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<latexit sha1_base64="pzWsfHwMrd3u4sqWwr9tf+ZmG90=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIrkoigm6EohtXUsFeoAlhMp20QycXZ06kJWTjxldx40IRt76DO9/GaZuFtv4w8PGfczhzfj8RXIFlfRsLi0vLK6ultfL6xubWtrmz21RxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH1yN660HJhWPozsYJcwNSS/iAacEtOWZB0PvBl9gJ5CEZsM8c9S9hMzxGZA898yKVbUmwvNgF1BBheqe+eV0Y5qGLAIqiFId20rAzYgETgXLy06qWELogPRYR2NEQqbcbHJFjo+008VBLPWLAE/c3xMZCZUahb7uDAn01WxtbP5X66QQnLsZj5IUWESni4JUYIjxOBLc5ZJRECMNhEqu/4ppn+hAQAdX1iHYsyfPQ/Okamu+Pa3ULos4SmgfHaJjZKMzVEPXqI4aiKJH9Ixe0ZvxZLwY78bHtHXBKGb20B8Znz/tRpjb</latexit><latexit sha1_base64="pzWsfHwMrd3u4sqWwr9tf+ZmG90=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIrkoigm6EohtXUsFeoAlhMp20QycXZ06kJWTjxldx40IRt76DO9/GaZuFtv4w8PGfczhzfj8RXIFlfRsLi0vLK6ultfL6xubWtrmz21RxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH1yN660HJhWPozsYJcwNSS/iAacEtOWZB0PvBl9gJ5CEZsM8c9S9hMzxGZA898yKVbUmwvNgF1BBheqe+eV0Y5qGLAIqiFId20rAzYgETgXLy06qWELogPRYR2NEQqbcbHJFjo+008VBLPWLAE/c3xMZCZUahb7uDAn01WxtbP5X66QQnLsZj5IUWESni4JUYIjxOBLc5ZJRECMNhEqu/4ppn+hAQAdX1iHYsyfPQ/Okamu+Pa3ULos4SmgfHaJjZKMzVEPXqI4aiKJH9Ixe0ZvxZLwY78bHtHXBKGb20B8Znz/tRpjb</latexit><latexit sha1_base64="pzWsfHwMrd3u4sqWwr9tf+ZmG90=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIrkoigm6EohtXUsFeoAlhMp20QycXZ06kJWTjxldx40IRt76DO9/GaZuFtv4w8PGfczhzfj8RXIFlfRsLi0vLK6ultfL6xubWtrmz21RxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH1yN660HJhWPozsYJcwNSS/iAacEtOWZB0PvBl9gJ5CEZsM8c9S9hMzxGZA898yKVbUmwvNgF1BBheqe+eV0Y5qGLAIqiFId20rAzYgETgXLy06qWELogPRYR2NEQqbcbHJFjo+008VBLPWLAE/c3xMZCZUahb7uDAn01WxtbP5X66QQnLsZj5IUWESni4JUYIjxOBLc5ZJRECMNhEqu/4ppn+hAQAdX1iHYsyfPQ/Okamu+Pa3ULos4SmgfHaJjZKMzVEPXqI4aiKJH9Ixe0ZvxZLwY78bHtHXBKGb20B8Znz/tRpjb</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="RtVl5RlkQTdHwpQlR4IRmaxGkOo=">AAAB+nicbZA7SwNBFIXv+owx6mqrxWAQrMKujTaCYGMlEcwDsmGZncwmQ2YfztyVhGUbG/+KjYUi/hA7/42TR6GJBwY+zpnhzj1BKoVGx/m2VlbX1jc2S1vl7crO7p69X2nqJFOMN1giE9UOqOZSxLyBAiVvp4rTKJC8FQyvJ3nrkSstkvgexynvRrQfi1Awisby7aORf0suiRcqyvJRkXv6QWHuBRxpUfh21ak5U5FlcOdQhbnqvv3l9RKWRTxGJqnWHddJsZtThYJJXpS9TPOUsiHt847BmEZcd/PpFgU5MU6PhIkyJ0YydX+/yGmk9TgKzM2I4kAvZhPzv6yTYXjRzUWcZshjNhsUZpJgQiaVkJ5QnKEcG6BMCfNXwgbUFIKmuLIpwV1ceRmaZzXX8J0DJTiEYzgFF87hCm6gDg1g8AQv8Abv1rP1an3M6lqx5r0dwB9Znz9bQZdr</latexit><latexit sha1_base64="RtVl5RlkQTdHwpQlR4IRmaxGkOo=">AAAB+nicbZA7SwNBFIXv+owx6mqrxWAQrMKujTaCYGMlEcwDsmGZncwmQ2YfztyVhGUbG/+KjYUi/hA7/42TR6GJBwY+zpnhzj1BKoVGx/m2VlbX1jc2S1vl7crO7p69X2nqJFOMN1giE9UOqOZSxLyBAiVvp4rTKJC8FQyvJ3nrkSstkvgexynvRrQfi1Awisby7aORf0suiRcqyvJRkXv6QWHuBRxpUfh21ak5U5FlcOdQhbnqvv3l9RKWRTxGJqnWHddJsZtThYJJXpS9TPOUsiHt847BmEZcd/PpFgU5MU6PhIkyJ0YydX+/yGmk9TgKzM2I4kAvZhPzv6yTYXjRzUWcZshjNhsUZpJgQiaVkJ5QnKEcG6BMCfNXwgbUFIKmuLIpwV1ceRmaZzXX8J0DJTiEYzgFF87hCm6gDg1g8AQv8Abv1rP1an3M6lqx5r0dwB9Znz9bQZdr</latexit><latexit