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Neutrinoless Double-Beta Decay

If energetics are right (ordinary beta
decay forbidden). . .

and neutrinos are their own
antiparticles. . .

can observe two neutrons turning
into protons, emitting two electrons
and nothing else.

Different from already observed
two-neutrino process.
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Neutrino Physics in Neutrinoless Double-Beta Decay
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Diagram is proportional to
effective “Majorana mass”
of light neutrinos,

mββ =
∑
i
U2eimi ,

so if 0νββ decay is seen
neutrinos are their own
antiparticles!

And if mass hierarchy is inverted, or maybe even if it’s normal, next generation of
experiments should be able to see the decay.

Whatever the hierarchy, the Majorana mass must come from
somewhere, and the Standard Model by itself doesn’t allow it.
Its presence implies new particles, which could make the low
masses of neutrinos natural, and could also change 0νββ rate.



Neutrino Physics in Neutrinoless Double-Beta Decay

n p

n p

WL

WL

ν

e

e

Diagram is proportional to
effective “Majorana mass”
of light neutrinos,

mββ =
∑
i
U2eimi ,

so if 0νββ decay is seen
neutrinos are their own
antiparticles!

And if mass hierarchy is inverted, or maybe even if it’s normal, next generation of
experiments should be able to see the decay.

Whatever the hierarchy, the Majorana mass must come from
somewhere, and the Standard Model by itself doesn’t allow it.
Its presence implies new particles, which could make the low
masses of neutrinos natural, and could also change 0νββ rate.



New Physics Can Contribute Directly to ββ Decay

If neutrinoless decay occurs then ν’s are Majorana, no matter what,

but high-scale physics can contribute directly alongside
light-neutrino exchange:
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Heavy-particle exchange can occur at the
same rate as light-ν exchange (or even a
larger rate) ifmN ≈ mWR ≈ 1 TeV.
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New Physics at Hadronic Level
Light-ν exchange:
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Effective field theory lists pion-
nucleon-level operators and deter-
mines their importance.

Lattice QCD can then compute de-
pendence of blobs on new particle
masses and couplings.
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Light-ν Exchange in a Nucleus

[T0ν1/2]
−1 = G(Z,N) |M0ν |2m2

ββ

Phase-space factor Nuclear matrix element

“Traditional” part of matrix element:

M0ν = MGT
0ν −

g2V
g2A
MF
0ν + . . .

with

MGT
0ν = 〈F |

∑
i, j
H(rij) σ i · σ j τ

+
i τ

+
j |I 〉 + . . .

MF
0ν =〈F |

∑
i, j
H(rij) τ+i τ

+
j |I 〉 + . . .

H(r) ≈ 2R
πr

∫ ∞

0
dq sin qr
q + E − (Ei + Ef)/2

roughly ∝ 1/r

Corrections are from “forbidden” terms, weak nucleon form factors, many-body
currents, other effects of high-energy physics that depend on framework.



Light-ν-Exchange Matrix Elements
Recent Values

Significant spread. And all
the models may miss
important physics.

Uncertainty hard to
quantify.

 0

 1

 2

 3

 4

 5

 6

 7

 8

          

M
0ν

SM St-M,Tk

SM Mi

IBM-2

QRPA CH

QRPA Tu

QRPA Jy

R-EDF

NR-EDF

1028

1029

1030

1031

48 76 82 96    100 116  124  130   136 150

T
1/

2
0ν

  m
ββ2

 [y
 m

eV
2 ]

A



Nuclear Structure: Contrasting the Approaches
Starting point is always mean field(s)

“Energy-Density Functional Theory” mixes many such states with
different collective properties.

Other methods build on single independent-particle state.

protons neutrons

QRPA

Shell
Model

protons neutrons

QRPA

Shell
Model

pn

protons neutrons

QRPA

Shell
Model

protons neutrons

QRPA

Shell
Model

protons neutrons

QRPA

Shell
Model

QRPA: Large single-particle spaces
in arbitrary single mean field; simple
correlations and excitations within
the space.

Shell Model: Small single-particle
space in simple spherical mean field;
arbitrarily complex correlations within
the space.

