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Dear Colleague,

On 19-20 December 2013 the  first  NuPhys  workshop will  be held  at  the Institute  of  Physics,  

London, UK.

In this conference we will discuss the current status and prospectives of the future experiments, 
their performance and physics reach. This conference will  be unique in addressing the synergy 
between the planned experiments  and their  phenomenological  aspects and is  timely as these 
experiments are currently  being  designed.  A dedicated poster  session has been organised for 
December 19. Speakers include leading scientists from the UK, Europe, US, China and Japan: F. 
Feruglio,  E.  Lisi,  Y.  Wang,  M.  Fallot,  P.  Huber,  S.  Soldner-Rembold,  T.  Nakaya,  D.  Wark,  C. 
Backhouse, R. Wilson, T. Katori, A. Bross, A. Blondel, J. Kopp, M. Pallavicini, G. Drexlin, M. Chen, 
F. Simkovic, F. Deppisch, L. Verde, J. Miller and C. Kee.

 

The conference website, including travel details, can be found at 

http://nuphys2013.iopconfs.org 

As co-Chair of the Organising Committee I would like to ask you to display the workshop poster 

and to convey the information about the event to all  interested parties.  Participation by young 

researchers is particularly encouraged.

Best wishes,

                                   Shaped by the past, creating the future
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In the lepton sector, CP violation appears in the PMNS 
matrix in the CC interaction term.
For Dirac neutrinos, one phase is present. 
For Majorana neutrinos, the Majorana condition forbids 
neutrino rephasing: 2 additional CP-violating phases.
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Are we already seeing leptonic CPV?

3

There is a preference for 
CP-violation, which is 
m a i n l y d u e t o t h e 
combination of T2K and 
reactor neutrino data.

T2K Coll. Nature 580 (2020)
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NuFit Coll., 1811.05487
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error of 3.9 × 10−5 eV2/c4 on the m∆ 32
2  interval. More details of the sys-

tematic uncertainties on neutrino interaction modelling can be found 
in the Methods.

The observed number of events at SK can be seen in Fig. 1. The  
probability of observing an excess over prediction in one of our five 
samples at least as large as that seen in the electron-like charged  
pion sample is 6.9%, assuming the best-fit value of the oscillation  
parameters. We find that the data shows a preference for the  
normal mass ordering with a posterior probability of 89%, giving  
a Bayes factor of 8. We find θsin = 0.532

23 −0.04
+0.03  for both mass  

orderings. Assuming the normal (inverted) mass ordering we find 
m c∆ = (2.45 ± 0.07) × 10 eV /32

2 −3 2 4   m c(∆ = (2.43 ± 0.07) × 10 eV / )13
2 −3 2 4 . 

For δCP our best-fit value and 68% (1σ) uncertainties assuming the  
normal (inverted) mass ordering are −1.89 ( − 1.38 )−0.58

+0.70
−0.54
+0.48 , with  

statistical uncertainty dominating. Our data show a preference for 
values of δCP that are near maximal CP violation (see Fig. 4), while  

both CP conserving points, δCP = 0 and δCP = π, are ruled out at the 95% 
confidence level. Here we also produce 99.73% (3σ) confidence and 
credible intervals on δCP. In the favoured normal ordering the  
confidence interval contains [−3.41, −0.03] (excluding 46% of the 
parameter space). We have investigated the effect of the excess seen 
in the 1e1de sample on this interval and find that had the observed 
number of events in this sample been as expected for the best-fit 
parameter values the interval would have contained [−3.71, 0.17] 
(excluding 38% of parameter space). In the inverted ordering the  
confidence interval contains [−2.54, −0.32] (excluding 65% of the 
parameter space). The 99.73% credible interval marginalized across 
both mass orderings contains [−3.48, 0.13] (excluding 42% of the 
parameter space). The CP-conserving points are not both excluded 
at the 99.73% level. However, this experiment has reported closed 
99.73% (3σ) intervals on the CP-violating phase δCP (taking into account 
both mass orderings), and a large range of values around +π/2 are 
excluded.
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Fig. 4 | Constraints on PMNS oscillation parameters. a, Two-dimensional 
confidence intervals at the 68.27% confidence level for δCP versus sin2θ13 in the 
preferred normal ordering. The intervals labelled T2K only indicate the 
measurement obtained without using the external constraint on sin2θ13, 
whereas the T2K + reactor intervals do use the external constraint. The star 
shows the best-fit point of the T2K + reactors fit in the preferred normal mass 
ordering. b, Two-dimensional confidence intervals at the 68.27% and 99.73% 
confidence level for δCP versus sin2θ23 from the T2K + reactors fit in the normal 
ordering, with the colour scale representing the value of negative two times the 
logarithm of the likelihood for each parameter value. c, One-dimensional 
confidence intervals on δCP from the T2K + reactors fit in both the normal and 
inverted orderings. The vertical line in the shaded box shows the best-fit value 
of δCP, the shaded box itself shows the 68.27% confidence interval, and the error 
bar shows the 99.73% confidence interval. We note that there are no values in 
the inverted ordering inside the 68.27% interval.

Fig. 3 | Event prediction model tuning to near-detector data.  
a, b, Reconstructed muon momentum in two of the ND280 CCQE-like event 
samples for both neutrino (a) and antineutrino (b) beam mode. The prediction 
with all parameters set to their best-fit value from a fit to the ND280 data are 
shown by the coloured histograms, split into true neutrino CCQE, antineutrino 
CCQE, neutral current and all other interactions. The dashed line shows the 
prediction before a fit to the ND280 data. The vertical error bars on the data 
represent the standard deviation due to statistical uncertainty. c, The ratio of 
the observed data to the best-fit Monte Carlo prediction in both neutrino-mode 
and antineutrino-mode samples.
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Are we already seeing leptonic CPV?
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Is there a preference for 
C P - v i o l a t i o n ? A 
combined analysis by 
T 2 K a n d N O v A i s 
planned.

T2K Coll. Nature 580 (2020)

NOvA Coll., A. Himmel, Neutrino 2020
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error of 3.9 × 10−5 eV2/c4 on the m∆ 32
2  interval. More details of the sys-

tematic uncertainties on neutrino interaction modelling can be found 
in the Methods.

The observed number of events at SK can be seen in Fig. 1. The  
probability of observing an excess over prediction in one of our five 
samples at least as large as that seen in the electron-like charged  
pion sample is 6.9%, assuming the best-fit value of the oscillation  
parameters. We find that the data shows a preference for the  
normal mass ordering with a posterior probability of 89%, giving  
a Bayes factor of 8. We find θsin = 0.532
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+0.03  for both mass  

orderings. Assuming the normal (inverted) mass ordering we find 
m c∆ = (2.45 ± 0.07) × 10 eV /32
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For δCP our best-fit value and 68% (1σ) uncertainties assuming the  
normal (inverted) mass ordering are −1.89 ( − 1.38 )−0.58

+0.70
−0.54
+0.48 , with  

statistical uncertainty dominating. Our data show a preference for 
values of δCP that are near maximal CP violation (see Fig. 4), while  

both CP conserving points, δCP = 0 and δCP = π, are ruled out at the 95% 
confidence level. Here we also produce 99.73% (3σ) confidence and 
credible intervals on δCP. In the favoured normal ordering the  
confidence interval contains [−3.41, −0.03] (excluding 46% of the 
parameter space). We have investigated the effect of the excess seen 
in the 1e1de sample on this interval and find that had the observed 
number of events in this sample been as expected for the best-fit 
parameter values the interval would have contained [−3.71, 0.17] 
(excluding 38% of parameter space). In the inverted ordering the  
confidence interval contains [−2.54, −0.32] (excluding 65% of the 
parameter space). The 99.73% credible interval marginalized across 
both mass orderings contains [−3.48, 0.13] (excluding 42% of the 
parameter space). The CP-conserving points are not both excluded 
at the 99.73% level. However, this experiment has reported closed 
99.73% (3σ) intervals on the CP-violating phase δCP (taking into account 
both mass orderings), and a large range of values around +π/2 are 
excluded.
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Fig. 4 | Constraints on PMNS oscillation parameters. a, Two-dimensional 
confidence intervals at the 68.27% confidence level for δCP versus sin2θ13 in the 
preferred normal ordering. The intervals labelled T2K only indicate the 
measurement obtained without using the external constraint on sin2θ13, 
whereas the T2K + reactor intervals do use the external constraint. The star 
shows the best-fit point of the T2K + reactors fit in the preferred normal mass 
ordering. b, Two-dimensional confidence intervals at the 68.27% and 99.73% 
confidence level for δCP versus sin2θ23 from the T2K + reactors fit in the normal 
ordering, with the colour scale representing the value of negative two times the 
logarithm of the likelihood for each parameter value. c, One-dimensional 
confidence intervals on δCP from the T2K + reactors fit in both the normal and 
inverted orderings. The vertical line in the shaded box shows the best-fit value 
of δCP, the shaded box itself shows the 68.27% confidence interval, and the error 
bar shows the 99.73% confidence interval. We note that there are no values in 
the inverted ordering inside the 68.27% interval.

