

FIG. 22: Lattice QCD results on the isovector axial form
factor GA(Q

2) using simulations with physical pion masses.
Results from this work using the cB211.072.64 ensemble are
shown with red circles, from the PNDME collaboration [46]
with green squares, from the RQCD collaboration [49] with
blue upward-pointing triangles and from the PACS collabo-
ration [20] with brown down-pointing triangles.

FIG. 23: Comparison of lattice QCD results for the isovector
induced pseudoscalar form factor GP (Q

2). The notation is
the same as in Fig. 22.

Our results are determined using GA(Q2) and Eq. (12)
and are in agreement with those from the PNDME and
RQCD collaborations. While results from PACS are
lower than the others at small Q2 values, their GP (Q2)
has been determined using the plateau fits at relatively
small value of the the source-sink separations. Their val-
ues are higher as compared to what we find at the same
time separation for the direct extraction of the GP (Q2).
This is something that needs to be further investigated.

In Fig. 24, we compare results for G5(Q2). Results
from PNDME are omitted since they show only bare re-
sults and no renormalization factor is provided. Results
from RQCD are omitted because they give only results

FIG. 24: Lattice QCD results for the isovector pseudoscalar
form factor G5(Q

2). The notation is the same as that in
Fig. 22.

multiplied by mq/mN and they do not provide the renor-
malized value of mq. Comparing our results with those
from PACS we observe agreement. This is interesting
since the PACS results are extracted using the plateau
method at a relatively small source-sink time separation.
However, their results, unlike what we find directly from
the three-point function of the pseudoscalar current using
theM2 fit, show the correct pion pole behavior. Whether
the reason is because they use a large volume has to be
further investigated. We plan to do such a comparison
in the future when an ensemble using a large volume be-
comes available.

In Fig. 25, we compare our results for the isovector mA

and
p

hr2Ai with results from other lattice QCD studies
and with phenomenological analyses using experimental
data. Our results from the three ensembles are in agree-
ment with those using the Nf = 2+1+1 ensemble being
the most precise. That value of mA agrees with the value
reported by the MiniBooNE collaboration [87] as well as
the one from the MINOS Near detector [88] and Ref. [23].
Comparing with other lattice QCD results we find that
our values are compatible with the ones from the PACS
and RQCD collaborations.

We compare our values on muon capture coupling
constant, g

⇤

P , pion-nucleon coupling g⇡NN and the
Goldberger-Treiman discrepancy, �GT , with other lat-
tice QCD groups, experimental results and phenomenol-
ogy in Figs. 26 and 27. Our results using the three
ensembles are in agreement with the values from the
Nf = 2 + 1 + 1 ensemble being the most precise. They
are also in agreement with other lattice QCD results, al-
though the errors on some lattice QCD results are large.
Phenomenological results are in general much more pre-
cise for g⇡NN and�GT . On the other hand, experimental
results on g

⇤

P from ordinary muon capture are compatible
with lattice QCD results but carry large errors, while the
result from chiral perturbation theory [89], is as precise

19

FIG. 25: Results on the isovector axial mass mA (left) and
the axial radius

p
hr2Ai (right). We show results from our

analysis of the cB211.072.64 ensemble (red circles with the
associated red band), the cA2.09.64 ensemble (orange down
triangle) and the cA2.09.48 ensemble (green up triangle)
ensembles, from the PNDME collaboration [46] (blue left-
pointing triangle), from the RQCD collaboration [49] (pur-
ple right-pointing triangle) when using the z-expansion, and
from the PACS collaboration [20] (brown rhombus). Inner
error bars are statistical errors while outer errors bars in-
clude systematic errors. The black crosses are results from
phenomenology. From top to bottom we show results from
the MiniBooNE experiment using charged-current muon neu-
trino scattering events [87], from ⌫µ-iron interactions using
the MINOS Near Detector [88], from Ref. [23] using world
data from neutrino-deuteron scattering and the z-expansion
for the fit, and two very accurate results from world aver-
ages, one is from (quasi)elastic neutrino and anti-neutrino
scattering experiments [89] and the other from charged pion
electroproduction experiments [89].

as our value from the cB211.072.64.

FIG. 26: The results for g⇤P . The notation for the lattice QCD
results is the same as that in Fig. 25. Black crosses are results
from experimental analyses for ordinary muon capture from
Refs. [86, 89–92] and the precise result at the top of the figure
is from chiral perturbation theory [89].

In Fig. 27 we compare our results for g⇡NN and �GT .
The only other lattice QCD results on g⇡NN and �GT

are from the RQCD collaboration [49]. As can be seen,
our value for g⇡NN has smaller error since it is deter-
mined from Eq. (13) unlike the value by RQCD that

does not use gA but instead uses the GP (Q2) form factor
and Eq.(10). Analyses of experimental results of pion-
nucleon scattering yield very precise values. We can de-
termine�GT precisely, extracting a value that is in agree-
ment with the one obtained from the recent analysis of
⇡�N elastic scattering data [53]. Results using QCD sum
rules [93], heavy baryon chiral perturbation theory [94]
and an older analysis of experimental data [95] are spread
around our value.

FIG. 27: Results on the pion nucleon coupling constant g⇡NN

(top) and the Goldberger-Treiman deviation �GT (bottom).
The notation for the lattice QCD results is the same as that
in Fig. 25. We also show phenomenological results with the
black symbols. For g⇡NN , these are taken from Refs. [96–99]
and are results from analyses of experimental data on pion-
nucleon scattering cross-sections. For the case of �GT , these
are from Refs. [53, 95] , from baryonic QCD sum rules [93],
and from heavy baryon chiral perturbation theory [94].

XII. CONCLUSIONS

Results on the axial and pseudoscalar form factors are
presented using an Nf = 2 + 1 + 1 ensemble directly
at the physical point avoiding chiral extrapolation that
may introduce uncontrolled systematic errors in the nu-
cleon sector. Using Nf = 2 ensembles with spatial extent
4.5 fm and 6 fm no detectable finite volume e↵ects are
observed within the range of these two volumes. Given
that the analysis of the Nf = 2 + 1 + 1 ensemble uses
more statistics and allows for a better investigation of
excited states e↵ects, we quote as our final results those
obtained using the Nf = 2 + 1 + 1 ensemble.
Our results for the axial form factor, GA(Q2), are the

most accurate compared to those from other recent lat-
tice QCD studies. The axial charge GA(0) ⌘ gA is in
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•Targets are nuclei (C, Fe, Ar, Pb, H2O)  
so how relevant are nucleon FFs?

•Nuclear effects (EMC effect)

•Suppression of gA in Gamow-Teller 
transitions

•Experimental investigations: MINERνA

Calculate matrix elements in light nuclei from lattice QCD

        EFT to reach heavy nuclear targets relevant to experiment

e.g., First calculations of axial charge of light nuclei, EMC effect  
in light nuclei

Δ

π

N

ν

l

14

Nuclear effects in matrix elements



Axial charge of the triton

Phiala Shanahan, MIT

• Axial charge of He: first extrapolation to the physical quark masses 
last year


• No axial form factors of nuclei from lattice QCD yet (coming soon!)16

�
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FIG. 8. Ratio of the axial charge of tritium to that of the single nucleon as a function of the
pion mass. The result from this work and that of Ref. [18] are shown as the blue points while the
physical value [6] is shown in red at the physical pion mass (indicated by the vertical line).
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• In inelastic regime, quark PDFs of the nucleon 
control scattering cross-section


• Both resonances and DIS are important


• Multi-meson channels may become important


• Nuclear effects are different in νA vs. eA


• DIS structure functions accessible in LQCD


• Low moments of structure functions  
controlled


• x-dependence: systematics challenging,  
but rapid and exciting progress! 