sha1_base64="6kkN4O6zE8uP9H2htx3MAn0OQvo=">AAACBXicbZC7SgNBFIZn4y3G26qlFoNBsAq7NtoIQRsriWAukF2W2clsMmT24sxZSVi2sfFVbCwUsfUd7HwbJ8kWmvjDwMd/zuHM+f1EcAWW9W2UlpZXVtfK65WNza3tHXN3r6XiVFLWpLGIZccnigkesSZwEKyTSEZCX7C2P7ya1NsPTCoeR3cwTpgbkn7EA04JaMszD0feDb7ATiAJzUZ55qh7CZnjMyB57plVq2ZNhRfBLqCKCjU888vpxTQNWQRUEKW6tpWAmxEJnAqWV5xUsYTQIemzrsaIhEy52fSKHB9rp4eDWOoXAZ66vycyEio1Dn3dGRIYqPnaxPyv1k0hOHczHiUpsIjOFgWpwBDjSSS4xyWjIMYaCJVc/xXTAdGBgA6uokOw509ehNZpzdZ8a1Xrl0UcZXSAjtAJstEZqqNr1EBNRNEjekav6M14Ml6Md+Nj1loyipl99EfG5w/sBpjX</latexit><latexit sha1_base64="pzWsfHwMrd3u4sqWwr9tf+ZmG90=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIrkoigm6EohtXUsFeoAlhMp20QycXZ06kJWTjxldx40IRt76DO9/GaZuFtv4w8PGfczhzfj8RXIFlfRsLi0vLK6ultfL6xubWtrmz21RxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH1yN660HJhWPozsYJcwNSS/iAacEtOWZB0PvBl9gJ5CEZsM8c9S9hMzxGZA898yKVbUmwvNgF1BBheqe+eV0Y5qGLAIqiFId20rAzYgETgXLy06qWELogPRYR2NEQqbcbHJFjo+008VBLPWLAE/c3xMZCZUahb7uDAn01WxtbP5X66QQnLsZj5IUWESni4JUYIjxOBLc5ZJRECMNhEqu/4ppn+hAQAdX1iHYsyfPQ/Okamu+Pa3ULos4SmgfHaJjZKMzVEPXqI4aiKJH9Ixe0ZvxZLwY78bHtHXBKGb20B8Znz/tRpjb</latexit><latexit sha1_base64="pzWsfHwMrd3u4sqWwr9tf+ZmG90=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIrkoigm6EohtXUsFeoAlhMp20QycXZ06kJWTjxldx40IRt76DO9/GaZuFtv4w8PGfczhzfj8RXIFlfRsLi0vLK6ultfL6xubWtrmz21RxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH1yN660HJhWPozsYJcwNSS/iAacEtOWZB0PvBl9gJ5CEZsM8c9S9hMzxGZA898yKVbUmwvNgF1BBheqe+eV0Y5qGLAIqiFId20rAzYgETgXLy06qWELogPRYR2NEQqbcbHJFjo+008VBLPWLAE/c3xMZCZUahb7uDAn01WxtbP5X66QQnLsZj5IUWESni4JUYIjxOBLc5ZJRECMNhEqu/4ppn+hAQAdX1iHYsyfPQ/Okamu+Pa3ULos4SmgfHaJjZKMzVEPXqI4aiKJH9Ixe0ZvxZLwY78bHtHXBKGb20B8Znz/tRpjb</latexit><latexit sha1_base64="pzWsfHwMrd3u4sqWwr9tf+ZmG90=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIrkoigm6EohtXUsFeoAlhMp20QycXZ06kJWTjxldx40IRt76DO9/GaZuFtv4w8PGfczhzfj8RXIFlfRsLi0vLK6ultfL6xubWtrmz21RxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH1yN660HJhWPozsYJcwNSS/iAacEtOWZB0PvBl9gJ5CEZsM8c9S9hMzxGZA898yKVbUmwvNgF1BBheqe+eV0Y5qGLAIqiFId20rAzYgETgXLy06qWELogPRYR2NEQqbcbHJFjo+008VBLPWLAE/c3xMZCZUahb7uDAn01WxtbP5X66QQnLsZj5IUWESni4JUYIjxOBLc5ZJRECMNhEqu/4ppn+hAQAdX1iHYsyfPQ/Okamu+Pa3ULos4SmgfHaJjZKMzVEPXqI4aiKJH9Ixe0ZvxZLwY78bHtHXBKGb20B8Znz/tRpjb</latexit><latexit sha1_base64="pzWsfHwMrd3u4sqWwr9tf+ZmG90=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIrkoigm6EohtXUsFeoAlhMp20QycXZ06kJWTjxldx40IRt76DO9/GaZuFtv4w8PGfczhzfj8RXIFlfRsLi0vLK6ultfL6xubWtrmz21RxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH1yN660HJhWPozsYJcwNSS/iAacEtOWZB0PvBl9gJ5CEZsM8c9S9hMzxGZA898yKVbUmwvNgF1BBheqe+eV0Y5qGLAIqiFId20rAzYgETgXLy06qWELogPRYR2NEQqbcbHJFjo+008VBLPWLAE/c3xMZCZUahb7uDAn01WxtbP5X66QQnLsZj5IUWESni4JUYIjxOBLc5ZJRECMNhEqu/4ppn+hAQAdX1iHYsyfPQ/Okamu+Pa3ULos4SmgfHaJjZKMzVEPXqI4aiKJH9Ixe0ZvxZLwY78bHtHXBKGb20B8Znz/tRpjb</latexit><latexit sha1_base64="pzWsfHwMrd3u4sqWwr9tf+ZmG90=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIrkoigm6EohtXUsFeoAlhMp20QycXZ06kJWTjxldx40IRt76DO9/GaZuFtv4w8PGfczhzfj8RXIFlfRsLi0vLK6ultfL6xubWtrmz21RxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH1yN660HJhWPozsYJcwNSS/iAacEtOWZB0PvBl9gJ5CEZsM8c9S9hMzxGZA898yKVbUmwvNgF1BBheqe+eV0Y5qGLAIqiFId20rAzYgETgXLy06qWELogPRYR2NEQqbcbHJFjo+008VBLPWLAE/c3xMZCZUahb7uDAn01WxtbP5X66QQnLsZj5IUWESni4JUYIjxOBLc5ZJRECMNhEqu/4ppn+hAQAdX1iHYsyfPQ/Okamu+Pa3ULos4SmgfHaJjZKMzVEPXqI4aiKJH9Ixe0ZvxZLwY78bHtHXBKGb20B8Znz/tRpjb</latexit><latexit