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• Lifetimes
• Mixing 

• Width differences
• Semileptonic decays

• determination of Vcb and Vub

• R(D) & R(D*)
•New form factors in NP

• Non-leptonic decays
•2-body

• Rates
• Strong phases (& CPV)

•>2-body
• Rare decays

• purely leptonic, including
• radiative:
• 3body:

• LFUV: R(K) & R(K*)
• angular analysis
• anomalies

• of charm

• ...
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Anatomy of a calculation of decay in Heavy Flavor Physics 

Multiscale problem: EFT

(i) Integrate out heavy field (t, W, Z, H) of mass M ≫ mQ

“Matching” beyond tree level, Wilson Coefficient C(M)

(ii) Re-sum large logs: “running”

Needs anomalous dimension in (normally) one loop order higher than matching

(iii) Compute ME at 

Q Qs
Wun I 7

M2




Mmm mm
mm 1 run 1

C(µ) = F (µ/M,↵s)C(M)
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Challenges in broad terms:

• Compute matching with sufficient precision:
• Expansion in αs and αem

• Few percent precision means (αs)2 and (αem)1

• Matching starts at
• Tree level: need 2-loops for precision
• 1-loop: need 3-loops for precision !!!

• Functional dependence on several masses (W, Z, t) 

• Compute running at corresponding precision:
• Typically one higher order than matching

running
matching n

Chi Ltdscult It 314411 43 4411 1
T

freelevel Floop Ft 2 loop olds



• Compute matrix elements of EFT operators (and combine into decay amplitude)
• Non-perturbative problem
• Exclusive decay rates:

• Lattice
• Limited final states

• 1 final state hadron (form factors), limited momentum range
• 2 final state hadrons, tough

• Limited interactions
• Local (ie, one insertion of Heff)
• EM*weak (non-local T-prod) -- tough 

• Non-systematic approaches, eg, LCSR
• Less limited
• Less reliable, not for precision physics

• Inclusive decay rates:
• HQET/OPE

• Only semileptonic
• Systematic (caveat: quark hadron duality at end-point)
• Perturbative + few non-perturbative parameters

• HQE 
• Fully inclusive: lifetimes,  ΔΓ, ...
• Perturbative + few non-perturbative parameters
• Relies on quark-hadron duality

Challenges in broad terms (continued)



Lifetimes 
• Theory based on HQE, with few non-perturbative parameters:

• Each order has perturbative expansion

• Non-perturbative MEs can be independently fixed (or jointly fit) from 
various sources:

• spectroscopy
• direct calc: lattice, QCDSR
• moments of semileptonic inclusive decay spectrum

• Limitation: not based on OPE in Euclidean space
• quark-hadron duality assumed
• OPE-like expansion (a.k.a. HQE) performed on-shell

• no external large (euclidean) momentum
•  control?
• organization of OPE?

• Justification: It works! (For ratios)
• Question: so what when it fails? What about overall 
normalization?

the first hints for new e↵ects at a higher energy scale than directly accessible and as soon
as direct evidence for new particles is found, the precision study of flavour e↵ects will be
helpful in determining the new flavour couplings. Indirect searches rely of course heavily on
our control of the corresponding hadronic uncertainties in flavour transitions. For the case
of b-hadrons two facts turn out to be very useful in that respect. First, the strong coupling
at the scale µ = mb is relatively small ↵s(mb) ⇡ 0.2 and second, there exists an expansion of
decay rates in terms of the inverse heavy quark mass, the heavy quark expansion (HQE) [29],
which allows precise predictions. Several non-trivial cross-checks for these tools to handle
QCD e↵ects will be discussed below. An interesting question is of course, to what extent the
HQE methods can be applied in the charm sector, where the expansion parameters ↵s(mc)
and 1/mc are considerably larger. A final motivation for flavour physics studies are precise
determinations of many standard model parameters, like the values of the CKM parameters
or also some quark masses.
After the big success of the B-factories with the detectors BaBar and Belle, see e.g. [30] and
the results from TeVatron, see e.g. [31], the field is currently dominated by the LHCb exper-
iment (see e.g. [32] for some earlier results), but there are also some important contribution
from ATLAS, see e.g. [33], and CMS, see e.g. [34], as will be discussed below.
In Section 2 we will study inclusive quantities like lifetimes, but also the mixing system as
well as individual inclusive branching ratios. Most of the corresponding theory predictions
rely on the heavy quark expansion. In Section 3 we switch to exclusive quantities, starting
from leptonic decays, over semi-leptonic decays to non-leptonic ones. In Section 4 we discuss
some consequences for searches for new physics models and in Section 5 we conclude.

2 Inclusive decays

We start our discussion with inclusive decays. Such decays are characterised by the fact
that we do not specify the hadronic final state, simplifying thus the non-perturbative physics
considerably. The prime example of an inclusive quantity are lifetimes of b- and c-hadrons, as
well as observables related to the mixing of neutral mesons. Finally we discuss also individual
semi- and non-leptonic inclusive decay modes.

2.1 Lifetimes

Lifetimes are among the most fundamental properties of a particle. We compare here recent
measurements for the lifetime of D-mesons, B-mesons and b-baryons with the latest theory
predictions.

2.1.1 Theory

Total decay rates can be written according to the heavy quark expansion - see [29] for the
first systematic expansion and [35] for a review of the extensive literature - as

� = �0 +
⇤2

m2
q

�2 +
⇤3

m3
q

�3 +
⇤4

m4
q

�4 + . . . . (2.1)

If the mass mq of the decaying quark is heavy and the hadronic scale ⇤ is not very large,
then the expansion in Eq.(2.1) is expected to converge quickly. In particular because there
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operators

P1 =
md,s

mb

b̄i(1− γ5)di × d̄j(1− γ5)bj , (2.104)

P2 =
md,s

mb

b̄i(1 + γ5)di × d̄j(1 + γ5)bj , (2.105)

P3 =
1

m2
b

b̄i
←−
Dργµ(1− γ5)Dρdi × d̄jγ

µ(1− γ5)bj , (2.106)

P4 =
1

m2
b

b̄i
←−
Dρ(1− γ5)Dρdi × d̄j(1 + γ5)bj . (2.107)

These operators have currently only been estimated within vacuum insertion approximation.
However, for the corresponding operators appearing in the decay rate difference of neutral
B-meson first studies with QCD sum rules have been performed [67, 68].
Putting everything together we arrive at the Heavy-Quark Expansion of decay rates of heavy
hadrons

Γ = Γ0 +
Λ2

m2
b

Γ2 +
Λ3

m3
b

Γ3 +
Λ4

m4
b

Γ4 + . . . , (2.108)

where the expansion parameter is denoted by Λ/mb. From the above explanations it is clear
that Λ is not simply given by ΛQCD - the pole of the strong coupling constant - as stated
often in the literature. Very naively one expects Λ to be of the order of ΛQCD, because both
denote non-perturbative effects. The actual value of Λ, has, however, to be determined by
an explicit calculation for each order of the expansion separately. At order 1/m2

b one finds
that Λ is of the order of µπ or µG, so roughly below 1 GeV. For the third order Λ3 is given by
16π2f 2

BMB times a numerical suppression factor, leading to values of Λ larger than 1 GeV.
Moreover, each of the coefficients Γj , which is a product of a perturbatively calculable Wilson
coefficient and a non-perturbative matrix element, can be expanded in the strong coupling

Γj = Γ(0)
j +

αs(µ)

4π
Γ(1)
j +

α2
s(µ)

(4π)2
Γ(2)
j + . . . . (2.109)

Before we apply this framework to experimental observables, we would like to make some
comments of caution.
A possible drawback of this approach might be that the expansion in the inverse heavy quark
mass does not converge well enough— advocated under the labelling violation of quark hadron
duality. There is a considerable amount of literature about theoretical attempts to prove or
to disprove duality, but all of these attempts have to rely on strong model assumptions.
Kolya published some general investigations of quark hadron duality violation in [69, 70] and
some investigations within the two dimensional ’t Hooft model [71, 72], that indicated the
validity of quark hadron duality. Other investigations in that direction were e.g. performed
by Grinstein and Lebed in 1997 [73] and 1998 [74] and by Grinstein in 2001 [75, 76]. In our
opinion the best way of tackling this question is to confront precise HQE-based predictions
with precise experimental data. An especially well suited candidate for this problem is the
decay b→ cc̄s, which is CKM dominant, but phase space suppressed. The actual expansion
parameter of the HQE is in this case not 1/mb but 1/(mb

√
1− 4z); so violations of duality
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conclusion.
Matrix elements of four-quark operators relevant for lifetime ratios are almost unknown.
For τ(B+)/τ(Bd) the latest lattice calculation was performed by Becirevic in 2001 and only
published as proceedings [66]. Unfortunately these parameters, see Eq.(2.101) have never
been updated. The same matrix elements can also be used for the case of τ(Bs)/τ(Bd).
There is also an earlier lattice study from Di Pierro and Sachrajda from 1999 [154], as well
as two QCD sum rule studies from Baek, Lee, Liu and Song in 1997 [155] and one year later
from Cheng and Yang [156].