Inelastic region

16 Phiala Shanahan, MIT
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FIG. 9 Total neutrino and antineutrino per nucleon CC cross sections (for an isoscalar target) divided by neutrino energy and
plotted as a function of energy. Data are the same as in Figures 28, 11, and 12 with the inclusion of additional lower energy
CC inclusive data from N (Baker et al., 1982), ⇤ (Baranov et al., 1979), ⌅ (Ciampolillo et al., 1979), and ? (Nakajima et al.,
2011). Also shown are the various contributing processes that will be investigated in the remaining sections of this review.
These contributions include quasi-elastic scattering (dashed), resonance production (dot-dash), and deep inelastic scattering
(dotted). Example predictions for each are provided by the NUANCE generator (Casper, 2002). Note that the quasi-elastic
scattering data and predictions have been averaged over neutron and proton targets and hence have been divided by a factor
of two for the purposes of this plot.
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FIG. 1. Comparison of the full SIDIS+lattice fit with the
⇡
+ (filled circles) and ⇡

� (open circles) Collins asymmetries

A
sin(�h+�s)
UT from HERMES [47] and COMPASS [48, 49] (in

percent), as a function of x, z and Ph? (in GeV).

where ⇡(a) is the prior distribution for the vector param-
eters a, and

L(data|a) = exp


�
1

2
�
2(a)

�
(10)

is the likelihood function, with Z =
R
d
n
aL(data|a)⇡(a)

the Bayesian evidence parameter. Using a flat prior, the
nested sampling algorithm constructs a set of MC sam-
ples {ak} with weights {wk}, which are then used to
evaluate the integrals in Eqs. (8).

The results of the fit indicate good overall agreement
with the Collins ⇡

+ and ⇡
� asymmetries, as illustrated

in Fig. 1, for both HERMES [47] and COMPASS [48,
49] data, with marginally better fits for the latter. The
�
2
/datum values for the ⇡+ and ⇡

� data are 28.6/53 and
40.4/53, respectively, for a total of 68.9/106 ⇡ 0.65. The
larger �2 for ⇡� stems from the few outlier points in the
x and z spectra, as evident in Fig. 1. The SIDIS-only fit
is almost indistinguishable, with �

2
SIDIS = 69.2. Clearly,

our MC results do not indicate any tension between the
SIDIS data and lattice QCD calculations of gT , nor any
“transverse spin problem”.

The resulting transversity PDFs hu

1 and h
d

1 and Collins

favored and unfavored FFs, H?(1)
1(fav) and H

?(1)
1(unf), are plot-

ted in Fig. 2 for both the SIDIS-only and SIDIS+lattice
fits. The positive (negative) sign for the u (d) transversity
PDF is consistent with previous extractions, and corre-
lates with the same sign for the Collins FFs in the re-
gion of z directly constrained by data. The larger |h

d

1|

compared with |h
u

1 | reflects the larger magnitude of the
(negative) ⇡

� asymmetry than the (positive) ⇡
� asym-

metry. At lower z values, outside the measured region,
the uncertainties on the Collins FFs become extremely
large. Interestingly, inclusion of the lattice gT datum has
very little e↵ect on the central values of the distributions,
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but reduces significantly the uncertainty bands. The fit-
ted antiquark transversity is consistent with zero, within
relatively large uncertainties, and is not shown in Fig. 2.
For the transverse momentum widths, our analysis of

the HERMES multiplicities [53] gives a total �2
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values are compatible with ones found in the analysis
by Anselmino et al. [54] of HERMES and COMPASS
charged hadron multiplicities. On the other hand, the
similar values found for the sea and valence PDF widths
disagree with the chiral soliton model [55], for which the
sea to valence ratio is ⇠ 5. Note also that while there ap-
pear some incompatibilities between the x dependence of
the HERMES and COMPASS Ph?-integrated ⇡

± multi-
plicities, our analysis uses only Ph?-dependent HERMES
data that are given in bins of x, z, Q2 and Ph?.
The transverse momentum widths for the valence and
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ized widths reflect the higher precision of the HERMES
multiplicity data, and the order of magnitude smaller
number of data points for the Collins asymmetries.

Integrating the transversity PDFs over x, the resulting
normalized yields from our MC analysis for the �u and �d

moments are shown in Fig. 3, together with the isovector
combination gT . The most striking feature is the sig-
nificantly narrower distributions evident when the SIDIS
data are supplemented by the lattice gT input. The u

and d tensor charges in Fig. 3(a), for example, change
from �u = 0.3(3) ! 0.3(2) and �d = �0.6(5) ! �0.7(2)
at the scale Q2 = 2 GeV2, while the reduction in the un-
certainty is even more dramatic for the isovector charge
in Fig. 3(b), gT = 0.9(8) ! 1.0(1). The earlier single-
fit analysis of SIDIS data by Kang et al. [21] quotes
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pear some incompatibilities between the x dependence of
the HERMES and COMPASS Ph?-integrated ⇡
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multiplicity data, and the order of magnitude smaller
number of data points for the Collins asymmetries.

Integrating the transversity PDFs over x, the resulting
normalized yields from our MC analysis for the �u and �d

moments are shown in Fig. 3, together with the isovector
combination gT . The most striking feature is the sig-
nificantly narrower distributions evident when the SIDIS
data are supplemented by the lattice gT input. The u

and d tensor charges in Fig. 3(a), for example, change
from �u = 0.3(3) ! 0.3(2) and �d = �0.6(5) ! �0.7(2)
at the scale Q2 = 2 GeV2, while the reduction in the un-
certainty is even more dramatic for the isovector charge
in Fig. 3(b), gT = 0.9(8) ! 1.0(1). The earlier single-
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was used to study nuclear e↵ects in PDF moments. In
particular, it was shown that the leading source of such
e↵ects is the two-nucleon correlations that couple to the
twist-two operators defining the PDF moments. In terms
of the parameters defined in that work, nuclear e↵ects
in the isovector momentum fraction are encapsulated in
the low energy constant (LEC) ↵3,2 and nuclear fac-
tor G3(3He); their product is bounded as ↵3,2G3(3He) =
0.0018(14) at µ = 2 GeV from the numerical calcula-
tions presented here (see the Supplementary Material for
details). While the quark momentum fractions them-
selves have nonanalytic dependence on the quark masses
[66–68], this two-body LEC is expected to be relatively
insensitive to variation of the quark masses, as seen for
the the analogous two-body contribution in the np ! d�

[39] and pp ! de
+
⌫e [42, 69] processes. This relative

mass-independence assumption allows an extrapolation
to the physical quark masses: a naive estimate is given
by taking the central value determined at m⇡ = 806
MeV and inflating the uncertainty by 50% to account
for possible quark-mass dependence as well as the e↵ects
of the nonzero lattice spacing and finite volume (this un-
certainty is estimated based on the mass dependence seen
for the analogous two-body LECs in Refs. [39, 42, 69]).
This extrapolated value can be combined with the physi-

cal value of the nucleon momentum fraction, hxi(p)u�d =
0.160(7) at µ = 2 GeV from the nNNPDF2.0 analy-
sis [31], to determine the isovector momentum fraction

ratio 3hxi(
3He)
u�d /hxi

(p)
u�d|LQCD = 1.035(26) at the physical

quark masses (see the Supplementary Material for more
details).

It is interesting to compare the LQCD results for the
momentum fractions and their ratios to phenomenology.
In particular, the isovector momentum fractions deter-
mined here provide valuable information that is com-
plementary to experimental constraints on the nuclear
modification of PDFs; almost all information on the nu-
clear modification of partonic structure has been ob-
tained for the ratio of isoscalar-corrected F2 structure
functions of nuclei to that of the deuteron [3, 5, 6]. Ad-
ditional constraints are especially valuable in the context
of the intriguing question as to whether there is flavor-
dependence to the EMC e↵ect. Such flavor dependence
has been conjectured in models of QCD [70–75] and in
EFT [63–65] and is included in recent data-driven analy-
ses of experimental results [76, 77] and provides a poten-
tial explanation of the NuTeV anomaly in sin2 ✓W [78].