sha1_base64="pzWsfHwMrd3u4sqWwr9tf+ZmG90=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIrkoigm6EohtXUsFeoAlhMp20QycXZ06kJWTjxldx40IRt76DO9/GaZuFtv4w8PGfczhzfj8RXIFlfRsLi0vLK6ultfL6xubWtrmz21RxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH1yN660HJhWPozsYJcwNSS/iAacEtOWZB0PvBl9gJ5CEZsM8c9S9hMzxGZA898yKVbUmwvNgF1BBheqe+eV0Y5qGLAIqiFId20rAzYgETgXLy06qWELogPRYR2NEQqbcbHJFjo+008VBLPWLAE/c3xMZCZUahb7uDAn01WxtbP5X66QQnLsZj5IUWESni4JUYIjxOBLc5ZJRECMNhEqu/4ppn+hAQAdX1iHYsyfPQ/Okamu+Pa3ULos4SmgfHaJjZKMzVEPXqI4aiKJH9Ixe0ZvxZLwY78bHtHXBKGb20B8Znz/tRpjb</latexit>
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<latexit sha1_base64="C7filYgBZbjmPFLeMAimJqRSaxU=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIrkoigm6EohtXUsFeoAlhMp20QycXZ06EELJx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo2FxaXlldXKWnV9Y3Nr29zZbas4lZS1aCxi2fWJYoJHrAUcBOsmkpHQF6zjj67G9c4Dk4rH0R1kCXNDMoh4wCkBbXnmQebd4AvsBJLQPCtyR91LyB2fASkKz6xZdWsiPA92CTVUqumZX04/pmnIIqCCKNWzrQTcnEjgVLCi6qSKJYSOyID1NEYkZMrNJ1cU+Eg7fRzEUr8I8MT9PZGTUKks9HVnSGCoZmtj879aL4Xg3M15lKTAIjpdFKQCQ4zHkeA+l4yCyDQQKrn+K6ZDogMBHVxVh2DPnjwP7ZO6rfn2tNa4LOOooH10iI6Rjc5QA12jJmohih7RM3pFb8aT8WK8Gx/T1gWjnNlDf2R8/gDweJjd</latexit><latexit sha1_base64="C7filYgBZbjmPFLeMAimJqRSaxU=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIrkoigm6EohtXUsFeoAlhMp20QycXZ06EELJx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo2FxaXlldXKWnV9Y3Nr29zZbas4lZS1aCxi2fWJYoJHrAUcBOsmkpHQF6zjj67G9c4Dk4rH0R1kCXNDMoh4wCkBbXnmQebd4AvsBJLQPCtyR91LyB2fASkKz6xZdWsiPA92CTVUqumZX04/pmnIIqCCKNWzrQTcnEjgVLCi6qSKJYSOyID1NEYkZMrNJ1cU+Eg7fRzEUr8I8MT9PZGTUKks9HVnSGCoZmtj879aL4Xg3M15lKTAIjpdFKQCQ4zHkeA+l4yCyDQQKrn+K6ZDogMBHVxVh2DPnjwP7ZO6rfn2tNa4LOOooH10iI6Rjc5QA12jJmohih7RM3pFb8aT8WK8Gx/T1gWjnNlDf2R8/gDweJjd</latexit><latexit sha1_base64="C7filYgBZbjmPFLeMAimJqRSaxU=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIrkoigm6EohtXUsFeoAlhMp20QycXZ06EELJx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo2FxaXlldXKWnV9Y3Nr29zZbas4lZS1aCxi2fWJYoJHrAUcBOsmkpHQF6zjj67G9c4Dk4rH0R1kCXNDMoh4wCkBbXnmQebd4AvsBJLQPCtyR91LyB2fASkKz6xZdWsiPA92CTVUqumZX04/pmnIIqCCKNWzrQTcnEjgVLCi6qSKJYSOyID1NEYkZMrNJ1cU+Eg7fRzEUr8I8MT9PZGTUKks9HVnSGCoZmtj879aL4Xg3M15lKTAIjpdFKQCQ4zHkeA+l4yCyDQQKrn+K6ZDogMBHVxVh2DPnjwP7ZO6rfn2tNa4LOOooH10iI6Rjc5QA12jJmohih7RM3pFb8aT8WK8Gx/T1gWjnNlDf2R8/gDweJjd</latexit><latexit sha1_base64="C7filYgBZbjmPFLeMAimJqRSaxU=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIrkoigm6EohtXUsFeoAlhMp20QycXZ06EELJx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo2FxaXlldXKWnV9Y3Nr29zZbas4lZS1aCxi2fWJYoJHrAUcBOsmkpHQF6zjj67G9c4Dk4rH0R1kCXNDMoh4wCkBbXnmQebd4AvsBJLQPCtyR91LyB2fASkKz6xZdWsiPA92CTVUqumZX04/pmnIIqCCKNWzrQTcnEjgVLCi6qSKJYSOyID1NEYkZMrNJ1cU+Eg7fRzEUr8I8MT9PZGTUKks9HVnSGCoZmtj879aL4Xg3M15lKTAIjpdFKQCQ4zHkeA+l4yCyDQQKrn+K6ZDogMBHVxVh2DPnjwP7ZO6rfn2tNa4LOOooH10iI6Rjc5QA12jJmohih7RM3pFb8aT8WK8Gx/T1gWjnNlDf2R8/gDweJjd</latexit>
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<latexit sha1_base64="A2LrBjzvmq28RJBpcb9EpuglKRg="></latexit>
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K3(s)