Fig. 3 | Event prediction model tuning to near-detector data.  
a, b, Reconstructed muon momentum in two of the ND280 CCQE-like event 
samples for both neutrino (a) and antineutrino (b) beam mode. The prediction 
with all parameters set to their best-fit value from a fit to the ND280 data are 
shown by the coloured histograms, split into true neutrino CCQE, antineutrino 
CCQE, neutral current and all other interactions. The dashed line shows the 
prediction before a fit to the ND280 data. The vertical error bars on the data 
represent the standard deviation due to statistical uncertainty. c, The ratio of 
the observed data to the best-fit Monte Carlo prediction in both neutrino-mode 
and antineutrino-mode samples.
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- LBL experiments
- Neutrinoless double beta decay 

(at least in principle)

1. How are we going to 
discover leptonic CPV?

- The origin of leptonic mixing
- Leptogenesis and the baryon 

asymmetry

2. What can CPV tell us?
Implications of CPV



● The effective Majorana mass parameter:

●                    are the nuclear matrix elements

Neutrinoless double beta decay, (A, Z) → (A, Z+2) + 2e, 
will test the nature of neutrinos. 

6

The half-life time depends 
on neutrino properties

Mixing angles (known) CPV phases (unknown)

Neutrinoless double beta decay

n

2 – Neutrino masses

(ββ)0ν -decay

neutrinoless double beta decay : (A,Z) → (A,Z + 2) + 2e−, is the
most sensitive of processes (∆L = 2) which can probe the nature of
neutrinos (Dirac vs Majorana).
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p
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p

(ββ)0ν -decay has a special role in the study of neutrino properties, as it
probes the violation of global lepton number, and it might provide
information on the neutrino mass spectrum, absolute neutrino mass
scale and CP-V.
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W

Neutrinoless double beta decay, Figure 1
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Figure 3: Feynman diagrams at the quark level for neutrinoless double beta decay (left) and for the SM
allowed two-neutrino double beta decay (right).
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where G0⌫

is a known phase-space factor, m
e

is the electron mass, MNUCL is the nuclear matrix element
(NME) for the nucleus of the process. m

��

is the effective Majorana mass parameter which parameterises
all the decay rate dependence on the neutrino quantities, namely the neutrino masses, mixing angles and
CP-violating phases. Restricting the discussion to the standard case of 3-neutrino mixing, its expression is
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|m
��

| ⌘
���m1|Ue1|2 + m2|Ue2|2 ei↵21
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Here, m
i

, i = 1, 2, 3, indicate the three light neutrino masses, which can be expressed in terms of the
measured mass squared differences �m2

31 and �m2
21 and an unknown overall scale set by the lightest

neutrino mass, m1 for normal ordering and m3 for inverted ordering. U
ei

are the elements of the first row of
the PMNS lepton mixing matrix which depend on the angles ✓12, ✓13 and on the CP violating phases ↵31/2
and �� + ↵21/2. The latter phases are unknown and need to be taken as free parameters.

From Eq. (4) we see that the predicted value of m
��

depends critically on the neutrino mass spectrum
and on the values of the two unknown Majorana phases in the PMNS matrix, ↵21 and ↵31. We find that
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where we have used the measured values of the oscillation parameters, including a 3� error, and we varied
the CPV phases in their allowed ranges. In the most general case, varying the minimal value of neutrino
masses, we show in Fig. 4 the current predictions for m

��

for the two mass orderings.
As the mixing angle ✓12 is large but non-maximal, there is significant lower bound on m

��

for IO given
by

|hmi|IO �
q

|�m2
32| cos 2✓12 ' 15 meV . (8)

In the case of NO the effective Majorana mass can go from the current bound to zero, even if neutrinos are
Majorana particles due to a cancellation for values of mMIN ⇠ 5 meV, as shown in Fig. 4.

Neutrinoless double beta decay can provide information on the neutrino mass spectrum. In the ideal
case of perfectly known nuclear matrix elements, a measurement of m

��

> 0.1 eV would imply that the
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Figure 3: Feynman diagrams at the quark level for neutrinoless double beta decay (left) and for the SM
allowed two-neutrino double beta decay (right).

T�1
1/2 ' G0⌫

m
e

|m
��

|2 M2
NUCL , (3)

where G0⌫

is a known phase-space factor, m
e

is the electron mass, MNUCL is the nuclear matrix element
(NME) for the nucleus of the process. m

��

is the effective Majorana mass parameter which parameterises
all the decay rate dependence on the neutrino quantities, namely the neutrino masses, mixing angles and
CP-violating phases. Restricting the discussion to the standard case of 3-neutrino mixing, its expression is
given by

|m
��

| ⌘
���m1|Ue1|2 + m2|Ue2|2 ei↵21

+ m3|Ue3|2 ei(↵31�2�)
��� . (4)

Here, m
i

, i = 1, 2, 3, indicate the three light neutrino masses, which can be expressed in terms of the
measured mass squared differences �m2

31 and �m2
21 and an unknown overall scale set by the lightest

neutrino mass, m1 for normal ordering and m3 for inverted ordering. U
ei

are the elements of the first row of
the PMNS lepton mixing matrix which depend on the angles ✓12, ✓13 and on the CP violating phases ↵31/2
and �� + ↵21/2. The latter phases are unknown and need to be taken as free parameters.

From Eq. (4) we see that the predicted value of m
��

depends critically on the neutrino mass spectrum
and on the values of the two unknown Majorana phases in the PMNS matrix, ↵21 and ↵31. We find that

mNO,m1⇠0
��

'
���
p
�m2

21 sin
2✓12 cos

2✓13 +
p
�m2

31 sin
2✓13ei(↵32�2�)

��� ' 1.1 � 4.2 meV, (5)

mIO,m3⇠0
��

'
p

|�m2
32| cos2✓13

q
1 � sin

2
2✓12 sin

2
�

↵21
2

� ' 15 � 50 meV, (6)

mm1'm2'm3⌘m0
��

' m0

��
(cos

2✓12 + sin

2✓12ei↵21
) cos

2✓13+ei(↵31�2�)
sin

2✓13

�� ' (0.29 � 1)m0 , (7)

where we have used the measured values of the oscillation parameters, including a 3� error, and we varied
the CPV phases in their allowed ranges. In the most general case, varying the minimal value of neutrino
masses, we show in Fig. 4 the current predictions for m

��

for the two mass orderings.
As the mixing angle ✓12 is large but non-maximal, there is significant lower bound on m

��

for IO given
by

|hmi|IO �
q

|�m2
32| cos 2✓12 ' 15 meV . (8)

In the case of NO the effective Majorana mass can go from the current bound to zero, even if neutrinos are
Majorana particles due to a cancellation for values of mMIN ⇠ 5 meV, as shown in Fig. 4.

Neutrinoless double beta decay can provide information on the neutrino mass spectrum. In the ideal
case of perfectly known nuclear matrix elements, a measurement of m

��

> 0.1 eV would imply that the
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The predictions for |<m>| depend on the neutrino mass 
spectrum

● NH (m1<<m2<<m3): |<m>| ~ 1-5 meV

● IH (m3<<m1~m2): 15 meV < |<m>| < 50 meV

● QD (m1~m2~m3): 44 meV < |<m>| < m1

Predictions for betabeta decay
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The predictions for mbb depend on the neutrino masses:
Predictions for betabeta decay
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neutrinos as discussed above) either constructively or destructively. If the NP e↵ect is significant

enough, the simple relation between �0⌫ and |hmiee| in Eq. (1) has to be modified. This will make

the interpretation of a discovery or null result of the 0⌫2� decay more uncertain. Here we aim to

study the issue in a model-independent way. Namely, we parameterize the possible NP contribution

to |hmiee| in terms of its modulus and phase relative to the standard contribution, without going

into details of any specific NP model [19, 20].

