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Asymptotic expansion of Feynman integral

2

Some phenomenologically interesting processes reduce to 
the diagrams with massless external lines when 

We used “asy.m” to verify this fact. 
[Pak, Smirnov ’10, Jantzen, Smirnov, Smirnov ’12]

is useful when (i) the integral is hard to solve due to multi-scale complexity 
(ii) certain hierarchy in dimensionful parameters makes sense 

[Smirnov `90, Beneke, Smirnov ’97, Smirnov `02, Jantzen `11]

top-loop  
contributions

1 one-loop case

We consider the following scalar integral:

p2

p1 p3

p4

k

k + p1

k + p1 + p2

k + p3

I =

∫
Dk

1

(k2 −m2) ((k + p1)2 −m2) ((k + p1 + p2)2 −m2) ((k + p3)2 −m2)
. (1)

The measure of integration is

∫
Dk ≡ eεγEµ2ε

iπd/2

∫
ddk, (2)

where µ is the renormalization scale. Here we set µ = 1 for simplicity. The kinematic variables are defined as

p21 = 0, p22 = 0, p23 = 0, p24 = 0, p1p2 = S/2 = −s/2, p1p3 = −T/2 = t/2, p2p3 = −U/2 = u/2. (3)
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gg ! gH gg ! ZH gg ! HH

x = {m2
Z ,m

2
H ,m

2
t}

X = {S, T, U}

expansion in
x

X

⌧ 1

m2
Z ⇠ m2

H ⇠ m2
t ⌧ S ⇠ T ⇠ U

i.e. expansion in the masses  
of external particles 
is usual Taylor expansion. 
(not the case with internal particles)
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Outline
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(1)Asymptotic expansion in higher dimensions: one loop case  

(2)Application to physical process  

(3)two loop case 

(4)Summary and outlook

1 one-loop case

2 one-loop case

We consider the following scalar integral:
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One loop case
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p2

p1 p3

p4

1 one-loop case

We consider the following scalar integral:

p2

p1 p3

p4

k

k + p1

k + p1 + p2

k + p3

I =

∫
Dk

1

(k2 −m2) ((k + p1)2 −m2) ((k + p1 + p2)2 −m2) ((k + p3)2 −m2)
. (1)

The measure of integration is
∫

Dk ≡ eεγEµ2ε

iπd/2

∫
ddk, (2)

where µ is the renormalization scale. Here we set µ = 1 for simplicity. The kinematic variables are defined as

p21 = 0, p22 = 0, p23 = 0, p24 = 0, p1p2 = S/2 = −s/2, p1p3 = −T/2 = t/2, p2p3 = −U/2 = u/2. (3)

Here, instead of using usual Mandelstam variables S, T, U , we use s, t, u assuming unphysical situation s, t > 0 because
in this case the integral (1) is real-valued. By expressing eq.(1) in the alpha-parameterization, we obtain

I =

∫ ∞

0

4∏

n=0

dαn α−d/2
1234 exp(−m2α1234 − (sα1α3 + tα2α4)/α1234), (4)

where αi1i2... = αi1 + αi2 + · · · .
Using the program asy.m, we obtain five regions which are specified by scalings of alpha-paramaters (α1,α2,α3,α4)

as following:

R1 = (0, 0, 0, 0) (5)

R2 = (0, 0, 1, 1) (6)

R3 = (0, 1, 1, 0) (7)

R4 = (1, 0, 0, 1) (8)

R5 = (1, 1, 0, 0). (9)

For example, in the region R2, we expand eq.(4) in terms of small scale valuables α3 ∼ α4 ∼ m2. In practical
calculation, I replace like α3 → xα3,α4 → xα4,m2 → xm2 and expand with a single variable x.

1

Naive expansion of the integrand like
1

k2 �m2
=

1

k2
+

m2

(k2)2
+ · · · gives wrong result.

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

=

1X

n=0

(m2
)

nfn(s, t, logm
2
)

is finite.

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

massive massless

Using the program asy.m, we obtain five regions which are specified by scalings of alpha-paramaters (α1,α2,α3,α4)
as following:

R1 = (0, 0, 0, 0) (5)

R2 = (0, 0, 1, 1) (6)

R3 = (0, 1, 1, 0) (7)

R4 = (1, 0, 0, 1) (8)

R5 = (1, 1, 0, 0). (9)

For example, in the region R2, we expand eq.(4) in terms of small scale valuables α3 ∼ α4 ∼ m2. In practical
calculation, I replace like α3 → xα3,α4 → xα4,m2 → xm2 and expand with a single variable x.

1.1 region 1

The contribution from region 1 is expressed as one-fold Mellin-Barnes integral.

I(1) =

∫ ∞

0

4∏

n=0

dαn α−d/2
1234 exp(−(sα1α3 + tα2α4)/α1234)

∞∑

n=0

(−m2α1234)n

n!
(10)

=
∞∑

n=0

∫ ζ+i∞

ζ−i∞
dz

(−m2)ntzΓ(2 + n+ ε)

n!s2+n+ε+z
β(−n− ε,−n− ε) [β(1 + z,−1− n− ε− z)]2 β(−z, 2 + n+ ε+ z), (11)

where β is the Beta function and the real part of integration path ζ is taken as −1 < ζ < 0. The initial value of
ε = (4− d)/2 is chosen to satisfy a condition

−2− n− z < ε < −1− n− z (12)

in order to regularize the integral (11).
By evaluating the integral (11), we obtain the series coefficients of I(1)