Interacting boson model uses same
space, with nucleon pairs as bosons.

These models are all phenomenological representations of
nuclear states with parameters that are fit to data in the
nuclei of interest. They are not systematically improvable,
and don’t allow estimates of uncertainty.
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The Way Forward: Ab Initio Nuclear Theory
Starts with chiral effective field theory.
Nucleons, pions sufficient below chiral-symmetry breaking scale.

+... +... +...

+...

2N Force 3N Force 4N Force

LO

(Q/⇤�)
0

NLO

(Q/⇤�)
2

NNLO

(Q/⇤�)
3

N3LO

(Q/⇤�)
4

Figure 1: Hierarchy of nuclear forces in ChPT. Solid lines represent nucleons and dashed lines pions. Small dots, large solid
dots, solid squares, and solid diamonds denote vertices of index � = 0, 1, 2, and 4, respectively. Further explanations are
given in the text.

The reason why we talk of a hierarchy of nuclear forces is that two- and many-nucleon forces are created
on an equal footing and emerge in increasing number as we go to higher and higher orders. At NNLO, the
first set of nonvanishing three-nucleon forces (3NF) occur [70, 71], cf. column ‘3N Force’ of Fig. 1. In fact, at
the previous order, NLO, irreducible 3N graphs appear already, however, it has been shown by Weinberg [52]
and others [70, 127, 128] that these diagrams all cancel. Since nonvanishing 3NF contributions happen first
at order (Q/⇤�)3, they are very weak as compared to 2NF which start at (Q/⇤�)0.

More 2PE is produced at ⌫ = 4, next-to-next-to-next-to-leading order (N3LO), of which we show only
a few symbolic diagrams in Fig. 1. Two-loop 2PE graphs show up for the first time and so does three-pion
exchange (3PE) which necessarily involves two loops. 3PE was found to be negligible at this order [57, 58].
Most importantly, 15 new contact terms ⇠ Q4 arise and are represented by the four-nucleon-leg graph with
a solid diamond. They include a quadratic spin-orbit term and contribute up to D-waves. Mainly due to
the increased number of contact terms, a quantitative description of the two-nucleon interaction up to about
300 MeV lab. energy is possible, at N3LO (for details, see below). Besides further 3NF, four-nucleon forces
(4NF) start at this order. Since the leading 4NF come into existence one order higher than the leading 3NF,
4NF are weaker than 3NF. Thus, ChPT provides a straightforward explanation for the empirically known
fact that 2NF � 3NF � 4NF . . . .

4. Two-nucleon interactions

The last section was just an overview. In this section, we will fill in all the details involved in the ChPT
development of the NN interaction; and 3NF and 4NF will be discussed in Section 5. We start by talking

19



Decay operators in EFT

Recent realization (Cirigliano et al., PRL 120, 202001 (2018)):

Usual light neutrino exchange,

must be supplemented, even at leading order in
chiral EFT, by short-range operator (representing
high-energy ν exchange):

Coefficient of this leading-order term is also
unknown. Results in uncertainty of order 100%

Higher-order corrections have also been worked out.
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Ab Initio Many-Body Methods

Partition of Full Hilbert Space

P̂HP̂ P̂HQ̂

Q̂HP̂ Q̂HQ̂

P Q

P

Q

Simpler calculation done here.

P = subspace you want
Q = the rest

Task: Find unitary transformation to
make H block-diagonal in P and Q,
with Heff in P reproducing most
important eigenvalues.

Must must apply same unitary
transformation to transition
operator.

As difficult as solving original problem.
But many-body effective operators (beyond
2- or 3-body) can be treated approximately.
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In-Medium Similarity Renormalization Group
One way to determine the transformation

Flow equation for effective Hamiltonian.
Gradually decouples selected set of states.

