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EW Physics at High Energies

power counting à Higher twist effects.v/E
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• A massless theory:
splitting phenomena dominate

• EW symmetry restored: 
SU(2)L x U(1)Y unbroken
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& its violation:
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Figure 1. Schematic process involving a collinear splitting A ! B + C.

the cross section can be expressed in a factorized form

d�X,BC ' d�X,A ⇥ dPA!B+C , (2.1)

where P is the splitting function for A ! B+C. A given splitting can also act as the “hard”

process for later splittings, building up jets. The factorization of collinear splittings applies

similarly for initial-state particles, leading to the picture of parton distribution functions

(PDFs) for an initial state parton B (or C)

d�AB0!CX ' dPA!B+C ⇥ d�BB0!X , (2.2)

We will discuss this situation in the next section.

Integrating out the azimuthal orientation of the B +C system, the splitting kinemat-

ics are usually parametrized with two variables: a dimensionful scale and a dimensionless

energy-sharing variable z. The parton shower or DGLAP equations are constructed by

using the dimensionful scale as an evolution variable, though the choice is not unique.

Common choices include the transverse momentum kT of B or C relative to A’s three-

momentum vector, the virtuality of the o↵-shell leg (A for final-state showering, B or C for

initial-state showering), the energy-weighted opening angle of the split, or the renormal-

ization scale within dimensional regularization. We will mainly use kT -ordering in what

follows, though we will also discuss some results with virtuality-ordering. The energy-

sharing variable z (z̄ ⌘ 1 � z) is commonly taken to be the energy fraction of A taken

up by B (C). Alternately, z is sometimes defined as the lightcone momentum fraction,

z ⌘ (EB +~pB · p̂A)/(EA + |~pA|). Here, in practice we will use the three-momentum fraction

z ⌘
|~pB|

|~pB| + |~pC |
, (2.3)

which generally spans from zero to one, even in a massive shower. In the relativistic regime,

where the collinear factorization is strictly valid, all of these definitions are equivalent.1

1There is unavoidably some frame-dependence to this setup, as there is in all parton showers that are

defined strictly using collinear approximations. A more complete treatment would exhibit manifest Lorentz-
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The splitting kinematics then become

EB ⇡ zEA, EC ⇡ z̄EA, kT ⇡ zz̄EA✓BC , (2.4)

where ✓BC is the (small) angle between B and C.

In the simplest cases, generalizing the splitting function calculations to account for

masses is straightforward:

dPA!B+C(z, k
2
T ) '

1

16⇡2

zz̄|M(split)
|
2

(k2
T
+ zm̄2 + z̄m2 � zz̄m2

A
)2

F(z, k2T ;EA) dz dk
2
T . (2.5)

Here, M
(split) is the A ! B + C splitting matrix-element, which can be computed from

the corresponding amputated 1 ! 2 Feynman diagrams with on-shell polarization vectors

(modulo gauge ambiguities, which we discuss later). This may or may not be spin-averaged,

depending on how much information is to be kept in the shower. We have also employed the

shorthandm ⌘ mB for the mass of the first daughter particle (with energy/momentum frac-

tion z), and m̄ ⌘ mC for the mass of the second daughter particle (with energy/momentum

fraction z̄). The additional function F collects phase space factors that become relevant

in the nonrelativistic limit:

COMPUTE ME! (2.6)

In some cases where interference can be important, discussed below, the final identity of

a daughter might not be immediately known. In those cases, we default to choosing the

smallest possible mass value, namely zero in the case of a mixed �/Z state, or mZ in the

case of a mixed h/Zlong state. This allows the broadest possible splitting phase space.

On dimensional grounds, |M
(split)

|
2 goes like either k2

T
or some combination of the

various m2’s. The splitting functions thus typically scale like dk2
T
/k2

T
. There are also

mass-dependent terms like m2dk2
T
/k4

T
, that leads to the so-called ultra collinear behavior.

However, the integrated splitting rate at a given z becomes asymptotically finite at high

energies, proportional to dimensionless combinations of couplings and masses, with the

vast majority of the rate concentrated near the kT cuto↵. This e↵ectively acts as a kind of

threshold correction at the end of the shower. In either case, the remaining z dependence

after integrating over kT can be either dz/z or dz⇥(regular). The former yields additional

soft logarithms (again, formally regulated by the particle masses), and appears only in

splittings where B or C is a gauge boson.