I(1) =
∞∑

n=0

(m2)nf (1)
n (13)

and the leading contribution f0 is

f (1)
0 =

1

st

(
4

ε2
− 2 log st

ε
+ 2 log s log t− 4π2

3

)
. (14)

1.2 region 2,3,4,5

The contribution from region 2 is expressed analytically as

I(2) =
∞∑

n=0

(m2)nI(2)n (15)

I(2)0 =
s−δ3−1t−δ4−1Γ(δ1 − δ3)Γ(δ2 − δ4)Γ(δ1 + δ2 + ϵ)

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4)
(16)

I(2)1 = −
s−δ3−2t−δ4−2

(
m2

)−δ1−δ2−ϵ
Γ(δ1 + δ2 + ϵ− 1)((δ4 + 1)sΓ(δ1 − δ3)Γ(δ2 − δ4 − 1) + (δ3 + 1)tΓ(δ1 − δ3 − 1)Γ(δ2 − δ4))

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 2)
(17)

I(2)2 =
s−δ3−3t−δ4−3

(
m2

)−δ1−δ2−ϵ
Γ(δ1 + δ2 + ϵ− 2)

2Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 4)

×
[(
δ24 + 3δ4 + 2

)
s2Γ(δ1 − δ3)Γ(δ2 − δ4 − 2) + (δ3 + 1)t(2(δ4 + 1)sΓ(δ1 − δ3 − 1)Γ(δ2 − δ4 − 1)

+(δ3 + 2)tΓ(δ1 − δ3 − 2)Γ(δ2 − δ4))] (18)

and so on. Here we introduced analytic regularization parameters δi so that the exponents of propagators are 1 + δi
for i = 1, . . . , 4.

I(3), I(4), I(5) are obtained by replacements of {δ2 ↔ δ4}, {δ1 ↔ δ3}, and {δ1 ↔ δ3, δ2 ↔ δ4} respectively.
Taking a sequence of limit

lim
ε→0

lim
δ4→0

lim
δ3→0

lim
δ2→0

lim
δ1→0

, (19)
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One loop case: Expansion by region
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2 one-loop case

We consider the following scalar integral:
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p2

p1 p3

p4

1

= + +

++

blue: hard-scaling propagator 
red: soft-scaling propagators

In the small top-mass expansion, 
``all-hard” region = massless integral.

the scaling of propagators in terms of alpha-parameter representation

[Beneke, Smirnov ’97, Smirnov `02, Jantzen `11]
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∫ ∞

0

(
4∏

n=1

dαn

)
α−d/2
1234 e−m2α1234−(sα1α3+tα2α4)/α1234 (1)

α1234 = α1 + α2 + α3 + α4 (2)
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∫ ∞

0

(
4∏

n=1

dαn

)
α−d/2
1234 e−m2α1234−(sα1α3+tα2α4)/α1234 (1)

α1234 = α1 + α2 + α3 + α4 (2)

1
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One loop case: ``all-hard” region
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1 one-loop case

We consider the following scalar integral:

p2

p1 p3

p4

k

k + p1

k + p1 + p2

k + p3

I =

∫
Dk

1

(k2 −m2) ((k + p1)2 −m2) ((k + p1 + p2)2 −m2) ((k + p3)2 −m2)
. (1)

2

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

+= m2 ( (

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1(m2)2+ ( (

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

· · · + · · ·

We can use integration by parts (IBP) reduction.
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One loop case: soft regions 
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p4

1

=

Z 1

0

Usual momentum representation is not always possible…

Cancellation of auxiliary parameters between soft regions occurs.
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p2

p1p3

p4

1

1 + �1

1 + �2

1 + �3

1 + �4

The integrals are ill-defined, 
so we have to introduce  
analytic regularization 
of the exponent of propagators.
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(
4∏

n=1

dαn

)
(1)

α−d/2
12 e−m2α12−(sα1α3+tα2α4)/α12 (2)

− α−d/2−2
12 (α3 + α4)((d/2)α12 +m2(α12)

2 − sα1α3 − tα2α4) (3)

× e−m2α12−(sα1α3+tα2α4)/α12 (4)

+ · · · (5)

α1234 = α1 + α2 + α3 + α4 (6)

1
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(
4∏

n=1

dαn

)
(1)

α−d/2
12 e−m2α12−(sα1α3+tα2α4)/α12 (2)

− α−d/2−2
12 (α3 + α4)((d/2)α12 +m2(α12)

2 − sα1α3 − tα2α4) (3)

× e−m2α12−(sα1α3+tα2α4)/α12 (4)

+ · · · (5)

α1234 = α1 + α2 + α3 + α4 (6)

1

1.2 region 2,3,4,5

The contribution from region 2 is expressed analytically as

I(2) =
∞∑

n=0

(m2)nI(2)n (21)

I(2)0 =
s−δ3−1t−δ4−1Γ(δ1 − δ3)Γ(δ2 − δ4)Γ(δ1 + δ2 + ϵ)

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4)
(22)

I(2)1 = −
s−δ3−2t−δ4−2

(
m2
)−δ1−δ2−ϵ

Γ(δ1 + δ2 + ϵ− 1)((δ4 + 1)sΓ(δ1 − δ3)Γ(δ2 − δ4 − 1) + (δ3 + 1)tΓ(δ1 − δ3 − 1)Γ(δ2 − δ4))

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 2)
(23)

I(2)2 =
s−δ3−3t−δ4−3

(
m2
)−δ1−δ2−ϵ

Γ(δ1 + δ2 + ϵ− 2)

2Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 4)

×
[(
δ24 + 3δ4 + 2

)
s2Γ(δ1 − δ3)Γ(δ2 − δ4 − 2) + (δ3 + 1)t(2(δ4 + 1)sΓ(δ1 − δ3 − 1)Γ(δ2 − δ4 − 1)

+(δ3 + 2)tΓ(δ1 − δ3 − 2)Γ(δ2 − δ4))] (24)

and so on. Here we introduced analytic regularization parameters δi so that the exponents of propagators are 1 + δi
for i = 1, . . . , 4.