Fig. 3 shows the constraint on the isovector momen-
tum fraction ratio for 3He obtained from the results
presented here, compared with the constraints on the
isovector and isoscalar momentum fraction ratios from
the recent nNNPDF2.0 [31] global nuclear PDF fits. The
nNNPDF2.0 ellipse is generated by combining the Monte
Carlo replica sets for the bound proton PDFs in 4He
appropriately to form the PDFs of 3He (under the as-
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FIG. 3. The ratio of the isovector momentum fractions of
3He and p determined in this work compared to constraints on
the isovector and isoscalar momentum fraction ratios from the
nNNPDF2.0 [31] global analysis before and after the LQCD
constraint is imposed. Both axes are normalized to unity in
the absence of nuclear e↵ects. The LQCD constraint on the
isovector ratio at m⇡ = 806 MeV is also displayed. In all
cases, 68% confidence intervals are shown.

sumption that the nuclear e↵ects vary slowly with A). In
this way, correlations between the 3He and proton PDFs
are accounted for. For the isovector combination, the

68% confidence interval is 3hxi(
3He)
u�d /hxi

(p)
u�d|nNNPDF2.0 =

1.007(63). In the nNNPDF approach, it is also straight-
forward to impose the LQCD constraint on the nuclear
PDFs by reweighting the Monte Carlo replicas as dis-
cussed in Ref. [79]; the combined confidence region is
shown in Fig. 3. The 68% confidence interval reduces to

3hxi(
3He)
u�d /hxi

(p)
u�d|nNNPDF2.0+LQCD = 1.028(25). Fig. 4

compares the ratio of the isovector PDF for 3He to that
of the constituent nucleons, with and without the impo-
sition of the LQCD constraint. As can be seen from the
reduced uncertainties in Figs. 3 and 4, LQCD calcula-
tions such as those presented here, as well as new experi-
mental constraints [80, 81], can significantly improve our
knowledge of the flavor dependence of nuclear PDFs.

Summary — In this work, the isovector momentum
fractions of the proton, diproton and 3He systems have
been determined using LQCD, complementing a previ-
ous study of the gluon momentum fraction on the same
ensemble [45]. These calculations were performed at a
single set of unphysical SU(3)-symmetric values for the
quark masses corresponding to m⇡ = 806 MeV, and in
a single lattice volume and at a single lattice spacing.
Bearing these caveats in mind, the isovector nuclear mo-
mentum fractions were calculated precisely and found to

• Match isovector (u-d quark combination) 
momentum fraction to low-energy 
constants of effective field theory, 
extrapolate to physical quark masses


• Include into nNNPDF global fits of 
experimental lepton-nucleus scattering 
data
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FIG. 4. The ratio R(
3
He)(x) = 3q(

3
He)

3
(x)/q(p)

3
(x) of the

nNNPDF2.0 isovector PDF in 3He to that in the proton [31],
as well as the same distribution with the LQCD moment con-
straint imposed into the global analysis as described in the
text. 68% confidence intervals are shown.

be similar to that of the proton. In particular, the ra-

tios hxi
(pp)
u�d/hxi

(p)
u�d = 1.010(14) and 3hxi(

3He)
u�d /hxi

(p)
u�d =

1.029(15) were determined and nuclear EFT arguments
were used to connect the 3He result to global analyses
of nuclear PDFs, providing important constraints on the
flavor decomposition of nuclear PDFs that are comple-
mentary to those obtained from experiment.

While in its early stages, this work emphasizes the util-
ity of LQCD in constraining less well-measured aspects
of partonic structure in an analogous way to how LQCD
inputs have been used to constrain the proton transver-
sity PDFs [82]. Future calculations at the physical quark
masses will consider higher moments of nuclear PDFs
(or even directly study their x dependence) for a wider
range of nuclei and provide a complete flavor decompo-
sition. Calculations will also quantitatively address the
full set of systematic uncertainties.
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Study nuclear effects in the breakdown 
of momentum carried by quarks in nuclei

• Match isovector (u-d quark combination) 
momentum fraction to low-energy 
constants of effective field theory, 
extrapolate to physical quark masses


• Include into nNNPDF global fits of 
experimental lepton-nucleus scattering 
data
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• Work in progress at close-to-physical values of the quark masses 
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First evidence of signals in 
physical-point data
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• Polarised PDFs, gluon PDFs, also accessible from moments


Momentum fraction of 3He



LQCD input for 𝜈-nucleus interactions

Phiala Shanahan, MIT

Directly access QCD single-nucleon form 
factors without nuclear corrections

Reliable calculations with fully-controlled 
uncertainties

Calculate matrix elements in light nuclei 
from first principles

        EFT to reach heavy nuclear targets 
relevant to experiment

e.g., First calculations of axial charge of light 
nuclei, EMC effect in light nuclei

1.

2.

� Quark-antiquark pairs
from the vacuum
xx

� Sea quarks
xx

� Non-valence quarks
xx

� Disconnected
quark-line
contributions



Double-beta decay

Phiala Shanahan, MIT

• Certain nuclei allow observable  
ββ decay 
 
 
 
 
 

• If neutrinos are massive Majorana fermions 
0νββ decay is possible


• In addition to light Majorana neutrino 
exchange, short-distance contributions to  
0νββ can arise from BSM physics resulting in 
dim-9 operators in SMEFT
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Figure 1: Representation of the energies of the A = 76 isobars. The single-beta decay (β)—green arrows—
between 76Ge and 76Se is energetically forbidden, hence leaving double beta (ββ)—pink arrow—as the
only decay channel. The two mass parabolas exist because of the pairing interaction that lowers the energy
of even Z—even N nuclei with respect to odd Z—odd N nuclei. For odd A nuclei there is a single mass
parabola, and all single-beta transitions are energetically allowed (taken from J. Menendez’s PhD thesis).

nuclei [3], with lifetimes in the range 1018–1022 y. The alternative is the neutrinoless double-
beta decay (0νββ), proposed by Furry [4] after the Majorana theory of the neutrino [5]. The
neutrinoless decay 0νββ can only take place if the neutrino is a massive Majorana particle
and demands an extension of the standard model of the electroweak interactions, because
it violates the lepton number conservation. Therefore, the observation of the double-beta
decay without emission of neutrinos will sign the Majorana character of the neutrino. The
corresponding nuclear reactions are the following:

A
ZXN−→A

Z+2XN−2 + 2e− + 2νe,

A
ZXN−→A

Z+2XN−2 + 2e−.
(1.1)

Currently, there is a number of experiments either taking place or expected for the
near future—see, for example, [6, 7] and Section 7.3.—devoted to detect this process and to
set up firmly the nature of neutrinos. Most stringent limits on the lifetime are of the order of
1025 y. A discussed claim for the existence of 0νββ decay in the isotope 76Ge (see Section 7.1)
declares that the half-life is about 2.2×1025 y [8]. Furthermore, the 0νββ decay is also sensitive
to the absolute scale of the neutrino masses (if the process is mediated by the so-called mass
mechanism), and hence to themass hierarchy (see Section 2). Since the half-life of the decay is
determined, together with the effective Majorana neutrino mass (defined later in Section 2),
by the nuclear matrix elements for the process NME, its knowledge is essential to predict the
most favorable decays and, once detection is achieved, to settle the neutrino mass scale and
hierarchy.

