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LHC: fixed-order calculation essential for precision@colliders* 
• a clean, systematically improvable [see later] framework for first principle 

calculations → solid, unambiguous predictions → new physics from small 
deviations 

• applicable whenever we are far from soft/collinear regions → likely to play a 
crucial role for high energy colliders (less issues with acceptances etc)

3.2 Higgs plus jet and Higgs pT spectrum in gg ! H

In this section we study the production of Higgs in gluon fusion in association with one extra jet and
more in general we analyze the transverse momentum spectrum of the Higgs. Results in this section are
obtained using MCFM [64] and [65].

3.2.1 Jet veto efficiencies
At 100 TeV, extra jet radiation is enhanced and a significant fraction of Higgs boson events is produced in
association with one or more extra jets. To quantify this statement, in Fig. 5 we plot the jet veto efficiency
at 100 TeV, defined as the fraction of exactly 0-jet events in the total Higgs sample
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as well as the one-jet inclusive cross section as a function of the jet transverse momentum requirement,
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Fig. 5: Jet veto efficiency (left) and 1-jet inclusive cross section for Higgs production in gluon fusion at 100 TeV,
see text for details.

algorithm with R = 0.4. No rapidity cut on the jet is applied. The efficiency and one-jet cross section
shown in Fig. 5 are computed both in pure fixed-order perturbation theory (red/solid) and matched to
NNLL ln mH/pt,veto and LL jet-radius ln R resummation (blue/hatched). The uncertainties are obtained
with the Jet-Veto-Efficiency method, see [66] for details. For a jet pt of ⇠ 60 GeV, Fig. 5 shows that
about 30% of the total Higgs cross section comes from events with one or more jets. Also, for jet
transverse momenta larger than ⇠ 60 GeV it is also clear from Fig. 5 that pure fixed-order perturbation
theory provides an excellent description of the jet efficiencies and cross sections. All-order resummation
effects become sizable at smaller transverse momenta, where however soft physics effects like underlying
event and MPI may play an important role at the centre-of-mass energies considered in this report.

3.2.2 The Higgs pT spectrum
We now study the Higgs cross-section as a function of a cut on the transverse momentum of the Higgs
boson �(pT,H > pt,cut). Recently, NNLO predictions for the Higgs transverse momentum spectrum
became available [65,67–70]. Unfortunately, all these computations are performed in the Higgs Effective
Theory approximation, where the top quark is integrated out and the Higgs couples directly to gluons

14

* NB: this does not mean that f.o. is the only important ingredient
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1) PRECISION
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↵s ⇠ 0.1, ↵sCA ⇠ 0.3 few percent ⇔ N(3)LO

``Few percent’’ 

• Experimentally achievable, at least for standard candles (V, H, top…) 

•ΛNP/Q2 ~ 1% → sensitive to new physics at the (multi)-TeV scale, may not be 
accessible directly 

• α ~ 0.01 → study EW theory at the quantum level, without worrying about 
QCD contaminations
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1) PRECISION: SOME CAVEATS

GGF

GLUON FUSION - INCLUSIVE CROSS SECTION

▸ LHC predictions demand effects beyond pure EFT 

▸ Mass corrections & EWK effects

~88.2%
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At the few-percent level: many non-trivial subtle effects
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1) PRECISION: SOME CAVEATS
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In many cases, few-percent could be a theoretical limit (given our 
current understanding of QCD) 

• Q ~ EW scale, linear power corrections (e.g. jets) → percent 

• At least a partial understanding would be as important as developing higher 
order calculations (already now, e.g. top mass measurements)
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FIG. 1: Double-di↵erential inclusive jet cross-sections mea-
surement by ATLAS [6] and NNLO perturbative QCD pre-
dictions as a function of the jet pT in slices of rapidity, for
anti-kT jets with R = 0.4 normalized to the NLO result. The
shaded bands represent the scale uncertainty of the theory
predictions obtained by varying µR and µF as described in
the text. The red dashed line displays the NNLO/NLO ratio
corrected multiplicatively for electroweak corrections [37].

Nc, to all these subprocesses. In practice this amounts
to calculating the N2

c , NcNF and N2
F corrections to all

LO subprocesses, where NF is the number of light quark
flavours. We include the full LO and NLO coe�cients in
this calculation but note that retaining only the leading
colour correction to all partonic subprocesses at NLO
gives the full result to within a few percent across all
distributions. The analogous subleading colour contri-
butions at NNLO are expected to be small and we do
not include them in this study. To support this assump-
tion we note that the subleading colour NNLO contribu-
tion for pure gluon scattering was presented in a previ-
ous study [34] and found to be negligible. We construct
subtraction terms to regulate all IR divergences in the
phase space integrals and cancel all explicit poles in the
dimensional regularization parameter, ✏ = (4� d)/2, the
details of which for the antenna subtraction method can
be found in [25, 34, 36]. The IR finite cross section at
NNLO is then integrated numerically in four dimensions
over the appropriate two-, three- or four-parton massless
phase space to yield the final result.

In Fig. 1 we present the results for the double-
di↵erential inclusive jet cross section at NLO and NNLO,
normalized to the NLO theoretical prediction to empha-
size the impact of the NNLO correction to the NLO re-

FIG. 2: NLO and NNLO k-factors for jet production atp
s = 7 TeV. The lines correspond to the double di↵erential

k-factors (ratios of perturbative predictions in the perturba-
tive expansion) for pT > 100 GeV and across six rapidity |y|
slices.

sult. The collider setup is proton-proton collisions at a
centre of mass energy of

p
s = 7 TeV where the jets are

reconstructed using the anti-kT jet algorithm [35] with
R = 0.4. We use the NNPDF3.0 NNLO PDF set [15]
with ↵s(M2

Z) = 0.118 throughout this paper for LO,
NLO and NNLO predictions to emphasise the behaviour
of the higher order coe�cient functions at each pertur-
bative order. By default we set the renormalization and
factorization scales µR = µF = pT1, where pT1 is the
pT of the leading jet in each event. To obtain the scale
uncertainty of the theory prediction we vary both scales
independently by a factor of 1/2 and 2 with the constraint
1/2  µR/µF  2. We find that the NNLO coe�cient
has a moderate positive e↵ect on the cross section, 10%
at low pT across all rapidity slices relative to NLO. This is
significant because it is precisely in this region where the
majority of the cross section lies, especially in the cen-
tral rapidity slices, and it is where we observe the largest
NNLO e↵ects. At higher pT we see that the relative size
of the NNLO correction to NLO decreases to the 1-2%
level and so the perturbative series converges rapidly.