An interesting and very likely case is that di↵erent contributions can add in a coherent way

so that their constructive or destructive interference may happen [19, 21]. If the helicities of two

electrons emitted in the NP-induced 0⌫2� channel are identical to those in the standard channel,

then the overall rate of the 0⌫2� decay in Eq. (1) can be modified in the following way:

�0⌫ = G0⌫(Q,Z)
�

�M0⌫hmiee +M0⌫
NP

m0

NP

�

�

2

⌘ G0⌫(Q,Z)
�

�M0⌫
�

�

2

�

�hmi0ee
�

�

2

, (9)

where M0⌫
NP

denotes the NME subject to the NP process, m0

NP

is a particle-physics parameter

describing the NP contribution, and hmi0ee represents the e↵ective Majorana mass term defined as

hmi0ee = m
1

U2

e1 +m
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e2 +m
3
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e3 +m
NP

(10)

with m
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⌘ m0
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M0⌫
NP

/M0⌫ . Unless M0⌫
NP

is identical with M0⌫ like the case of NP coming from

the light sterile neutrinos [22], m
NP

generally di↵ers from one isotope to another. Hence using
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possible to establish CPV due 
to Majorana phases.
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However, this requires also a very 
precise determination of NME.
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Figure 5: The regions of the smallest neutrino mass (m
1

or m
3

) and the Majorana phase ⇢ as

constrained by an “observed” value of |hmiee|. In the NMO case |hmiee| = 0.0005 eV, 0.005 eV

and 0.05 eV are taken, and in the IMO case |hmiee| = 0.02 eV, 0.05 eV and 0.1 eV are input. The

NME uncertainty is illustrated by F .

neutrinos as discussed above) either constructively or destructively. If the NP e↵ect is significant

enough, the simple relation between �0⌫ and |hmiee| in Eq. (1) has to be modified. This will make

the interpretation of a discovery or null result of the 0⌫2� decay more uncertain. Here we aim to

study the issue in a model-independent way. Namely, we parameterize the possible NP contribution

to |hmiee| in terms of its modulus and phase relative to the standard contribution, without going

into details of any specific NP model [19, 20].

An interesting and very likely case is that di↵erent contributions can add in a coherent way

so that their constructive or destructive interference may happen [19, 21]. If the helicities of two

electrons emitted in the NP-induced 0⌫2� channel are identical to those in the standard channel,

then the overall rate of the 0⌫2� decay in Eq. (1) can be modified in the following way:
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where M0⌫
NP

denotes the NME subject to the NP process, m0

NP

is a particle-physics parameter

describing the NP contribution, and hmi0ee represents the e↵ective Majorana mass term defined as

hmi0ee = m
1

U2
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2
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e2 +m
3
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e3 +m
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(10)

with m
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⌘ m0

NP

M0⌫
NP

/M0⌫ . Unless M0⌫
NP

is identical with M0⌫ like the case of NP coming from

the light sterile neutrinos [22], m
NP

generally di↵ers from one isotope to another. Hence using
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study the issue in a model-independent way. Namely, we parameterize the possible NP contribution

to |hmiee| in terms of its modulus and phase relative to the standard contribution, without going

into details of any specific NP model [19, 20].
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Figure 5: The regions of the smallest neutrino mass (m
1

or m
3

) and the Majorana phase ⇢ as

constrained by an “observed” value of |hmiee|. In the NMO case |hmiee| = 0.0005 eV, 0.005 eV

and 0.05 eV are taken, and in the IMO case |hmiee| = 0.02 eV, 0.05 eV and 0.1 eV are input. The

NME uncertainty is illustrated by F .

neutrinos as discussed above) either constructively or destructively. If the NP e↵ect is significant

enough, the simple relation between �0⌫ and |hmiee| in Eq. (1) has to be modified. This will make

the interpretation of a discovery or null result of the 0⌫2� decay more uncertain. Here we aim to

study the issue in a model-independent way. Namely, we parameterize the possible NP contribution

to |hmiee| in terms of its modulus and phase relative to the standard contribution, without going

into details of any specific NP model [19, 20].

An interesting and very likely case is that di↵erent contributions can add in a coherent way

so that their constructive or destructive interference may happen [19, 21]. If the helicities of two

electrons emitted in the NP-induced 0⌫2� channel are identical to those in the standard channel,

then the overall rate of the 0⌫2� decay in Eq. (1) can be modified in the following way:

�0⌫ = G0⌫(Q,Z)
�

�M0⌫hmiee +M0⌫
NP

m0

NP

�

�

2

⌘ G0⌫(Q,Z)
�

�M0⌫
�

�

2

�

�hmi0ee
�

�

2

, (9)

where M0⌫
NP

denotes the NME subject to the NP process, m0

NP

is a particle-physics parameter

describing the NP contribution, and hmi0ee represents the e↵ective Majorana mass term defined as

hmi0ee = m
1

U2

e1 +m
2

U2

e2 +m
3

U2

e3 +m
NP

(10)

with m
NP

⌘ m0

NP

M0⌫
NP

/M0⌫ . Unless M0⌫
NP

is identical with M0⌫ like the case of NP coming from

the light sterile neutrinos [22], m
NP

generally di↵ers from one isotope to another. Hence using
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Two main aspects:
- Model predictions for 

leptonic CPV phases
- the origin of the baryon 
asymmetry (Leptogenesis)

12

What can leptonic 
“CPV” tell us?
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Important aspects:

-      maximal or close to maximal
-      significantly different from maximal
-       quite large. This poses some 
challenges for understanding the origin of the flavour 
structure
- Mixings very different from quark sector

13

Hunting for the origin of leptonic mixing 

✓23

✓12

✓13

M. C. Gonzalez-Garcia et al., NuFit v4, 1811.05487
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Masses and mixing from the mass matrix 

Neutrino masses and the mixing matrix arises from the 
diagonalisation of the mass matrix 

14

MM = (U †)TmdiagU
† nL = U †⌫L

Example. In the diagonal basis for the leptons

the angle is

M⌫ =

✓
a b
b c

◆

tan 2✓ =

2b

a� c
� 1 for a ⇠ c and, or a, c ⌧ b

Theory Experiments

) gp
2
(ēL, µ̄L, ⌧̄L)�

µU
osc

0

@
⌫
1L

⌫
2L

⌫
3L

1

AWµLCC =
gp
2
(ē0L, µ̄

0
L, ⌧̄

0
L)�

µ

0

@
⌫eL
⌫µL
⌫⌧L

1

AWµ with UPMNS = U†
eU⌫
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Symmetry approach 
- Choose a leptonic symmetry (e.g. A4, S4,           )

U⌫ 6= VL

µ� ⌧

A
5T
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S
4

A
4

⌃(168) �(96) SO(3)

�(27)

SU(3)

Figure 10: Some subgroups of SU(3) which involve triplet representations. The simplest groups S
4

, A
4

[27], A
5

(in pale
blue) are related to BM, TB and GR mixing. �(96) is an example of the �(6n2) series [77], while �(27) [78] is an
example of the �(3n2) series [79]. ⌃(168), also called PSL

2

(7) [80], is a simple group, with a subgroup T
7

[81].

5 Robustness: Discrete non-Abelian family symmetry models

5.1 Finite group theory

For a comprehensive introduction to (finite) group theory we refer the reader to [19]. Here we shall
only recall a few basic features.

• A finite group G contains of a finite number of elements g together with a multiplication law
between any two of the elements so that it yields another element of G.

• A group must include the identity element e.

• For every element g there must be an inverse g�1.

• The product of three elements satisfies (g
1

g
2

)g
3

= g
1

(g
2

g
3

) (associative).

• Groups are called Abelian if all the elements commute, g
1

g
2

= g
2

g
1

. Non-Abelian groups have
elements which do not commute.

Abelian groups such as Zn have elements which commute and may be represented by complex
numbers, e2⇡i/n of unit modulus. Some non-Abelian groups subgroups of SU(3) which contain triplet
representations are depicted in Fig. 10. The simplest groups S

4

, A
4

[27], A
5

(in pale blue) are related to
BM, TB and GR mixing. �(96) is an example of the �(6n2) series [77], while �(27) [78] is an example
of the �(3n2) series [79]. ⌃(168), also called PSL

2

(7) [80], is a simple group, with a subgroup T
7

[81].
For example, S

4

is the rigid rotation group of a cube, while A
4

is that of the tetrahedron, where A
4

is a
subgroup of S

4

, as seen geometrically by inscribing the tetrahedron inside the cube as shown in Fig.11.
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Figure 12: This diagram illustrates the so called direct approach to models of lepton mixing.
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A , preserves SU breaks T, U, (68)
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A , preserves SU breaks T, U. (69)

These flavons �l (identified with one or more of the T preserving flavons) only carefully engineered
to only appear in terms responsible for charged lepton masses. The other flavons �⌫ (identified with
one or more of the S, U preserving flavons) only couple to terms responsible for neutrino masses.

This is the so called “direct approach” illustrated in Fig.12. For example G = S
4

can lead to TB
mixing if T is preserved in the charged lepton sector, and S, U are preserved in the neutrino sector, which
can be achieved dynamically by assuming that di↵erent symmetry preserving flavons are confined to a
particular sector. For example the charged lepton mass matrix Me may arise from a non-renormalisable
Lagrangian term �l

⇤

LHdec where ⇤ is a heavy mass scale once the flavon �l and Higgs Hd get VEVs.
Since only �l (not �⌫) appears in the charged lepton sector, the mass matrix Me therefore respects the
T symmetry (see Eq.61) preserved by the �l VEV. Similarly m⌫ respects the S, U symmetry (see Eq.62)
preserved by the �⌫ VEV.