Another process of interest is the resonant double-electron capture which could
have lifetimes competitive with the neutrinoless double-beta decay ones only if there is a
degeneracy of the atomic mass of the initial and final states at the eV level [9]. For the
moment, high-precision mass measurements have discarded all the proposed candidates
(see [10] for a recent update of the subject). As in the neutrinoless double-beta decay,

Neutrino-less double beta decay 
� Double E-decay only appears when regular E-decay is energetically 
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Double-beta decay

Phiala Shanahan, MIT

Want to understand 2νββ and 0νββ decay from theory
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weak process and it corresponds to the transition from a
nucleus (A,Z) to its isobar (A,Z + 2) with the emission
of two electrons. In principle, a nucleus (A,Z) can decay
via double beta decay as long as the nucleus (A,Z + 2)
is lighter. However, if the nucleus can also decay by sin-
gle beta decay, (A,Z + 1), the branching ratio for the
0⌫�� will be too di�cult to be observed due to the over-
whelming background rate from the single beta decay.
Therefore, candidate isotopes for detecting the 0⌫�� are
even-even nuclei that, due to the nuclear pairing force,
are lighter than the odd-odd (A,Z + 1) nucleus, making
single beta decay kinematically forbidden (Fig. 9). It is
worth noting that, since the 0⌫�� candidates are even-
even nuclei, it follows immediately that their spin is al-
ways zero.

The theoretical expression of the half-life of the process
in a certain nuclear species can be factorized as:

[t1/2]�1 = G0⌫ |M|2 |f(mi, Uei)|2 (42)

where G0⌫ is the phase space factor (PSF), M is the
nuclear matrix element (NME) and f(mi, Uei) is an adi-
mensional function containing the particle physics be-
yond the SM that could explain the decay through the
neutrino masses mi and the mixing matrix elements Uei.

In this section, we review the crucial role of nuclear
physics in the expectations, predictions and eventual
understanding of the 0⌫��, also assessing the present
knowledge and uncertainties. We mainly restrict to the
discussion of the light neutrino exchange as the candi-
date process for mediating the 0⌫�� transition, but the
mechanism of heavy neutrino exchange is also considered.

In the former case (m . 100MeV, see Eq. (19)), the
factor f is proportional m�� :

f(mi, Uei) ⌘
m��

me
=

1

me

������

X

k=1,2,3

U2
ekmk

������
(43)

where the electron mass me is taken as a reference
value. In the scheme of the heavy neutrino exchange
(m & 100MeV), the e↵ective parameter is instead:

f(mi, Uei) ⌘ mp

⌦
M�1

H

↵
= mp

������

X

I=heavy

U2
eI

1

MI

������
(44)

where the proton mass mp is now used, according to the
tradition, as the reference value.

A. Recent developments on the phase space factor
calculations

The first calculations of PSFs date back to the late
1950s [131] and used a simplified description of the wave
functions. The improvements in the evaluation of the
PSFs are due to always more accurate descriptions and
less approximations [132–134].
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FIG. 10. Most updated NMEs calculations for the 0⌫�� with
the IBM-2 [138], QRPA-Tü [139] and ISM [140] models. The
results somehow di↵er among the models, but are not too far
away. Figure from Ref. [138].

Recent developments in the numerical evaluation of
Dirac wave functions and in the solution of the Thomas-
Fermi equation allowed to calculate accurately the PSFs
both for single and double beta decay. The key ingredi-
ents are the scattering electron wave functions. The new
calculations take into account relativistic corrections, the
finite nuclear size and the e↵ect of the atomic screening
on the emitted electrons. The main di↵erence between
these calculations and the older ones is of the order of a
few percent for light nuclei (Z = 20), about 30% for Nd
(Z = 60), and a rather large 90% for U (Z = 92).
In Refs. [135–137], the most up to date calculations of

the PSFs for 0⌫�� can be found. The results obtained
in these works are quite similar. Throughout this paper,
we use the values from the first reference.

B. Models for the NMEs

Let us suppose that the decay proceeds through an s-
wave. Since we have just two electrons in the final state,
we cannot form an angular momentum greater than one.
Therefore, usually only 0⌫�� matrix elements to final 0+

states are considered. These can be the ground state,
0+1 , or the first excited state, 0+2 . Of course, we consider
as a starting state just a 0+ state, since the double beta
decay is possible only for (Z,A) even-even isobar nuclei.
The calculation of the NMEs for the 0⌫�� is a di�-

cult task because the ground and many excited states
of open-shell nuclei with complicated nuclear structure
have to be considered. The problem is faced by using
di↵erent approaches and, especially in the last few years,
the reliability of the calculations improved a lot. Here,
a list of the main theoretical models is presented. The
most relevant features for each of them are highlighted.

• Interacting Shell Model (ISM), [140, 141]. In the
ISM only a limited number of orbits around the

S. Dell'Oro et al. [arXiv:1601.07512]

Calculate two-current  
nuclear matrix elements 
           dictate half-life

Model calculations have large uncertainties

https://arxiv.org/find/hep-ph/1/au:+DellOro_S/0/1/0/all/0/1


Neutrinoful double-beta decay
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Lattice QCD: Calculate nn→pp transition matrix element
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Two single-beta decays Two-body effect
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• Non-negligible deviation from 
deuteron intermediate state 
contribution 
 

• Multi-body effects can’t be 
neglected!


• TBD: connect to models / 
effective field theory for larger 
systems

Phiala Shanahan, MIT

M2⌫
GT = � |Mpp!d|2

Epp � Ed
+ �(I=2)

A

Isotensor axial polarisability

M
2
⌫

G
T

�
(I

=
2
)

A

4

deuteron systems, respectively. Here Zn ⇠ h0|�pp|ni and
Zm ⇠ h0|�nn|mi are overlap factors, and El = Enn + �l
and E0

n = Enn + �0n are the energies of the lth and nth
excited states in the 3S1 and 1S0 channels, respectively.

Forming a ratio of Eq. (11) to the zero-field two-point
function,

R(t) =
C(t)

2C(nn)
0;0 (t)

, (12)

it is straightforward [7] (assuming isospin symmetry) to
show that

R̂(t) = R(t)�
|hpp|J+

3 |di|2

�


e�t

� 1

�
� t

�
(13)

= t
X

l6=d

hpp|J+
3 |lihl|J+

3 |nni

El � Enn
+ c+ d e�t +O(e��̂t),

where c and d involve complicated combinations of ex-
cited states, and �̂ is the minimum energy gap between
the ground- and first excited- state in either channel; and,
for these calculations, �̂ � �. Importantly, the coe�-
cient of the linear term determines the axial polarisability
and can be extracted from

R
(lin)(t) =

(e� + 1)R̂(t+ 1)� R̂(t+ 2)� e�R̂(t)

e� � 1
(14)

at late times. Finally, this result can be combined with
the deuteron-pole contribution to give a quantity that
asymptotes to the bare Gamow-Teller matrix element at
late times,

R
(full)(t) = R

(lin)(t)�
|hpp|J+

3 |di|2

�
t!1
�!

M2⌫
GT

6Z2
A

. (15)

The four ratios used to determine M2⌫
GT are shown in

Fig. 1 for both SS and SP source–sink combinations. Fits
are performed to the statistically more precise SP corre-
lators and the values of the total matrix element and
the short-distance contribution, normalised by the naive
deuteron-pole matrix element g2A/�, are given by

�

g2A

X

l6=d

hpp|J+
3 |lihl|J+

3 |nni

El � Enn
= �0.07(4)(3), (16)

1

6

�

g2A
M2⌫

GT = �1.03(5)(3). (17)

In these expressions, the first uncertainties arise from sta-
tistical sampling and from systematic e↵ects from fitting
choices and deviations from Wigner symmetry [7]. The
second uncertainties encompass di↵erences between anal-
ysis methods. The leading discretisation e↵ects, which
are potentially large on the numerically smaller polaris-
ability term, are removed by normalising to the square of
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FIG. 1. Ratios from Eqs. (12)–(15) used in the analysis. In
each panel, the orange diamonds (blue circles) correspond to
the SS (SP) data. The green bands show fits to the SP data
in the lower two panels. The SS data are slightly o↵set in the
horizontal direction for clarity. The di↵erence between the SS
and SP ratios in the upper two panels is due to contamination
that is removed in constructing the subsequent quantities in
the lower panels.

the proton axial charge computed using the same lattice
axial current on the same ensemble.