2.2 Evolution equations

The splitting functions defined in the previous section are related to the perturbative

prediction for the initial state radiation (ISR) and thus the parton distribution functions

invariance and control of the low-momentum region, at the expense of more complicated book-keeping of

the global event structure, by using superpositions of di↵erent 2 ! 3 dipole splittings. Extending our

treatment in this manner is in principle straightforward, but beyond the scope of the present work.
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Figure 1: Schematic processes involving a collinear splitting A ! B + C in either the

final state (left) or initial state (right).

broken phase, where we introduce the Goldstone Equivalence Gauge. Section 5 explores

some of the consequences of electroweak showering in final-state and initial-state splitting

processes, including interleaving into QCD showers. We summarize and conclude in Sec-

tion 6. Appendices give supplementary details of Goldstone Equivalence Gauge and the

corresponding Feynman rules in practical calculations.

2 Showering Preliminaries and Novel Features with EWSB

We first summarize the general formalism for the splitting functions and evolution equations

with massive particles that forms the basis for the rest of the presentation. We then lay

out some other novel features due to EWSB.

2.1 Splitting formalism

Let us consider a generic “hard” process nominally containing a particle A in the final

state, slightly o!-shell and subsequently splitting to B and C, as depicted in Fig. 1. In the

limit where the daughters B and C are both approximately collinear to the parent particle

A, the cross section can be expressed in a factorized form [2]

d!X,BC " d!X,A # dPA!B+C , (2.1)

where P is the splitting function for A! B+C. A given splitting can also act as the “hard”

process for later splittings, building up jets. The factorization of collinear splittings applies

similarly for initial-state particles, leading to the picture of parton distribution functions

(PDFs) for an initial state parton B (or C)

d!AB!!CX " dPA!B+C # d!BB!!X . (2.2)

We will discuss this situation in the next subsection.

Integrating out the azimuthal orientation of the B+C system, the splitting kinematics

are parametrized with two variables: a dimensionful scale (usually chosen to be approxi-

mately collinear boost-invariant) and a dimensionless energy-sharing variable z. Common

choices for the dimensionful variable are the daughter transverse momentum kT relative to
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the splitting axis, the virtuality Q of the o!-shell particle in the process, and variations pro-

portional to the daughters’ energy-weighted opening angle !EA. Our descriptions here will

mainly use kT , as this makes more obvious the collinear phase space e!ects in the presence

of masses. For our numerical results in Section 5, we switch to virtuality, which allows for

a simpler matching onto resonances. Mapping between between any of these di!erent scale

choices is however straightforward. The energy-sharing variable z (z̄ ! 1" z) is commonly

taken to be the energy fraction of A taken up by B (C). The splitting kinematics takes

the form

EB # zEA, EC # z̄EA, kT # zz̄EA! . (2.3)

When considering splittings involving massive or highly o!-shell particles, various possible

definitions of z exist which exhibit di!erent non-relativistic limits. Besides strict energy

fraction, a common choice is the light-cone momentum fraction, z ! (EB +"kB · k̂A)/(EA+

|"kA|). Our specific implementation in Section 5 uses the three-momentum fraction z !
|"kB |/(|"kB | + |"kC |), (Tao) ("p to "k all changed, to be consistent throughout the

paper, including Appendix D, below Eq.D2...) which makes phase space suppression

in the non-relativistic limit somewhat more obvious. However, in the relativistic regime,

where the collinear factorization is strictly valid, all of these definitions are equivalent, and

we do not presently make a further distinction.1

In the simplest cases, generalizing the collinear splitting function calculations to ac-

count for masses is straightforward. Up to the non-universal and convention-dependent

factors that come into play in the non-relativistic limit, the splitting functions can be

expressed as
dPA!B+C

dz dk2T
$

1

16#2

zz̄ |M(split)|2

(k2T + z̄m2
B + zm2

C " zz̄m2
A)

2
. (2.4)

Here, M(split) is the A % B + C splitting matrix-element, which can be computed from

the corresponding amputated 1% 2 Feynman diagrams with on-shell polarization vectors

(modulo gauge ambiguities, which we discuss later). This may or may not be spin-averaged,

depending on how much information is to be kept in the shower. Depending upon the

kinematics, the mass-dependent factors in the denominator act to either e!ectively cut

o! collinear divergences at small kT or, in final-state showers, to possibly transition the

system into a resonance region. In cases where interference between di!erent mass eigen-

states can be important, this basic framework must be further generalized. Resonance and

interference e!ects are introduced in Section 2.3.