B1 B2 ϵ1 ϵ2
1.01± 0.01 0.99± 0.01 −0.08± 0.02 −0.01± 0.03 1997 QCD− SR
1.06± 0.08 1.01± 0.06 −0.01± 0.03 −0.01± 0.02 1998 Lattice
0.96± 0.04 0.95± 0.02 −0.14± 0.01 −0.08± 0.01 1998 QCD− SR
1.10± 0.20 0.79± 0.10 −0.02± 0.02 0.03± 0.01 2001 Lattice

(3.135)

Comparing these numbers, the authors [155, 156] of the QCD sum rule evaluation seem
to have very aggressive error estimates. Because of the very pronounced cancellations in
Eq.(2.100) precise values for these bag parameters are crucial for an investigation of the
lifetime ratio τ(B+)/τ(Bd). To some extent our definition of the bag parameters given in
Eq.(2.85) and Eq.(2.86) above was a little too simplistic. In reality we are considering the
isospin breaking combinations

⟨Bd|Qd −Qu|Bd⟩
MBd

= f 2
BB1MBd

,
⟨Bd|Qd

S −Qu
S|Bd⟩

MBd

= f 2
BB2MBd

, (3.136)

⟨Bd|T d − T u|Bd⟩
MBd

= f 2
Bϵ1MBd

,
⟨Bd|T d

S − T u
S |Bd⟩

MBd

= f 2
Bϵ2MBd

. (3.137)

This definition leads to the cancellation of unwanted penguin contractions, see Fig. 4 and
enables thus in principle very precise calculations. For the Λb-lifetime our knowledge of the
matrix elements is even worse. There is only an exploratory lattice study from Di Pierro,
Sachrajda and Michael available, dating back to 1999 [157]. Here also any update would be
extremely welcome. In that case two matrix elements are arising that are parameterised by
L1 and L2

⟨Λb|Qq|Λb⟩
MΛb

= f 2
BMBL1 , (3.138)

⟨Λb|T q|Λb⟩
MΛb

= f 2
BMBL2 , (3.139)

where the operators were defined in Eq.(2.83) and Eq.(2.84). The numerical values obtained
in [157] are shown in Eq.(3.144). In elder works the colour re-arranged operator was investi-
gated instead of the colour octett operator T q. There the following definition was used

⟨Λb|b̄αγµ(1− γ5)qα · q̄βγµ(1− γ5)bβ⟩
MΛb

= −f
2
BMB

6
r , (3.140)

⟨Λb|b̄αγµ(1− γ5)qβ · q̄βγµ(1− γ5)bα⟩
MΛb

= B̃
f 2
BMB

6
r . (3.141)
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review [64]. For the numerically important dimension seven contributions vacuum insertion
approximation is used and first studies with QCD sum rules have been performed by Mannel,
Pecjak and Pivovarov [67, 68].

4 Status Quo of lifetimes and the HQE

In this final section we update several of the lifetime predictions and compare them with the
most recent data, obtained many times at the LHC experiments.

4.1 B-meson lifetimes

The most recent theory expressions for τ(B+)/τ(Bs) and τ(Bs)/τ(Bd) are given in [165]
(based on the calculations in [30, 128, 140, 66]). For the charged B-meson we get the updated
relation (including αs-corrections and 1/mb-corrections)

τ(B+)

τ(Bd)

HQE2014

= 1 + 0.03

(

fBd

190.5MeV

)2

[(1.0± 0.2)B1 + (0.1± 0.1)B2

−(17.8± 0.9)ϵ1 + (3.9± 0.2)ϵ2 − 0.26]

= 1.04+0.05
−0.01 ± 0.02± 0.01 . (4.147)

Here we have used the lattice values for the bag parameters from [66]. Using all the values for
the bag parameters quoted in Eq.(3.135), the central value of our prediction for τ(B+)/τ(Bd)
varies between 1.03 and 1.09. This is indicated by the first asymmetric error and clearly shows
the urgent need for more profound calculations of these non-perturbative parameters. The
second error in Eq.(4.147) stems from varying the matrix elements of [66] in their allowed
range and the third error comes from the renormalisation scale dependence as well as the
dependence on mb.
Next we update also the prediction for the Bs-lifetime given in [165], by including also 1/m2

b -
corrections discussed in Eq.(2.73).

τ(Bs)

τ(Bd)

HQE2014

= 1.003 + 0.001

(

fBs

231MeV

)2

[(0.77± 0.10)B1 − (1.0± 0.13)B2

+(36± 5)ϵ1 − (51± 7)ϵ2]

= 1.001± 0.002 . (4.148)

The values in Eq.(4.147) and Eq.(4.148) differ slightly from the ones in [165], because we have
used updated lattice values for the decay constants21 and we included the SU(3)-breaking
of the 1/m2

b-correction - see Eq.(2.73) - for the Bs-lifetime, which was previously neglected.
Comparing these predictions with the measurements given in Eq.(1.1), we find a perfect
agreement for the Bs-lifetime, leaving thus only a little space for, e.g., hidden new Bs-decay
channels, following, e.g., [78, 79]. There is a slight tension in τ(B+)/τ(Bd), which, however,
could solely be due to the unknown values of the hadronic matrix elements. A value of, e.g.,

21We have used fBs
= 227.7 MeV [64].
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channels, following, e.g., [78, 79]. There is a slight tension in τ(B+)/τ(Bd), which, however,
could solely be due to the unknown values of the hadronic matrix elements. A value of, e.g.,

21We have used fBs
= 227.7 MeV [64].
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1 Introduction

Lifetimes are among the most fundamental properties of elementary particles. In this work we
consider lifetimes of hadrons containing heavy quarks, which decay via the weak interaction.
Their masses and lifetimes read (according to PDG [1] and HFAG [2])

B-mesons

Bd = (b̄d) B+ = (b̄u) Bs = (b̄s) B+
c = (b̄c)

Mass (GeV) 5.27955(26) 5.27925(26) 5.3667(4) 6.2745(18)
Lifetime (ps) 1.519(5) 1.638(4) 1.512(7) 0.500(13)
τ(X)/τ(Bd) 1 1.076± 0.004 0.995± 0.006 0.329± 0.009

(1.1)

b-baryons

Λb = (udb) Ξ0
b = (usb) Ξ−

b = (dsb) Ω−

b = (ssb)
Mass (GeV) 5.6194(6) 5.7918(5) 5.79772(55) 6.071(40)
Lifetime (ps) 1.451(13) 1.477(32) 1.599(46) 1.54

(

+26
−22

)

τ(X)/τ(Bd) 0.955± 0.009 0.972± 0.021 1.053± 0.030 1.01
(

+17
−14

)

(1.2)

The masses and the lifetimes of the Ξ0
b , Ξ

−

b and the Ω−

b have been measured by the LHCb
Collaboration [3, 4, 5] just after the first version of this article appeared on the arXiv. We
have given above these new values instead of the HFAG and PDG averages. Alternative
lifetime averages were, e.g., obtained in [6].