In such a “direct approach” the full Klein symmetry ZS
2

⇥ ZU
2

of the neutrino mass matrix arises
as a subgroup of the initial family symmetry G. Given the measurement of the reactor angle, the only
viable direct models are those based on �(6N2) [84–86], with quite large N required. Such models
generally predict TM

2

mixing and a CP phase � = 0, ⇡, both of which are disfavoured by current data.
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- Obtain the 
mixing matrix

 (possibly invoking 
corrections
 to the first order 
predictions).

For recent reviews see, e.g. S. King, 1701.04413;
Z.-z. Xing, 1909.09610; F. Feruglio, A. Romanino, 1912.06028
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Flavour symmetries lead to relations between the 
masses and/or mixing angles. Examples are the so-
called sumrules, e.g.:

They do not constrain the values of the Majorana 
phases. One can introduce Generalised CP symmetry: 

CP symmetry compatible with the flavour symmetry:
L(t, ~x) ! XL

⇤(t,�~x)
<latexit sha1_base64="50yJK6hE6xfoiK7hCtlUeGmGrRQ=">AAACK3icbVDLSgMxFM34rO+qSzfBIihonRFBl0U3LlwoWFvo1JJJ77TBTGZI7qhl6Gf4GX6BW/0CV4rb/ofpQ9DqgcDhnHO5NydIpDDouu/OxOTU9Mxsbm5+YXFpeSW/unZt4lRzKPNYxroaMANSKCijQAnVRAOLAgmV4Pa071fuQBsRqyvsJFCPWEuJUHCGVmrk98+3cZf6d8Czh+4O9bVotZFpHd/TKj2/8ZnBfmDvO9HIF9yiOwD9S7wRKZARLhr5nt+MeRqBQi6ZMTXPTbCeMY2CS+jO+6mBhPFb1oKapYpFYOrZ4GNdumWVJg1jbZ9COlB/TmQsMqYTBTYZMWybca8v/ufVUgyP65lQSYqg+HBRmEqKMe23RJtCA0fZsYRxLeytlLeZZhxtl7+2hNBRUdK1vXjjLfwl1wdFzy16l4eF0smooRzZIJtkm3jkiJTIGbkgZcLJI3kmL+TVeXLenA/ncxidcEYz6+QXnN4XXmWnSQ==</latexit><latexit sha1_base64="50yJK6hE6xfoiK7hCtlUeGmGrRQ=">AAACK3icbVDLSgMxFM34rO+qSzfBIihonRFBl0U3LlwoWFvo1JJJ77TBTGZI7qhl6Gf4GX6BW/0CV4rb/ofpQ9DqgcDhnHO5NydIpDDouu/OxOTU9Mxsbm5+YXFpeSW/unZt4lRzKPNYxroaMANSKCijQAnVRAOLAgmV4Pa071fuQBsRqyvsJFCPWEuJUHCGVmrk98+3cZf6d8Czh+4O9bVotZFpHd/TKj2/8ZnBfmDvO9HIF9yiOwD9S7wRKZARLhr5nt+MeRqBQi6ZMTXPTbCeMY2CS+jO+6mBhPFb1oKapYpFYOrZ4GNdumWVJg1jbZ9COlB/TmQsMqYTBTYZMWybca8v/ufVUgyP65lQSYqg+HBRmEqKMe23RJtCA0fZsYRxLeytlLeZZhxtl7+2hNBRUdK1vXjjLfwl1wdFzy16l4eF0smooRzZIJtkm3jkiJTIGbkgZcLJI3kmL+TVeXLenA/ncxidcEYz6+QXnN4XXmWnSQ==</latexit><latexit sha1_base64="50yJK6hE6xfoiK7hCtlUeGmGrRQ=">AAACK3icbVDLSgMxFM34rO+qSzfBIihonRFBl0U3LlwoWFvo1JJJ77TBTGZI7qhl6Gf4GX6BW/0CV4rb/ofpQ9DqgcDhnHO5NydIpDDouu/OxOTU9Mxsbm5+YXFpeSW/unZt4lRzKPNYxroaMANSKCijQAnVRAOLAgmV4Pa071fuQBsRqyvsJFCPWEuJUHCGVmrk98+3cZf6d8Czh+4O9bVotZFpHd/TKj2/8ZnBfmDvO9HIF9yiOwD9S7wRKZARLhr5nt+MeRqBQi6ZMTXPTbCeMY2CS+jO+6mBhPFb1oKapYpFYOrZ4GNdumWVJg1jbZ9COlB/TmQsMqYTBTYZMWybca8v/ufVUgyP65lQSYqg+HBRmEqKMe23RJtCA0fZsYRxLeytlLeZZhxtl7+2hNBRUdK1vXjjLfwl1wdFzy16l4eF0smooRzZIJtkm3jkiJTIGbkgZcLJI3kmL+TVeXLenA/ncxidcEYz6+QXnN4XXmWnSQ==</latexit><latexit sha1_base64="50yJK6hE6xfoiK7hCtlUeGmGrRQ=">AAACK3icbVDLSgMxFM34rO+qSzfBIihonRFBl0U3LlwoWFvo1JJJ77TBTGZI7qhl6Gf4GX6BW/0CV4rb/ofpQ9DqgcDhnHO5NydIpDDouu/OxOTU9Mxsbm5+YXFpeSW/unZt4lRzKPNYxroaMANSKCijQAnVRAOLAgmV4Pa071fuQBsRqyvsJFCPWEuJUHCGVmrk98+3cZf6d8Czh+4O9bVotZFpHd/TKj2/8ZnBfmDvO9HIF9yiOwD9S7wRKZARLhr5nt+MeRqBQi6ZMTXPTbCeMY2CS+jO+6mBhPFb1oKapYpFYOrZ4GNdumWVJg1jbZ9COlB/TmQsMqYTBTYZMWybca8v/ufVUgyP65lQSYqg+HBRmEqKMe23RJtCA0fZsYRxLeytlLeZZhxtl7+2hNBRUdK1vXjjLfwl1wdFzy16l4eF0smooRzZIJtkm3jkiJTIGbkgZcLJI3kmL+TVeXLenA/ncxidcEYz6+QXnN4XXmWnSQ==</latexit>

X will be a three dimensional matrix in flavour space. In order for Llepton to be CP invariant under
Eq.(77), the Lagrangian terms in Eq.7 go into their respective H.c. terms and vice-versa leading to the
conditions on the mass matrices:

X†m⌫X
⇤ = m⇤

⌫ , X†MeX
0 = M⇤

e , (78)

where we have written m⌫ = m⌫e
ij and Me = vdY e

ij.
The condition for CP to be conserved is (analogous to the quark sector result) in Eq.74 [88]:

I l
1

⌘ 1

3
Tr

�
[H⌫ , He]

3

�
=

1

3
Tr

�
[H⌫He � HeH⌫ ]

3

�
= 6i�lJ l = 0 , (79)

where H⌫ ⌘ m⌫m†
⌫ and He ⌘ MeM †

e , and �l and J l are the analogues of the results for the quark
sector in Eqs.75 and 76, with q ! l for the lepton mixing parameters, u, c, t ! 1, 2, 3 for the neutrino
masses, and d, s, b ! e, µ, ⌧ for the charged lepton masses. The condition I l

1

= 0 is both a necessary
and su�cient condition for Dirac CP invariance. If the mass matrices are chosen such that I l

1

= 0 then
Dirac type CP is explicitly conserved while if I l

1

6= 0 then Dirac type CP is explicitly violated. 13

As shown in [89], if a Lagrangian is specified, which is invariant under a family symmetry G and
some CP transformation, then the consistency relations first introduced in [91, 92] are automatically
satisfied, namely,

X⇢(g)⇤X† = ⇢(g0), (80)

where X is a CP transformation matrix as in Eq.77 and ⇢(g) is the flavour transformation matrix
associated with a group element g belonging to G as in Eq.60, while g0 is another element of G. The
main point to emphasise is that the CP tranformation matrix X need not be the unit matrix, it can
be any unitary matrix that satisfies the consistency condition in Eq.80. If X is the unit matrix then
we refer to it as trivial CP , while if X is some other unitary matrix then we refer to it as non-trivial
CP , or sometimes, generalised CP , although we emphasise that one CP transformation is as good as
another, and both trivial and non-trivial CP are equally valid and on the same footing, indeed they are
both basis dependent. Physical CP violating observables only depend only on basis invariants such as
Iq
1

and I l
1

, which are independent on the matrix forms of X which cancel by construction.
In the SM, the Yukawa matrices explicitly violate CP therefore no transformation X exists that leaves

the theory CP invariant. However in theories beyond the SM, a new possibility arises, namely that the
theory respects CP at high energy, but CP is spontaneously broken in the low energy e↵ective theory.
Such theories are interesting since they allow for the possibility of being able to predict the amount
of CP violation (e.g. the physical CP violating phases in some basis). We already saw an example of
spontaneous CP violation below Eq.73. In that example, we assumed that the high energy couplings
in Eq.70 respected CP symmetry, which in that example implies that the Yukawa couplings are real.
We then argued that the flavons � could develop VEVs with complex phases h�i = !k|⇤M2|1/3 which
could break CP spontaneously. In that example, we were implicitly assuming trivial CP transformations
where X was identified with the unit matrix.