On dimensional grounds, |M(split)|2 goes like either k2T or some combination of the

various m2’s. Conventional splitting functions typically scale like dk2T /k
2
T , which is exhib-

ited by all of the gauge and Yukawa splittings of the massless unbroken electroweak theory,

as to be shown in Section 3. There can also be mass-dependent splitting matrix elements

1There is unavoidably some frame-dependence to this setup, as there is in all parton showers that are

defined strictly using collinear approximations. A more complete treatment would exhibit manifest Lorentz-

invariance and control of the low-momentum region, at the expense of more complicated book-keeping of

the global event structure, by using superpositions of di!erent 2 ! 3 dipole splittings. Extending our

treatment in this manner is in principle straightforward, but beyond the scope of the present work.
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• On the dimensional ground: |Msplit|2 ⇠ k2T or m2

• For the factorized formalism to be valid:
infra-red safe & leading behavior 

EW splitting & PDF 

Ciafaloni et al., hep-ph/0004071; 0007096 
C. Bauer, Ferland, B. Webber et al., arXiv:1703.08562; 1808.08831.
A. Manohar et al., 1803.06347. 
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Splitting Functions: EW

e.g.: fermion splitting:

Start from the unbroken phase – all massless.

Infrared & collinear 
singularities (Pgq)

Collinear singularity,
Chirality-flip, Yukawa

! ! ! "

1

8!2

1

k2T

!

1 + z̄2

z

"

1

8!2

1

k2T

#z

2

$

! VT f (!)
s [BW ]0T fs H0(") f-s or "± f !

-s

fs=L,R g2V (Q
V
fs)

2 g1g2YfsT
3
fs y2

f
(!)
R

Table 1: Chiral fermion splitting functions dP/dz dk2T in the massless limit, with z (z̄ "
1 # z) labeling the energy fraction of the first (second) produced particle. The fermion

helicity is labelled by s. Double-arrows in Feynman diagrams indicate example fermion

helicity flows. Prime indicates isospin partner (u!s = ds, etc, independent of s). Yukawa

couplings are labelled by the participating RH-helicity fermion. The state H0" is the “anti-

H0”, produced when the RH fermion is down-type and in the initial-state, or up-type in

the final-state. Processes with B0 and W 0 implicitly represent the respective diagonal

terms in the neutral gauge boson’s density matrix, whereas [BW ]0 indicates either of the

o!-diagonal terms (see text). Anti-fermion splittings are obtained by CP conjugation. The

conventions for the couplings are given in C.1.

!

"

1

8!2

1

k2T

!

(1# zz̄)2

zz̄

"

1

8!2

1

k2T

!

z2 + z̄2

2

"

1

8!2

1

k2T
(zz̄)

! WT WT fs f̄
(!)
-s "+ "# or H0 H0" "+ H0" or "# H0

VT 2g22 (V=W 0,±) Nfg2V (Q
V
fs
)2 1

4g
2
V

1
2g

2
2

[BW ]0T 0 Nfg1g2YfsT
3
fs

1
2g1g2T

3
!+,H0 0

Table 2: Transverse vector boson splitting functions dP/dz dk2T in the massless limit,

where allowed by electric charge flow. Nf is a color multiplicity factor (Nf = 1 for leptons,

Nf = 3 for quarks). Other conventions as in Table 1.

!

!

1

8!2

1

k2T

!

2z̄

z

"

1

8!2

1

k2T

!

1

2

"

! V 0
T H [BW ]0T H W±

T H ! uR ū(!)R d̄L d(!)L or ēL e(!)L

H = "+,H0 1
4g

2
V

1
2g1g2T

3
!+,H0

1
2g

2
2 3y2u Nd,ey2d,e

Table 3: Scalar splitting functions dP/dz dk2T in the massless limit via gauge couplings

and Yukawa couplings. The symbol H in the column headings represents the appropriate

state "+,H0 for the given splitting, and H ! represents the SU(2)L isospin partner (e.g.,

H0! = "+). Anti-particle splittings are obtained by CP conjugation. Other conventions as

in Tables 1 and 2.
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Chiral fermions: fs, gauge bosons: B,W0,W±;  

In particular, only one specific linear combination of !/ZT states participates in the high-

rate nonabelian splittings to W±
T W!

T . While collapse onto mass eigenstates is required

to obtain well-defined hard event kinematics, a simple remedy here would be to supply

for these particles their production density matrices, using some appropriately-mapped

massless kinematics.

3 Splitting Functions in Unbroken SU(2)L ! U(1)Y

Before working out the complete set of electroweak splitting functions in the broken phase,

it is important to first consider a conceptual limit with an unbroken SU(2)L ! U(1)Y
gauge symmetry with massless gauge bosons and fermions, supplemented by a massless

complex scalar doublet field H without a VEV. This last ingredient is the would-be Higgs

doublet. This simplified treatment in the unbroken phase is not only useful to develop some

intuition, but also captures the leading high-kT collinear splitting behavior of the broken

SM electroweak sector. Some aspects of electroweak collinear splitting and evolution at

this level have been discussed, e.g., in [38].

