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Theory initiative result released

Theory Initiative Website: 
https://muon-gm2-theory.illinois.edu/white-paper/

4-year long international collaborative effort:
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The anomalous magnetic moment
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The muon 𝒈 − 𝟐

Magnetic moment: 𝜇⃗ = !"
#$
𝑔%𝑆 : 𝑔 = 2 → 𝑔 = 2 + 2𝑎%

(Dirac) (+ radiative corrections)

- 𝑎! arises due to quantum corrections inherent from RQFTs (QED, SM) 
- These effects manifest differently for the theoretical/experimental determination.

Theory, 𝑎!SM

→ 1948, Schwinger: 𝑎" =
#!$%
%

= &
%'
= 0.001162

→ Corrections to the QED vertex function:

→ Must determine all SM contributions to 
sufficient loop order

Experiment, 𝑎!
exp

→ 1948, Kusch & Foley: 𝑔" = 2.00238

→ Anomalous precession frequency, 𝜔(

𝜔& = 𝜔' − 𝜔( .

= −𝑎%
𝑄𝑒
𝑚 𝐵

Experimental measurements naturally contains all higher order effects
→ Compare 𝑎!SM and 𝑎!

exp to rigorously test SM 
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The muon 𝒈 − 𝟐

Magnetic moment: 𝜇⃗ = !"
#$
𝑔%𝑆 : 𝑔 = 2 → 𝑔 = 2 + 2𝑎%

(Dirac) (+ radiative corrections)

- 𝑎! arises due to quantum corrections inherent from RQFTs (QED, SM) 
- These effects manifest differently for the theoretical/experimental determination.

Theory, 𝑎!SM

→ Today, The Muon g-2 Theory Initiative

4-year long international collaborative effort:

Experiment, 𝑎!
exp

→ 2003, BNL measurement

Community approved 𝑎!SM vs. BNL 𝑎!
exp yields Δ𝑎! = 𝑎!

exp − 𝑎!SM = 27.9 ± 7.6 ×10$)*

→ 3.7𝜎 discrepancy hints at new physics beyond the SM.

Theory Initiative Website: 
https://muon-gm2-theory.illinois.edu/white-paper/
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The muon 𝒈 − 𝟐

Magnetic moment: 𝜇⃗ = !"
#$
𝑔%𝑆 : 𝑔 = 2 → 𝑔 = 2 + 2𝑎%

(Dirac) (+ radiative corrections)

- 𝑎! arises due to quantum corrections inherent from RQFTs (QED, SM) 
- These effects manifest differently for the theoretical/experimental determination.

Theory, 𝑎!SM

→ Today, The Muon g-2 Theory Initiative

4-year long international collaborative effort:

Experiment, 𝑎!
exp

→ Today, Muon g-2 Experiment at Fermilab

Aiming for x4 improvement in total uncertainty.

Analysis of Run-1 data being finalised for publication. 
→ Will confirm validity of Muon g-2 discrepancy and potential for BSM discovery.

Theory Initiative Website: 
https://muon-gm2-theory.illinois.edu/white-paper/
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The muon 𝒈 − 𝟐 in the SM



09/02/208 Alex Keshavarzi | The muon g-2 in the SM

QED fully cross checked Slide content by Thomas Teubner.
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EW unchanged Slide content by Thomas Teubner.

Uncertainty dominated by 
hadronic contributions.



09/02/2010 Alex Keshavarzi | The muon g-2 in the SM

Hadronic 𝒈 − 𝟐

HLbL: previously only estimated visa model calculations
à Made use of e.g. form factor data & pQCD constraints
à Very different to quantify and control systematics.

Updated `Glasgow consensus’ result (Prades + deRafael + Vainshtein) gave:

𝒂𝝁HLbL = (𝟗𝟖 ± 𝟐𝟒)×𝟏𝟎"𝟏𝟏
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Dispersive HLbL
Had never been achieved before the theory initiative…

Slide content by Aida El-Khadra.
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Lattice QCD Slide content by Aida El-Khadra.
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Lattice HLbL
Had never been achieved before the theory initiative…

Slide content by Aida El-Khadra.



𝒂𝝁
had, VP: theoretical setup
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Building the hadronic R-ratio
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Dispersive HVP Slide content by Aida El-Khadra.
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𝒂𝝁
had, VP from KNT

Alex Keshavarzi | The muon g-2 in the SM

ß Major 2018 update to data combination 
methodology and data input.