Given that we see a moderate NNLO correction to the
NLO prediction in the region where the bulk of the cross
section lies, it is instructive to compare to the available
data. The data points in Fig. 1 represent the ATLAS
data for an integrated luminosity of 4.5 fb�1 [6], nor-
malized to the NLO prediction. We do not include non-
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FIG. 2: From left to right, di↵erential cross sections for the transverse momentum distributions for the two leading jets, pt,j1
and pt,j2 , for the Higgs boson, pt,H , and the distribution for the rapidity separation between the two leading jets, �yj1,j2 .

interpretation is that since NNLO e↵ects redistribute jets
from higher to lower pt’s (cf. the plots for pt,j1 and pt,j2),
they reduce the cross section for any observable defined
with VBF cuts. As pt,H grows larger, the forward jets
tend naturally to get harder and so automatically pass
the pt thresholds, reducing the impact of NNLO terms.

As observed above for the total cross section with VBF
cuts, the NNLO di↵erential corrections are sizeable and
often outside the uncertainty band suggested by NLO
scale variation. One reason for this might be that NLO
is the first order where the non-inclusiveness of the jet
definition matters, e.g. radiation outside the cone modi-
fies the cross section. Thus NLO is, in e↵ect, a leading-
order calculation for the exclusive corrections, with all
associated limitations.

To further understand the size of the NNLO correc-
tions, it is instructive to examine a NLO plus parton
shower (NLOPS) calculation, since the parton shower
will include some approximation of the NNLO correc-
tions. For this purpose we have used the POWHEG VBF
H+2-jet calculation [20], showered with PYTHIA version
6.428 with the Perugia 2012 tune [35]. The POWHEG part
of this NLOPS calculation uses the same PDF, scale
choices and electroweak parameters as our full NNLO
calculation. The NLOPS results are included in Fig. 2,
at parton level, with multi-parton interactions (MPI)
switched o↵. They di↵er from the NLO by an amount
that is of a similar order of magnitude to the NNLO
e↵ects. This lends support to our interpretation that fi-
nal (and initial)-state radiation from the hard partons
is responsible for a substantial part of the NNLO correc-
tions. However, while the NLOPS calculation reproduces
the shape of the NNLO corrections for some observables

(especially pt,H), there are others for which this is not
the case, the most striking being perhaps �yj1,j2 . Par-
ton shower e↵ects were also studied in Ref. [36], using
the MC@NLO approach [37]. Various parton showers
di↵ered there by up to about 10%.

In addition to the NNLO contributions, precise phe-
nomenological studies require the inclusion of EW con-
tributions and non-perturbative hadronisation and MPI
corrections. The former are of the same order of magni-
tude as our NNLO corrections [13]. Using Pythia 6.428
and Pythia 8.185 we find that hadronisation corrections
are between �2 and 0%, while MPI brings up to +5%
at low pt’s. The small hadronisation corrections appear
to be due to a partial cancellation between shifts in pt

and rapidity. We leave a combined study of all e↵ects
to future work. The code for our calculation will also be
made public.

With the calculation presented in this letter, di↵er-
ential VBF Higgs production has been brought to the
same NNLO level of accuracy that has been available for
some time now for the ggH [38, 39] and VH [40] produc-
tion channels. This constitutes the first fully di↵erential
NNLO 2 ! 3 hadron-collider calculation, an advance
made possible thanks to the factorisable nature of the
process. The NNLO corrections are non-negligible, 4–
7%, almost an order of magnitude larger than the cor-
rections to the inclusive cross section. Their size might
even motivate a calculation one order higher, to N3LO,
to match the precision achieved recently for the ggH to-
tal cross section [41]. With the new “projection-to-Born”
approach introduced here, we believe that this is within
reach. It would also be of interest to obtain NNLO plus
parton shower predictions, again matching the accuracy
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FIG. 2. Predicted pseudorapidity distribution of the non-b
jet in the final state from top quark production with decay at
13 TeV with fiducial cuts applied. Only QCD corrections in
production are included.
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FIG. 3. Predicted transverse momentum distribution of the
leading b-jet from top quark production with decay at 13 TeV
with fiducial cuts applied. Only QCD corrections in decay are
included.

is less than one since there are more u-valence quarks
than d-valence quarks in the proton, and it decreases
with pseudorapidity because the d/u ratio decreases at

large x [48]. The uncertainty flags show the statistical
uncertainty from the MC integration. The ratios of the
three curves are shown in the lower panel. The spread
of the LO, NLO, and NNLO predictions is about 1% in
the central region. At large |⌘l|, the NLO correction can
reach about 2%, and the additional NNLO correction is
well below one percent. Also shown in the lower panel
are the 68% confidence-level uncertainty bands for three
sets of NNLO PDFs: CT14 [48], MMHT2014 [56] and
NNPDF3.0 [57]. For simplicity, we obtained these bands
using the LO matrix elements and the NNLO PDFs, and
we verified that quantitatively similar central values of
the bands are obtained if we use NLO matrix elements.
Since the PDF induced uncertainty is much larger than
the theoretical uncertainty of its NNLO prediction, the
charge ratio can be used reliably to further discriminate
among and constrain the PDFs, provided that experi-
mental uncertainties can be controlled to the same level,
as is also pointed out in [24]. This charge ratio may
also be sensitive to certain kinds of physics beyond the
SM [58].
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FIG. 4. Ratios of the fiducial cross sections of top anti-quark
to top quark production with decay at 13 TeV as a function
of the pseudorapidity of the charged lepton. The lower panel
shows ratios to the LO prediction as well as dependence on
the choice of PDFs.