Discussion: The computed value ofM2⌫
GT that has been

determined above can be used to determine the unknown
EFT(⇡/) low-energy constant H2,S . Taking the values of
gA and the two-body single-current matrix element from
Ref. [6], and using the calculated binding energies and
e↵ective ranges of the two-nucleon systems [20, 28], the
result is H2,S = 4.7(1.3)(1.8) fm. The dominant contri-
bution to M2⌫

GT comes from the deuteron pole with cou-
pling g2A. This is modified by two-body e↵ects in the axial
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cited states, and �̂ is the minimum energy gap between
the ground- and first excited- state in either channel; and,
for these calculations, �̂ � �. Importantly, the coe�-
cient of the linear term determines the axial polarisability
and can be extracted from

R
(lin)(t) =

(e� + 1)R̂(t+ 1)� R̂(t+ 2)� e�R̂(t)

e� � 1
(14)

at late times. Finally, this result can be combined with
the deuteron-pole contribution to give a quantity that
asymptotes to the bare Gamow-Teller matrix element at
late times,

R
(full)(t) = R

(lin)(t)�
|hpp|J+

3 |di|2

�
t!1
�!

M2⌫
GT

6Z2
A

. (15)

The four ratios used to determine M2⌫
GT are shown in

Fig. 1 for both SS and SP source–sink combinations. Fits
are performed to the statistically more precise SP corre-
lators and the values of the total matrix element and
the short-distance contribution, normalised by the naive
deuteron-pole matrix element g2A/�, are given by

�

g2A

X

l6=d

hpp|J+
3 |lihl|J+

3 |nni

El � Enn
= �0.07(4)(3), (16)

1

6

�

g2A
M2⌫

GT = �1.03(5)(3). (17)

In these expressions, the first uncertainties arise from sta-
tistical sampling and from systematic e↵ects from fitting
choices and deviations from Wigner symmetry [7]. The
second uncertainties encompass di↵erences between anal-
ysis methods. The leading discretisation e↵ects, which
are potentially large on the numerically smaller polaris-
ability term, are removed by normalising to the square of
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FIG. 1. Ratios from Eqs. (12)–(15) used in the analysis. In
each panel, the orange diamonds (blue circles) correspond to
the SS (SP) data. The green bands show fits to the SP data
in the lower two panels. The SS data are slightly o↵set in the
horizontal direction for clarity. The di↵erence between the SS
and SP ratios in the upper two panels is due to contamination
that is removed in constructing the subsequent quantities in
the lower panels.

the proton axial charge computed using the same lattice
axial current on the same ensemble.

Discussion: The computed value ofM2⌫
GT that has been

determined above can be used to determine the unknown
EFT(⇡/) low-energy constant H2,S . Taking the values of
gA and the two-body single-current matrix element from
Ref. [6], and using the calculated binding energies and
e↵ective ranges of the two-nucleon systems [20, 28], the
result is H2,S = 4.7(1.3)(1.8) fm. The dominant contri-
bution to M2⌫

GT comes from the deuteron pole with cou-
pling g2A. This is modified by two-body e↵ects in the axial
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FIG. 1: Diagrams illustrating short-distance contributions to the n
0
n

0
! p

+
p
+
e
�

e
� 0⌫�� decay in �EFT. The solid

lines denote nucleons or electrons and the dotted lines denote pions. The hashed circles represent EFT operators
built from hadronic fields, which at leading order for the ⇡⇡ vertex diagram, Fig. (1a), are given by O

�
k in Eq. (4).

B. Bare matrix elements

The pion matrix elements of each of the SMEFT op-
erators in Eq. (2) are computed in LQCD using gauge-
field ensembles with Nf = 2 + 1 quark flavors generated
by the RBC/UKQCD collaboration [33, 34]. Each en-
semble uses the Shamir kernel [35] for the domain-wall
fermion action [36] and the Iwasaki action [37] for the
gauge field. The parameters of each ensemble are detailed
in Table I, and additional details regarding the ensemble
generation can be found in Refs. [33, 34, 38]. The scale
is set using the Wilson flow scale w0 [39]. The pion mass
m⇡, the pion decay constant f⇡, and the axial renormal-
ization factor ZA for each ensemble were determined in
Ref. [31]. In these conventions, the physical pion decay

constant [40] is f
(phys)
⇡ = 130.2 MeV. The domain-wall

residual mass [41] for these ensembles was computed in
Refs. [39, 42]. Because amres ⌧ 1, the ensembles exhibit
good chiral symmetry, and ZA ' ZV to high precision,
where ZV is the vector renormalization coe�cient.

On each ensemble, the time-averaged two-point func-
tion

C2pt(t) =
1

T

T�1X

t�=0

X

x,y

h0|�⇡(x, t + t�)�†

⇡(y, t�)|0i (5)

and three-point functions

Ck(t�, tx, t+) =
X

x,y,z

h0|�
†

⇡(x, t+)Ok(z, tx)�
†

⇡(y, t�)|0i

(6)
for each operator Ok(x) in the BSM basis (Eq. (2)) are
computed in the Coulomb gauge using Wick’s theorem.
For each correlation function, wall source propagators
are computed at t�, where “wall” denotes projection
to vanishing three-momentum. The two-point functions
(Eq. (5)) are constructed using a wall sink at t + t�, and
the three-point functions (Eq. (6)) are constructed using
a wall sink at t+ and a point (local) sink at tx. The ex-
plicit Wick contractions are given in Appendix A. Here

the pion interpolator �⇡(x) = u(x)�5d(x) has the quan-
tum numbers of ⇡

�, and t+ � tx � t�.
The bare pion matrix elements hOki ⌘ a

4
h⇡

+
|Ok(p =

0)|⇡�
i are extracted from the e↵ective matrix elements

O
eff
k (t) ⌘ 2m⇡

Ck(0, t, 2t)

C2pt(2t) �
1
2C2pt(T/2)em⇡(2t�T/2)

. (7)

Subtracting 1
2C2pt(T/2)em⇡(2t�T/2) in the denominator

of Eq. (7) isolates the backwards-propagating state in
the two-point function, and in the 0 ⌧ t ⌧ T limit
O

eff
k (t) asymptotes to hOki. The e↵ective matrix ele-

ments are computed on between 33 and 53 gauge field
configurations for each ensemble (details in Appendix B,
Table III), resampled using a bootstrap procedure with
nb = 50 bootstrap samples. The spectral decomposition
of O

eff
k (t) up to and including the first excited state with

energy m⇡ + �,

O
eff
k (t) ⇠

hOki + N
(k)
1 e

��t + N
(k)
2 e

�(m⇡+�)(T�2t)

1 + N
(k)
3 e�2�t + N

(k)
4 e�(m⇡+�)T+2(2m⇡+�)t

,

(8)
parameterizes the excited state contributions to O

eff
k (t),

where the coe�cients N
(k)
i are constants determined by

the spectral content of the theory. Eq. (8) is Taylor ex-

panded to first order in N
(k)
3 and N

(k)
4 and the resulting

function

f
(exc)
k (t; hOki, m

(k)
, �(k)

, A
(k)
i ) ⌘ hOki + A

(k)
1 e

��(k)t

+ A
(k)
2 e

�(m(k)+�)(T�2t)
� A

(k)
3 e

�2�(k)t

� A
(k)
4 e

�(m(k)+�)T+2(2m(k)+�(k))t

(9)

is used to model the temporal dependence of O
eff
k (t),

where hOki, m
(k)

, �(k), and A
(k)
i are model parameters.