D-mesons

D0 = (ūc) D+ = (d̄c) D+
s = (s̄c)

Mass (GeV) 1.86491(17) 1.8695(4) 1.9690(14)
Lifetime (ps) 0.4101(15) 1.040(7) 0.500(7)
τ(X)/τ(D0) 1 2.536± 0.017 1.219± 0.017

(1.3)

c-baryons

Λc = (udc) Ξ+
c = (usc) Ξ0

c = (dsc) Ωc = (ssc)
Mass (GeV) 2.28646(14) 2.4676

(

+4
−10

)

2.47109
(

+35
−100

)

2.6952
(

+18
−16

)

Lifetime (ps) 0.200(6) 0.442(26) 0.112
(

+13
−10

)

0.069(12)
τ(X)/τ(D0) 0.488± 0.015 1.08(6) 0.27(3) 0.17± 0.03

(1.4)

One of the first observations to make is the fact that all lifetimes are of the same order of
magnitude, they are all in the pico-second range and they differ at most by a factor of 25.
Looking exclusively at hadrons containing one b-quark (and no c-quark), one even finds that
all lifetimes are equal within about 10%. This clearly calls for a theoretical explanation.
In this review we will discuss the theoretical framework describing decay rates of inclusive
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ϵ1 = −0.092 - and leaving everything else at the values given in Eq.(2.101) - would perfectly
match the current experimental average from Eq.(1.1). Such a value of ϵ2 is within the range of
the QCD sum rule predictions [155, 156] shown in Eq.(3.135). Thus, for further investigations
updated lattice values for the bag parameters B1, B2, ϵ1 and ϵ2 are indispensable.
The most recent experimental numbers for these lifetime ratios have been updated by the
LHCb Collaboration in 2014 [166].

4.2 b-baryon lifetimes

We discussed already the early stages of the long standing puzzle related to the lifetime of
Λb-baryon. After 2003 one started to find contradicting experimental values [167, 168, 169,
170, 171, 172] - some of them still similarly low as the previous ones and others pointed more
to a lifetime comparable to the one of the Bd-meson.

Year Exp Decay τ(Λb) [ps] τ(Λb)/τ(Bd)

2010 CDF J/ψΛ 1.537± 0.047 1.020± 0.031
2009 CDF Λc + π− 1.401± 0.058 0.922± 0.038
2007 D0 ΛcµνX 1.290± 0.150 0.849± 0.099
2007 D0 J/ψΛ 1.218± 0.137 0.802± 0.090
2006 CDF J/ψΛ 1.593± 0.089 1.049± 0.059
2004 D0 J/ψΛ 1.22± 0.22 0.87± 0.17

(4.149)

The current HFAG average given in Eq.(1.2) clearly rules out now the small values of the
Λb-lifetime. Updating the NLO-calculation from the Rome group [131] and including 1/mb-
corrections from [140] we get for the current HQE prediction

τ(Λb)

τ(Bd)

HQE2014

= 1− (0.8± 0.5)% 1

m2
b

− (4.2± 3.3)%Λb
1

m3
b

− (0.0± 0.5)%Bd
1

m3
b

− (1.6± 1.2)% 1

m4
b

= 0.935± 0.054 , (4.150)

where we have split up the corrections coming from the 1/m2
b-corrections discussed in Eq.(2.73),

the 1/m3
b -corrections coming from the Λb-matrix elements, the 1/m3

b -corrections coming
from the Bd-matrix elements and finally 1/m4

b-corrections studied in [140]. The number
in Eq.(4.150) is smaller than some of the previous theory predictions because of several rea-
sons: we have used updated, smaller lattice values for the decay constants, which gives a shift
of about +0.01 in the lifetime ratio. Following our discussion of the dimension six matrix
elements, we use three different determinations. Instead of using only the exploratory lattice
one [157], we also take into account the QCD sum rule estimate of Colangelo and de Fazio
[160] and the spectroscopy result of Rosner [159]. In 1996 Rosner’s method gave a large value

of the matrix element. New, precise measurements of the Σ(∗)
b -mass show, however, that the

matrix element is much smaller than originally thought. This gives a third enhancement
factor. To obtain the final number we also scaled the numerical value of the 1/m4

b -correction
with the size of r. The current range of the theory prediction in Eq.(4.150) goes from 0.88
to 0.99. To reduce this large uncertainty, new lattice calculations are necessary. In these
calculations also the penguin contractions from Fig.(4) have to be taken into account.
More recent experimental studies of the Λb-lifetime further strengthen the case for a value of

39

ϵ1 = −0.092 - and leaving everything else at the values given in Eq.(2.101) - would perfectly
match the current experimental average from Eq.(1.1). Such a value of ϵ2 is within the range of
the QCD sum rule predictions [155, 156] shown in Eq.(3.135). Thus, for further investigations
updated lattice values for the bag parameters B1, B2, ϵ1 and ϵ2 are indispensable.
The most recent experimental numbers for these lifetime ratios have been updated by the
LHCb Collaboration in 2014 [166].

4.2 b-baryon lifetimes

We discussed already the early stages of the long standing puzzle related to the lifetime of
Λb-baryon. After 2003 one started to find contradicting experimental values [167, 168, 169,
170, 171, 172] - some of them still similarly low as the previous ones and others pointed more
to a lifetime comparable to the one of the Bd-meson.

Year Exp Decay τ(Λb) [ps] τ(Λb)/τ(Bd)

2010 CDF J/ψΛ 1.537± 0.047 1.020± 0.031
2009 CDF Λc + π− 1.401± 0.058 0.922± 0.038
2007 D0 ΛcµνX 1.290± 0.150 0.849± 0.099
2007 D0 J/ψΛ 1.218± 0.137 0.802± 0.090
2006 CDF J/ψΛ 1.593± 0.089 1.049± 0.059
2004 D0 J/ψΛ 1.22± 0.22 0.87± 0.17

(4.149)

The current HFAG average given in Eq.(1.2) clearly rules out now the small values of the
Λb-lifetime. Updating the NLO-calculation from the Rome group [131] and including 1/mb-
corrections from [140] we get for the current HQE prediction

τ(Λb)

τ(Bd)

HQE2014

= 1− (0.8± 0.5)% 1

m2
b

− (4.2± 3.3)%Λb
1

m3
b

− (0.0± 0.5)%Bd
1

m3
b

− (1.6± 1.2)% 1

m4
b

= 0.935± 0.054 , (4.150)

where we have split up the corrections coming from the 1/m2
b-corrections discussed in Eq.(2.73),

the 1/m3
b -corrections coming from the Λb-matrix elements, the 1/m3

b -corrections coming
from the Bd-matrix elements and finally 1/m4

b-corrections studied in [140]. The number
in Eq.(4.150) is smaller than some of the previous theory predictions because of several rea-
sons: we have used updated, smaller lattice values for the decay constants, which gives a shift
of about +0.01 in the lifetime ratio. Following our discussion of the dimension six matrix
elements, we use three different determinations. Instead of using only the exploratory lattice
one [157], we also take into account the QCD sum rule estimate of Colangelo and de Fazio
[160] and the spectroscopy result of Rosner [159]. In 1996 Rosner’s method gave a large value

of the matrix element. New, precise measurements of the Σ(∗)
b -mass show, however, that the

matrix element is much smaller than originally thought. This gives a third enhancement
factor. To obtain the final number we also scaled the numerical value of the 1/m4

b -correction
with the size of r. The current range of the theory prediction in Eq.(4.150) goes from 0.88
to 0.99. To reduce this large uncertainty, new lattice calculations are necessary. In these
calculations also the penguin contractions from Fig.(4) have to be taken into account.
More recent experimental studies of the Λb-lifetime further strengthen the case for a value of

39

from r, thus leading to an estimated overall error of about ±0.06. As soon as Ξb-matrix ele-
ments are available the ratio in Eq.(4.156) can be determine more precisely than τ(Λb)/τ(Bd).
If we further approximate τ̄(Ξ0

b) = τ(Λb) - here similar cancellations are expected to arise as
in τBs/τBd

- , then we arrive at the following prediction

τ(Λb)

τ̄(Ξ+
b )

HQE2014

= 0.95± 0.06 . (4.157)

From the new measurements of the LHCb Collaboration [3, 4] (see also the CDF update
[175]), we deduce

τ(Ξ0
b)

τ(Ξ+
b )

LHCb2014

= 0.92± 0.03 , (4.158)

τ(Ξ0
b)

τ(Λb)

LHCb2014

= 1.006± 0.021 , (4.159)

τ(Λb)

τ(Ξ+
b )

LHCb2014

= 0.918± 0.028 , (4.160)

which is in perfect agreement with the predictions above in Eq.(4.156) and Eq.(4.157), within
the current uncertainties.

