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Start with a linear focusing accelerator with equal horizontal and vertical 

optics.

–

𝜋

–

To have lowest multipole expansion term to be a quadrapole: d=0, b =-
𝜋

2
t, t is then the nonlinear potential strength

V. Danilov and S. Nagaitsev, Phys. Rev. ST-AB 13, 084002 (2010) fast.fnal.gov
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𝜉 =
𝑥 + 𝑐 2 + 𝑦2 + 𝑥 − 𝑐 2 + 𝑦2

2𝑐
𝜂 =

𝑥 + 𝑐 2 + 𝑦2 − 𝑥 − 𝑐 2 + 𝑦2

2𝑐
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t = 0.22
Theoretical: Qx = 0.360, Qy = 0.224
Measured Run 1: Qx = 0. 363±0.001, Qy = 0.221±0.001
Measured Run 2: Qx = 0. 359±0.001, Qy = 0.222±0.001

t = 0.29
Theoretical: Qx = 0.377, Qy = 0.194
Measured Run 1: Qx = 0.380±0.001

Qy = 0.190±0.001

t = 0.36
Theoretical: Qx = 0.393, Qy = 0.159
Measured Run 2: Qx = 0.393±0.001

Qy = 0.152±0.001

t = 0.49
Theoretical: Qx = 0.422, Qy = 0.042
Measured Run 2: Qx = 0.418±0.002

Qy = 0.041±0.001

506/16/2020

t = 0.43
Theoretical: Qx = 0.409, Qy = 0.112
Measured Run 1: Qx = 0.414±0.001, Qy = 0.101±0.001
Measured Run 2: Qx = 0.406±0.001, Qy = 0.105±0.002
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Vertical:
Small Amplitude: Qy=0.225
Theoretical Maximum: ΔQy = 0.028
Measured Run 1: ΔQy = 0.0245±0.0018
Measured Run 2: ΔQy = 0.0312±0.0067

Horizontal:
Small Amplitude: Qx =0.359
Theoretical Maximum: ΔQx = 0.026
Measured Run 1: ΔQx = 0.0334±0.0018
Measured Run 2: ΔQx = 0.0234±0.0020
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Loss from Horizontal Kicks
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Vertical:
Small Amplitude: Qy=0.12 
Theoretical Maximum: ΔQy = 0.085
Measured Run 1: ΔQy = 0.0530 ± 0.0018
Measured Run 2: ΔQy = 0.0524 ± 0.0013

Horizontal:
Small Amplitude: Qx =0.406 
Theoretical Maximum: ΔQx = 0.026
Measured Run 1: ΔQx = 0.0261 ± 0.0017
Measured Run 2: ΔQx = 0.0300  ± 0.0016
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Loss from Horizontal Kicks
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Vertical:
Small Amplitude: Qy= 0.042 
Theoretical Maximum: ΔQy = 0.108 
Measured Run 2: ΔQy = 0.125 ± 0.0016

Horizontal:
Small Amplitude: Qx = 0.422 
Theoretical Maximum: ΔQx = 0.036 
Measured Run 2: ΔQx = 0.028  ± 0.0021

Vertical Kicks only
Significant beam loss after kick.
Chromaticity was not corrected
Had to realign orbit through center of NL
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t=0.2

t=0.4

t=0.6

t=0.8

Used Mathematica to find stable fixed points.
Potential Expressed as[1]:

𝑉 𝑥𝑁, 𝑦𝑁 =
1

2
𝑥2 + 𝑦2 − 𝑡 ∗ ℜ𝑒(

𝑧

1−𝑧2
arcsin(𝑧)), 

𝑧 = 𝑥𝑁 + 𝑖𝑦𝑁

Model Fit Function:  𝑦𝑚𝑜𝑑𝑒𝑙 = 2.385 𝑡 − 0.5

[1] Mitchell, Ryne, and Hwang, Phys. Rev. E 100, 053308 (2019)
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• Recorded images with 1 second exposure from synchrotron-light diagnostics
• M2L lattice parameters: 𝛽𝑥 ≈ 3.761 [m], 𝛽𝑦 ≈ 0.199 [m], 𝐷𝑥 ≈ 0.094472 [m]

• Low Intensity Beam, (survived crossing integer resonance)
• Stable at fixed points for higher t-strength

• Distance between the two stable fix points increase nonlinear with t-strength.
• Ideal lattice maximum distance = 1.445

• 10% Error on Beta-function = 1.515
• At t = 0.90, nearing mechanical aperture, one of the beamlets slowly decays

• Past t = 0.90, limit reached
• Need to further analyze synchrotron light diagnostic systematics.

t = 0.55 t = 0.68 t = 0.88

Bias Correction for A and B

𝑦𝑐𝑜𝑟𝑟 = 𝑦𝑜𝑏𝑠
𝐴

𝑐 𝛽𝑀2𝐿

+ 𝐵
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t = 0.55 t = 0.68 t = 0.88
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