Summary. We present the first calculation of NNLO
QCD corrections to t-channel single top quark produc-
tion with decay at the LHC in the 5-flavor scheme in
QCD, neglecting the cross-talk between the hadronic
systems of the two incoming protons. Our calculation
provides a fully di↵erential simulation at NNLO for
t-channel single top-quark production with leptonic

Single-top
[Berger, Gao, Yuan, Zhu (2016-…)]

Dijet
[Currie et al., NNLOJET (2016-…); 
Czakon, van Hameren, Mitov, 
Poncelet (2020)]

VBF
[Cacciari et al. (2015); 
Cruz-Martinez, Gehrmann, 
Glover, Huss (2-18)]

New handles on non-trivial multi-particle 
dynamics, complementary to standard ones
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FIG. 1: Double-di↵erential inclusive jet cross-sections mea-
surement by ATLAS [6] and NNLO perturbative QCD pre-
dictions as a function of the jet pT in slices of rapidity, for
anti-kT jets with R = 0.4 normalized to the NLO result. The
shaded bands represent the scale uncertainty of the theory
predictions obtained by varying µR and µF as described in
the text. The red dashed line displays the NNLO/NLO ratio
corrected multiplicatively for electroweak corrections [37].

Nc, to all these subprocesses. In practice this amounts
to calculating the N2

c , NcNF and N2
F corrections to all

LO subprocesses, where NF is the number of light quark
flavours. We include the full LO and NLO coe�cients in
this calculation but note that retaining only the leading
colour correction to all partonic subprocesses at NLO
gives the full result to within a few percent across all
distributions. The analogous subleading colour contri-
butions at NNLO are expected to be small and we do
not include them in this study. To support this assump-
tion we note that the subleading colour NNLO contribu-
tion for pure gluon scattering was presented in a previ-
ous study [34] and found to be negligible. We construct
subtraction terms to regulate all IR divergences in the
phase space integrals and cancel all explicit poles in the
dimensional regularization parameter, ✏ = (4� d)/2, the
details of which for the antenna subtraction method can
be found in [25, 34, 36]. The IR finite cross section at
NNLO is then integrated numerically in four dimensions
over the appropriate two-, three- or four-parton massless
phase space to yield the final result.

In Fig. 1 we present the results for the double-
di↵erential inclusive jet cross section at NLO and NNLO,
normalized to the NLO theoretical prediction to empha-
size the impact of the NNLO correction to the NLO re-

FIG. 2: NLO and NNLO k-factors for jet production atp
s = 7 TeV. The lines correspond to the double di↵erential

k-factors (ratios of perturbative predictions in the perturba-
tive expansion) for pT > 100 GeV and across six rapidity |y|
slices.

sult. The collider setup is proton-proton collisions at a
centre of mass energy of

p
s = 7 TeV where the jets are

reconstructed using the anti-kT jet algorithm [35] with
R = 0.4. We use the NNPDF3.0 NNLO PDF set [15]
with ↵s(M2

Z) = 0.118 throughout this paper for LO,
NLO and NNLO predictions to emphasise the behaviour
of the higher order coe�cient functions at each pertur-
bative order. By default we set the renormalization and
factorization scales µR = µF = pT1, where pT1 is the
pT of the leading jet in each event. To obtain the scale
uncertainty of the theory prediction we vary both scales
independently by a factor of 1/2 and 2 with the constraint
1/2  µR/µF  2. We find that the NNLO coe�cient
has a moderate positive e↵ect on the cross section, 10%
at low pT across all rapidity slices relative to NLO. This is
significant because it is precisely in this region where the
majority of the cross section lies, especially in the cen-
tral rapidity slices, and it is where we observe the largest
NNLO e↵ects. At higher pT we see that the relative size
of the NNLO correction to NLO decreases to the 1-2%
level and so the perturbative series converges rapidly.

Given that we see a moderate NNLO correction to the
NLO prediction in the region where the bulk of the cross
section lies, it is instructive to compare to the available
data. The data points in Fig. 1 represent the ATLAS
data for an integrated luminosity of 4.5 fb�1 [6], nor-
malized to the NLO prediction. We do not include non-
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FIG. 2: From left to right, di↵erential cross sections for the transverse momentum distributions for the two leading jets, pt,j1
and pt,j2 , for the Higgs boson, pt,H , and the distribution for the rapidity separation between the two leading jets, �yj1,j2 .

interpretation is that since NNLO e↵ects redistribute jets
from higher to lower pt’s (cf. the plots for pt,j1 and pt,j2),
they reduce the cross section for any observable defined
with VBF cuts. As pt,H grows larger, the forward jets
tend naturally to get harder and so automatically pass
the pt thresholds, reducing the impact of NNLO terms.

As observed above for the total cross section with VBF
cuts, the NNLO di↵erential corrections are sizeable and
often outside the uncertainty band suggested by NLO
scale variation. One reason for this might be that NLO
is the first order where the non-inclusiveness of the jet
definition matters, e.g. radiation outside the cone modi-
fies the cross section. Thus NLO is, in e↵ect, a leading-
order calculation for the exclusive corrections, with all
associated limitations.