<latexit sha1_base64="oTIHX8DZjJ6h2WlyqueCwxbjK20=">AAACInicbVDJSgNBEO1xN25Rj14agxAvYcYI6k30IniJYBbIxNDTqUkaexa7a8QwzLd48Ve8eFDUk+DH2FkEjT4oeLxXRVU9L5ZCo21/WFPTM7Nz8wuLuaXlldW1/PpGTUeJ4lDlkYxUw2MapAihigIlNGIFLPAk1L3r04FfvwWlRRReYj+GVsC6ofAFZ2ikdv7I9QBZUe+6vmI8dSX4WHT1jcL028nonatEt4e7V+UsLWf0vF02cjtfsEv2EPQvccakQMaotPNvbifiSQAhcsm0bjp2jK2UKRRcQpZzEw0x49esC01DQxaAbqXDFzO6Y5QO9SNlKkQ6VH9OpCzQuh94pjNg2NOT3kD8z2sm6B+2UhHGCULIR4v8RFKM6CAv2hEKOMq+IYwrYW6lvMdMVmhSzZkQnMmX/5LaXskpl5yL/cLxyTiOBbJFtkmROOSAHJMzUiFVwsk9eSTP5MV6sJ6sV+t91DpljWc2yS9Yn18WnKNV</latexit>
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�(s)5/2
<latexit sha1_base64="T+u0rDWq39dvHZmlfQiVuGE7CbU=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VoQWrSKrosuhHcVLAPaNIwmU7aoTNJmJkIJeQn3Pgrblwo4lZw5984fSy0euDC4Zx7ufceP2ZUKsv6MnJLyyura/n1wsbm1vaOubvXklEiMGniiEWi4yNJGA1JU1HFSCcWBHGfkbY/upr47XsiJI3COzWOicvRIKQBxUhpyTOPb7xaSZahIymHTiAQTrXSS0tWOctSxycKabuXnp1Us8wzi1bFmgL+JfacFMEcDc/8dPoRTjgJFWZIyq5txcpNkVAUM5IVnESSGOERGpCupiHiRLrp9KsMHmmlD4NI6AoVnKo/J1LEpRxzX3dypIZy0ZuI/3ndRAUXbkrDOFEkxLNFQcKgiuAkItingmDFxpogLKi+FeIh0tEoHWRBh2AvvvyXtKoVu1axb0+L9ct5HHlwAA5BCdjgHNTBNWiAJsDgATyBF/BqPBrPxpvxPmvNGfOZffALxsc3hzqdMA==</latexit>