4.3 D-meson lifetimes

In [9] the NLO-QCD corrections for the D-meson lifetimes were completed. Including 1/mc-
corrections as well as some assumptions about the hadronic matrix elements one obtains

τ(D+)

τ(D0)

HQE2013

= 2.2± 0.4(hadronic)
+0.03(scale)

−0.07 , (4.161)

τ(D+
s )

τ(D0)

HQE2013

= 1.19± 0.12(hadronic)
+0.04(scale)

−0.04 , (4.162)

being very close to the experimental values shown in Eq.(1.3). Therefore this result seems to
indicate that one might apply the HQE also to lifetimes of D-mesons, but definite conclusions
cannot not be drawn without a reliable non-perturbative determination of the hadronic matrix
elements, which is currently missing.

4.4 Mixing quantities

The current status of mixing quantities, both in the B- and the D-system, was very recently
reviewed in [177]. The arising set of observables allows for model-independent searches for
new physics effects in mixing, see e.g. [178, 179]. We discuss here only the decay rate
differences ∆Γs, because this provided one of the strongest proofs of the HQE. The HQE
prediction - based on the NLO-QCD corrections [107, 130, 131, 180] and sub-leading HQE
corrections [137, 138] gave in 2011 [165]

∆ΓHQE2011
s = (0.087± 0.021) ps−1 . (4.163)
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1 Introduction

Lifetimes are among the most fundamental properties of elementary particles. In this work we
consider lifetimes of hadrons containing heavy quarks, which decay via the weak interaction.
Their masses and lifetimes read (according to PDG [1] and HFAG [2])

B-mesons

Bd = (b̄d) B+ = (b̄u) Bs = (b̄s) B+
c = (b̄c)

Mass (GeV) 5.27955(26) 5.27925(26) 5.3667(4) 6.2745(18)
Lifetime (ps) 1.519(5) 1.638(4) 1.512(7) 0.500(13)
τ(X)/τ(Bd) 1 1.076± 0.004 0.995± 0.006 0.329± 0.009

(1.1)

b-baryons

Λb = (udb) Ξ0
b = (usb) Ξ−

b = (dsb) Ω−

b = (ssb)
Mass (GeV) 5.6194(6) 5.7918(5) 5.79772(55) 6.071(40)
Lifetime (ps) 1.451(13) 1.477(32) 1.599(46) 1.54

(

+26
−22

)

τ(X)/τ(Bd) 0.955± 0.009 0.972± 0.021 1.053± 0.030 1.01
(

+17
−14

)

(1.2)

The masses and the lifetimes of the Ξ0
b , Ξ

−

b and the Ω−

b have been measured by the LHCb
Collaboration [3, 4, 5] just after the first version of this article appeared on the arXiv. We
have given above these new values instead of the HFAG and PDG averages. Alternative
lifetime averages were, e.g., obtained in [6].

D-mesons

D0 = (ūc) D+ = (d̄c) D+
s = (s̄c)

Mass (GeV) 1.86491(17) 1.8695(4) 1.9690(14)
Lifetime (ps) 0.4101(15) 1.040(7) 0.500(7)
τ(X)/τ(D0) 1 2.536± 0.017 1.219± 0.017

(1.3)
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c = (dsc) Ωc = (ssc)
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(
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(1.4)

One of the first observations to make is the fact that all lifetimes are of the same order of
magnitude, they are all in the pico-second range and they differ at most by a factor of 25.
Looking exclusively at hadrons containing one b-quark (and no c-quark), one even finds that
all lifetimes are equal within about 10%. This clearly calls for a theoretical explanation.
In this review we will discuss the theoretical framework describing decay rates of inclusive

1

Theory Overview Alexander Lenz

2. What is special about Charm?

The masses of the charm and the bottom quarks are now very well determined. In [54] values
of

m̄c(m̄c) = 1.267(11)GeV , (2.1)

m̄b(m̄b) = 4.183(83)GeV (2.2)

were obtained, using lattice QCD. The large value of the bottom quark mass enables an expansion
of inclusive decay rates in the inverse of this value [3]:

G = G0 +
L2

m2
b

G2 +
L3

m3
b

G3 +
L4

m4
b

G4 + . . . , (2.3)

where L is a hadronic scale. The convergence of the HQE in the bottom sector was proven [55]
by the agreement of experiment [56] and theory [57] (based on [58, 59, 60, 61, 62, 63, 64]) for the
decay rate difference DGs in the neutral B0

s -system.

DGHFAG
s = (0.083±0.006)ps�1 , DGSM

s = (0.088±0.020)ps�1 . (2.4)

The charm quark mass is roughly a factor of three smaller than the bottom-quark mass and thus
much closer to the hadronic scale LQCD. Hence it is questionable if the HQE is still converging,
even if it does not seem unreasonable a priori. The experimental values for the mixing observables
in the charm sector read [56]:

xExp.
D =

DMD

GD
= (0.37±0.16) ·10�2 , yExp.

D =
DGD

2GD
= (0.66+0.07

�0.10) ·10�2 . (2.5)

To test the applicability of the HQE we simply adopt the formulae from the B-sector to the D-
mesons [65] (including as(mc)- and L/mc-corrections)

yHQE
D  |GD

12|tD , (2.6)

GD
12 = �

⇣
l 2

s Gss
12 +2lsldGds

12 +l 2
d Gdd

12

⌘
. (2.7)

lq denotes CKM structures and the Gpq
12 are the loop contributions with an internal p- and q-quark.

Considering only the s-quark contribution, we get

yHQE
D � �l 2

s Gss
12tD ⇡ 5.6yExp.

D . (2.8)

3

isospin violation is large! 
it’s from:

(which must stay small for beauty)
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the current uncertainties.
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being very close to the experimental values shown in Eq.(1.3). Therefore this result seems to
indicate that one might apply the HQE also to lifetimes of D-mesons, but definite conclusions
cannot not be drawn without a reliable non-perturbative determination of the hadronic matrix
elements, which is currently missing.

4.4 Mixing quantities

The current status of mixing quantities, both in the B- and the D-system, was very recently
reviewed in [177]. The arising set of observables allows for model-independent searches for
new physics effects in mixing, see e.g. [178, 179]. We discuss here only the decay rate
differences ∆Γs, because this provided one of the strongest proofs of the HQE. The HQE
prediction - based on the NLO-QCD corrections [107, 130, 131, 180] and sub-leading HQE
corrections [137, 138] gave in 2011 [165]
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which brings us to

Mixing: ΔΓ

2006/12 Bs-system: The large mass di↵erence in the Bs-system was established in 2006 by the
CDF Collaboration at TeVatron [65]. In 2012 the LHCb Collaboration measured for
the first time a non-vanishing value of the decay rate di↵erence in the Bs-system [66].

2007 D
0-system: Here we had several experimental evidences (BaBar, Belle, Cleo, CDF,

E791, E831 FOCUS, LHCb) for values of ��/� and �M/� at the per cent level, but
the first single measurement with a statistical significance of more than five standard
deviations was done only in 2012 by the LHCb collaboration [67].