To further understand the size of the NNLO correc-
tions, it is instructive to examine a NLO plus parton
shower (NLOPS) calculation, since the parton shower
will include some approximation of the NNLO correc-
tions. For this purpose we have used the POWHEG VBF
H+2-jet calculation [20], showered with PYTHIA version
6.428 with the Perugia 2012 tune [35]. The POWHEG part
of this NLOPS calculation uses the same PDF, scale
choices and electroweak parameters as our full NNLO
calculation. The NLOPS results are included in Fig. 2,
at parton level, with multi-parton interactions (MPI)
switched o↵. They di↵er from the NLO by an amount
that is of a similar order of magnitude to the NNLO
e↵ects. This lends support to our interpretation that fi-
nal (and initial)-state radiation from the hard partons
is responsible for a substantial part of the NNLO correc-
tions. However, while the NLOPS calculation reproduces
the shape of the NNLO corrections for some observables

(especially pt,H), there are others for which this is not
the case, the most striking being perhaps �yj1,j2 . Par-
ton shower e↵ects were also studied in Ref. [36], using
the MC@NLO approach [37]. Various parton showers
di↵ered there by up to about 10%.

In addition to the NNLO contributions, precise phe-
nomenological studies require the inclusion of EW con-
tributions and non-perturbative hadronisation and MPI
corrections. The former are of the same order of magni-
tude as our NNLO corrections [13]. Using Pythia 6.428
and Pythia 8.185 we find that hadronisation corrections
are between �2 and 0%, while MPI brings up to +5%
at low pt’s. The small hadronisation corrections appear
to be due to a partial cancellation between shifts in pt

and rapidity. We leave a combined study of all e↵ects
to future work. The code for our calculation will also be
made public.

With the calculation presented in this letter, di↵er-
ential VBF Higgs production has been brought to the
same NNLO level of accuracy that has been available for
some time now for the ggH [38, 39] and VH [40] produc-
tion channels. This constitutes the first fully di↵erential
NNLO 2 ! 3 hadron-collider calculation, an advance
made possible thanks to the factorisable nature of the
process. The NNLO corrections are non-negligible, 4–
7%, almost an order of magnitude larger than the cor-
rections to the inclusive cross section. Their size might
even motivate a calculation one order higher, to N3LO,
to match the precision achieved recently for the ggH to-
tal cross section [41]. With the new “projection-to-Born”
approach introduced here, we believe that this is within
reach. It would also be of interest to obtain NNLO plus
parton shower predictions, again matching the accuracy
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FIG. 2. Predicted pseudorapidity distribution of the non-b
jet in the final state from top quark production with decay at
13 TeV with fiducial cuts applied. Only QCD corrections in
production are included.
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FIG. 3. Predicted transverse momentum distribution of the
leading b-jet from top quark production with decay at 13 TeV
with fiducial cuts applied. Only QCD corrections in decay are
included.

is less than one since there are more u-valence quarks
than d-valence quarks in the proton, and it decreases
with pseudorapidity because the d/u ratio decreases at

large x [48]. The uncertainty flags show the statistical
uncertainty from the MC integration. The ratios of the
three curves are shown in the lower panel. The spread
of the LO, NLO, and NNLO predictions is about 1% in
the central region. At large |⌘l|, the NLO correction can
reach about 2%, and the additional NNLO correction is
well below one percent. Also shown in the lower panel
are the 68% confidence-level uncertainty bands for three
sets of NNLO PDFs: CT14 [48], MMHT2014 [56] and
NNPDF3.0 [57]. For simplicity, we obtained these bands
using the LO matrix elements and the NNLO PDFs, and
we verified that quantitatively similar central values of
the bands are obtained if we use NLO matrix elements.
Since the PDF induced uncertainty is much larger than
the theoretical uncertainty of its NNLO prediction, the
charge ratio can be used reliably to further discriminate
among and constrain the PDFs, provided that experi-
mental uncertainties can be controlled to the same level,
as is also pointed out in [24]. This charge ratio may
also be sensitive to certain kinds of physics beyond the
SM [58].

NNLO
NLO
LO

CT14 MMHT2014

NNPDF3.0

LHC 13 TeV, lepton charge ratio
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FIG. 4. Ratios of the fiducial cross sections of top anti-quark
to top quark production with decay at 13 TeV as a function
of the pseudorapidity of the charged lepton. The lower panel
shows ratios to the LO prediction as well as dependence on
the choice of PDFs.

Summary. We present the first calculation of NNLO
QCD corrections to t-channel single top quark produc-
tion with decay at the LHC in the 5-flavor scheme in
QCD, neglecting the cross-talk between the hadronic
systems of the two incoming protons. Our calculation
provides a fully di↵erential simulation at NNLO for
t-channel single top-quark production with leptonic

Single-top
[Berger, Gao, Yuan, Zhu (2016-…)]

Dijet
[Currie et al., NNLOJET (2016-…); 
Czakon, van Hameren, Mitov, 
Poncelet (2020)]

VBF
[Cacciari et al. (2015); 
Cruz-Martinez, Gehrmann, 
Glover, Huss (2-18)]

New handle on non-trivial multi-particle 
dynamics, complementary to standard ones

•Good phenomenological reasons to 
explore N3LO, at least for standard 
candles 

•If result not (purely) result-driven 
(→ brute force): interesting 
opportunity to explore soft/collinear 
structure of gauge theories
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N3LO: how to get there

3L 2L 1L tree

<latexit sha1_base64="HnZdJ5sDLdjweJjPDh6u5T5U/6k=">AAAB/XicdVDLSgMxFM34rPU1PnZugkVwNSZDW+uu6MZlBfuATi2ZNG1DM5khyQi1FH/FjQtF3Pof7vwb04egogcuHM65l3vvCRPBtUHow1lYXFpeWc2sZdc3Nre23Z3dmo5TRVmVxiJWjZBoJrhkVcONYI1EMRKFgtXDwcXEr98ypXksr80wYa2I9CTvckqMldrufqB5BPFJwBLNRSxvip7ntd0c8nzkF1AeIg+flXDRh1MFYwyxh6bIgTkqbfc96MQ0jZg0VBCtmxglpjUiynAq2DgbpJolhA5IjzUtlSRiujWaXj+GR1bpwG6sbEkDp+r3iRGJtB5Goe2MiOnr395E/MtrpqZbao24TFLDJJ0t6qYCmhhOooAdrhg1YmgJoYrbWyHtE0WosYFlbQhfn8L/Sc33cMFDV/lc+XweRwYcgENwDDA4BWVwCSqgCii4Aw/gCTw7986j8+K8zloXnPnMHvgB5+0T73aUPw==</latexit>

⇠ 1/✏6...