�(s)V (xN
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<latexit sha1_base64="QpaG5mUpkh1vBhvdq389i+cEoRQ=">AAACG3icbZDLSsNAFIYnXmu9RV26CRahBSlJFXRZdONKKtgLNCFMppN26OTizIkYQt/Dja/ixoUirgQXvo3TNoK2/jDw851zOHN+L+ZMgml+aQuLS8srq4W14vrG5ta2vrPbklEiCG2SiEei42FJOQtpExhw2okFxYHHadsbXozr7TsqJIvCG0hj6gS4HzKfEQwKuXrN9ijgsqy0yvfulS1vBWQ/aHSUziNZcfWSWTUnMuaNlZsSytVw9Q+7F5EkoCEQjqXsWmYMToYFMMLpqGgnksaYDHGfdpUNcUClk01uGxmHivQMPxLqhWBM6O+JDAdSpoGnOgMMAzlbG8P/at0E/DMnY2GcAA3JdJGfcAMiYxyU0WOCEuCpMpgIpv5qkAEWmICKs6hCsGZPnjetWtU6rlrXJ6X6eR5HAe2jA1RGFjpFdXSJGqiJCHpAT+gFvWqP2rP2pr1PWxe0fGYP/ZH2+Q0Ue6DP</latexit>

U(xN , yN )
<latexit sha1_base64="E3+2BN61q7jPawhPrrFlquTXk60=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJUkJKooMeiF0+lgmmLbQib7aZdutmE3Y1YQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFyScKW3b39bS8srq2npho7i5tb2zW9rbb6o4lYS6JOaxbAdYUc4EdTXTnLYTSXEUcNoKhjcTv/VIpWKxuNejhHoR7gsWMoK1kR7cypNfPx359RO/VLar9hRokTg5KUOOhl/66vZikkZUaMKxUh3HTrSXYakZ4XRc7KaKJpgMcZ92DBU4osrLpheP0bFReiiMpSmh0VT9PZHhSKlRFJjOCOuBmvcm4n9eJ9XhlZcxkaSaCjJbFKYc6RhN3kc9JinRfGQIJpKZWxEZYImJNiEVTQjO/MuLpHlWdc6rzt1FuXadx1GAQziCCjhwCTW4hQa4QEDAM7zCm6WsF+vd+pi1Lln5zAH8gfX5A0Rbj/4=</latexit>