I(3), I(4), I(5) are obtained by replacements of {δ2 ↔ δ4}, {δ1 ↔ δ3}, and {δ1 ↔ δ3, δ2 ↔ δ4} respectively.
Taking a sequence of limit

lim
ε→0

lim
δ4→0

lim
δ3→0

lim
δ2→0

lim
δ1→0

, (25)

we obtain

f (2)
0 =

(m2)−ε

st

[
1

ε

(
− 1

δ3
− 1

δ4
+ log st

)]
(26)

f (3)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
1

δ3
− 1

δ4
+ log t/m2

)
+

π2

12

]
(27)

f (4)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
− 1

δ3
+

1

δ4
+ log s/m2

)
+

π2

12

]
(28)

f (5)
0 =

(m2)−ε

st

[
− 2

ε2
+

1

ε

(
1

δ3
+

1

δ4
− 2 logm2

)
+

π2

6

]
(29)

1.3 summing up contributions from all regions

By summing f (1)
n , . . . , f (5)

n , we obtain δi-independent finite functions of s, t,m. Here I showed the results up to n = 2.

I =
∞∑

n=0

(m2)nfn (30)

f0 =
1

st
(2 log s log t− π2) (31)

f1 =
2m2

s2t2
[
−2 log2

(
m2
)
(s+ t) + 2 log

(
m2
)
(s+ t)(log(s) + log(t)− 3) + 4s log(t)− 2 log(s)((s+ t) log(t)− s− 2t)

+π2s+ 4s+ π2t+ 4t+ 2t log(t)
]

(32)

f2 =
2m4

s3t3
[
− log

(
m2
) (

−23s2 − 40st+ 6(s+ t)2 log(s) + 6(s+ t)2 log(t)− 23t2
)
+ 6 log2

(
m2
)
(s+ t)2

+ log(s)
(
−7s2 − 20st+ 6(s+ t)2 log(t)− 16t2

)
− 16s2 log(t)− 3π2s2 − 8s2 − 6π2st− 20st− 20st log(t)

−3π2t2 − 8t2 − 7t2 log(t)
]

(33)

In figure 1, our results are compared with the exact result calculated using LoopTools. Note that the analytic
continuation of s → −S < 0 has to be done.

I confirmed that eqs.(30)-(33) are correct by using completely different method and obtain the same results. In
the second method, asy.m is not used and the expansion with m2 is controlled by Mellin-Barnes integral.

2 two-loop case: example 1

We consider the following scalar integral:

5
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One loop case: Expansion by region
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1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

1 one-loop case

We consider the following scalar integral:

p2

p1 p3

p4

k

k + p1

k + p1 + p2

k + p3

I =

∫
Dk

1

(k2 −m2) ((k + p1)2 −m2) ((k + p1 + p2)2 −m2) ((k + p3)2 −m2)
. (1)
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p2

p1p3

p4

1
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p2

p1 p3

p4

1

++

By evaluating the integral (??), we obtain the series coefficients of I(1)

I(1) =
∞∑

n=0

(m2)nf (1)
n (13)

and the leading contribution f0 is

f (1)
0 =

1

st

(
4

ε2
− 2 log st

ε
+ 2 log s log t− 4π2

3

)
. (14)

1.2 region 2,3,4,5

The contribution from region 2 is expressed analytically as

I(2) =
∞∑

n=0

(m2)nI(2)n (15)

I(2)0 =
s−δ3−1t−δ4−1Γ(δ1 − δ3)Γ(δ2 − δ4)Γ(δ1 + δ2 + ϵ)

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4)
(16)

I(2)1 = −
s−δ3−2t−δ4−2

(
m2

)−δ1−δ2−ϵ
Γ(δ1 + δ2 + ϵ− 1)((δ4 + 1)sΓ(δ1 − δ3)Γ(δ2 − δ4 − 1) + (δ3 + 1)tΓ(δ1 − δ3 − 1)Γ(δ2 − δ4))

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 2)
(17)

I(2)2 =
s−δ3−3t−δ4−3

(
m2

)−δ1−δ2−ϵ
Γ(δ1 + δ2 + ϵ− 2)

2Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 4)

×
[(
δ24 + 3δ4 + 2

)
s2Γ(δ1 − δ3)Γ(δ2 − δ4 − 2) + (δ3 + 1)t(2(δ4 + 1)sΓ(δ1 − δ3 − 1)Γ(δ2 − δ4 − 1)

+(δ3 + 2)tΓ(δ1 − δ3 − 2)Γ(δ2 − δ4))] (18)

and so on. Here we introduced analytic regularization parameters δi so that the exponents of propagators are 1 + δi
for i = 1, . . . , 4.