<latexit sha1_base64="EX1ZcEFHqeG3KAxiH80XAfsnpMI="></latexit>

⇠
Z

d�11/✏
4...

<latexit sha1_base64="pbqn1dRLZ/4eaiMEpM0VeywYDPc="></latexit>

⇠
Z

d�1,21/✏
2...

<latexit sha1_base64="Bjn8oZTexjN/OVxVzs60rnYhMNY="></latexit>

⇠
Z

d�1,2,3 T

Two main issues 

• Multi-loop amplitudes (especially in unresolved configurations) → see Harald’s talk 

• How to properly extract (and regulate) IR from loop integrals. Highly non-trivial 
for fully exclusive calculations → focus here. An optimal solution at NNLO is 
not yet available (my opinion), we can get results thanks to large computing 
resources
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N3LO right now: fully inclusive
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Figure 3: The cross sections for producing a W+ (left) or W� (right) as a function of the

virtuality Q normalised to the N3LO prediction. The uncertainty bands are obtained by

varying µF and µR around the central scale µcent = Q. The dashed magenta line indicates

the physical W boson mass, Q = mW .

virtual photon production in ref. [10], hinting once more towards a universality of the

QCD corrections to these processes.

Figure 4: The cross sections for producing a W+ (left) or W� (right) as a function of

the virtuality Q. The uncertainty bands are obtained by varying µF and µR around the

central scale µcent = Q/2. The dashed magenta line indicates the physical W boson mass,

Q = mW .

Figure 4 shows the scale variation of the cross section with a di↵erent choice for the

central scale, µcent = Q/2. It is known that for Higgs production a smaller choice of the

factorisation scale leads to an improved convergence pattern and the bands from scale

variations are strictly contained in one another. We observe here that the two scale choices

share the same qualitative features.

The fact that the scale variation bands do not overlap puts some doubt on whether

it gives a reliable estimate of the missing higher orders in perturbation theory, or whether

other approaches should be explored (cf., e.g., refs. [85, 86]). In ref. [10] it was noted that

for virtual photon production there is a particularly large cancellation between di↵erent

initial state configurations. We observe here the same in the case of W boson production.

This cancellation may contribute to the particularly small NNLO corrections and scale

variation bands, and it may be a consequence of the somewhat arbitrary split of the content

– 7 –
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FIG. 1 Variation of the hadronic cross section with the
hadronic centre-of-mass energy. The upper figure shows
nominal values, in the lower figure all predictions are nor-
malised to the central value of the N3LO prediction. LO,
NLO, NNLO and N3LO corrections are shown in green,
yellow, blue and red respectively. The bands correspond
to scale variation uncertainties as described in the text.

termined through five loops in Refs. [46–50]. The renor-
malisation constant for the Yukawa coupling is identical
to the quark mass renormalisation constant of QCD in
the MS-scheme [7, 48, 51–53]. IR divergences are ab-
sorbed into the definition of the PDFs using mass factori-
sation at N3LO [54–56]. The mass factorisation involves
convoluting lower-order partonic cross sections with the
three-loop splitting functions of Refs. [57–59]. We have
computed all the convolutions analytically in z space us-
ing the PolyLogTools package [60]. We observe that
all divergences cancel after UV renormalisation and mass
factorisation. We emphasise that this is not only a strong
cross check of our result, but, together with the results of
Ref. [16] for gluon-initiated processes, this is the first time
that the complete set of three-loop splitting functions of
Refs. [57, 58] has been confirmed by an independent an-
alytic computation. Moreover, this is the first time that
the universality of QCD factorisation has been confirmed
for hadron collisions for all partonic initial states.

The analytic cancellation of all ultraviolet and infrared
singularities provides a strong check of our results. In ad-
dition, we have reproduced the soft-virtual N3LO cross
section of Ref. [61] and the physical kernel constraints
of Ref. [62–64] for the next-to-soft term of the bottom-
quark-initiated cross section. We have also checked that
all logarithmic terms in the renormalisation and factori-
sation scales produced from the cancellation of the UV
and IR poles satisfy the DGLAP evolution equation. Fi-

nally, we have also recomputed the NLO and NNLO cross
sections, and we have checked that through NNLO our
results are in perfect agreement with the literature results
implemented in the code Sushi [65].

BOTTOM-QUARK FUSION AT N3LO IN QCD

In this section we present our phenomenological re-
sults for inclusive cross section for bottom-quark fusion
at N3LO in QCD. We assume a Higgs mass of mH =
125.09 GeV. The strong coupling is ↵s(m2

Z
) = 0.118 and

is evolved to the renormalisation scale µr using the four-
loop QCD beta function in the MS-scheme assuming five
massless quark flavours. The Yukawa coupling between
the Higgs boson and the bottom quark is proportional to
the bottom-quark mass in the MS-scheme, and we evolve
it from mb(mb) = 4.18 GeV [66] to the same renormali-
sation scale µr using four-loop running [53].