Smooth distribution of the nonlinearity



T-insert. Linear optics design



Nonlinear magnets placement

�(s)V (xN

p
�(s), yN

p
�(s), s)

<latexit sha1_base64="QpaG5mUpkh1vBhvdq389i+cEoRQ=">AAACG3icbZDLSsNAFIYnXmu9RV26CRahBSlJFXRZdONKKtgLNCFMppN26OTizIkYQt/Dja/ixoUirgQXvo3TNoK2/jDw851zOHN+L+ZMgml+aQuLS8srq4W14vrG5ta2vrPbklEiCG2SiEei42FJOQtpExhw2okFxYHHadsbXozr7TsqJIvCG0hj6gS4HzKfEQwKuXrN9ijgsqy0yvfulS1vBWQ/aHSUziNZcfWSWTUnMuaNlZsSytVw9Q+7F5EkoCEQjqXsWmYMToYFMMLpqGgnksaYDHGfdpUNcUClk01uGxmHivQMPxLqhWBM6O+JDAdSpoGnOgMMAzlbG8P/at0E/DMnY2GcAA3JdJGfcAMiYxyU0WOCEuCpMpgIpv5qkAEWmICKs6hCsGZPnjetWtU6rlrXJ6X6eR5HAe2jA1RGFjpFdXSJGqiJCHpAT+gFvWqP2rP2pr1PWxe0fGYP/ZH2+Q0Ue6DP</latexit>