I(3), I(4), I(5) are obtained by replacements of {δ2 ↔ δ4}, {δ1 ↔ δ3}, and {δ1 ↔ δ3, δ2 ↔ δ4} respectively.
Taking a sequence of limit

lim
ε→0

lim
δ4→0

lim
δ3→0

lim
δ2→0

lim
δ1→0

, (19)

we obtain

f (2)
0 =

1

ε

(
− 1

δ3
− 1

δ4
+ log st

)
(20)

f (3)
0 = − 1

ε2
+

1

ε

(
1

δ3
− 1

δ4
+ log t

)
+

π2

12
(21)

f (4)
0 = − 1

ε2
+

1

ε

(
− 1

δ3
+

1

δ4
+ log s

)
+

π2

12
(22)

f (5)
0 = − 2

ε2
+

1

ε

(
1

δ3
+

1

δ4

)
+

π2

6
. (23)

1.3 summing up contributions from all regions

By summing f (1)
n , . . . , f (5)

n , we obtain δi-independent finite functions of s, t,m. Here I showed the results up to n = 2.

I =
∞∑

n=0

(m2)nfn (24)

f0 =
1

st
(2 log s log t− π2) (25)

f1 =
2m2

s2t2
[
−2 log2

(
m2

)
(s+ t) + 2 log

(
m2

)
(s+ t)(log(s) + log(t)− 3) + 4s log(t)− 2 log(s)((s+ t) log(t)− s− 2t)

+π2s+ 4s+ π2t+ 4t+ 2t log(t)
]

(26)

f2 =
2m4

s3t3
[
− log

(
m2

) (
−23s2 − 40st+ 6(s+ t)2 log(s) + 6(s+ t)2 log(t)− 23t2

)
+ 6 log2

(
m2

)
(s+ t)2

+ log(s)
(
−7s2 − 20st+ 6(s+ t)2 log(t)− 16t2

)
− 16s2 log(t)− 3π2s2 − 8s2 − 6π2st− 20st− 20st log(t)

−3π2t2 − 8t2 − 7t2 log(t)
]

(27)

3

1.2 region 2,3,4,5

The contribution from region 2 is expressed analytically as

I(2) =
∞∑

n=0

(m2)nI(2)n (21)

I(2)0 =
s−δ3−1t−δ4−1Γ(δ1 − δ3)Γ(δ2 − δ4)Γ(δ1 + δ2 + ϵ)

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4)
(22)

I(2)1 = −
s−δ3−2t−δ4−2

(
m2
)−δ1−δ2−ϵ

Γ(δ1 + δ2 + ϵ− 1)((δ4 + 1)sΓ(δ1 − δ3)Γ(δ2 − δ4 − 1) + (δ3 + 1)tΓ(δ1 − δ3 − 1)Γ(δ2 − δ4))

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 2)
(23)

I(2)2 =
s−δ3−3t−δ4−3

(
m2
)−δ1−δ2−ϵ

Γ(δ1 + δ2 + ϵ− 2)

2Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 4)

×
[(
δ24 + 3δ4 + 2

)
s2Γ(δ1 − δ3)Γ(δ2 − δ4 − 2) + (δ3 + 1)t(2(δ4 + 1)sΓ(δ1 − δ3 − 1)Γ(δ2 − δ4 − 1)

+(δ3 + 2)tΓ(δ1 − δ3 − 2)Γ(δ2 − δ4))] (24)

and so on. Here we introduced analytic regularization parameters δi so that the exponents of propagators are 1 + δi
for i = 1, . . . , 4.

I(3), I(4), I(5) are obtained by replacements of {δ2 ↔ δ4}, {δ1 ↔ δ3}, and {δ1 ↔ δ3, δ2 ↔ δ4} respectively.
Taking a sequence of limit

lim
ε→0

lim
δ4→0

lim
δ3→0

lim
δ2→0

lim
δ1→0

, (25)

we obtain

f (2)
0 =

(m2)−ε

st

[
1

ε

(
− 1

δ3
− 1

δ4
+ log st

)]
(26)

f (3)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
1

δ3
− 1

δ4
+ log t/m2

)
+

π2

12

]
(27)

f (4)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
− 1

δ3
+

1

δ4
+ log s/m2

)
+

π2

12

]
(28)

f (5)
0 =

(m2)−ε

st

[
− 2

ε2
+

1

ε

(
1

δ3
+

1

δ4
− 2 logm2

)
+

π2

6

]
(29)

1.3 summing up contributions from all regions

By summing f (1)
n , . . . , f (5)

n , we obtain δi-independent finite functions of s, t,m. Here I showed the results up to n = 2.

I =
∞∑

n=0

(m2)nfn (30)

f0 =
1

st
(2 log s log t− π2) (31)

f1 =
2m2

s2t2
[
−2 log2

(
m2
)
(s+ t) + 2 log

(
m2
)
(s+ t)(log(s) + log(t)− 3) + 4s log(t)− 2 log(s)((s+ t) log(t)− s− 2t)

+π2s+ 4s+ π2t+ 4t+ 2t log(t)
]

(32)

f2 =
2m4

s3t3
[
− log

(
m2
) (

−23s2 − 40st+ 6(s+ t)2 log(s) + 6(s+ t)2 log(t)− 23t2
)
+ 6 log2

(
m2
)
(s+ t)2

+ log(s)
(
−7s2 − 20st+ 6(s+ t)2 log(t)− 16t2

)
− 16s2 log(t)− 3π2s2 − 8s2 − 6π2st− 20st− 20st log(t)

−3π2t2 − 8t2 − 7t2 log(t)
]

(33)

In figure 1, our results are compared with the exact result calculated using LoopTools. Note that the analytic
continuation of s → −S < 0 has to be done.

I confirmed that eqs.(30)-(33) are correct by using completely different method and obtain the same results. In
the second method, asy.m is not used and the expansion with m2 is controlled by Mellin-Barnes integral.