Fig. 1 shows the inclusive cross section at a proton-
proton collider as a function of the hadronic centre-of-
mass energy. The predictions are obtained by convolut-
ing the partonic cross sections with the PDF4LHC15

NNLO PDFs in the 5FS [67]1 as in eq. (1). The cen-
tral value corresponds to the choice of the renormali-
sation and factorisation scales (µr, µf ) = (mH ,mH/4).
The band is obtained by varying µr and µf indepen-
dently within the intervals µr 2 [mh, 2mh] and µf 2
[mh/8,mh/2] with the restriction that 1/2  4µf/µr 
2. We observe that cross section predictions based on
successive perturbative orders are contained within the
bands of the lower order predictions over a wide range
of hadronic centre of mass energies. The dependence
on the renormalisation and factorisation scales of the
hadronic cross section is reduced as the perturbative or-
der is increased. We therefore believe that the residual
scale dependence provides a reliable estimate of the miss-
ing higher orders beyond N3LO. Let us comment on our
choice for the relatively small value of the factorisation
scale µf . This choice is motivated by the presence of a
small scale mb in the problem and is consistent with pre-
vious choices in the literature [7, 65, 69, 70]. We observe
that for higher values of µf , the convergence behaviour
of the cross section with the perturbative order deteri-
orates. In particular, if we choose µf = µr = mH , the
scale variation bands at NNLO and N3LO do not over-
lap. We therefore conclude that such higher choices of

1
It was pointed out in Ref. [12] that multiple di↵erent values for

the bottom quark mass were used in the construction of the

PDF4LHC15 sets and an alternative PDF was derived. We find

that this introduces an O(1%) shift on the central value of our

cross section and therefore choose to use the o�cial PDF4LHC15

sets of Ref. [67] in our predictions for generality. For further

discussion we refer to Ref. [68].
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FIG. 3: The gluon fusion cross-section at all perturbative or-
ders through N3LO in the scale interval [mH

4 ,mH ] as a func-

tion of the center-of-mass energy
p
S.

top-quark is infinitely heavy and can be integrated out,
see eq. (2). Moreover, we assumed that all other quarks
have a zero Yukawa coupling. Finite quark mass e↵ects
are important, but it is su�cient that they are inlcuded
through NLO or NNLO. Indeed, finite quark-mass e↵ects
have been computed fully through NLO in QCD [30],
while subleading top-quark mass corrections have been
computed at NNLO systematically as an expansion in
the inverse top-quark mass [34]. In these references it
was observed that through NLO finite quark mass ef-
fects amount to about 8% of the K-factor. At NNLO,
the known 1

mtop
corrections a↵ect the cross-section at

the ⇠ 1% level. A potentially significant contribution
at NNLO which has not yet been computed in the lit-
erature originates from diagrams with both a top and
bottom quark Yukawa coupling. Assuming a similar per-
turbative pattern as for top-quark only diagrams in the
e↵ective theory, eq. (2), higher-order e↵ects could be of
the order of 2%. We thus conclude that the computation
of the top-bottom interference through NNLO is highly
desired in the near future.

Finally, the computation of the hadronic cross-section
relies crucially on the knowledge of the strong coupling
constant and the parton densities. After our calculation,
the uncertainty coming from these quantities has become
dominant. Further progress in the determination of par-
ton densities must be anticipated in the next few years
due to the inclusion of LHC data in the global fits and the
impressive advances in NNLO computations, improving
the theoretical accuracy of many standard candle pro-
cesses.

To conclude, we have presented in this Letter the
computation of the gluon-fusion Higgs production cross-
section through N3LO in perturbative QCD. While a
thorough study of the impact of electroweak and quark
mass e↵ects is left for future work, we expect that the re-
maining theoretical uncertainty on the inclusive Higgs
production cross-section is expected to be reduced to
roughly half, which will bring important benefits in the
study of the properties of the Higgs boson at the LHC
Run 2. Besides its direct phenomenological impact, we
believe that our result is also a major advance in our un-
derstanding of perturbative QCD, as it opens the door to
push the theoretical predictions for large classes of inclu-
sive processes to N3LO accuracy, like Drell-Yan produc-
tion, associated Higgs production and Higgs production
via bottom fusion. Moreover, on the more technical side,
our result constitutes the first independent validation of
the gluon splitting function at NNLO [14], because the
latter is required to cancel all the infrared poles in the
inclusive cross-section. In addition, we expect that the
techniques developed throughout this work are not re-
stricted to inclusive cross-sections, but it should be pos-
sible to extend them to certain classes of di↵erential dis-
tributions, like rapidity distributions for Drell-Yan and
Higgs production, thereby paving the way to a new era
of precision QCD.
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Fully inclusive N3LO 
corrections for 2→1 color 

singlet production is possible
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Anastasiou et al (2015-…)]

[VBF: Dreyer, Karlberg (2018)]
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Colour singlet: differential results

3L 2L 1L tree

Consider the decay of a colour-singlet state V

V → X+j @ NNLO

• Most of the information contained in V → X+j @ NNLO 
• Born-like configuration: no kinematical dependence 
• As a consequence: V → X+j @ NNLO & total rate@N3LO enough for 

differential rate at N3LO
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Colour singlet: differential results
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Figure 7. The (mH -scaled) transverse momentum and pseudo-rapidity of the maximum-energy
jet in the Higgs rest frame at NLO, NNLO, and N3LO.

the ability to study the delicate cancellations that must occur at N3LO. To overcome this,
we reintroduce the fictitious collision axis of Section 3, and assume that the z-direction is
special and corresponds to a beam axis. We then measure the transverse momentum pT

and pseudo-rapidity ⌘ with respect to this axis. This defines non-trivial observables at LO,
allowing us to test our predictions more stringently. These predictions also confirm that
we can compute jet observables relevant for LHC physics (i.e. if desired we could impose
phase-space cuts on these observables).