Alternative discretization strategy



Algorithm

1 . Pick an integrator and a step in phase 

2. Set optics with the step in phase 
prescribed by the integrator (higher orders 
integrators may have non constant step)

3. Set nonlinear magnet strength according 
to similarity transformation with betatron
amplitude matrix



Connection to the lattice



Transformation of the nonlinear kick

Connection to the lattice



Connection to the lattice

Step in phase

Flow of the thin magnet
Length of the magnet

Transformed nonlinear kick



Connection to the lattice

V (x, y, s) =
h

�L
U

 
xp
�x(s)

,
yp
�y(s)

!

<latexit sha1_base64="I39BLitoZq7Rntsxi/8L0J5lYVY="></latexit>

Constant! 

h ! 0

�L ! 0
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Experimental proposal and simulations



Ruth lattice



Octupoles arrangement (equal phase)

1.37 m

1.8  m

10 cm

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17



Ruth lattice (IOTA Run-2 configuration)

• Note that in order to implement the tune 
of 0.41, the mirror symmetry is ruined.

• The large phase advance through 
nonlinear drift creates a ‘final-focus-like’ 
optics with large betas and high 
chromaticity



Simple model
• The model of the machine arc is a map characterized by
▫ Beta and alpha functions at entrance and exit
▫ Dispersion at entrance and exit
▫ Phase advances (x, y, z)
▫ Chromaticity

• Octupole channel is modeled as five thin multipoles, separated by drifts

• Thin element tracking

Ruth lattice. Simulations.

Full lattice model



Simple model: ideal case

Tune space. Q0=0.41 Amplitude space. 
A=50 corresponds to beam pipe aperture in IOTA



Simple model with imperfections

Case 1:
2% random error of octupole gradient

Case 2:
Same as 1 + 
0.01 error of phase advance
through accelerator arc 

Case 3:
Same as 2 + 
5% error of beta-function
of accelerator arc 

Simple model with imperfections



Full lattice simulations

Octupoles off
Corrected chromaticity (Ch=Cv=0)

Octupoles on
DA slightly improves, still dominated by sextupoles



Yoshida lattice

Yoshida forth order method

• Implement it with 3 of 4 IOTA sextupoles



Yoshida lattice (IOTA Run-2 configuration)



Simulations summary

• Ruth lattice could be implemented with 5 octupoles with realistic 
imperfections and will produce strongly nonlinear system

▫ Strong chromaticity, if uncorrected, complicates the dynamics
▫ The strength of IOTA octupole magnets limits the attainable tune shift to 

0.02
▫ Chromaticity correction with the sextupoles available in Run-2 (four 

magnets SC1R, SC2R, SC1L, SC2L) limits dynamical aperture but still 
allows reasonable measurements

• Yoshida lattice is feasible for IOTA. 
▫ Only preliminary simplified tracking was performed. 
▫ Error analysis and additional simulations are in progress.



Measurables

• Tune footprint

• 4D Hamiltonian

• Potentially real Poincare surface of section with synclight and 
BPM.  (x,y for example with one of the transverse momentums 
fixed)



Summary



• Nonlinear integrable lattice can be implemented with just few 
magnets and can be tested at IOTA.

• Ruth lattice potentially can be implemented in Run-3 as octupoles 
remain in place. New optics need to be developed and 
commissioned.

• Yoshida lattice could be tested in Run-4.

• Both lattices require minimum machine modification.  