2 two-loop case: example 1

We consider the following scalar integral:

5

1.2 region 2,3,4,5

The contribution from region 2 is expressed analytically as

I(2) =
∞∑

n=0

(m2)nI(2)n (21)

I(2)0 =
s−δ3−1t−δ4−1Γ(δ1 − δ3)Γ(δ2 − δ4)Γ(δ1 + δ2 + ϵ)

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4)
(22)

I(2)1 = −
s−δ3−2t−δ4−2

(
m2
)−δ1−δ2−ϵ

Γ(δ1 + δ2 + ϵ− 1)((δ4 + 1)sΓ(δ1 − δ3)Γ(δ2 − δ4 − 1) + (δ3 + 1)tΓ(δ1 − δ3 − 1)Γ(δ2 − δ4))

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 2)
(23)

I(2)2 =
s−δ3−3t−δ4−3

(
m2
)−δ1−δ2−ϵ

Γ(δ1 + δ2 + ϵ− 2)

2Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 4)

×
[(
δ24 + 3δ4 + 2

)
s2Γ(δ1 − δ3)Γ(δ2 − δ4 − 2) + (δ3 + 1)t(2(δ4 + 1)sΓ(δ1 − δ3 − 1)Γ(δ2 − δ4 − 1)

+(δ3 + 2)tΓ(δ1 − δ3 − 2)Γ(δ2 − δ4))] (24)

and so on. Here we introduced analytic regularization parameters δi so that the exponents of propagators are 1 + δi
for i = 1, . . . , 4.

I(3), I(4), I(5) are obtained by replacements of {δ2 ↔ δ4}, {δ1 ↔ δ3}, and {δ1 ↔ δ3, δ2 ↔ δ4} respectively.
Taking a sequence of limit

lim
ε→0

lim
δ4→0

lim
δ3→0

lim
δ2→0

lim
δ1→0

, (25)

we obtain

f (2)
0 =

(m2)−ε

st

[
1

ε

(
− 1

δ3
− 1

δ4
+ log st

)]
(26)

f (3)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
1

δ3
− 1

δ4
+ log t/m2

)
+

π2

12

]
(27)

f (4)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
− 1

δ3
+

1

δ4
+ log s/m2

)
+

π2

12

]
(28)

f (5)
0 =

(m2)−ε

st

[
− 2

ε2
+

1

ε

(
1

δ3
+

1

δ4
− 2 logm2

)
+

π2

6

]
(29)

1.3 summing up contributions from all regions

By summing f (1)
n , . . . , f (5)

n , we obtain δi-independent finite functions of s, t,m. Here I showed the results up to n = 2.

I =
∞∑

n=0

(m2)nfn (30)

f0 =
1

st
(2 log

s

m2
log

t

m2
− π2) (31)

f1 =
2m2

s2t2
[
−2 log2

(
m2
)
(s+ t) + 2 log

(
m2
)
(s+ t)(log(s) + log(t)− 3) + 4s log(t)− 2 log(s)((s+ t) log(t)− s− 2t)

+π2s+ 4s+ π2t+ 4t+ 2t log(t)
]

(32)

f2 =
2m4

s3t3
[
− log

(
m2
) (

−23s2 − 40st+ 6(s+ t)2 log(s) + 6(s+ t)2 log(t)− 23t2
)
+ 6 log2

(
m2
)
(s+ t)2

+ log(s)
(
−7s2 − 20st+ 6(s+ t)2 log(t)− 16t2

)
− 16s2 log(t)− 3π2s2 − 8s2 − 6π2st− 20st− 20st log(t)

−3π2t2 − 8t2 − 7t2 log(t)
]

(33)

In figure 1, our results are compared with the exact result calculated using LoopTools. Note that the analytic
continuation of s → −S < 0 has to be done.

I confirmed that eqs.(30)-(33) are correct by using completely different method and obtain the same results. In
the second method, asy.m is not used and the expansion with m2 is controlled by Mellin-Barnes integral.

2 two-loop case: example 1

We consider the following scalar integral:

5

Cancellation of auxiliary parameters between soft regions occurs.
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One loop case

9

1 one-loop case

We consider the following scalar integral:

p2

p1 p3

p4

k

k + p1

k + p1 + p2

k + p3

I =

∫
Dk

1

(k2 −m2) ((k + p1)2 −m2) ((k + p1 + p2)2 −m2) ((k + p3)2 −m2)
. (1)

2

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

all-hard region

Each integral is well defined. 
We can use IBP reduction.

soft regions

We need analytic regularization. 
Conventional IBP reduction cannot be used. 
(sometimes these disadvantages don’t appear)

(

(

# of integrals in 
each soft region 1 8 39 128

(m2)0 (m2)1 (m2)2 (m2)3
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One loop case: Why there are soft contributions?
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1 one-loop case

We consider the following scalar integral:

p2

p1 p3

p4

k

k + p1

k + p1 + p2

k + p3

I =

∫
Dk

1

(k2 −m2) ((k + p1)2 −m2) ((k + p1 + p2)2 −m2) ((k + p3)2 −m2)
. (1)

2

all-hard region

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

soft regions

d = 4� 2✏In                           dimension,

Each contribution is  
homogenous in     . 
(a consequence of  
 expansion by regions)

m

f (1) = (m2)0f (1)
0 + (m2)1f (1)

1 + (m2)2f (1)
2 + · · ·

f (5) = (m2)0f (5)
0 + (m2)1f (5)

1 + (m2)2f (5)
2 + · · ·

f (2) = (m2)0f (2)
0 + (m2)1f (2)

1 + (m2)2f (2)
2 + · · ·

··
·

/ (m2)n

Sn+4�d/2

/ (m2)n�2+d/2

Sn+2
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One loop case:

11

d = 4� 2✏In                           dimension,

all-hard region

soft regions

+m2f (1)
1 +(m2)2f (1)

2

+(m2)2f (5)
2= f (5)

0

= f (1)
0

+m2f (5)
1

In                           dimension,d = 6� 2✏

all-hard region

soft regions =

+m2f (1)
1 +(m2)2f (1)

2

+(m2)2f (5)
2+m2f (5)

1

= f (1)
0

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

1 one-loop case

We consider the following scalar integral:

p2

p1 p3

p4

k

k + p1

k + p1 + p2

k + p3

I =

∫
Dk

1

(k2 −m2) ((k + p1)2 −m2) ((k + p1 + p2)2 −m2) ((k + p3)2 −m2)
. (1)

2

related idea: quasi-finite basis 
[Panzer ’14, Manteuffel, Panzer, Schabinger, ’14]

/ (m2)n

Sn+4�d/2 / (m2)n�2+d/2

Sn+2
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One loop case:

11

d = 4� 2✏In                           dimension,

all-hard region

soft regions

+m2f (1)
1 +(m2)2f (1)

2

+(m2)2f (5)
2= f (5)

0

= f (1)
0

+m2f (5)
1

In                           dimension,d = 6� 2✏

all-hard region

soft regions =

+m2f (1)
1 +(m2)2f (1)

2

+(m2)2f (5)
2+m2f (5)

1

= f (1)
0

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

1 one-loop case

We consider the following scalar integral:

p2

p1 p3

p4

k

k + p1

k + p1 + p2

k + p3

I =

∫
Dk

1

(k2 −m2) ((k + p1)2 −m2) ((k + p1 + p2)2 −m2) ((k + p3)2 −m2)
. (1)

2

The leading contribution comes  
only from all-hard region!

related idea: quasi-finite basis 
[Panzer ’14, Manteuffel, Panzer, Schabinger, ’14]

/ (m2)n

Sn+4�d/2 / (m2)n�2+d/2

Sn+2
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One loop case: use of dim-recurrence relation

12

=

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

]]

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

Internal Note

Go Mishima

May 18, 2017

p2

p1 p3

p4

1

� (d� 4)t

4m4(s+ t) +m2st

� 2(d� 5)(s+ t)

4m2(s+ t) + st

�
2(d� 2)

�
2m2(s+ t) + st

�

m4 (4m2 + s) (4m2 + t) (4m2(s+ t) + st)

� 2(d� 3)t

m2 (4m2 + t) (4m2(s+ t) + st)

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

� 2(d� 3)s

m2 (4m2 + s) (4m2(s+ t) + st)

In
te
rn
al

N
ot
e

G
o
M
is
h
im

a

M
ay

25
,
20
17

p 2p 1
p 3 p 4

1

� (d� 4)s

4m4(s+ t) +m2st

In
te
rn
al

N
ot
e

G
o
M
is
h
im

a

M
ay

25
,
20
17

p 2p 1
p 3 p 4

1

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

d = 4� 2✏

d = 6� 2✏

When we consider the leading           contribution, 
we do not have to calculate the soft regions of the box diagram!

(m2)0

[Tarasov ’96]

We used LiteRed [Lee ’13] 
for obtaining the dim-rec. relation.
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One loop case: the recipe to avoid soft

13

(i) go to higher dimension using dimensional recurrence relation

=

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

]]

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

Internal Note

Go Mishima

May 18, 2017

p2

p1 p3

p4

1

� (d� 4)t

4m4(s+ t) +m2st

� 2(d� 5)(s+ t)

4m2(s+ t) + st

�
2(d� 2)

�
2m2(s+ t) + st

�

m4 (4m2 + s) (4m2 + t) (4m2(s+ t) + st)

� 2(d� 3)t

m2 (4m2 + t) (4m2(s+ t) + st)

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

� 2(d� 3)s

m2 (4m2 + s) (4m2(s+ t) + st)

In
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ot
e

G
o
M
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h
im

a

M
ay

25
,
20
17

p 2p 1
p 3 p 4

1

� (d� 4)s

4m4(s+ t) +m2st

In
te
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al

N
ot
e

G
o
M
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h
im

a

M
ay

25
,
20
17

p 2p 1
p 3 p 4

1

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

d = 4� 2✏

d = 6� 2✏

(ii) soft contributions are suppressed in the higher dimensions 

all-hard region

soft regions =

+m2f (1)
1 +(m2)2f (1)

2

+(m2)2f (5)
2+m2f (5)

1

= f (1)
0
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One loop case: higher order of (m^2)
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all-hard region

soft regions

all-hard region

soft regions

all-hard region

soft regions

all-hard region

soft regions

(m2)0 (m2)1 (m2)2 (m2)3 (m2)4 (m2)5d = 4� 2✏

d = 6� 2✏

d = 8� 2✏

d = 10� 2✏

· · ·
· · ·
· · ·

· · ·
· · ·

· · ·
· · ·

· · ·
· · ·
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One loop case: the use of differential equation
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@

@(m2)
1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

=

Internal Note

Go Mishima

May 18, 2017

p2

p1 p3

p4

1

�
2(d� 2)

�
2m2(s+ t) + st

�

m4 (4m2 + s) (4m2 + t) (4m2(s+ t) + st)

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

� (d� 4)t

4m4(s+ t) +m2st
� 2(d� 5)(s+ t)

4m2(s+ t) + st

� 2(d� 3)t

m2 (4m2 + t) (4m2(s+ t) + st)

Internal Note

Go Mishima

May 25, 2017
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p1 p3

p4

1
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p 3 p 4
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p 2p 1
p 3 p 4

1

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

Substituting the form,
X

n1,n2

cn1,n2(m
2
)

n1
(logm2

)

n2

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

=

we obtain recursive relations of C_n’s.