13 This is Dirac type CP violation since it occurs both when neutrinos have both Dirac and Majorana masses. Apart
from this, there may be two further necessary and su�cient conditions for low energy leptonic CP invariance which only
appear in the Majorana sector [90].
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sin ✓23 �
1p
2

= sin ✓13 cos �

extra complex phases,

U e
23 =

0

@
1 0 0
0 ce23 se23e

�i�e23

0 �se23e
i�e23 ce23

1

A ,

U e
12 =

0

@
ce12 se12e

�i�e12 0
�se12e

i�e12 ce12 0
0 0 1

1

A .

With these definitions, it is simple enough to compute the explicit form of the PMNS matrix.
However, our derivation focuses only on the first two elements of the bottom row of the physical
PMNS matrix, which are found to be

U⌧1 = s⌫12(s
⌫
23c

e
23 � c⌫23s

e
23e

i�e23),

U⌧2 = �c⌫12(s
⌫
23c

e
23 � c⌫23s

e
23e

i�e23).
(8)

By comparing Eq. (8) to the PDG parameterisation of U [42], we find the relations between
the physical parameters and our internal parameters,

|U⌧1| = |s23s12 � s13c23c12e
i�| = |s⌫12(s⌫23ce23 � c⌫23s

e
23e

i�e23)| ,
|U⌧2| = |s23c12 + s13c23s12e

i�| = |c⌫12(s⌫23ce23 � c⌫23s
e
23e

i�e23)| .
As the ratio of these two equations is independent of the values of the parameters in U e

23 and
U e
12, we are left with a correlation between observable parameters and the value of the neutrino

mixing parameter ✓⌫12,
|U⌧1|
|U⌧2| =

|s23s12 � s13c23c12ei�|
|s23c12 + s13c23s12ei�| = t⌫12. (9)

This correlation will be referred to as the solar mixing sum rule. It can be viewed as a predictive
statement about the physical CPV phase: squaring both sides of Eq. (9) and solving for cos �
leads us to the expression in Eq. (6), which we repeat below,

cos � =
t23s212 + s213c

2
12/t23 � s⌫212(t23 + s213/t23)

sin 2✓12s13
. (10)

An equivalent correlation has been derived previously using a lengthier argument in Refs. [21]
and [22]. Understanding its application to specific models, its compatibility with global data
and its potential use as a signature of new physics will be the focus of the rest of this article.
The correlation in Eq. (6) is in fact the full non-linear version of a more familiar first-order
relation. We collect a number of phenomenologically interesting approximations in Appendix A.
If we expand Eq. (6) in a small parameter ", assumed to control the deviation from a leading-
order neutrino mixing pattern with maximal atmospheric mixing,

✓13 ⇠ |✓12 � ✓⌫12| ⇠
���✓23 � ⇡

4

��� ⇠ ", (11)

we find the well-known first-order relation [7, 18, 19],

✓12 = ✓⌫12 + ✓13 cos � +O("2). (12)

5
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Figure 36: A schematic illustration of how to derive the PMNS lepton flavor mixing matrix U in the direct model-
building approach, with the help of a combination of the non-Abelian discrete flavor symmetry group GFS and the
generalized CP symmetry group HCP. Here we focus on the case of G⌫ = Z2 for the sake of simplicity.

breaking GFS o HCP is to preserve the residual symmetry Gl in the charged-lepton sector and the
residual symmetry G⌫oHCP with G⌫ = Z2 in the neutrino sector [1003], as schematically illustrated
in Fig. 36 43. One may accomplish this aim by requiring the vacuum expectation values of the
flavon fields in the charged-lepton and neutrino sectors to satisfy the conditions T h�li = h�li and
Sh�⌫i = Xh�⌫i⇤ = h�⌫i, where T , S and X are the representation matrices for the generators of Gl,
Z2 and H⌫CP, respectively. Moreover, XS⇤X�1 = S is required to make Z2 and H⌫CP commutable.
Since S2 = I, it is always possible to diagonalize S by means of a unitary matrix OS; namely,
O†SSOS = DS = ±Diag{�1, 1,�1}, where the first and third eigenvalues of S are chosen to be
degenerate. In this case OS can be redefined by carrying out a complex (1,3) rotation [440].
Combining this freedom with the requirement XS⇤X�1 = S allows us to arrive at OSOT

S = X. The
invariance of M⌫ under Z2 ⇥H⌫CP means S†M⌫S⇤ = M⌫ and X†M⌫X⇤ = M⇤⌫ , from which we obtain
DSO†SM⌫O⇤S = O†SM⌫O⇤SDS and O†SM⌫O⇤S = (O†SM⌫O⇤S)⇤, respectively. So the real and symmetric
matrix O†SM⌫O⇤S can easily be diagonalized by a real (1,3) rotation matrix O13(✓⇤). With the help
of these arrangements, the PMNS lepton flavor mixing matrix is given by U = O†l OSO13(✓⇤)P⌫
[1003], where Ol is determined by Gl and P⌫ serves as the diagonal Majorana phase matrix. Note
that U is essentially a constant matrix modified by a single free parameter ✓⇤ in this approach, in
which ✓⇤ plays an important role in producing nonzero ✓13.

The above approach is sometimes referred to as the direct model-building approach, in which
the CP-violating phases are purely fixed by the GFSoHCP group structures. This approach typically
predicts 0, ±⇡/2 or ⇡ for the relevant CP phases (see, e.g., Refs. [1010, 1011, 1012, 1013]), unless
a larger flavor symmetry group is chosen (see, e.g., Refs. [1014, 1015]). In this connection the
so-called indirect model-building approach provides a possible way out. Its strategy is to choose

43This plot can be compared with the conventional flow scheme [1009] for deriving the lepton flavor mixing matrix
U from Ml and M⌫ based on either continuous or discrete flavor symmetries.
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Further, using eq. (246), we find

(⇢(d)(g⌫))
T Md

⌫ ⇢(d)(g⌫) = Md
⌫ , with ⇢(d)(g⌫) = U †

⌫ ⇢(g⌫)U⌫ . (250)

For m1 6= m2 6= m3 and min(mj) 6= 0, j = 1, 2, 3, as it is not di�cult to show, the matrix
⇢(d)(g⌫) can have only the following form:

⇢(d)(g⌫) = diag(±1,±1,±1) , (251)

where the signs of the three non-zero entries in ⇢(d)(g⌫) are not correlated. Finally, from the
preceding two equations we get

⇢(d)(g⌫) = Q̄0 ⇢
(d)(g⌫) Q̄

⇤
0 = Ū †

⌫ ⇢(g⌫) Ū⌫ , (252)

i.e., the phases ⇠i cancel out. Therefore a lepton flavour symmetry alone does not lead to any
constraints on the phases ⇠i, i = 1, 2, 3, and thus on the phases ⇠21 and ⇠31.

Let us consider next the implications of a residual generalised CP symmetry H⌫
CP ⇢ HCP,

which is preserved in the neutrino sector. In this case the neutrino Majorana mass matrix
satisfies the following condition:

XT
i M⌫ Xi = M⇤

⌫ , (253)

where Xi 2 H⌫
CP are the generalised CP transformations. Substituting M⌫ from eq. (246), we

find
(Xd

i )
T Md

⌫ Xd
i = Md

⌫ , with Xd
i = U †

⌫ Xi U
⇤
⌫ . (254)

Again, since the three neutrino masses in Md
⌫ have to be, as it follows from the data, non-

degenerate, we have
Xd

i = diag(±1,±1,±1) . (255)

Finally, using that U⌫ ⌘ Ū⌫Q̄0, we obtain [65]

diag
⇣

±ei⇠1 ,±ei⇠2 ,±ei⇠3
⌘

= Q̄0X
d
i Q̄0 = Ū †

⌫ Xi Ū
⇤
⌫ . (256)

Thus, we come to the conclusion that the phases ⇠i will be known once i) the matrix Ū⌫ is fixed
by the residual flavour symmetry G⌫ , and ii) the generalised CP transformations Xi 2 H⌫

CP,
which are consistent with G⌫ , are identified.

Now we turn to concrete examples. For Gf = A4 we choose to work in the Altarelli-
Feruglio basis [66]. Preserving the S generator leads to Ū⌫ = UTBM, provided there is an
additional accidental µ – ⌧ symmetry [38]. Then, twelve generalised CP transformations con-
sistent with the A4 flavour symmetry for the triplet representation in the chosen basis have
been found in [67], solving the consistency condition

X ⇢⇤(g)X�1 = ⇢(g0) , g, g0 2 A4 . (257)

These transformations can be summarised in a compact way as follows:

X = ⇢(g) , g 2 A4 , (258)

i.e., the generalised CP transformations consistent with the A4 flavour symmetry are of the
same form as the flavour symmetry group transformations [67]. They are given in Table 1
in [67] together with the elements Ŝ and T̂ to which the generators S and T of A4 are mapped

48

Requiring CP to be conserved in the neutrino sector

and allows to predict the phases from Majorana masses.