Fits to the model of Eq. (9) are performed using a
correlated least-squares fit. Each fit is performed over a
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where ✏
2
⇡ = m

2
⇡/⇤2

� is a power-counting parameter for
�EFT, �k are the LO LECs defined in Eq. (4), and ↵k,
ck are the additional NLO LECs. The matrix elements
O

0
1 and O

0
2 have the same chiral behavior as O1 and O2

and are modeled by F1 and F2, respectively, but with
di↵erent LECs ↵10 , �10 , c10 and ↵20 , �20 , c20 . The functions

f0(mL) = �2
X

|n| 6=0

K0(mL|n|),

f1(mL) = 4
X

|n| 6=0

K1(mL|n|)

mL|n|
,

(30)

are sums of the modified Bessel functions Ki(z) arising
from one-loop, finite volume �PT in the p-regime.

The models are fit to the data in Table II, using least-
squares fitting including the correlations between Ok,
m⇡, and f⇡ on each ensemble. The final extrapolated
results for the matrix elements and corresponding LECs
are given in Table II. The resulting fits are shown in

Fig. (4), where ✏
2
⇡ has been rescaled by (f (phys)

⇡ /f
(lat)
⇡ )4

and the values of h⇡
+
|O

MS
k |⇡

�
i have been shifted by

Ok(m⇡, f⇡, a, L) � Ok(m⇡, f
(phys)
⇡ , 0, 1) to isolate the

pion-mass dependence of the matrix elements. The ex-
trapolation band for Ok depicts the functional form

Fk(m⇡, f
(phys)
⇡ , 0, 1; ↵k, �k, ck), where ↵k, �k, ck are the

best-fit coe�cients given in Table II.
The results are found to be in mild tension with the

results of Ref. [29]. There are a number of di↵erences
between the two calculations which may account for the
discrepancy. The present calculation was performed with
the same domain-wall action for the valence and sea
quarks, while that of Ref. [29] used a mixed action. Using
the domain-wall action for valence and sea quarks sim-
plifies the chiral extrapolation, and in particular yields
matrix elements that have a mild dependence on the lat-
tice spacing. In contrast, the mixed action results ap-
pear to have a larger dependence on the lattice spacing.
However, the analysis of Ref. [29] was performed on nine
ensembles and includes ensembles with pion masses con-
siderably closer to the physical value than those used in
this calculation.

IV. CONCLUSION

This work presents a determination of the renormalized
matrix elements and �EFT LECs for the short-distance
operators that arise from BSM physics at high scales
and are relevant for the ⇡

�
! ⇡

+
e
�

e
� transition. The

present calculation is the first to use chiral fermions with
the same valence- and sea-quark actions. The domain-
wall action yields a simple renormalization coe�cient
structure and straightforward extrapolation to the con-
tinuum and infinite volume limit and physical value of
the light quark mass. This completes the calculation
of the long- and short-distance amplitudes for this de-
cay with the LQCD ensembles of Ref. [31] and marks the

first time both contributions to ⇡
�

! ⇡
+
e
�

e
� have been

computed in a consistent framework. Using estimates
of the BSM Wilson coe�cients ck calculated in [26] for
the minimal left-right symmetric model, in which heavy
right-handed neutrinos are added to the electroweak sec-
tor of the Standard Model, one can compare the decay
amplitude of ⇡

�
! ⇡

+
e
�

e
� induced by short-distance

mechanisms, ASD, to the decay amplitude induced by
long-distance mechanisms, ALD. The present work de-
termines that

ASD

ALD
=

1

v2

P
k |ckh⇡|Ok|⇡i|

|M0⌫ |
⇠ 10�4

, (31)

where M
0⌫ is the long-distance nuclear matrix element

for ⇡
�

! ⇡
+
e
�

e
� given in Ref. [31]. This indicates

that short-distance e↵ects are small compared to long-
distance e↵ects in this model, but not negligible.

In addition to the pion-pion �EFT LECs, the LECs
contributing to nuclear 0⌫�� decay must be determined
in future calculations in order to constrain models of new
physics from constraints on nuclear 0⌫�� decay rates.
Knowledge of these LECs may be used as input for mod-
els of nuclear many-body physics, which may be used
to estimate the half-lives of various nuclear 0⌫�� de-
cay processes from short-distance mechanisms with in-
creasing precision. The other leading-order LECs are
from the nucleon-nucleon interaction (Fig. (1c)), and may
be determined with knowledge of the matrix element
hp

+
p
+
|Ok(p = 0)|n0

n
0
i [25]. Calculations of these ma-

trix elements are ongoing and will provide the first direct
LQCD probe of 0⌫�� decay in nuclear systems.
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PRELIMINARY

• Calculations of pion matrix elements 
(statistically clean) give access to key pion 
exchange contributions to neutrinoless 
decay process


• New calculations compare short (SD) and 
long-distance (LD) contributions


• With estimates of BSM Wilson coefficients 
for minimal left-right symmetric model 
with heavy right-handed neutrinos: 
[Cirigliano et al, JHEP 97 (2018)]:

Figure 8: Contractions for the ⇡� ! ⇡+e�e� transition induced by short distance four-quark operators.
The solid blue and dashed green lines represent down and up quark propagators respectively, and the
dark circle represents the �I = 2 operator. The solid black lines represent the electron final states.

Figure 9: An example of the ti and tf dependence of the ratio correlation functions, Ri(ti, tf ) for the
five relevant 0⌫�� operators on a near physical pion mass ensemble with a ⇡ 0.12 fm. The filled black
symbols correspond to the diagonal components |ti| = tf . The neighboring points with open symbols
correspond to, from left to right, |ti| = tf + [�2,�1, 1, 2]. The horizontal bands are the ground state
contributions to Ri extracted from single-state fits. (data and fits from Ref. [185], converted to the
basis of Eq. 15)

by the operator at t = 0 and a single space-time point. This same pion block is time reversed, utilizing
the periodic boundary conditions, such that the sink pion propagates backward toward the operator
insertion (see Fig. 8). The spatial indices at source and sink are summed over in order to project
onto zero momentum. This setup, requiring all quark propagators to be contracted by the operator,
is similar in spirit to calculations of K0- [169–177], D0- [175, 178] and B0

(s)-meson mixing [179–182] or

NN̄ oscillations [183, 184].
From C3pt

i
(t, T � t), Eq. (52), ratios Ri(t) with the pion correlation function, C⇡(t), can be formed

and related to the pion matrix element of operator Oi as:

Ri(t) ⌘ C3pt
i

(t, T � t)/ (C⇡(t)C⇡(T � t)) �!
t,T�t!1

a4h⇡|Oi|⇡i
(a2Z⇡

0 )
2

+ Re.s.(t) , (54)

where Z⇡

0 gives the overlap of the pion operator onto the pion ground state and may be extracted from
the pion two-point correlation function C⇡(t), analogous to Eq. (24). Residual e↵ects from excited state
contamination in Re.s.(t) can be shown to fall of exponentially with the time separations {t, |T � t|}.
Forming this ratio, which removes the need to extract the pion masses in a separate calculation, has
the added benefit of canceling the contributions from the first thermal state in the pion correlation
functions. In Fig. 9, an example of this ratio calculated in Ref. [185] is reproduced, showing the clear
ground-state plateaus obtained with this method.

Once matrix elements have been extracted on various ensembles of gauge fields, extrapolations to
the continuum, physical pion mass, and infinite volume limits must be performed. To determine the
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where ✏
2
⇡ = m

2
⇡/⇤2

� is a power-counting parameter for
�EFT, �k are the LO LECs defined in Eq. (4), and ↵k,
ck are the additional NLO LECs. The matrix elements
O

0
1 and O

0
2 have the same chiral behavior as O1 and O2

and are modeled by F1 and F2, respectively, but with
di↵erent LECs ↵10 , �10 , c10 and ↵20 , �20 , c20 . The functions

f0(mL) = �2
X

|n| 6=0

K0(mL|n|),

f1(mL) = 4
X

|n| 6=0

K1(mL|n|)

mL|n|
,

(30)

are sums of the modified Bessel functions Ki(z) arising
from one-loop, finite volume �PT in the p-regime.