V [ MeV fm3]
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-20

hh pp✛ ✲
hh

pp

❄

✻

s = 0.0 s = 1.2 s = 2.0 s = 18.3

Figure 7: Decoupling for the White generator, Eq. (41), in the Jπ = 0+ neutron-
neutron interaction matrix elements of 40Ca (emax = 8, ~ω = 20 MeV, Entem-Machleidt
N3LO(500) evolved to λ = 2.0 fm−1). Only hhhh, hhpp, pphh, and pppp blocks of the
matrix are shown.

mechanism. A likely explanation is that the truncation of the commutator (49) to one-
and two-body contributions only (Eqs. (50), (51)) causes an imbalance in the infinite-
order re-summation of the many-body perturbation series. For the time being, we have to
advise against the use of the Wegner generator in IM-SRG calculations with (comparably)
“hard” interactions that exhibit poor order-by-order convergence of the perturbation
series.

5.4. Decoupling

As discussed in Sec. 4.1, the IM-SRG is built around the concept of decoupling the
reference state from excitations, and thereby mapping it onto the fully interacting ground
state of the many-body system within truncation errors. Let us now demonstrate that
the decoupling occurs as intended in a sample calculation for 40Ca with our standard
chiral N3LO interaction at λ = 2.0 fm−1. Figure 7 shows the rapid suppression of the
off-diagonal matrix elements in the Jπ = 0+ neutron-neutron matrix elements as we
integrate the IM-SRG(2) flow equations. At s = 2.0, after only 20–30 integration steps
with the White generator, the Γpp′hh′(s) have been weakened significantly, and when we
reach the stopping criterion for the flow at s = 18.3, these matrix elements have vanished
to the desired accuracy. While the details depend on the specific choice of generator, the
decoupling seen in Fig. 7 is representative for other cases.

With the suppression of the off-diagonal matrix elements, the many-body Hamiltonian
is driven to the simplified form first indicated in Fig. 2. The IM-SRG evolution not only
decouples the ground state from excitations, but reduces the coupling between excitations
as well. This coupling is an indicator of strong correlations in the many-body system,
which usually require high- or even infinite-order treatments in approaches based on the
Goldstone expansion. As we have discussed in Sec. 3, the IM-SRG can be understood as
a non-perturbative, infinite-order re-summation of the many-body perturbation series,
which builds the effects of correlations into the flowing Hamiltonian. To illustrate this,
we show results from using the final IM-SRG Hamiltonian H(∞) in Hartree-Fock and
post-HF methods in Fig. 8.

After the same 20–30 integration steps that lead to a strong suppression of the off-
diagonal matrix elements (cf. Fig. 14), the energies of all methods collapse to the same
result, which is the IM-SRG(2) ground-state energy. By construction, this is the result

29

from H. Hergert

d
dsH(s) = [η (s),H(s)] , η (s) = [Hd (s),Hod (s)] , H(∞) = Heff

Trick is to keep all 1- and 2-body terms in H at each step after normal
ordering (IMSRG-2, includes most important parts of 3, 4-body . . . terms).

If selected set is a single state, end up with g.s. energy. If it is a
valence space, get effective shell-model interaction and operators.



Coupled-Cluster Theory

Ground state in closed-shell nucleus:

|Ψ0〉 = eT |ϕ0〉 T =
∑
i,m

tmi a
†
mai +

∑
ij,mn

1
4 t

mn
ij a†ma†naiaj + . . .

m,n>F i,j<F

Here the Hamiltonian is transformed in a non-unitary way:

H −→ H̃ ≡ e−THeT

so that |ϕ0〉 is its ground state. Must solve algebraic equations for
the t’s.
Excited states, states in closed-shell + a few nucleons, constructed
from simple excitations of |ϕ0〉.

Slater determinant



Ab Initio Calculations of Spectra
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48Ca: Ab-Inito 0νββ Matrix Elements vs. Older Ones
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Parting Messages

1. The nuclear matrix elements governing neutrinoless double-β
decay are hard to calculate, and their uncertainty is hard to
estimate.

2. Chiral EFT + new many-body methods are the tools required
to compute matrix elements with controlled uncertainty.

Currently have results in several ab initio frameworks for 48Ca.
Working on 76Ge, 130Te, 136Xe.

3. Chiral EFT implies short-range contribution to neutrino
exchange at leading order with unknown coefficient. Need to
to go beyond the naturalness estimate of the coefficient.

That’s all; thanks.
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