Z.-z. Xing, 1909.09610
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6.2 Majorana Phases

In this subsection we present results of the numerical analysis of the predictions for the
Majorana phases, performed using the best fit values of the neutrino mixing parameters given
in eqs. (3) – (5). These predictions are obtained from the sum rules in eqs. (235) – (238), in
which we have used the proper expressions for sin2 ✓23 and cos � from [2, 4]. We summarise
the predictions for all the cases considered in the present study in Tables 3 and 4, in which
we give, respectively, the values of the phase di↵erences (↵21/2� ⇠21/2) and (↵31/2� ⇠31/2)
found in schemes A1, A2, B3, C1 and C2. In the cases of schemes B1 and B2 we present in
Table 4 results for the di↵erence (↵31/2 � ⇠31/2 � �), since the phase �, in general, is not
fixed, unless some additional arguments are used that fix it. In the case of the B3 scheme the
results are obtained for ! = 0, sgn (sin 2✓e13) = 1, and for sin2 ✓23 = 0.48907 (0.48886) for the
NO (IO) spectrum (see subsection 3.3 and ref. [4] for details).

Case (O) TBM GRA GRB HG BM (LC)

A1 (NO) 342.3 _ 17.7 341.4 _ 18.6 342.9 _ 17.1 342.1 _ 17.9 359.0 _ 1.0

A1 (IO) 342.1 _ 17.9 341.2 _ 18.8 342.7 _ 17.3 341.9 _ 18.1 357.4 _ 2.6

A2 (NO) 17.7 _ 342.3 18.6 _ 341.4 17.1 _ 342.9 17.9 _ 342.1 1.0 _ 359.0

A2 (IO) 17.9 _ 342.1 18.8 _ 341.2 17.3 _ 342.7 18.1 _ 341.9 2.6 _ 357.4

B1 (NO) 340.3 _ 19.7 339.3 _ 20.7 340.8 _ 19.2 339.9 _ 20.1 351.7 _ 8.3

B1 (IO) 345.0 _ 15.0 344.1 _ 15.9 345.7 _ 14.3 345.0 _ 15.0 —

B2 (NO) 15.1 _ 344.9 16.0 _ 344.0 14.4 _ 345.6 15.0 _ 345.0 —

B2 (IO) 20.2 _ 339.8 21.1 _ 338.9 19.6 _ 340.4 20.6 _ 339.4 9.2 _ 350.8

B3 (NO) 342.5 _ 17.5 341.4 _ 18.6 343.1 _ 16.9 342.0 _ 18.0 —

B3 (IO) 342.3 _ 17.7 341.2 _ 18.8 342.9 _ 17.1 341.8 _ 18.2 —

Case [⇡/20,�⇡/4] [⇡/10,�⇡/4] [a,�⇡/4] [⇡/20, b] [⇡/20,⇡/6]

C1 (NO) 163.5 _ 196.5 166.9 _ 193.1 170.7 _ 189.3 353.0 _ 7.0 347.6 _ 12.4

C1 (IO) 163.3 _ 196.7 166.6 _ 193.4 170.3 _ 189.7 352.6 _ 7.4 347.4 _ 12.6

Case [⇡/20, c] [⇡/20,⇡/4] [⇡/10,⇡/4] [a,⇡/4] [⇡/20, d]

C2 (NO) 11.6 _ 348.4 16.5 _ 343.5 13.1 _ 346.9 9.3 _ 350.7 13.5 _ 346.5

C2 (IO) 11.9 _ 348.1 16.7 _ 343.3 13.4 _ 346.6 9.7 _ 350.3 13.7 _ 346.3

Table 3: The phase di↵erence (↵21/2� ⇠21/2) in degrees calculated using the best fit values
of the neutrino mixing angles quoted in eqs. (3) – (5), except for scheme B3 and the BM
(LC) form of Ũ⌫ . For scheme B3 the results shown are obtained for ! = 0, sgn (sin 2✓e13) = 1
and sin2 ✓23 = 0.48907 (0.48886) in the case of the NO (IO) spectrum. The numbers quoted
for the BM (LC) form of Ũ⌫ are for the 3� upper bound of sin2 ✓12 = 0.354. For each cell
the first number corresponds to � = cos�1(cos �), while the second number is obtained for
� = 2⇡ � cos�1(cos �). In cases C1 and C2, ✓⌫23 = �⇡/4 and the values in square brackets
are those of [✓⌫13, ✓

⌫
12] used. The letters a, b, c and d stand for sin�1(1/3), sin�1(1/

p
2 + r),

sin�1(1/
p
3) and sin�1(

p
3� r/2), respectively. See text for further details.
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Generically, invoking specific forms of the charged 
lepton and neutrino mixing matrices, one can obtain 
specific predictions for the Majorana phases, e.g…..

I. Girardi, S. T. Petcov, 
A. Titov, 1605.04172; 
see also S. Petcov, 
NPB 892 (2015)

✓⌫23 = �⇡/4 and ✓⌫13 = sin�1(1/3), was proposed and investigated. In the study we will perform
we will consider also the form in eq. (12) for three representative values of ✓⌫13 discussed in
the literature: ✓⌫13 = ⇡/20, ⇡/10 and sin�1(1/3).

The symmetry values of the angles in the matrix Ũ⌫ typically, and in all cases considered
above, di↵er by relatively small perturbative corrections from the experimentally determined
values of at least some of the angles ✓12, ✓23 and ✓13. The requisite corrections are provided
by the matrix Ue, or equivalently, by Ũe. In the approach followed in [2–4,6] we are going to
adopt, the matrix Ũe is unconstrained and was chosen on phenomenological grounds. This
corresponds to the case of trivial subgroup Ge, i.e., of the charged lepton mass term breaking
the symmetry Gf completely. The matrix Ũe in the general case depends on three angles and
one phase [28]. However, in a class of theories of (lepton) flavour and neutrino mass generation,
based on a GUT and/or a discrete symmetry (see, e.g., [45–50]), Ũe is an orthogonal matrix
which describes one rotation in the 1-2 plane,

Ũe = R�1
12 (✓

e
12) , (13)

or two rotations in the planes 1-2 and 2-3,

Ũe = R�1
23 (✓

e
23)R

�1
12 (✓

e
12) , (14)

✓e12 and ✓e23 being the corresponding rotation angles. Other possibilities include Ũe being an
orthogonal matrix which describes i) one rotation in the 1-3 plane 5,

Ũe = R�1
13 (✓

e
13) , (15)

or ii) two rotations in any other two of the three planes, e.g.,

Ũe = R�1
23 (✓

e
23)R

�1
13 (✓

e
13) , or (16)

Ũe = R�1
13 (✓

e
13)R

�1
12 (✓

e
12) . (17)

We use the inverse matrices in eqs. (13) – (17) for convenience of the notations in expressions
that will appear further in our analysis.

In refs. [2,4] sum rules for the cosine of the Dirac phase � of the PMNS matrix, by which
cos � is expressed in terms of the three measured neutrino angles ✓12, ✓23 and ✓13, were derived
in the cases of the following forms of Ũe and Ũ⌫ :

A. Ũ⌫ = R23(✓⌫23)R12(✓⌫12) and i) Ũe = R�1
12 (✓

e
12), ii) Ũe = R�1

13 (✓
e
13), iii) Ũe =

R�1
23 (✓

e
23)R

�1
12 (✓

e
12), iv) Ũe = R�1

23 (✓
e
23)R

�1
13 (✓

e
13), v) Ũe = R�1

13 (✓
e
13)R

�1
12 (✓

e
12);

B. Ũ⌫ = R23(✓⌫23)R13(✓⌫13)R12(✓⌫12) and vi) Ũe = R�1
12 (✓

e
12), vii) Ũe = R�1

13 (✓
e
13).

The sum rules thus found allowed us in the cases of the TBM, BM (LC), GRA, GRB and HG
mixing forms of Ũ⌫ in item A and for certain fixed values of ✓⌫ij in item B to obtain predictions
for cos � (see refs. [2–4,6]) as well as for the rephasing invariant

JCP = Im
�

U⇤
e1U

⇤
µ3Ue3Uµ1

 

=
1

8
sin � sin 2✓13 sin 2✓23 sin 2✓12 cos ✓13 , (18)

5The case of Ũe representing a rotation in the 2-3 plane is ruled out for the five symmetry forms of Ũ⌫ listed
above, since in this case a realistic value of ✓13 6= 0 cannot be generated.