2.2.2 Theory

Mass di↵erences and decay rate di↵erences of neutral B-mesons can be expressed to a very
high accuracy as (see e.g. [23] for the explicit form of the tiny corrections)

�Mq = 2|M q

12
| , (2.13)

��q = 2|�q
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• Again computed in HQE,

from annihilation and PI diagrams (previous slide)
• Bs: Dominated by single (cc) diagram by clever use of CKM unitarity

• Combining HQE with lattice MEs (1910.00970)

• Caveat: duality again, but worse: overall normalization.
• In QCD in 1+1 dim at large Nc, there is a (1/mQ)1 correction

• The (1/mQ)1 correction is oscillatory
• Γ(m) smeared over m (centered at mQ) over a region of size at least a few resonances has 
no (1/mQ)1 correction

•  This may happen in 3+1 at Nc = 3.
• Unknown, incalculable magnitude of effect
• Possibly light quark mass independent - common shift, to normalziation: absent in ratios
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where M̃s
12

is defined in such a way that only the
CKM-dependence of Ms
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in Eq. (43) is split o↵.

Eq. (78) introduces the a, b and c notation of
(Beneke et al., 2003). In the ratios �s,xy
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which are the building blocks of the parameters a,
b and c - many quantities cancel, in particular the
decay constant fBs , the mass of the Bs meson and
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Now the first term in Eq. (79), proportional to
Gs,xy is completely free of any non-perturbative
contribution. It can be completely determined
in perturbative QCD. Because of all these can-
cellations a, b and c are theoretically quite clean
and they are also almost identical for Bd and Bs

mesons, except for di↵erences in the primed bag
factors and in the 1/mb corrections. The way of
writing �s

12
/Ms

12
in Eq. (77) and Eq. (78) can be

viewed as a Taylor expansion in the small ratio of
CKM parameters, �u/�t, for which we get the fol-
lowing numerical values
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Moreover a pronounced GIM ((Glashow et al.,
1970)) cancellation is arising in the coe�cients a
and b in Eq. (78). With the newest input param-
eters described in Appendix A, we get for the nu-
merical values of a, b and c:

c = �48.0 ± 8.3 (�49.5 ± 8.5) , (82)

a = +12.3 ± 1.4 (+11.7 ± 1.3) , (83)

b = +0.79 ± 0.12 (+0.24 ± 0.06) . (84)

The numbers in brackets denote the corresponding
values for the B0 system. Putting all this together,

we see that the real part of �s
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dominated by the coe�cient c, while for the imag-
inary party only a and to a lesser extent b are con-
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So for a determination of only ��s (or also ��d)
to a good approximation the first term of Eq. (77)
- or equivalently the coe�cient c - is su�cient.

• Unfortunately it turned out after the calculation
of the NLO-QCD and the sub-leading 1/mb cor-
rections that ��s is not very well-behaved (see
(Lenz, 2004)): all corrections are quite large and
they have the same sign. Surprisingly this problem
could be solved to a large extent by using Q and
Q̃S as the two independent operators instead of Q
and QS , which is just a change of the operator ba-
sis, see (Lenz and Nierste, 2007). As an illustration
of the improvement we discuss the real part of the
ratio �s

12
/Ms
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and split up the terms according to

Eq. (79). We leave only the ratio of bag parameters
as free parameters, while we else insert all Standard
Model parameters according to the values given in
the appendix. We get now for ��s/�Ms in the old
(operators Q and QS) and the new basis (operators
Q and Q̃S):
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where BR is an abbreviation for all seven bag pa-
rameters of the dimension 7 operators. In the old
basis the first term, which has no dependence on
non-perturbative lattice parameters, is almost neg-
ligible. The second term, that depends on the ratio
of the matrix elements of the operators QS and Q
is by far dominant and the third term, that de-
scribes 1/mb corrections gives an important nega-
tive contribution. In the new basis the first term,
being completely free of any non-perturbative un-
certainties, is numerical dominant. The second
term is sub-leading and the 1/mb corrections be-
came smaller and undesired cancellations therein
are less pronounced. Thus the second formulation
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(operators Q and QS) and the new basis (operators
Q and Q̃S):

��s

�Ms

Old
= 10�4 ·


2.6 + 69.7

BS

B
� 24.3

BR

B

�
, (87)

��s

�Ms

New
= 10�4 ·

"
44.8 + 16.4

B̃S

B
� 13.0

BR

B

#
,(88)

where BR is an abbreviation for all seven bag pa-
rameters of the dimension 7 operators. In the old
basis the first term, which has no dependence on
non-perturbative lattice parameters, is almost neg-
ligible. The second term, that depends on the ratio
of the matrix elements of the operators QS and Q
is by far dominant and the third term, that de-
scribes 1/mb corrections gives an important nega-
tive contribution. In the new basis the first term,
being completely free of any non-perturbative un-
certainties, is numerical dominant. The second
term is sub-leading and the 1/mb corrections be-
came smaller and undesired cancellations therein
are less pronounced. Thus the second formulation
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TABLE II: Results for bag factors of operator labeled by
k. The right column uses MBs = 5.36688(17) GeV [36] and
m

pow
b = 4.70(10) GeV [13].

k B
0
Rk

BRk k B
0
Rk

BRk

R2 0.27(10) 0.89(38) R̃2 0.27(10) 0.89(38)
R3 0.33(11) 1.07(42) R̃3 0.35(13) 1.14(46)

Our main results are for the pair of matrix elements

hBs|R2|B̄si = �(0.18 ± 0.07)f2

Bs
M2

Bs
(6)

hBs|R3|B̄si = (0.38 ± 0.13)f2

Bs
M2

Bs
(7)

or for the linearly dependent, color-rearranged operator
matrix elements (2)

hBs|R̃2|B̄si = (0.18 ± 0.07)f2

Bs
M2

Bs
(8)

hBs|R̃3|B̄si = (0.29 ± 0.10)f2

Bs
M2

Bs
. (9)

At the accuracy with which we work, these results can be
interpreted as the MS-scheme results at the scale µ2 =
mb, with an uncertainty included to account for the fact
that the lattice-continuum matching is tree-level.

It is sometimes convenient to include a numerical fac-
tor which arises from the vacuum saturation approxi-
mation (VSA). We define B0-factors via hBs|Rk|B̄si =
qf2

Bs
M2

Bs
B0

Rk
where q is �

2

3
, 2

3
, 7

6
, and 5

6
for R2, R̃2,

R3, and R̃3, respectively. The “unprimed” bag factors
BRk which are equal to 1 in the VSA include a mass fac-
tor such that B0

Rk
=

⇥
M2

Bs
/(mpow

b )2 � 1
⇤
BRk [1]. These

BRk are the ones taken in recent phenomenological esti-
mates [2, 11, 13] to be 1.0 ± 0.5 in the absence of a QCD
calculation. We tabulate numerical results of our work in
Table II. It turns out that the VSA expectation is a rea-
sonable back-of-the-envelope estimate. (Note that while
the bag factors depend on the definition of mpow

b , the B0-
factors do not.) Our results replace the rough estimates
with a lattice QCD computation with all uncertainties
quantified.

The matrix elements determined in Ref. [6] al-
low determination of the remaining 3 matrix elements
B0

R0
= �

3

4
hBs|R0|B̄si/(fBsMBs)

2 = 0.32(13), B0
R1

=
3

7
hBs|O4|B̄si/(fBsMBs)

2 = 1.564(64), and B0
R̃1

=
3

5
hBs|O5|B̄si/(fBsMBs)

2 = 1.167(46).
Our results permit the first lattice determination of

��1/mb
, the power-law corrections to ��s. Recently

there has been an investigation of scale and scheme de-
pendence of the leading term in ��s, where it has been
proposed to include corresponding uncertainties as fol-
lows [14]

��s = [1.86(17)B1 + 0.42(3)B0
3
]f2

Bs
+ ��1/mb

(10)

in the MS scheme. Taking fBs = 0.2307(12) GeV from
Ref. [37] and weighted averages of B1 = 0.84(3) and B0

3
=

1.36(8) from Refs. [5, 6] yields a result for the leading
order contribution, ��LO

s = 0.114(9) ps�1.