The models are fit to the data in Table II, using least-
squares fitting including the correlations between Ok,
m⇡, and f⇡ on each ensemble. The final extrapolated
results for the matrix elements and corresponding LECs
are given in Table II. The resulting fits are shown in

Fig. (4), where ✏
2
⇡ has been rescaled by (f (phys)

⇡ /f
(lat)
⇡ )4

and the values of h⇡
+
|O

MS
k |⇡

�
i have been shifted by

Ok(m⇡, f⇡, a, L) � Ok(m⇡, f
(phys)
⇡ , 0, 1) to isolate the

pion-mass dependence of the matrix elements. The ex-
trapolation band for Ok depicts the functional form

Fk(m⇡, f
(phys)
⇡ , 0, 1; ↵k, �k, ck), where ↵k, �k, ck are the

best-fit coe�cients given in Table II.
The results are found to be in mild tension with the

results of Ref. [29]. There are a number of di↵erences
between the two calculations which may account for the
discrepancy. The present calculation was performed with
the same domain-wall action for the valence and sea
quarks, while that of Ref. [29] used a mixed action. Using
the domain-wall action for valence and sea quarks sim-
plifies the chiral extrapolation, and in particular yields
matrix elements that have a mild dependence on the lat-
tice spacing. In contrast, the mixed action results ap-
pear to have a larger dependence on the lattice spacing.
However, the analysis of Ref. [29] was performed on nine
ensembles and includes ensembles with pion masses con-
siderably closer to the physical value than those used in
this calculation.

IV. CONCLUSION

This work presents a determination of the renormalized
matrix elements and �EFT LECs for the short-distance
operators that arise from BSM physics at high scales
and are relevant for the ⇡

�
! ⇡

+
e
�

e
� transition. The

present calculation is the first to use chiral fermions with
the same valence- and sea-quark actions. The domain-
wall action yields a simple renormalization coe�cient
structure and straightforward extrapolation to the con-
tinuum and infinite volume limit and physical value of
the light quark mass. This completes the calculation
of the long- and short-distance amplitudes for this de-
cay with the LQCD ensembles of Ref. [31] and marks the

first time both contributions to ⇡
�

! ⇡
+
e
�

e
� have been

computed in a consistent framework. Using estimates
of the BSM Wilson coe�cients ck calculated in [26] for
the minimal left-right symmetric model, in which heavy
right-handed neutrinos are added to the electroweak sec-
tor of the Standard Model, one can compare the decay
amplitude of ⇡

�
! ⇡

+
e
�

e
� induced by short-distance

mechanisms, ASD, to the decay amplitude induced by
long-distance mechanisms, ALD. The present work de-
termines that

ASD

ALD
=

1

v2

P
k |ckh⇡|Ok|⇡i|

|M0⌫ |
⇠ 10�4

, (31)

where M
0⌫ is the long-distance nuclear matrix element

for ⇡
�

! ⇡
+
e
�

e
� given in Ref. [31]. This indicates

that short-distance e↵ects are small compared to long-
distance e↵ects in this model, but not negligible.

In addition to the pion-pion �EFT LECs, the LECs
contributing to nuclear 0⌫�� decay must be determined
in future calculations in order to constrain models of new
physics from constraints on nuclear 0⌫�� decay rates.
Knowledge of these LECs may be used as input for mod-
els of nuclear many-body physics, which may be used
to estimate the half-lives of various nuclear 0⌫�� de-
cay processes from short-distance mechanisms with in-
creasing precision. The other leading-order LECs are
from the nucleon-nucleon interaction (Fig. (1c)), and may
be determined with knowledge of the matrix element
hp

+
p
+
|Ok(p = 0)|n0

n
0
i [25]. Calculations of these ma-

trix elements are ongoing and will provide the first direct
LQCD probe of 0⌫�� decay in nuclear systems.
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(a) (b)

Figure 11: Contractions for the ⇡� ! ⇡+e�e� transition in Eqs. (62) and (63). The solid blue and
dashed green lines represent down and up quark propagators respectively and the circles represent the
�I = 1 weak vertices. The dotted and solid black lines represent the Majorana neutrino propagator
and electron final state respectively.

Figure 12: The integrated transition amplitude for various di↵erent neutrino masses (left) and decom-
posed into the various terms contributing in Eq. (64). (From Ref. [202])

for pions at rest, where T is the size of the temporal integration window for the weak current insertions
and t = |t+ � t�| is the ⇡� � ⇡+ source-sink separation. In deriving this formula, it is assumed that the
current insertions are held su�ciently far from the pion source and sink (t� ⌧ 0 ⌧ T ⌧ t+) so that
the couplings to excited states before and after the integration window may be safely neglected. The
states contributing to the sum are: |e⌫ei, |⇡e⌫ei, |n = 2i, . . ., with energies E ⇠ me < m⇡, E ⇠ m⇡

and E > m⇡. For the lowest-energy state, the terms in the square brackets in Eq. (64) are growing
exponentially with T and the matrix element is the square of the pion decay constant; for the second
state, |⇡e⌫ei, the terms in the square brackets behave approximately quadratically; for the remaining
n � 2 terms, the large T behaviour of Eq. (64) is linear. Combining these pieces, the matrix element
governing 0⌫��

M0⌫ =
X

n

h⇡ee| HW |ni hn| HW |⇡i
En(En � m⇡)

(65)

can be determined. The procedure by which this can be achieved is illustrated in Fig. 12 ad discussed
in detail in Ref. [202].

The calculation of the double sum over the spatial volume in Eq. (64) is naively numerically pro-
hibitive for all but the smallest volumes. Fortunately, the translational invariance of the neutrino
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where ✏
2
⇡ = m

2
⇡/⇤2

� is a power-counting parameter for
�EFT, �k are the LO LECs defined in Eq. (4), and ↵k,
ck are the additional NLO LECs. The matrix elements
O

0
1 and O

0
2 have the same chiral behavior as O1 and O2

and are modeled by F1 and F2, respectively, but with
di↵erent LECs ↵10 , �10 , c10 and ↵20 , �20 , c20 . The functions

f0(mL) = �2
X

|n| 6=0

K0(mL|n|),

f1(mL) = 4
X

|n| 6=0

K1(mL|n|)

mL|n|
,

(30)

are sums of the modified Bessel functions Ki(z) arising
from one-loop, finite volume �PT in the p-regime.

The models are fit to the data in Table II, using least-
squares fitting including the correlations between Ok,
m⇡, and f⇡ on each ensemble. The final extrapolated
results for the matrix elements and corresponding LECs
are given in Table II. The resulting fits are shown in

Fig. (4), where ✏
2
⇡ has been rescaled by (f (phys)

⇡ /f
(lat)
⇡ )4

and the values of h⇡
+
|O

MS
k |⇡

�
i have been shifted by

Ok(m⇡, f⇡, a, L) � Ok(m⇡, f
(phys)
⇡ , 0, 1) to isolate the

pion-mass dependence of the matrix elements. The ex-
trapolation band for Ok depicts the functional form

Fk(m⇡, f
(phys)
⇡ , 0, 1; ↵k, �k, ck), where ↵k, �k, ck are the

best-fit coe�cients given in Table II.
The results are found to be in mild tension with the

results of Ref. [29]. There are a number of di↵erences
between the two calculations which may account for the
discrepancy. The present calculation was performed with
the same domain-wall action for the valence and sea
quarks, while that of Ref. [29] used a mixed action. Using
the domain-wall action for valence and sea quarks sim-
plifies the chiral extrapolation, and in particular yields
matrix elements that have a mild dependence on the lat-
tice spacing. In contrast, the mixed action results ap-
pear to have a larger dependence on the lattice spacing.
However, the analysis of Ref. [29] was performed on nine
ensembles and includes ensembles with pion masses con-
siderably closer to the physical value than those used in
this calculation.