4
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Figure 3: The absolute value of the e↵ective Majorana mass |hmi| versus the lightest neutrino
mass mmin. The blue (dark-red) lines and bands correspond to |hmi| computed using the best
fit values of ✓12 and ✓13 for the NO (IO) spectrum and the values of �, ↵21 and ↵31 obtained
using the corresponding sum rules and assuming (⇠21, ⇠31) = (0, 0). In cases A1 and A2 the
solid blue line corresponds to the TBM symmetry form, while the medium, small and tiny

dashed blue lines are for the GRB, GRA and HG symmetry forms, respectively. In cases B1
and B2 the predicted values of |hmi| for all the symmetry forms considered are within the blue
and dark-red bands obtained varying the phase � in the interval [0,⇡]. In case C1 (C2) the
solid blue line stands for case I (II), while the large, medium, small and tiny dashed blue lines

are for cases V (III), II (V), IV (I) and III (IV), respectively. The light-blue and light-red areas

are obtained varying the neutrino oscillation parameters ✓12, ✓13, �m2
21 and �m2

31(23) in their

respective 3� ranges quoted in eqs. (3), (5), (242) and (243) and the phases ↵21 and (↵31�2�)
in the interval [0, 2⇡]. The horizontal grey band indicates the upper bound |hmi| ⇠ 0.2�0.4 eV
obtained in [62]. The vertical dashed line represents the prospective upper limit on mmin of
0.2 eV from the KATRIN experiment [63].

… and for mee to be confronted with data.

I. Girardi, S. T. Petcov, A. Titov, 1605.04172
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Another example: predictions for modular symmetries.

F. Feruglio, Bethe Colloquium, 18 June 2020, reported in S. Petcov, Neutrino 2020



- Model predictions for 
leptonic CPV phases

- the origin of the baryon 
asymmetry (Leptogenesis in 
models of neutrino masses)

21

What can leptonic “CPV” 
tell us?
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Neutrino masses BSM: see saw type I

m⌫ =
Y 2
⌫ vH
MN

⇠ 1 GeV2

1010GeV
⇠ 0.1 eV

l Introduce a right handed 
neutrino N 
l Couple it to the Higgs

�
0 mD

mT
D MN

⇥

See-saw type I models can be embedded in GUT theories 
and explain the baryon asymmetry via leptogenesis.

Minkowski; Yanagida; Glashow; Gell-Mann, Ramond, 
Slansky; Mohapatra, Senjanovic

2

Symmetry magazine



In order to generate it dynamically in the Early 
Universe, the Sakharov’s conditions need to be satisfied:

- B (or L) violation;

- C, CP violation;

- departure from thermal equilibrium.
23

X ! `q

X ! `q

X ! q̄q

X ! q̄q

Xc ! q̄q
Xc ! ¯̀̄q

The baryon asymmetry. The theory

There is evidence of the baryon asymmetry:

⌘B ⌘ nB � nB̄

n�
= (6.18± 0.06)⇥ 10�10

Planck, 1502.01589



In order to generate it dynamically in the Early 
Universe, the Sakharov’s conditions need to be satisfied:

- B (or L) violation;

- C, CP violation;

- departure from thermal equilibrium.
24

The baryon asymmetry. The theory

There is evidence of the baryon asymmetry:

⌘B ⌘ nB � nB̄

n�
= (6.18± 0.06)⇥ 10�10

Planck, 1502.01589

Neutrinoless double 
beta decay



● At T>M, the right-handed neutrinos N are in 
equilibrium thanks to the processes which produce 
and destroy them:

● When T<M, N drops out of equilibrium

● A lepton asymmetry can be generated if 

● Sphalerons convert it into a baryon asymmetry.

N $ `H

N ! `H

�(N ! `H) 6= �(N ! `cHc)

Leptogenesis

25 Fukugita, Yanagida, PLB 174; Covi, Roulet, Vissani; Buchmuller, Plumacher; Abada et al., ...

N ! `cHc

T

-T=M

-
T=100 
GeV



YB =
k

g⇤
cs✏ ⇠ 10�3 � 10�4✏

In order to compute the baryon asymmetry:

1. evaluate the CP-asymmetry

2. solve the Boltzmann equations to take into account 
the wash-out of the asymmetry

3. convert the lepton asymmetry into the baryon one

✏ ⌘ �(N ! `H)� �(N c ! `cHc)

�(N ! `H) + �(N c ! `cHc)

YL = k✏

For T < 10   GeV,  flavour effects are important.
12

26



     depends on the CPV phases in 

and in the U mixing matrix via the see-saw formula.

Let’s consider see-saw type I with 3 NRs.

3 phases missing!

✏ /
X

j

=(Y⌫Y
†
⌫ )

2
1j
Mj

M1

m⌫ = U⇤miU
† = �Y T

⌫ M�1
R Y⌫v

2

MR 3 0
Y⌫ 9 6

mi 3 0
U 3 3

27

Is there a connection between low E CPV and BAU?
✏

High energy Low energy

Y⌫
One flavour 
approximation



In see-saw type I, let’s consider the case of low energy 
CPV (R real) in presence of flavour effects.

28

Does observing low energy CPV imply BAU?

A full study shows that low energy CPV can give an 
important (even dominant) contribution to the BAU. 
For Majorana CPV, effects larger by a factor of ~10.

SP, Petcov, Riotto, PRD and NPB 2007; SP 2014

the CP -asymmetry is given by

✏(1)⌧⌧ = (0.515 � 3.94c13) s13 ⇥ 10

�8
sin � = �0.501 ⇥ 10

�8
sin �. (3.6)

Thus, given the approximate phase-independence of �F , we obtain a sinusoidal dependence
of ⌘B on �, with ⌘B = 0 when � = 0

� or 180

�. Keeping all other parameters fixed, we find
that for M1 = 2.82 ⇥ 10

10 GeV no value of � can produce the observed baryon asymmetry
of the Universe, the maximum value of ⌘B as a function of � is 4.07 ⇥ 10

�11. We might
scale the heavy Majorana neutrino masses by a constant value, as when the two-flavour
approximation of Eq. (3.3) is valid, the factor ✏(1)⌧⌧ scales in proportion with this constant and
thus so does ⌘B. In doing so, we find that the final asymmetry rises until M1 = 7.08⇥ 10

11

GeV, where ⌘B takes maximum value 4.01 ⇥ 10

�10. After this, the simple scaling fails as
one begins to enter the transition to what is usually the single-flavour regime.

Performing a detailed numerical parameter exploration we find that purely Dirac phase
CP violation leads to successful leptogenesis for M1 = 5.13 ⇥ 10

10 GeV, M2 = 2.19 ⇥ 10

12

GeV and M3 = 1.01⇥ 10

13 GeV. This is illustrated in Fig. 3 in which the plotted ⌘B comes
from solving the full density matrix equations. In this case, we have:

Y⌧1 = 1.11 ⇥ 10

�2 � 2.40 ⇥ 10

�4ei�. (3.7)

Given the different order of magnitude of the two terms in the expression for Y⌧1, the
baryon asymmetry should exhibit dependence on � only from ✏

(1)
⌧⌧ and not from �F . Our

theoretical expectations are borne out by the approximate sinusoidal dependence of ⌘B on
� seen in Fig. 3.

3.2.2 CP Violation from the Majorana Phase ↵21

Here, we set � = ↵31 = 0

� but allow CP violation from ↵21. Setting all other parameters
to their benchmark values we find

✏(1)⌧⌧ = 3.14 ⇥ 10

�7
cos

↵21

2

. (3.8)

It follows from this expression for ✏
(1)
⌧⌧ that at the CP -conserving values for ↵21 = 0

�, 360�

we have ✏
(1)
⌧⌧ 6= 0 (see also Fig. 4). This corresponds to the case of CP -conserving R-matrix,

CP -conserving PMNS matrix, but CP -violating interplay between the R and PMNS matrix
elements in leptogenesis [25]. In a similar way to the previous subsection, we find that
no value of ↵21 can achieve successful leptogenesis using this combination of phases and
the benchmark values from Table 2. Thus, we find it necessary to scale all of the heavy
Majorana neutrino masses by a common factor such that M1 = 3.05⇥10

10 GeV, may allow
for successful leptogenesis. With this scaling we obtain the results plotted in Fig. 4. The
deviation from pure (co)sinusoidal behaviour is explained by the ↵21-dependence of �F .
For ↵21 < 360

�, �F varies relatively slowly exhibiting a global minimum at ↵21 = 180

�,
resulting in a slightly modified sinusoidal dependence through this point in ⌘B. A strong
peak exists for �F around ↵21 = 540

�, which results in the peak of ⌘B occurring before
720

�, as would be expected from the dependence of ✏(1)⌧⌧ . The small sign-changing fluctuation
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M2= 1012GeV Intermediate flavour regime: 

109GeV < M1 <1012GeV

Moffat, SP, Petcov, Turner, 1804. 05066, 1809.08251

Figure 6: The two-dimensional projections for leptogenesis with M1 = 10

11 GeV,
M2 = 10

12 GeV and N3 decoupled, with CP violation provided only by the phases of
the PMNS matrix. Here it is assumed that the light neutrino mass spectrum has normal
ordering. Contours correspond to 68% and 95% confidence levels. This plot was created
using SuperPlot [85].

around the zero at ↵21 = 540

� is a feature that does not appear in the solution of two-
flavour Boltzmann equations and thus cannot be explained in terms of the analytic solution
Eq. (3.3). However, the extra zeros of ⌘B that are seen in Fig. 4 are due only to accidental
cancellations and do not correspond to cases of CP -symmetry (unlike those at ↵21 = 180

�

and ↵21 = 540

�).