Our results for |⌘max

j | and p
max

T,j /mH are shown in Fig. 7. We present the NLO, NNLO,
and N3LO predictions (suppressing LO for clarity). In each case the upper panel presents
the differential distribution, while the middle panel illustrates the ratio to the NLO predic-
tion and the lower panel the ratio to the NNLO prediction. Since a scalar particle at rest
decays isotropically, the rapidity distribution is sculpted only by the phase-space integration
of the final-state jets. For this reason the higher-order corrections are flat and do not no-
ticeably alter the shape of the distribution. As the order in perturbation theory increases,
the scale variation drops considerably (we vary the scale between mH/2  µ  2mH).
This observable inherits the scale variation from the total jet rate and is similar to the
scale variation presented in Appendix A for the total width. At NLO the scale varia-
tion is around {+3.5,�5}% across the entire distribution. For NNLO and N3LO the rate
obtained with the scale choice µ = mH is close to the maximum rate (again as in the

– 14 –

H → b b̅ @ N3LO known

[Mondini, Schiavi, Williams (2019)]
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Colour singlet: differential results

3L 2L 1L tree

Consider the decay production of a colour-singlet state V

pp → V+j @ NNLO

• Most of the information contained in V → X+j @ NNLO 
• Born-like configuration: no kinematical non-trivial rapidity dependence 
• As a consequence: pp→ V+j @ NNLO & (0-pt) rapidity dependence 

@N3LO enough for differential rate at N3LO
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Color singlet: differential results

3L 2L 1L tree

Consider the decay production of a colour-singlet state V

pp → V+j @ NNLO

• Most of the information contained in V → X+j @ NNLO 
• Born-like configuration: no kinematical non-trivial rapidity dependence 
• As a consequence: pp→ V+j @ NNLO & (0-pt) rapidity dependence 

@N3LO enough for differential rate at N3LO

•In principle: we can compute fully 
differential N3LO predictions for 
colour singlet production with 
current technology 

•In practice: need to ``loose a jet’’ in 
pp→V+j@NNLO, computationally 
intensive

The bad part of the story: this trick is 
not (immediately) generalisable to 
arbitrary processes
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Colour singlet: differential results

2

diagrams for each of the gluonic processes. The e↵ec-
tive interaction between gluons and the Higgs boson is
mediated by top quarks and is valid in the mt ! 1
limit. The ultraviolet renormalised matrix elements for
these processes are integrated over the final state phase
space appropriate to Higgs+jet final states. All three
types of contributions are infrared-divergent, only their
sum is finite. While infrared divergences from the vir-
tual corrections are explicit in the one-loop and two-loop
matrix elements, divergences from unresolved real radia-
tion become explicit only after phase space integration.
The divergences are usually regulated dimensionally, and
di↵erent methods have been used for their extraction
from the real radiation contributions. All these meth-
ods are based on a subtraction of divergent configura-
tions, which are then integrated over the phase space
and added to the virtual corrections to yield a finite re-
sult: sector decomposition [18], antenna subtraction [19],
qT -subtraction [20] and sector-improved residue subtrac-
tion [21] have all been applied successfully in the calcu-
lation of NNLO corrections to exclusive processes.

In this calculation we apply antenna subtraction, a
method for the construction of real radiation subtraction
terms based on so-called antenna functions, that each
describe all infrared singular limits occurring in between
two hard colour-ordered partons. For hadron-collider ob-
servables, either hard radiator can be in the initial or
final state, and all unintegrated and integrated antenna
functions were derived previously [22–25]. The gluonic
cross-section is given by,

d�gg,NNLO =

Z

d�3

⇥
d�RR

gg,NNLO � d�S
gg,NNLO

⇤

+

Z

d�2

⇥
d�RV

gg,NNLO � d�T
gg,NNLO

⇤

+

Z

d�1

⇥
d�V V

gg,NNLO � d�U
gg,NNLO

⇤
, (1)

where each of the square brackets is finite and well be-
haved in the infrared singular regions. The construction
of the subtraction terms d�S,T,U

gg,NNLO follows closely the
NNLO subtraction terms for purely gluonic jet produc-
tion [26].

Using the antenna subtraction method to cancel in-
frared divergent terms between di↵erent channels, we
have implemented all purely gluonic subprocesses to
Higgs-plus-jet production through to NNLO into a
parton-level event generator. With this program, we can
compute any infrared safe observable related to H + j

final states to NNLO accuracy. The Higgs decay to two
photons is included, such that realistic event selection
cuts on the photons can equally be applied once mul-
tiple di↵erential distributions become available. Renor-
malization and factorization scales can be chosen on an
event-by-event basis.

For our numerical computations, we use the
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FIG. 2. (a) Transverse momentum distribution of the Higgs
boson in inclusive H + 1j production in pp collisions withp
s = 8 TeV at LO, NLO, NNLO and (b) Ratios of di↵erent

perturbative orders, NLO/LO, NNLO/LO and NNLO/NLO.

NNPDF2.3 parton distribution functions [27] with the
corresponding value of ↵s(MZ) = 0.118 at NNLO, and
MH = 125 GeV. Default values for the factorization and
renormalization scales are µF = µR = MH , with the-
ory errors estimated from the envelope of a variation to
MH/2 and 2MH . To compare with previously obtained
results for the total cross section for purely gluonic H+j

production at
p
s = 8 TeV, we use the same cuts as

in [14]: jets are reconstructed in the kT algorithm with
R = 0.5, and accepted if pT > 30 GeV. With this, we
obtain the total cross section at di↵erent perturbative
orders as

�LO = 2.72+1.22
�0.78 pb ,

�NLO = 4.38+0.76
�0.74 pb ,

�NNLO = 6.34+0.28
�0.49 pb , (2)

in very good agreement with [14].
In our kinematical distributions and ratio plots, the

error band describes the scale variation envelope as de-
scribed above, where the denominator in the ratio plots is
evaluated at fixed central scale, such that the band only
reflects the variation of the numerator. Error bars on the
distributions indicate the numerical integration errors on
individual bins.