Results for 𝒂𝝁
had, VP and Δ𝛼had

(-) (𝑀/
%).

Phys.Rev.D 97 (2018) 114025.

2019 data update and applications of data à
compilation to other observables.

Results for 𝑎", 𝑎!, 𝑎0, Δ𝛼had
(-) (𝑀/

%) and  Δ𝜈Mu
had, VP.

Phys.Rev.D 101 (2020) 014029.



The 𝝅1𝝅2 channel
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𝜋$𝜋" accounts for over 70% of 𝑎%
had, LOVP

à Combines ~30 measurement totalling over 1000 data points

à Correlated & experimentally corrected 𝜎&&(()* data entirely dominant

𝑎%)
!)" 0.305 ≤ 𝑠 ≤ 1.937 GeV = 503.46 ± 1.14'*&* ± 1.52'+' ± 0.05,- ± 0.14.'/

= 503.46 ± 1.91*0*

à 14% local 𝜒min
+ /d.o.f. error inflation due to tensions in clustered data

KNT18: 502.97 ± 1.97*0*

09/02/20 Alex Keshavarzi | The muon g-2 in the SM

Phys.Rev.D 101 (2020) 014029.



The 𝝅1𝝅2 channel
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Large difference between KNT vs. BaBar and KLOE vs. BaBar is still evident.

Compared to 𝑎%)
!)"= 503.5 ± 1.9 → 𝑎%)

!)"(BaBar data only) = 513.2 ± 3.8

Simple weighted average of all data → 𝑎%)
!)"(weighted average) = 509.2 ± 2.9

(i.e. – no correlations in determination of mean value) 
BaBar data dominate when no correlations are accounted for in the mean value.

Ø Highlights the importance of incorporating available correlated uncertainties in fit.
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Phys.Rev.D 101 (2020) 014029.



𝒂𝝁
had, LO VP from KNT
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Ø Precision better than 0.4%
(uncertainties include all available 

correlations and 𝜒+ inflation)

Ø Clear 𝜋$𝜋" dominance 
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Phys.Rev.D 101 (2020) 014029.

KNT18: 𝑎%
had, LOVP = 693.26 ± 2.46*0*

𝑎%
had, LOVP = 693.84 ± 1.19'*&* ± 1.96'+' ± 0.22,- ± 0.71.'/

= 693.84 ± 2.29"1- ± 0.74/&2
= 692.78 ± 2.42*0*



KNT vs. DHMZ: the use of correlations
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Data-driven HVP
First-time agreement between various groups…

Conservative merging to obtain a realistic assessment of the underlying uncertainties: 
• account for differences in results from the same experimental inputs 
• include correlations between systematic errors 

Slide content by Aida El-Khadra.
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Lattice HVP Slide content by Aida El-Khadra.
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Lattice HVP Slide content by Aida El-Khadra.
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Lattice HVP Slide content by Aida El-Khadra.
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Differences between lattice evaluations
Slide content by Aida El-Khadra.
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Lattice HVP from BMW

09/02/20 Alex Keshavarzi | The muon g-2 in the SM

Recently updated to v2 on arXiv…
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Lattice HVP from BMW

Currently being scrutinised by theory initiative for white paper round 2…

arXiv:2002.12347

𝟐. 𝟕𝝈𝟐. 𝟐𝝈
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Theory initiative result released
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Theory initiative result released
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What’s next for the theory initiative?
To make the most out of the Fermilab and J-PARC experiments, theoretical SM predictions must 

be improved to stay commensurate with experimental uncertainty.

à Muon g-2 Theory Initiative accelerated progress.
à ongoing cross checks/tests and comparisons of different methods.
à Plan to publish updated SM predictions ahead of each new major experimental 

update.
à Improvements to SM evaluations from:

• Better experimental inputs for data-driven HVP.
• More experimental measurements for dispersive HLbL evaluations.
• Improved lattice QCD+QED calculations for HVP and HLbL.

à Summer 2020 meeting at KEK 
postponed due to COVID-19.