3.2.3 CP Violation from the Majorana Phase ↵31

We set � = 0

� and ↵21 = 180

� such that CP violation is provided by ↵31. Using the
benchmark values for the other parameters from Table 2 we find:

✏(1)⌧⌧ = 2.11 ⇥ 10

�7
sin

↵31

2

. (3.9)

Again we find that without scaling the heavy Majorana neutrino masses, no value of ↵31

corresponds to successful leptogenesis. At M1 = 5.13 ⇥ 10

10 GeV we obtain the first point
for which the observed baryon asymmetry is created and this is plotted in Fig. 5. We see
that analytical expectation of a sinusoidal dependence of the baryon asymmetry (⌘B /
✏
(1)
⌧⌧ / sin(↵31/2)) from Eq. (3.9) is present. �F exhibits a broad peak around ↵31 = 360

�

which results in the slight shift to the centre of the otherwise sinusoidal peaks.

3.3 The Case of N3 Decoupled

In this section, we review the case that the heaviest Majorana neutrino, N3, physically
decouples. We restrict ourselves to normal ordered light neutrino masses. The resultant
scenario with two relevant heavy Majorana neutrinos is the simplest (minimal) type I frame-
work compatible with all neutrino data. In this scenario only two of the light neutrinos have
non-zero masses since m1 = 0. For normal ordering, the R-matrix may be parametrised as
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Conclusions

●  There are current intriguing hints of CP-
violation. Future LBL experiments will hunt for 
the delta phase and potentially measure it with 
precision. Neutrinoless double beta decay could 
point towards Majorana CPV. 

●  CP violation can related to flavour models.

●  CP-violation and L violation, are the key 
ingredients of leptogenesis. 
Neutrinoless double beta decay may give a strong 
indication (even if not a proof) of leptogenesis as 
the origin of the baryon asymmetry.



The Casas-Ibarra parameterization is useful:

= 1
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More details on the low-high energy connection
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We try to separate the low energy parameters 
(measurable in experiments) and the high energy ones 
on which one cannot get information.



Y⌫v ' i
p

MRR
p
miU

†
PMNS

31

More details on the low-high energy connection

low energy parametershigh energy untestable
parameters

The Casas-Ibarra parameterization is useful:
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We try to separate the low energy parameters 
(measurable in experiments) and the high energy ones 
on which one cannot get information.



As the simplest example, M1<< M2<<M3. 
In the one flavour case (M1≳1012 GeV) (pre-2018)

The low energy phases do not enter directly: observing 
CPV DOES NOT imply a baryon asymmetry.

If flavours can be distinguished, the low energy phases 
enter directly the baryon asymmetry.
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where the uncertainty in the knowledge of the nuclear matrix element of 136Xe decay have
been accounted for. In terms of the half-lives for neutrinoless double beta decay the best
lower limits are: for germanium-76, tellurium-130, and xenon-136: T 0⌫

1/2 > 8.0 ⇥ 10

25 yr
(reported by the GERDA-II collaboration), T 0⌫

1/2 > 1.5 ⇥ 10

25 yr (from the combined re-
sults of the Cuoricino, CUORE-0, and CUORE experiments), and T 0⌫

1/2 > 1.07 ⇥ 10

26 yr
(from the KamLAND-Zen collaboration), with all limits given at the 90% CL. Most impor-
tantly, a large number of experiments of a new generation aim at sensitivities to |hm⌫i| ⇠
(0.01÷0.05) eV (see, e.g., [69, 75]): CUORE (130Te), SNO+ (130Te), GERDA (76Ge), MA-
JORANA (76Ge), LEGEND (76Ge), SuperNEMO (82Se, 150Nd), KamLAND-Zen (136Xe),
EXO and nEXO (136Xe), PANDAX-III (136Xe), NEXT (136Xe), AMoRE (100Mo), MOON
(100Mo), CANDLES (48Ca), XMASS (136Xe), DCBA (82Se, 150Nd), ZICOS (96Zr), etc.
The GERDA-II and KamLAND-Zen experiments have already provided the best lower lim-
its on the double beta decay half-lives of 76Ge and 136Xe. The experiments listed above
aim to probe the ranges of predictions of |hm⌫i| corresponding to neutrino mass spectra of
quasi-degenerate type and with inverted ordering (see, e.g., [14]).

The primary focus of this work is to answer the question: at what scales can low-energy

CP -violating phases produce the observed BAU? We shall show that the scale of successful
leptogenesis in the case of interest may indeed vary across many orders of magnitude from
10

6 � 10

13 GeV. The observation of low-scale leptonic Dirac CP violation, in combination
with the positive determination of the Majorana nature of the massive neutrinos, would
make more plausible, but will not be a proof of, the existence of high-scale thermal leptoge-
nesis. These remarkable discoveries would indicate, in particular, that thermal leptogenesis
could produce the BAU with the requisite CP violation provided by the Dirac CP -violating
phase in the neutrino mixing matrix.

2.3 CP -Conserving R-Matrix and the Structure of the Light Neutrino Mass
Matrix

If the orthogonal matrix R is allowed to have large elements, then the scale of leptogenesis
may be lowered to M1 ⇠ 10

6 GeV [76–78]. In such scenarios, care must be taken with the
radiative corrections to the light neutrino masses which may grow large (and non-negligible)
with the elements of the R-matrix. One can either impose a near-lepton-number-symmetry
to prevent this (see [77]), or more generically, incorporate the one-loop contribution to the
light neutrino masses (in the manner we have discussed) and remain agnostic about fine-
tuned cancellations between the tree-level and one-loop contributions. We proceed with
this approach following the attitude taken in [78], in which the figure M1 ⇠ 10

6 GeV was
first demonstrated.

R ⇡

0

B

@

R11 R12 R13

±iR22 R22 R23

�R22 ±iR22 ±iR23

1

C

A

, (2.27)

|R22| � |R1i|, |R23| for i 2 {1, 2, 3}. The cancellation of large tree-level and large one-loop
light neutrino mass matrices occurs as a result of relations between the magnitudes and
phases of the R-matrix elements which lead to the following structure for the Dirac mass
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Figure 10: Intermediate scale leptogenesis (M1 = 7.00 ⇥ 10

8 GeV), with CP violation
provided solely by �, with ↵21 = 180

� and ↵31 = 0

�. The red band indicates the 1�

observed values for ⌘BCMB
with the best-fit value indicated by the horizontal black dotted

line. Left: The final baryon asymmetry as a function of � with exact CP -invariance when
� = 0

� and 180

� (vertical black dotted line). Right: A parametric plot of ⌘B against JCP as
� is varied at intermediate scales (M1 = 7.00 ⇥ 10

8 GeV). See the text for further details.

However, for the case of Table 4, the two and three-flavour regime Boltzmann equations,
to a high degree of accuracy give the same value of ⌘B. Given the comparative simplicity
of the two-flavour solution Eq. (3.3), we choose to use this for the practical purpose of
simplifying the analysis.

For the benchmark parameter values listed in Table 4, we may find analytical ap-
proximations for the CP -asymmetries ✏

(1)
↵↵. Under the relatively good approximation, that

m1 = m2
11, the asymmetry is given by

✏(1)↵↵ =

3

16⇡ (Y †Y )11
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(4.4)
Selecting x1 = (2k1 + 1)⇡/2 and x3 = k3⇡ for k1, k3 2 Z, such that cosx1 = 0 and
| cosx3| = 1 and cosx3 = (�1)

k3 is satisfied, we find the CP -asymmetry ✏
(1)
↵↵ to be

✏(1)↵↵ =

3
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(4.5)

11The approximation m1 = m2 is sufficiently precise as long as m

2
1 � 0.5�m

2
21

⇠
=

3.7⇥ 10

�5 eV2.
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Low mass flavour regime: M1 <109GeV

M1 = 7 108 GeV
M3= 3M2= 9M1

A special structure of the R 
matrix is required. R22>>1, 
enhancing the CP asymmetry 
without affecting neutrino
masses (at three level). Going to lower masses requires 
finetuning as one-loop mass contributions are important.

Due to washout which is affected by flavour, even at high 
masses the low energy CPV phases play a role.

High mass (unflavoured) regime: M1 >1012GeV