The 1/mb contribution to ��s can be expressed as a
linear combination of the matrix elements of the R oper-
ators, times perturbative coe�cients �k [1, 13]. Writing
��1/mb

= �2�̃12,1/mb
cos �12, we have

�̃12,1/mb
=

G2

F f2

Bs
MBsm

2

b

24⇡

X

k

�k(z̄)B0
Rk

. (11)

Here k is an index that runs over the 4 operators in (1)
plus the 3 color-rearranged operators. The �k(z̄) are re-
lated to the gk(z̄) of [13] by the numerical coe�cients
relating the matrix elements to the B0 factors; addition-
ally �1 and �̃1 include a factor of m̄s(m̄b)/m̄b(m̄b). The
functions gk(z̄) depend on z̄ = (m̄c(m̄b)/m̄b(m̄b))2 [38]

and the leading order H�F=1 Wilson coe�cients C(0)

1

and C(0)

2
. Numerical values used here are given in the

Appendix. Only the terms with B0
R0

, B0
R2

, and B0
R̃2

con-

tribute to ��1/mb
due to the smallness of the other �k.

Our result for (11) is �̃12,1/mb
= 0.0110(52) ps�1

which, given cos �12 = 1 to the precision relevant here,
contributes to the width di↵erence as

��1/mb
= �2�̃12,1/mb

= �0.022(10) ps�1 . (12)

The uncertainty in (12) is dominated by that of hR̃2i.
From studies of the leading ��s term, we expect scale
and scheme uncertainties here to similarly be at the 10%
level, i.e. not significant compared to the present hadronic
uncertainty.

Combining (12) with (10), we find

��s = 0.092(14) ps�1 . (13)

The error in (13) is mostly due to the uncertainty in
��1/mb

; its variance contributes approximately 60% to
the total variance in (13). The next largest uncertainty,
contributing 30%, comes from the coe�cients in first
term of (10). The variance of B1 contributes 8% of the
total.

The HFLAV average of experimental measurements is
��s = 0.085(6) ps�1 [39]. This is in good agreement
with our result (13) with half the uncertainty.

There remains more to do in order for the theoreti-
cal prediction to match the experimental precision. The
next generation lattice calculation will require one-loop
matching of lattice to MS regularization schemes in order
to reduce the uncertainty in ��1/mb

. At the same time
the work to determine the perturbative coe�cients ap-
pearing in (10) through NNLO must be completed. First
steps have already begun [14].
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Mixing: ΔΓ 

•  Charm difficulties/ additional challenge

• Leading HQE term: almost perfect GIM cancellation
• Possibly dominated by much higher terms, eg, Γ6

• Alternative approaches? Sum over states using U-spin and data (Petrov 1312.5304)

2.2.3 Charm mixing

The mixing observables in the charm system are typically denoted as x and y

x =
�M

�
, y =

��

2�
. (2.19)

In contrast to B-mixing, where we have the very heavy top-quark, as well as the charm- and
the up-quark as virtual loop particles, charm mixing proceeds via internal d-,s- and b-quarks.
The lower masses of the internal and external particles lead to the fact that the methods
used for the determination of the mixing observables in the B-system are much less justified
for describing D-oscillations.
Because of the promising result of the investigations of D-meson lifetimes one might try
nevertheless to use the HQE for a determination of �12, as it was done in [71]. In that case,
however, a second problem arises. The leading term in the HQE, �3 su↵ers from an almost
perfect GIM [72] cancellation. Thus the idea came up quite some time ago [73, 74] that D-
mixing is described by higher orders in the HQE, i.e. �6 and �9, where the GIM cancellation
is much less pronounced, see [75]. Until now no satisfactionary calculation of these higher
order e↵ects was performed. The conclusion of [75] was that standard contributions to x and
y of up to 1% are not excluded, while [71] concluded that they are probably smaller. It was
also shown in [71] that the enhancement e↵ect suggested in [73, 74, 75] could also lead to
CP violating e↵ects in mixing of the order of several per mille. But here clearly more work
has to be done. Because of these drawbacks it was also tried to use an exclusive approach in
order to describe charm mixing [76, 77], leading to a similar conclusion: x and y might have
values of about 1% in the standard model.
Experimentally D-mixing is now well settled. HFAG [38] quotes as averages

x
Exp. =

�
0.39+0.16

�0.17

�
% , y

Exp. =
�
0.67+0.07

�0.08

�
% , (2.20)

while CP violation in D-mixing is still quite weakly constrained [78], which will, however,
change in future, see e.g. [79].
Despite the drawbacks related to our insu�cient understanding of the standard model con-
tribution, the D-mixing system is, however very well suited to look for new physics e↵ects,
because the contribution of heavy new particles, can be calculated more reliably, see e.g.
[80, 81].

2.2.4 B-mixing

In B-mixing the theory is under much better control and we predict for the mass di↵erences
[43]

�M
Theory

d
= (0.543± 0.091) ps�1

, �M
Theory

s
= (17.3± 2.6 ) ps�1

. (2.21)

The large theory uncertainty is dominated by the values of the hadronic matrix elements. We
have used the most recent result from FLAG [82] for fBqB

2, which is simply the result from
[83]. Similar values were obtained in [84] and slightly higher ones in [85]. These predictions
can be compared with the most recent experimental averages from HFAG [38]3

�M
Exp.

d
= (0.510± 0.004) ps�1

, �M
Exp.

s
= (17.69± 0.08) ps�1

. (2.22)

3
The most precise measurements for �Md [86] and �Ms [87] are currently obtained from the LHCb

collaboration.
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-4 -3 -2 -1 0 1 2 3 4 5

yCP (%)

World average  0.719 ± 0.113 %

Belle 2020 (KSω)  0.960 ± 0.910 ± 0.643 %

LHCb 2019  0.570 ± 0.130 ± 0.090 %

Belle 2016 (K+K-/π+π-)  1.110 ± 0.220 ± 0.090 %

BESIII 2015 -2.000 ± 1.300 ± 0.700 %

BaBar 2012  0.720 ± 0.180 ± 0.124 %

Belle 2009 (K+K-KS)  0.110 ± 0.610 ± 0.520 %

CLEO 2002 -1.200 ± 2.500 ± 1.400 %

FOCUS 2000  3.420 ± 1.390 ± 0.740 %

E791 1999  0.732 ± 2.890 ± 1.030 %

��	��
����
 ����



see 2006.07287 (Mainz workshop 2018)

Exclusive vs Inclusive: Vcb

Exclusive:

• OPE (almost) well justified
• quark-hadron duality near endpoint

• Method of moments
• No 1/mQ corrections
• Expansion to 

Inclusive:

↵s ⇥ (1/mQ)2, (1/mQ)3

<latexit sha1_base64="KrpFjZkPYBpjl7XrUbiAry36dbA=">AAACC3icbZC7SgNBFIZn4y3G26qFhc2QIESQuBsjWgZstEvAXCC7rrOT2WTI7IWZWSEs6W18FRuLiNj6Ana+gKXP4OQiaOIPAx//OYcz53cjRoU0jA8ttbC4tLySXs2srW9sbunbO3URxhyTGg5ZyJsuEoTRgNQklYw0I06Q7zLScHsXo3rjjnBBw+Ba9iNi+6gTUI9iJJXl6FkLsaiLHGFJ6hORN499p3p4UzyCP3ji6DmjYIwF58GcQq68d/X5NUzdVhz93WqHOPZJIDFDQrRMI5J2grikmJFBxooFiRDuoQ5pKQyQWmwn41sG8EA5beiFXL1AwrH7eyJBvhB931WdPpJdMVsbmf/VWrH0zu2EBlEsSYAni7yYQRnCUTCwTTnBkvUVIMyp+ivEXcQRliq+jArBnD15HurFglkqnFbNXLkEJkqDfZAFeWCCM1AGl6ACagCDe/AIhuBZe9CetBftddKa0qYzu+CPtLdvPaWcPg==</latexit>

• Largely 2 modes:
• but also

• Theory: form factors
• Fixed at endpoint by HQET (+corrs); but need 

• better precision
• form away from

• Lattice: region close to
• z-expansion: constrains extrapolation to small q2 

• BGL vs CLN 

•R(D), R(D*) derivative
•Additional form factors
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FIG. 6: Comparison of lattice QCD results for h
s

A1
(1)

and hA1(1). Our results for h
(s)
A1

(1) are marked ‘(HISQ,
HPQCD)’ and for hA1(1) are marked ‘(HPQCD)’. Those
marked ‘(NRQCD,HPQCD)’ are from [41] and the value
marked ‘(Fermilab, Fermilab/MILC)’ is from [39].