à Looking towards next year for the 
next theory initiative meeting.
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The connection with EW precision 
physics
Keshavarzi, Marciano, Passera and Sirlin, Phys. Rev. D 102 (2020) 033002
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The connection with EW precision 
physics
Keshavarzi, Marciano, Passera and Sirlin, Phys. Rev. D 102 (2020) 033002

2008
2020 update

New similar analyses in 2020

(All analyses come to largely the same conclusions)
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Hadronic cross section data
Experimentally measured hadronic cross section:

𝜎hadMuon g-2: 
hadronic vacuum polarisation contribution

𝑎!
had, VP =

1
4𝜋1

F
2"

3
𝑑𝑠 𝜎had(𝑠) 𝐾(𝑠)

… sum with other SM contributions…

→ Determines 𝑎!SM and Δ𝑎! = 3.7𝜎

Increase cross section so that Δ𝑎! = 0?
→ Solves muon g-2 discrepancy

Running QED coupling: 
hadronic contribution to running

Δ𝛼had
(-) (𝑞%) =

𝑞%

4𝜋𝛼%
F
2"

3
𝑑𝑠 𝜎had(𝑠)

𝑞%

(𝑞% − 𝑠)

… evaluate at 𝑞% = 𝑀/
% and input into global EW fit…

→ Predicts 𝑀4, 𝑀6 , sin% 𝜃"77
8"9 and more…

Increase cross section so that Δ𝑎! = 0?
→ What happens to precision EW parameters?
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Muon g-2 and Δ𝛼 Slide content by Massimo Passera.

Note the very different 
energy-dependent weighting 

of the integrands…
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Use precise and up-to-date compilation of total hadronic cross section from KNT 
Keshavarzi, Nomura and Teubner, Phys.Rev.D 101 (2020) 014029, arXiv:1911.00367
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The muon g-2 in the SM

- Shift KNT hadronic cross section in fully energy-dependent (point-like and binned) 
analysis to account for Δ𝑎%.
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Keshavarzi, Marciano, Passera and Sirlin, Phys. Rev. D 102 (2020) 033002
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The muon g-2 in the SM
Keshavarzi, Marciano, Passera and Sirlin, Phys. Rev. D 102 (2020) 033002

- Shift KNT hadronic cross section in fully energy-dependent (point-like and binned) 
analysis to account for Δ𝑎%.

- Input new values of Δ𝛼 into Gfitter to predict EW observables.
- Analysis greatly constrained from precise EW observables measurements and 

comprehensive hadronic cross section data.

𝑀3 sin# 𝜃"..
4"-
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Bounds from the Higgs mass

Shifts in σ(s) needed to bridge Δ𝑎% are found to be excluded above 𝑠 > 0.7 GeV at the 
95%CL.

So, from EW sector, shifts to σ(s) to bridge g-2 discrepancy and BMW are allowed 
below 0.7 GeV…?

à But, how realistic are the required shifts in σ(s)? 
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Keshavarzi, Marciano, Passera and Sirlin, Phys. Rev. D 102 (2020) 033002



39

How realistic are the required shifts in σ(s)?

Size of missed contributions would need to be implausibly large given the 
robust status of the hadronic cross section measurements. 

09/02/20 Alex Keshavarzi | The muon g-2 in the SM

Keshavarzi, Marciano, Passera and Sirlin, Phys. Rev. D 102 (2020) 033002
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Magnetic moments: 𝒂𝒆 vs. 𝒂𝝁
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The electron 𝒈 − 𝟐 Phys.Rev.D 101 (2020) 014029.
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What do this shifts do the electron g-2?

Shifts at low-energy that are “allowed” in muon g-2 invoke additional 
tension for electron g-2.
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Keshavarzi, Marciano, Passera and Sirlin, Phys. Rev. D 102 (2020) 033002

𝑎,SM vs. 𝑎,
exp yields Δ𝑎, = 𝑎,

exp − 𝑎,SM = −0.89 ± 0.36 ×10"-+ [2.5𝜎]
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Conclusions

- Community-approved theory result from Muon g-2 theory initiative now released.
- HLbL from models, dispersive approaches and lattice all in agreement 

à cannot be source of g-2 discrepancy.
- Recommended HVP value is taken from merging of data-driven dispersive 

results.
- Errors of recommended lattice HVP values are too large to make definitive 

statements.
- BMW lattice 2020 result has 0.6% errors and agrees with BNL 

à not so significant after update and currently being checked by theory initiative.
- Connection between g-2 and Δ𝛼 allows impact of g-2 discrepancy on EW fit to 

be explored.
- EW study excludes shifts to hadronic cross section above 0.7 GeV to bridge 

muon g-2 discrepancy.
- Required shifts to hadronic cross section below 0.7 GeV are implausibly large.
- These low energy shifts also worsen tension in electron g-2.