H+J@NNLO 
[Chen, Cruz-Martinez, Gehrmann, 

Glover, Jaquier (2016)]
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FIG. 1: Approximate Higgs boson rapidity distribution with threshold expansion truncated at di↵erent orders. The left panel
shows the ratio of the approximate NNLO to the exact result, the right panel shows the approximate N3LO result to the best
prediction obtained in this work.
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Preliminary Preliminary
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(See also Cieri et al. (2018) for 
earlier work assuming trivial 

rapidity dependence)
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Colour singlet: beyond the Higgs

• For colour-singlet production: only require rapidity-dependence at zero 
transverse momentum 

• Factorisation → universality. ``Beam functions’’ 

• Over the past year or so: all ingredients computed 
• pt beam function [Luo, Zang, Zhu, Zhu (2020); Ebert, Mistlberger, Vita (2020)] 
• N-jettiness beam function*: [Behring, Melnikov, Rietkerk, Tancredi, Wever (2019); 

Ebert, Mistlberger, Vita (2020)] 

• Provided that we have relevant loop amplitudes and enough computing 
power this would allow for a brute-force calculation of N3LO QCD 
corrections for any colour-singlet state

*Not enough even for colour-
singlet, but has the potential to be 

extended to arbitrary processes
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Beyond colour-singlet
• Beyond colour-singlet, new frameworks are required → better 

understanding of soft/collinear emission (and beyond)  
• Slicing techniques 

• similar to what discussed so far. Introduce resolution variable that 
separates Born-like vs +jet 

• -: typically, this introduce some non-locality in IR cancellations → 
large numerical cancellation, huge computing power required 

• +: giving up locality makes everything much simpler → may be a 
shortcut to the result, if enough computing power 

• +: several ingredients already known / under computation N-jettiness 
beam function, towards N-jettiness soft function [Baranowski (2020)]
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Beyond colour-singlet
• Beyond colour-singlet, new frameworks are required → better 

understanding of soft/collinear emission (and beyond)  
• Slicing techniques 

• similar to what discussed so far. Introduce resolution variable that 
separates Born-like vs +jet 

• -: typically, this introduce some non-locality in IR cancellations → 
large numerical cancellation, huge computing power required 

• +: giving up locality makes everything much simpler → may be a 
shortcut to the result, if enough computing power 

• +: several ingredients already known / under computation N-jettiness 
beam function, towards N-jettiness soft function [Baranowski (2020)] 

• The way forward (my opinion): sub-leading power corrections. Would 
allow for much better numerics / very interesting from a conceptual 
point of view [Moult et al. (2017-…); Boughezal, Isgro, Petriello (2018); Beneke et al (2018-…); 
Laenen et al. (2018-…); Neubert et al (2020-…)]
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Beyond colour-singlet
• Beyond colour-singlet, new frameworks are required → better 

understanding of soft/collinear emission (and beyond)  

• Subtraction techniques 
• allow for local cancellation of IR singularities via universal subtraction 

terms → interesting per se 
• +: theoretically appealing, much higher efficiency (slicing eventually 

abandoned @ NLO) 
• -: the price of locality: much more challenging to devise a generic 

framework 
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Beyond colour-singlet
• Beyond colour-singlet, new frameworks are required → better 

understanding of soft/collinear emission (and beyond)  

• Subtraction techniques 
• allow for local cancellation of IR singularities via universal subtraction 

terms → interesting per se 
• +: theoretically appealing, much higher efficiency (slicing eventually 

abandoned @ NLO) 
• -: the price of locality: much more challenging to devise a generic 

framework 
• +: in the recent past, several of the universal ingredients computed 

[Catani, Colferai, Torrini (2019); Del Duca, Duhr, Haindl, Lazopoulos, Michel (2019-20); Bern, 
Dixon, Kosower (2004); Badger, Glover (2004); Duhr, Gehrmann, Jaquier (2014); Duhr, 
Gehrmann (2014); Li, Zhu (2013); Dixon, Hermann, Kai, Zhu (2019); Catani, de Florian, 
Rodrigo (2019); Badger, Buciuni, Peraro (2015); Zhu (2020)] 

(Personal opinion: regulating soft/collinear emission would proceed faster than for NNLO. 
Big conceptual gap was between NLO and NNLO)
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N3LO: the ``real’’ challenges?
• Thanks to the recent progress in NNLO: good position to start thinking 

at N3LO generalisations 

• However, there may be surprises… 

• Top pair production: σN3LO ≠ ``R + V’’.  
• Non-trivial threshold effects, starting at O(αs3) [Beneke, Ruiz-Femenia (2016), see also 

Melnikov, Vainshtein, Voloshin (2014)] 

• Not captured by ``standard’’ perturbation theory

• Factorization breaking effects for jet production 
• Non-trivial absorbitive part of loop integrals starts playing a role at N3LO. Could 

spoil universality of collinear singularity in processes with non-trivial color 
structure (e.g. di-jet…) [Forshaw, Siemour et al (2006-…); Catani, de Florian, Rodrigo (2011)] 

• Analysis confirmed in [Dixon, Hermann, Kai, Zhu (2019)]

This sort of issues are likely to be the real challenges for N3LO computations
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Conclusion
• N3LO likely to be relevant for current and future precision programs at 

the energy frontier 

• There is something we can do already now, but not immediately 
generalisable (either conceptually or practically) 

• For ``standard’’ soft/collinear regularisation, the path is clear → 
(massively) more complicated than NNLO, but at least in principle we 
know where to start 

• In this talk, I focused on ``standard’’ techniques. Recently: old ideas (LT 
duality…) powered by new insight and better computing → this may 
turn out to be a good way forward 

• There may however be unexpected effects, and this may require a better 
understanding of the structure of gauge theories 

Interesting times ahead!



 
Thank you very much  

for your attention!