IV. CONCLUSION

This work presents a determination of the renormalized
matrix elements and �EFT LECs for the short-distance
operators that arise from BSM physics at high scales
and are relevant for the ⇡

�
! ⇡

+
e
�

e
� transition. The

present calculation is the first to use chiral fermions with
the same valence- and sea-quark actions. The domain-
wall action yields a simple renormalization coe�cient
structure and straightforward extrapolation to the con-
tinuum and infinite volume limit and physical value of
the light quark mass. This completes the calculation
of the long- and short-distance amplitudes for this de-
cay with the LQCD ensembles of Ref. [31] and marks the

first time both contributions to ⇡
�

! ⇡
+
e
�

e
� have been

computed in a consistent framework. Using estimates
of the BSM Wilson coe�cients ck calculated in [26] for
the minimal left-right symmetric model, in which heavy
right-handed neutrinos are added to the electroweak sec-
tor of the Standard Model, one can compare the decay
amplitude of ⇡

�
! ⇡

+
e
�

e
� induced by short-distance

mechanisms, ASD, to the decay amplitude induced by
long-distance mechanisms, ALD. The present work de-
termines that

ASD

ALD
=

1

v2

P
k |ckh⇡|Ok|⇡i|

|M0⌫ |
⇠ 10�4

, (31)

where M
0⌫ is the long-distance nuclear matrix element

for ⇡
�

! ⇡
+
e
�

e
� given in Ref. [31]. This indicates

that short-distance e↵ects are small compared to long-
distance e↵ects in this model, but not negligible.

In addition to the pion-pion �EFT LECs, the LECs
contributing to nuclear 0⌫�� decay must be determined
in future calculations in order to constrain models of new
physics from constraints on nuclear 0⌫�� decay rates.
Knowledge of these LECs may be used as input for mod-
els of nuclear many-body physics, which may be used
to estimate the half-lives of various nuclear 0⌫�� de-
cay processes from short-distance mechanisms with in-
creasing precision. The other leading-order LECs are
from the nucleon-nucleon interaction (Fig. (1c)), and may
be determined with knowledge of the matrix element
hp

+
p
+
|Ok(p = 0)|n0

n
0
i [25]. Calculations of these ma-

trix elements are ongoing and will provide the first direct
LQCD probe of 0⌫�� decay in nuclear systems.
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(a) (b)

Figure 11: Contractions for the ⇡� ! ⇡+e�e� transition in Eqs. (62) and (63). The solid blue and
dashed green lines represent down and up quark propagators respectively and the circles represent the
�I = 1 weak vertices. The dotted and solid black lines represent the Majorana neutrino propagator
and electron final state respectively.

Figure 12: The integrated transition amplitude for various di↵erent neutrino masses (left) and decom-
posed into the various terms contributing in Eq. (64). (From Ref. [202])

for pions at rest, where T is the size of the temporal integration window for the weak current insertions
and t = |t+ � t�| is the ⇡� � ⇡+ source-sink separation. In deriving this formula, it is assumed that the
current insertions are held su�ciently far from the pion source and sink (t� ⌧ 0 ⌧ T ⌧ t+) so that
the couplings to excited states before and after the integration window may be safely neglected. The
states contributing to the sum are: |e⌫ei, |⇡e⌫ei, |n = 2i, . . ., with energies E ⇠ me < m⇡, E ⇠ m⇡

and E > m⇡. For the lowest-energy state, the terms in the square brackets in Eq. (64) are growing
exponentially with T and the matrix element is the square of the pion decay constant; for the second
state, |⇡e⌫ei, the terms in the square brackets behave approximately quadratically; for the remaining
n � 2 terms, the large T behaviour of Eq. (64) is linear. Combining these pieces, the matrix element
governing 0⌫��

M0⌫ =
X

n

h⇡ee| HW |ni hn| HW |⇡i
En(En � m⇡)

(65)

can be determined. The procedure by which this can be achieved is illustrated in Fig. 12 ad discussed
in detail in Ref. [202].

The calculation of the double sum over the spatial volume in Eq. (64) is naively numerically pro-
hibitive for all but the smallest volumes. Fortunately, the translational invariance of the neutrino
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[see also Nicholson et al. PRL121 172501 (2018),  	Feng et at PRL 122 (2019), Tuo et al PRD 100, 094511 (2019), 

Detmold&Murphy 2004.07404 (2020)]

https://arxiv.org/abs/2004.07404
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Low-energy limit of a generic 
spin-independent interaction 
is scalar

Determine nucleon and 
nuclear scalar matrix 
elements from lattice QCD


Other e.g., spin-dependent couplings can also be constrained  
e.g., [Hoferichter et al., arXiv:1503.04811], [Hill et al., arXiv:1409.8290], [Fitzpatrick et al., arXiv:1203.3542] 

Detection rate depends on


• Dark matter properties


• Probability of interaction with nucleus 
i.e., nuclear effects are important

Look for scattering of WIMP dark matter on nuclear target

Dark matter direct detection
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• Lattice QCD calculation with mπ~800 MeV shows 10% nuclear effects 
in scalar MEs of 3He           potentially very significant effects in larger 
nuclei e.g., Xenon


• Calculations in progress with ~physical quark masses 
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FIG. 21. Di↵erences �RX between LQCD calculations of the ratios R
(f)
X

(A) = g
(f)
X

(A)/g
(f)
X

(p) for nuclear matrix elements

g
(f)
X

(A) of nuclei A with Dirac structure X = {S, A, T} and flavor combination f , from their values calculated using nuclear
ground states with non-interacting nucleons occupying only the lowest shell-model states. The strange-quark matrix elements
are small and indistinguishable from zero for the axial and tensor matrix elements. Quantities that are identically zero are
shown by lines at zero, and there is no associated uncertainty band. [Data from Ref. [41].]

ing cross-sections in dark-matter models that generate tensor quark–dark-matter interactions [649]. As discussed in

ME
A(Nucleon 1

10%

[NPLQCD PRL120 (2018), 152002] 

Scalar matrix elements of nuclei

Scalar MEs: deviation from naive scaling with A
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• Lattice QCD calculation with mπ~800 MeV shows 10% nuclear effects 
in scalar MEs of 3He           potentially very significant effects in larger 
nuclei e.g., Xenon


• Calculations in progress with ~physical quark masses 
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(A) of nuclei A with Dirac structure X = {S, A, T} and flavor combination f , from their values calculated using nuclear
ground states with non-interacting nucleons occupying only the lowest shell-model states. The strange-quark matrix elements
are small and indistinguishable from zero for the axial and tensor matrix elements. Quantities that are identically zero are
shown by lines at zero, and there is no associated uncertainty band. [Data from Ref. [41].]

ing cross-sections in dark-matter models that generate tensor quark–dark-matter interactions [649]. As discussed in
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Scalar matrix elements of nuclei

Scalar MEs: deviation from naive scaling with A
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Calculations of nuclear MEs are HARD

Constraints on nuclear matrix elements are possible:


• Pipeline well-defined and tested 


• Still quite far from controlled calculations 

Controlled calculations achievable for nuclei with A<5  
with ~10-20% uncertainty in 10-year timeframe:


• Axial MEs, including form factors


• Scalar MEs relevant for e.g., dark matter direct detection


• Double beta-decay matrix elements


• Constraints on PDFs, GPDs of nuclei via moments


• … 

Phiala Shanahan

Gluon Structure of Hadrons 
and Nuclei 
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A NEW ERA FOR 
NUCLEAR PHYSICS