Thank you.
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Backups



𝝈had, 𝜸
𝟎 : VP corrections
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𝝈had, 𝜸
𝟎 : FSR corrections
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Building the hadronic R-ratio
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Data combination: setup
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Data combination consideration
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Data combination consideration
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Linear 𝝌𝟐 minimisation 
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Other notable channels 
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Highlight: data tensions in 𝑲&𝑲'channel
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Notable tension also now exists on 𝜙 in 𝑲5𝑲! channel:

Most recent CMD-3 data is higher than BaBar data…
… and BaBar was already relatively high compared to than previous direct scan 

data(Note: previously used CMD-2 data under reanalysis and therefore omitted).

Ø Tensions results in 20 % local 𝜒min
+ /d.o.f. error inflation 

𝑎%6
!6" 0.9875 ≤ 𝑠 ≤ 1.937 GeV = 23.03 ± 0.08'*&* ± 0.20'+' ± 0.03,- ± 0.00.'/

= 23.03 ± 0.22*0*

09/02/20 Alex Keshavarzi | The muon g-2 in the SM



𝑲𝑲𝝅,𝑲𝑲𝝅𝝅 & isospin 
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Inclusive channel 
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Exclusive/inclusive transition point
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𝑹 𝒔 for 𝒎𝝅 ≤ 𝒔 ≤ 11.2 GeV
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Contributions below 2 GeV 
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The Muon g-2 and the bounds on the 
Higgs boson mass Marciano, Passera and Sirlin (2008)

“… if the hadronic cross section is shifted up in energy regions centred above ∼ 1.2 GeV to
bridge the muon g−2 discrepancy, the Higgs mass upper bound becomes inconsistent with the
LEP lower limit.”
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Hadronic vacuum polarization: 𝒈 − 𝟐 𝝁 versus 
global electroweak fits
Crivellin, Hoferichter, Manzari, Montull, arXiv:2003.04886 (2020).

• Using global EW fit (HEPFitter) results in a tension with the BMW result. 
• A significant shift in HVP exacerbates tensions within the EW fit à inconsistent W 

mass prediction.
• Does not weaken the case for BSM physics , but to some extent shifts it from (g − 2)µ 

to the EW fit. 

• Results cannot rule out BMW.
• Analysis uses strong assumptions à energy independent shifts of the cross section.
• Incorporating energy-dependence at low energies is crucial.
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Energy dependence of BMW Slide content by Laurent Lellouch.

Note: Comparison is between 
time-like Δ𝛼 from 𝑒$𝑒" data and 
space-like Δ𝛼 from lattice in 
Euclidean space-time.

Differences between 
BMW and KNT are 

contained within low-
energy, non-perturbative 

hadronic domain.
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What about estimated threshold 
contributions?

Keshavarzi, Marciano, Passera and Sirlin, Phys. Rev. D 102 (2020) 033002
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How realistic are the required shifts in σ(s)?
Keshavarzi, Marciano, Passera and Sirlin, Phys. Rev. D 102 (2020) 033002

Size of missed contributions would need to be implausibly large given the 
robust status of the hadronic cross section measurements. 
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Dispersive HVP Slide content by Aida El-Khadra.
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On constraints between Δ𝛼 and g-2
de Rafael, arXiv:2006.13880 (2020).

• Claim that it is possible to construct spectral 
functions which reproduce both BMW and KNT, 
inducing only a very small change in Δ𝛼.

• Constrain the contribution to the hadronic 
running that can be related to a particular 
dimension-6 operator (or, equivalently, to the first 
moment of the HVP function). 

• Implication is there is a bound that restricts all 
effects in the hadronic running to the small piece 
that is related to this first moment (the first term 
in Eq. (6) of the attached notes). This is not the 
case. 

• Needs to go past just first moment.
• Additionally, these shifts in the cross section at 

such low energies will have to be enormous. 
• But, provides interesting comparison between 

time-like and space-like Δ𝛼.
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Lepton moments summary Slide content by Aida El-Khadra.
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MUonE Slide content by Massimo Passera.
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MUonE Slide content by Massimo Passera.