[Kotikov ’91]

We used LiteRed [Lee ’13] 
for obtaining the diff.-eq.

See also 
[Melnikov, Tancredi, Wever ‘16]

= (m2)0f0 + (m2)1f1 + (m2)2f2 + · · ·

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2
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Application to physical process gg->HH @LO
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exact analytic@LO 
[Eboli, Marques, Novaes, Natale, ’87, 
 Glover, van der Bij ’88] 

Born-improved HEFT@NLO 
[Dawson, Dittmaier Spira, ’98] 

FTapprox, FT’approx 
[Maltoni, Vryonidou, Zaro, ’14] 

HEFT@NNLO with 1/mt corr. 
[Grigo, Hoff, Melnikov, Steinhauser, ’13, 
 Grigo, Melnikov, Steinhauser, ’14, 
 Grigo, Hoff, Steinhauser, ’15, 
 Degrassi, Giardino, Grber, ‘16] 

exact numerical@NLO 
[Borowka, Greiner, Heinrich, Jones,  
 Kerner, Schlenk, Zicke, ’16]

O(mt0)
O(mt4)
O(mt8)
O(mt16)
HEFT
exact
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Two loop case: massive double box

17

1 one-loop case

We consider the following scalar integral:

p2

p1 p3

p4

k

k + p1

k + p1 + p2

k + p3

I =

∫
Dk

1

(k2 −m2) ((k + p1)2 −m2) ((k + p1 + p2)2 −m2) ((k + p3)2 −m2)
. (1)

The measure of integration is

∫
Dk ≡ eεγEµ2ε

iπd/2

∫
ddk, (2)

where µ is the renormalization scale. Here we set µ = 1 for simplicity. The kinematic variables are defined as

p21 = 0, p22 = 0, p23 = 0, p24 = 0, p1p2 = S/2 = −s/2, p1p3 = −T/2 = t/2, p2p3 = −U/2 = u/2. (3)

2

�����

�������� line = {d1 → d2, u1 → u2, u1 → d1, d2 → d3, u2 → u3, u3 → d3, u2 → d2};

fig[σi_] := GraphPlot[Table[{line〚i〛, StyleForm[ToString[α[i]],

20, RGBColor[scale0〚σi, i〛, 0, 1 - scale0〚σi, i〛]]}, {i, 7}],

PlotStyle → Black, ImageSize → 200, PlotLabel → "Region" <> ToString[σi]]

Do[fig[σi] // Print, {σi, Length[scale0]}]

α[1] α[4]

α[2]
α[3]

α[5]
α[7] α[6]

Region1

α[1] α[4]

α[2]
α[3]

α[5]
α[7] α[6]

Region2

α[1] α[4]

α[2]
α[3]

α[5]
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2

There are 13 regions. (all-hard region + 12 soft regions)

soft regions (i) 2~9 
       (# of soft propagator =3) 
soft regions (ii) 10~13 
       (# of soft propagator =5)
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all-hard region

soft regions (i)

(m2)0 (m2)1 (m2)2d = 4� 2✏ · · ·
· · ·
· · ·

soft regions (ii) · · ·

all-hard region

soft regions (i)

(m2)0 (m2)1 (m2)2 · · ·
· · ·
· · ·

soft regions (ii) · · ·

d = 6� 2✏
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1 one-loop case

We consider the following scalar integral:

p2

p1 p3

p4

k

k + p1

k + p1 + p2

k + p3

I =

∫
Dk

1

(k2 −m2) ((k + p1)2 −m2) ((k + p1 + p2)2 −m2) ((k + p3)2 −m2)
. (1)

The measure of integration is
∫

Dk ≡ eεγEµ2ε

iπd/2

∫
ddk, (2)

where µ is the renormalization scale. Here we set µ = 1 for simplicity. The kinematic variables are defined as

p21 = 0, p22 = 0, p23 = 0, p24 = 0, p1p2 = S/2 = −s/2, p1p3 = −T/2 = t/2, p2p3 = −U/2 = u/2. (3)

Here, instead of using usual Mandelstam variables S, T, U , we use s, t, u assuming unphysical situation s, t > 0 because
in this case the integral (1) is real-valued. By expressing eq.(1) in the alpha-parameterization, we obtain

I =

∫ ∞

0

4∏

n=0

dαn α−d/2
1234 exp(−m2α1234 − (sα1α3 + tα2α4)/α1234), (4)

where αi1i2... = αi1 + αi2 + · · · .
Using the program asy.m, we obtain five regions which are specified by scalings of alpha-paramaters (α1,α2,α3,α4)

as following:

R1 = (0, 0, 0, 0) (5)

R2 = (0, 0, 1, 1) (6)

R3 = (0, 1, 1, 0) (7)

R4 = (1, 0, 0, 1) (8)

R5 = (1, 1, 0, 0). (9)

For example, in the region R2, we expand eq.(4) in terms of small scale valuables α3 ∼ α4 ∼ m2. In practical
calculation, I replace like α3 → xα3,α4 → xα4,m2 → xm2 and expand with a single variable x.

1.1 region 1

The contribution from region 1 is expressed as one-fold Mellin-Barnes integral.