In Figures 6 and 7, we compare current lattice results
for hA1(1) and h

s

A1
(1). Figure 6 compares final results

for h
s

A1
(1) from the HPQCD calculation using NRQCD b

quarks and HISQ lighter quarks [41] with our full HISQ
result given here (Eq. (29)). It also compares final results
for hA1(1) from using the Fermilab approch [39] for b and
c quarks and asqtad light quarks, NRQCD b quarks and
HISQ lighter quarks [41] and our result from Eq. 32 using
the strange to light ratio from [41]. Good agreement
between all results is seen, well within the uncertainties
quoted.

In Figure 7, we show more detail of the comparison
by plotting the lattice results from the previous Fermi-
lab/MILC [39] and NRQCD b [41] calculations as a func-
tion of the valence spectator light quark mass (given by
the square of the pion mass). Note that, for the results
for hA1(1) to the left of the plot, the valence light and
sea masses are the same. For the h

s

A1
(1) points from [41]

to the right of the plot, the sea light (along with s and c)
quark masses take their physical values. Although agree-
ment for hA1(1) is seen at physical light quark mass in
the continuum limit from all approaches, the NRQCD-
HISQ results show systematic light quark mass depen-
dence away from this point that is not visible in the Fer-
milab/MILC results. The two sets of results move apart
as the spectator quark mass increases, and it is there-
fore not clear how well they would agree for spectator s

quarks.
Our results, shown in Figure 7 with black stars, agree

with the NRQCD-HISQ results for h
s

A1
(1). The smaller

uncertainties from using a fully nonperturbative current
normalisation here show that the perturbative matching
uncertainty allowed for in [41] was conservative. Using
the s/l ratio from this calculation, where the perturba-

FIG. 7: More detailed comparison of lattice QCD results
for hA1(1) (left side) and h

s

A1
(1) (right side). Raw results for

hA1(1) are from [41] and [39] and are plotted as a function
of valence (=sea) light quark mass, given by the square of
M⇡. On the right are points for h

s

A1
(1) from [41] plotted at

the appropriate valence mass for the s quark, but obtained at
physical sea light quark masses. The final result for hA1(1)
from [39], with its full error bar, is given by the inverted blue
triangle. The inverted red triangles give the final results for
hA1(1) and h

s

A1
(1) from [41]. Our results here are given by

the black stars.

tive matching uncertainty cancels, allows us to obtain an
hA1(1) result that agrees well with both earlier values.
Our uncertainty on hA1(1) is similar to that from [41]
once we have combined the uncertainty from the ratio
with that from our value for h

s

A1
(1). However we have re-

moved the perturbative matching uncertainty that dom-
inates the NRQCD-HISQ error.

IV. CONCLUSIONS

We have calculated the form factor at zero recoil,
F

Bs!D
⇤
s (1) or h

s

A1
(1), using the relativistic HISQ for-

malism in full lattice QCD. This allows us to normalise
the b ! c current fully nonperturbatively for the first
time and to determine how the form factor depends on
the heavy quark mass (at physical charm quark mass).
Our results show that dependence on the heavy quark
mass is very mild (see Figure 2).

Our result

F
Bs!D

⇤
s (1) = h

s

A1
(1) = 0.9020(96)stat(90)sys (33)

agrees with an earlier lattice QCD result [41], but with
half the uncertainty because of the nonperturbative nor-
malisation of the current. Using the strange to light
quark ratio from the earlier paper we are able to obtain
a result for F

B!D
⇤
(1)

F
B!D

⇤
(1) = hA1(1) = 0.914(24) (34)

1904.02046

⇤b ! ⇤c`⌫
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B ! D`⌫ and B ! D⇤`⌫
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A consensus of the workshop recommends 
that CLN no longer be used, ... (Mainz-2018)

Semileptonic decays
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Fig. 6.1 Measurements of inclusive |Vub| and their averages based on BLNP, DGE and GGOU
calculations. The HFLAV average of |Vub| results from B ! ⇡`⌫` decay is also reported for
comparison.

momentum in the ⌥ (4S) rest frame from 0.8 to 2.7 GeV, in 50 MeV bins, except
for the data in the interval 2.1 to 2.7 GeV which are combined in a single bin
to avoid e↵ects from di↵erences in the shape of the theoretically predicted signal
spectrum. In a given momentum interval, the excess of events above the sum of
the fitted background contributions is taken as the number of signal events.

An important di↵erence of this analysis with respect to the other ones is that
di↵erent theoretical models are considered in the extraction of the partial branch-
ing fractions. Instead, all other measurements determine the partial branching
fraction by using a single model, and its partial rate is then converted in a mea-
surement of |Vub| by taking the corresponding partial rate predicted by the theory
calculations.

The extracted inclusive signal branching fractions and the values of |Vub| agree
well for GGOU and DGE, although they are about 13% smaller than the average
of the other measurements. This di↵erence can be attributed to the shape of the
predicted signal spectrum and/or the shapes of some of the large background
contributions above 2 GeV where the signal fraction is largest. On the other hand,
the value of |Vub| based on BLNP agrees well with other measurements.

A subset of all the measurements of the inclusive |Vub| are reported in Fig.6.1
for the various frameworks considered, see [47] for more details.

6.2.3 Lessons learned from the past

The measurements based on tagged samples have considerably larger statistical
uncertainties. The sample size allows for only a few bins in the 2D fit, but there
are regions of the phase space (e.g. low MX) where the background fractions are

2006.07287
Exclusive vs Inclusive: Vub

• In principle, OPE as in b  to c
• Large charm background
• Tight cuts needed, Ee or q2 or MX

• OPE breaks down (“non-local OPE”)
• Some modeling required: BLNP, DGE, GGOU
(ADFR, fell out of favor, not in PDG; why? Is it 
because it disagrees? agrees better with exclusives)
• Systematics?

Exclusive:

Inclusive:
23
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FIG. 12. Preferred K = 3 fit of the B ! ⇡`⌫ (upper plots) and Bs ! K`⌫ (lower plots) lattice form factors to the z-expansion
including the kinematic and heavy-quark constraints versus z (left) and versus q2 (right). The black open symbols show the
synthetic data points with statistical (inner) and statistical � systematic (outer) error bars. The solid curves with error bands
show the fit results for f+(q

2) and f0(q
2).

to the same order in z) using the BGL parametrization.
Figure 13 overlays the results of the BCL and BGL fits
for B ! ⇡`⌫ (left) and Bs ! K`⌫ (right). The fits to the
di↵erent series expansions are consistent, indicating that
our quoted form-factor uncertainties encompass the error
due to truncating the z-expansion. The error bands from
the BCL fits are narrower because the BCL form for f+
relates the coe�cient of highest-order term in z to the
coe�cients of the lower-order terms.

Tables XI and XII present our final results for the
B ! ⇡`⌫ and Bs ! K`⌫ form factors as coe�cients of
the z-expansion and the matrix of correlations between
them. These results are model independent and valid
over the entire semileptonic region of q2. As we illustrate
in the next section, they can be used in combined fits
with experimental data to obtain the CKM matrix ele-
ment |Vub|, or to make predictions for Standard-Model
observables for these decay processes.

It is interesting to compare ratios of these form factors
to predictions from approximate symmetries of QCD. In
the SU(3) limit (md = ms), the form factors for B ! ⇡`⌫

and Bs ! K`⌫ should be identical. Thus the ratios
Ri(q2) = fBK

i (q2)/fB⇡
i (q2) � 1, for i = {+, 0}, pro-

vide a measure of SU(3)-breaking in B ! light semilep-
tonic form factors. Figure 14, left, plots these ratios
for the full kinematic range. The results for f+ and
f0 are similar. The deviations from unity are consis-
tent with expectations from simple power counting of
(ms �md)/⇤QCD ⇠ 20%, but with large uncertainties.
At large recoil (low q2) and in the heavy-quark symme-

try limit (mb/⇤QCD ! 1), the B ! ⇡`⌫ and Bs ! K`⌫
processes are each described by a single independent form
factor as follows [64]:

f0(q
2) =

m2
B(s)

� q2

m2
B(s)

f+(q
2) . (54)

This expression reduces to the kinematic constraint
f+(q2 = 0) = f0(q2 = 0) at q2 = 0. Figure 14, right,
plots the ratio f0(q2)/f+(q2) for the full kinematic range.
The results are similar for B ! ⇡`⌫ and Bs ! K`⌫.
They agree exactly with the prediction from Eq. (54) at
q2 = 0 by construction because we imposed the kinematic

1501.05373

B ! ⇡
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• Experimentally clean, e.g., fully 
reconstructed
• Statistics limited
• Various processes, ie, 

• Theory: form factors 
• Lattice: near
• Rate ~   
• Extrapolation needed 
   (z-expansion)

B ! ⇡, B ! ⇢, Bs ! K, . . .
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Rare Decays

Effective field theory approach to b ! s`` decays

CC (Fermi theory):
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I Wilson coefficients Ck (µ) calculated in P.T. at µ = mW and rescaled to µ = mb
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l
I Light fields active at long distances

Nonperturbative QCD!
F Factorization of scales mb vs. ⇤QCD

HQEFT, QCDF, SCET,. . .

Grinstein LUV B-decays 17 May, 2017 13 / 42

Wilson Coefficients convention:

Matrix Elements (without dressing into mesons, for clarity)

Non-local
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l I
n I

e l

Form factors

Hadronic uncertainties in the B ! K⇤µ+µ� decay Marco Ciuchini

with l = 0,±. The CKM factor lt = VtsV ⇤
tb, Ceff

7,9,10 are Wilson coefficients of the DB = 1 effective
weak Hamiltonian, ṼLl , T̃Ll , S̃L, S̃R are form factors entering the factorized part of the ampli-
tudes (as defined in Appendix A of ref. [7]), while hl are the genuine non-factorizable hadronic
contributions.

The detailed discussion of hadronic uncertainties related to form factors is beyond the scope of
these proceedings, but we briefly comment on the current status. Although only a light-cone sum
rules (LCSR) calculation of the form factors is available in the large recoil (low q2) region [13], it
matches reasonably well the extrapolation of lattice QCD calculations at low recoil [14]. Moreover,
LCSR results for the form factors are provided together with the full correlation matrix to allow
taking into account correlations induced by the heavy quark symmetry. Thus the uncertainty of 10–
15% attached to the form factors looks credible and moreover it is further reduced in the optimized
observables, making this contribution to the theoretical uncertainty quite smaller than the present
experimental error.

In the next section we focus on the main topic of these proceedings, namely the non-factorizable
contributions hl .

3. Non-factorizable hadronic contributions

The non-factorizable hadronic contribution 1

hl (q2) =
e⇤

µ(l )

m2
B

Z
d4xeiqxhK̄⇤|T{ jµ

em(x)H had
eff (0)}|B̄i (3.1)

is generated by the insertion in the matrix element of the four-quark operators present in the DB = 1
effective weak Hamiltonian, denoted here as H had

eff , together with an electromagnetic quark current.
Details on the definition of the effective Hamiltonian can be found for instance in ref. [7].The largest
contribution is given by the current-current operators

Qc
1 = (s̄LgµT acL)(c̄LgµT abL) , Qc

2 = (s̄LgµcL)(c̄LgµbL) , (3.2)

with the two charm quark fields closed in a loop. These contributions are notoriously troublesome
to estimate, as they can produce on-shell intermediate hadronic states which give raise to strong
phases, non-local amplitudes, etc. Many years ago, similar charm-loop contributions [15,16] stim-
ulated an intense debate about the validity of factorization in the infinite mass limit for heavy-to-
light non-leptonic B decays [17–20]. For B ! V ``, factorization of the amplitudes in the infinite
mass limit has been proven in ref. [21] at low q2. Yet the issue of computing the non-factorizable
contribution in eq. (3.1), albeit power suppressed, remains open.

The only estimate of hl presently available can be found in ref. [22]. Using LCSR, the authors
of ref. [22] were able to compute hl (q2) for q2 ⌧ 4m2

c , where the single soft gluon approximation
used in the calculation is applicable. These results were then extended to all q2 with a dispersion
relation using a spectral function including the J/y and y 0 resonances plus an additional pole
modeling the contribution from higher resonances and continuum. This combination of methods
and approximations testifies the complexity of the calculation which is reflected in the large uncer-
tainty quoted by the authors, albeit intrinsic limitations of the adopted methods (e.g. lack of strong

1In the following we use the notation of ref. [12].

2

hK̄⇤|s̄L�µbL|Bi
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The challenge of precision: effect of non-local term

To be sure, precise form factors (FFs) needed too
In absence of non-local term, HQET +SU(3) symmetry relates 
FFs to semileptonic decays: double ratios good to few percent

�(B ! K``)/�(B ! ⇡`⌫)

�(D ! K`⌫)/�(D ! ⇡`⌫)

<latexit sha1_base64="Oh2Epbqy4KeujNFQBFmwyqixFPs="></latexit>

Compare with R:

b ! s`` anomalies: Hadronic complications

Large-recoil region (low q
2)

I Heavy to collinear light quark ) QCDf or SCET (power-corrections)
I Dominant effect of the photon pole

Charmonium region
I Dominated by long-distance (hadronic) effects
I Starting at the perturbative cc̄ threshold q2 ' 6 � 7 GeV2

Low-recoil region (high q
2)

I Heavy quark EFT + Operator Product Expansion (OPE) (duality violation)
I Dominated by semileptonic operators
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6 52. Plots of Cross Sections and Related Quantities

R in Light-Flavor, Charm, and Beauty Threshold Regions
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Figure 52.3: R in the light-flavor, charm, and beauty threshold regions. Data errors are total
below 2 GeV and statistical above 2 GeV. The curves are the same as in Fig. 52.2. Note: CLEO data
above Ã (4S) were not fully corrected for radiative e�ects, and we retain them on the plot only for
illustrative purposes with a normalization factor of 0.8. The full list of references to the original data
and the details of the R ratio extraction from them can be found in [100]. The computer-readable
data are available at http://pdg.lbl.gov/current/xsect/. (Courtesy of the COMPAS (Protvino) and
HEPDATA (Durham) Groups, August 2019.)
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Perturbative QCD works!

But for R we have an OPE

Not so for O1-6 in B decay



• For small q2  the form factor (ie local) contributions 
to B → K*ll are formally more important than the 
non-local ones (hep-ph/0106067)

• Non-local term (aka “non-factorizable”) power 
suppressed.

• Dominant in resonant region 
• How small q2 before negligible (if at all?)
• Only estimate: LCSR. (1006.4945)

• For q2 ≪ 4mc2 

• Dispersion relation to extend to larger q2 
• Models resonances, no strong phases

• Model by sum of resonances: (1709.03921)
• Sum Breit-Wigner, data driven
• Consider strong phases

• Small: agree with LCSR
• Large: quite different

• Parametrized ignorance:   (1809.03789)
• Expand in powers of q2 
• Fit to data
• Order of magnitude as expected
• “The constraining power of B → K*µµ on 
New Physics (NP) is lost, as some coefficients 
of the hλ expansion are indistinguishable from 
NP contributions”
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b ! s`` anomalies: Hadronic complications

Large-recoil region (low q
2)

I Heavy to collinear light quark ) QCDf or SCET (power-corrections)
I Dominant effect of the photon pole

Charmonium region
I Dominated by long-distance (hadronic) effects
I Starting at the perturbative cc̄ threshold q2 ' 6 � 7 GeV2

Low-recoil region (high q
2)

I Heavy quark EFT + Operator Product Expansion (OPE) (duality violation)
I Dominated by semileptonic operators
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End

Conclusions. 
Challenges: See above (tough perturbative matching/running, hard non-perturbative 
MEs, non-systematic approaches sneak in by force of being accustomed and lore)

Left out: the challenge of interpretation of deviations from the SM