Anticipating electroweak symmetry breaking, we adopt the electric charge basis in weak

isospin space. The corresponding SU(2)L bosons are W± and W 0, and the hypercharge

gauge boson we denote as B0. Gauge boson helicities are purely transverse (T ), and are

averaged.8 For the scalar doublet, we decompose as

H =

!

H+

H0

"

=

!

"+

1"
2
(h" i"0)

"

, (3.1)

where "±,"0 will later become the electroweak Goldstone bosons and h the Higgs boson.

However, at this stage, we will keep the neutral bosons h and "0 bundled into the complex

scalar H0, as they are produced and showered together coherently.9 We denote a generic

fermion of a given helicity by fs with s = L,R (or equivalently s = #). We do not always

specify the explicit isospin components of f at this stage, but implicitly work in the usual

(u, d)/(#, e) basis. Isospin-flips (including RH-chiral isospin where appropriate) will be

indicated by a prime, e.g. u# = d. E!ects of flavor mixing are ignored.

The U(1)Y and SU(2)L gauge couplings are respectively taken to be g1 $ 0.36 and

g2 $ 0.65 (evaluated near the weak scale), and for compactness we often represent a generic

8While the gauge helicity averaging is not strictly necessary, especially given that we will later make a

distinction between transverse and longitudinal polarizations, it does simplify our presentation. We also

do not incorporate azimuthal interference e!ects, though this would be straightforward in analogy with

QCD [5].
9We have expanded the neutral scalar field as H0 ! h " i!0, adopting a phase convention such that h

and !0 fields create/annihilate their respective one-particle states with trivial phases, and H0 annihilates

the one-particle state |H0# ! |h# + i|!0#. Treating h and !0 as independent showering particles would be

analogous to adopting a Majorana basis instead of a Dirac basis for the fermions in QED or QCD. An

incoherent parton shower set up in such a basis would not properly model the flow of fermion number and

electric charge. Analogously, H0 and H0! particles carry conserved charges that we choose to explicitly

track through the shower. This leads to correlations between spins and electric charges within asymptotic

states.
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The Higgs:	

The SM EW sector:	

Unitary gauge:	

Ciafaloni et al., 
Hep-ph/0505047.
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Splitting in the Broken Gauge
Corrections to GET
New fermion splitting:

Chirality conserving:
Non-zero for massless f

Chirality flipping: 
~mf

v2

k2
T

dk2
T

k2
T

⇠ (1� v2

Q2
)

VL is of IR, h no IR

The DPFs for WL thus don’t run at leading log: 
“Bjorken scaling” restored (higher-twist effects)!
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ISR, PDF (DGLAP):

FSR, parton showers:

of B and C, which are dynamically generated from a parent A. Consider a generic parton

distribution function fi(z, µ2) with a factorization scale µ, then the convolution relation is

fB(z, µ
2) =

X

A

Z 1

z

d⇠

⇠
fA(⇠)

Z
µ
2

m2
dPA!B+C(z/⇠, k

2
T ). (2.7)

Di↵erentiating with respect to µ2 leads to the celebrated Dokshitzer-Gribov-Lipatov-Altarelli-

Parisi (DGLAP) equation [? ].

@fB(z, µ2)

@µ2
=

X

A

Z 1

z

d⇠

⇠

dPA!B+C(z/⇠, µ2)

dk2
T

fA(⇠, µ
2). (2.8)

Gauge theories such as QED and QCD predict that at high energies the splitting functions

dP/dk2
T

go like 1/k2
T
, and thus the PDFs evolve like ln(Q2/µ2), in accordance with the

DGLAP equation and the violation of the Bjorken scaling law [? ]. In a broken gauge

theory, the mass-dependent terms yield a result like m2/k4
T
. Instead of evolving loga-

rithmically to a higher physical scale Q2, it e↵ectively cuts o↵ like 1/Q2
⇠ 1/m2and the

corresponding PDFs preserves the Bjorken scaling at the leading logarithms. ((JM) The

PDF of splitting functions with m2dk2
T
/k4

T
evolves like 1 � m2/Q2, approaching

to a constant very rapidly. E↵ectively it turns on itself at Q2 = m2, could be

approximated by a theta function ✓(Q2
� m2). The PDF with m2/k4

T
doesn’t

break Bjorken scaling, but will change the distribution of PDF around m2 and

possible as a function of z. The results could be obtained by solving DGLAP

equations.)