I(1) =

∫ ∞

0

4∏

n=0

dαn α−d/2
1234 exp(−(sα1α3 + tα2α4)/α1234)

∞∑

n=0

(−m2α1234)n

n!
(10)

=
∞∑

n=0

∫ ζ+i∞

ζ−i∞
dz

(−m2)ntzΓ(2 + n+ ε)

n!s2+n+ε+z
β(−n− ε,−n− ε) [β(1 + z,−1− n− ε− z)]2 β(−z, 2 + n+ ε+ z), (11)
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2

CA +CB +CC

+integrals with fewer propagators

CA, CB , CC = O((m2)0)

If e.g.                            , then we have to calculate up to (m^2)^1 term 
to obtain the (m^2)^0 term of the left hand side. 
                      -> not so efficient

CA = O((m2)�1)( (
We used LiteRed [Lee ’13] 
for obtaining the dim-rec. relation.
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. (1)

The measure of integration is
∫

Dk ≡ eεγEµ2ε

iπd/2

∫
ddk, (2)

where µ is the renormalization scale. Here we set µ = 1 for simplicity. The kinematic variables are defined as

p21 = 0, p22 = 0, p23 = 0, p24 = 0, p1p2 = S/2 = −s/2, p1p3 = −T/2 = t/2, p2p3 = −U/2 = u/2. (3)

Here, instead of using usual Mandelstam variables S, T, U , we use s, t, u assuming unphysical situation s, t > 0 because
in this case the integral (1) is real-valued. By expressing eq.(1) in the alpha-parameterization, we obtain

I =

∫ ∞

0

4∏

n=0

dαn α−d/2
1234 exp(−m2α1234 − (sα1α3 + tα2α4)/α1234), (4)

where αi1i2... = αi1 + αi2 + · · · .
Using the program asy.m, we obtain five regions which are specified by scalings of alpha-paramaters (α1,α2,α3,α4)

as following:

R1 = (0, 0, 0, 0) (5)

R2 = (0, 0, 1, 1) (6)

R3 = (0, 1, 1, 0) (7)

R4 = (1, 0, 0, 1) (8)

R5 = (1, 1, 0, 0). (9)

For example, in the region R2, we expand eq.(4) in terms of small scale valuables α3 ∼ α4 ∼ m2. In practical
calculation, I replace like α3 → xα3,α4 → xα4,m2 → xm2 and expand with a single variable x.

1.1 region 1

The contribution from region 1 is expressed as one-fold Mellin-Barnes integral.

I(1) =

∫ ∞

0

4∏

n=0
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n=0

(−m2α1234)n

n!
(10)

=
∞∑

n=0

∫ ζ+i∞

ζ−i∞
dz

(−m2)ntzΓ(2 + n+ ε)

n!s2+n+ε+z
β(−n− ε,−n− ε) [β(1 + z,−1− n− ε− z)]2 β(−z, 2 + n+ ε+ z), (11)
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∫
ddk, (2)

where µ is the renormalization scale. Here we set µ = 1 for simplicity. The kinematic variables are defined as
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I =

∫ ∞

0

4∏

n=0
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1234 exp(−m2α1234 − (sα1α3 + tα2α4)/α1234), (4)

where αi1i2... = αi1 + αi2 + · · · .
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as following:

R1 = (0, 0, 0, 0) (5)
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R5 = (1, 1, 0, 0). (9)
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∞∑

n=0

(−m2α1234)n
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(10)
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∞∑

n=0

∫ ζ+i∞

ζ−i∞
dz

(−m2)ntzΓ(2 + n+ ε)

n!s2+n+ε+z
β(−n− ε,−n− ε) [β(1 + z,−1− n− ε− z)]2 β(−z, 2 + n+ ε+ z), (11)
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Analytic result of massive double box diagram

23

Complexity of function is at most PolyLog[4,z], 
so the analytic continuation is very easy.

f0 =
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Summary
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1 one-loop case

We consider the following scalar integral:

p2

p1 p3

p4
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k + p1 + p2
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I =

∫
Dk

1

(k2 −m2) ((k + p1)2 −m2) ((k + p1 + p2)2 −m2) ((k + p3)2 −m2)
. (1)

The measure of integration is

∫
Dk ≡ eεγEµ2ε

iπd/2

∫
ddk, (2)

where µ is the renormalization scale. Here we set µ = 1 for simplicity. The kinematic variables are defined as

p21 = 0, p22 = 0, p23 = 0, p24 = 0, p1p2 = S/2 = −s/2, p1p3 = −T/2 = t/2, p2p3 = −U/2 = u/2. (3)
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+integrals with less propagators
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For example, in the region R2, we expand eq.(4) in terms of small scale valuables α3 ∼ α4 ∼ m2. In practical
calculation, I replace like α3 → xα3,α4 → xα4,m2 → xm2 and expand with a single variable x.
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] ]

all-hard region
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· · ·
· · ·
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· · ·
· · ·

soft regions (ii) · · ·

Next step
Apply diff. eq. to obtain higher order of      . 
Non-planar diagrams?

m2
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FIESTAO((m2
t )

0)

S = T < 0

1 one-loop case

We consider the following scalar integral:

p2

p1 p3

p4

k

k + p1

k + p1 + p2

k + p3

I =
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Dk

1
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. (1)

The measure of integration is

∫
Dk ≡ eεγEµ2ε

iπd/2

∫
ddk, (2)

where µ is the renormalization scale. Here we set µ = 1 for simplicity. The kinematic variables are defined as

p21 = 0, p22 = 0, p23 = 0, p24 = 0, p1p2 = S/2 = −s/2, p1p3 = −T/2 = t/2, p2p3 = −U/2 = u/2. (3)
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Application to physical process gg->HH @LO
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