The splitting functions also serve as the evolution kernel for the final state radiation

(FSR). This is the well-known Sudakov form factor �A(t) characterizing the time-like

branching of parent A at a scale t

�A(t) = exp[�
X

B

Z
t

t0

Z
dzPA!BC(z)], (2.9)

fA(x, t) = �A(t)fA(x, t0) +

Z
t

t0

dt0

t0
�(t)

�(t0)

Z
dz

z
PA!BC(z) fA(x/z, t

0), (2.10)

where PA!BC is the splitting function of ...

2.3 Interference e↵ects

(BAT) Do we need to make any modifications to this formalism for ISR?

An important issue missed by the above formalism is the possibility of interference

e↵ects between di↵erent o↵-shell particle states. Traditionally in QED and QCD showers

these are treated as subleading e↵ects associated with the unmeasured spin and color of

intermediate particles [33]. However, the full electroweak theory presents us with cases

where di↵erent mass and gauge eigenstates can also interfere at O(1) level, namely the

neutral boson admixtures �/Z and h/Zlong. Other particles that can appear in the shower

carry (approximately) conserved charge or flavor quantum numbers that can flow out into

the asymptotic state, and therefore they cannot interfere in this manner. (Interferences
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that lead to m2dk2T /k
4
T type scaling. These splittings are highly suppressed for kT !> m.

However, they are much more strongly power-enhanced at low kT , a behavior which we

call ultra-collinear (borrowing a phrase from [57]). Upon integration over kT , the total

rate for an ultra-collinear splitting comes out proportional to dimensionless combinations

of couplings and masses, with the vast majority of the rate concentrated near kT ! m.

Such processes exist in familiar contexts like QED and QCD with massive fermions, for

example the chirality-flipping splittings eL " !eR and g " bLb̄L. They are usually not

treated as distinct collinear physics with their own universal splitting functions, though

they are crucial for systematically modeling shower thresholds. We choose to treat them

on independent footing, since the threshold behaviors of the electroweak shower are highly

nontrivial.

In both the conventional collinear and ultra-collinear cases, the remaining z dependence

after integrating over kT can be either dz/z or dz#(regular). The former yields additional

soft logarithms (again, formally regulated by the particle masses), and appears only in

splittings where B or C is a gauge boson.

2.2 Evolution equations

When applied to the initial state, the splitting functions outlined in the previous section

lead to both initial state radiation (ISR) as well as the dynamical generation of B and C

parton distribution functions from a parent A. Considering a generic parton distribution

function fi(z, µ2) with a factorization scale µ in kT -space, the leading-order convolution

relation is

fB(z, µ
2) = fB(z, µ

2
0) +

!

A

" 1

z

d"

"
fA(", µ

2
0)

" µ2

µ2
0

dk2T
dPA!B+C(z/", k2T )

dz dk2T
, (2.5)

where µ0 is an input factorization scale. Di!erentiating with respect to µ2 and incorpo-

rating as well the evolution of the fA leads to the celebrated Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi (DGLAP) equation [58–60].

#fB(z, µ2)

#µ2
=
!

A

" 1

z

d"

"

dPA!B+C(z/", µ2)

dz dk2T
fA(", µ

2) . (2.6)

Gauge theories such as QED and QCD predict that at high energies the splitting functions

dP/dk2T go like 1/k2T , and thus that the PDFs evolve like ln(Q2/µ2). This is the classic

violation of the Bjorken scaling law [61]. In the broken electroweak theory, there are also the

qualitatively di!erent ultra-collinear splitting functions, which instead go as m2/k4T . The

PDFs arising from these splittings “live” only at the scale kT ! m. Instead of evolving

logarithmically, they are cut o! by a strong power-law suppression at kT !> m. The

corresponding PDFs preserve Bjorken scaling, up to contributions beyond leading order.

In particular, longitudinal weak boson PDFs are practically entirely determined at splitting

scales of O(mW ), even when used as inputs into processes at energies E $ mW .2

2This observation persists even in the presence of QCD corrections. We can imagine that a quark is

first evolved to large kT (and hence large spacelike virtuality Q) from multiple gluon emissions, and then

– 7 –

Very important formulation for LHC physics,
will remain so for future colliders.
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Semi-inclusive processes
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Further topics/issues

! EW PDF approach allows for decomposition
of polarized partonic sub-processes; 
including mixed states !-ZT & h-ZL

" Low Q2/near-threshold invalid

# Bloch-Nordsieck theorem violation: Factorization 
breaks down for insufficiently inclusive processes.

Solutions: cutoff or “inclusive” ?

" Fragmentation/FSR next target: 
An optimal gauge?


