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Optically monitoring levitated particles for
detection of (small) impulses
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1. Position measurement 
at the quantum limit

2. Real time quantum filtering 
(and optimal control)

F. Monteiro et al., PRL 125 (2020) D. Carney et al., PRD 102 (2020) 
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Quantum measurements and the standard
quantum limit - ideal
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Quantum measurements and the standard
quantum limit - real

𝑆𝜁 = 𝑆𝑧
𝑧𝑝𝑓

𝛺 + (𝑆𝐹
𝑏𝑎 + 𝑆𝐹

𝑡ℎ) 𝜒 𝛺 2 + 𝑆𝑧
𝐼/η𝑑

𝑆𝐹
𝑡𝑜𝑡

𝑆𝑧
𝑖𝑚𝑝

𝑆𝐹
𝑡𝑜𝑡 𝑆𝑧

𝑖𝑚𝑝
=

ℏ

η



distributions of information and back-action are not 
uniform
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∆𝜑~ 2
2𝜋

𝜆
𝑧 ∆𝜑 ~ 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

∆𝑝 ~ 0∆𝑝~2ℏ𝑘

F. Tebbenjohanns et al., PRA 100 (2019) 



phase sensitive confocal detection of the dipole
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A. N. Vamivakas et al., Optics Letters 32 (2007) 

Efficiency and selectivity of the confocal microscope

𝜂 ~0. 34 𝜂∗~0. 15 𝜂𝑏𝑎𝑐𝑘𝑔𝑟𝑜𝑢𝑛𝑑~0.001



Measurement close to the SQL
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Clerk, A. A. et al. Rev. Mod. Phys. 82, (2010).

𝑆𝜁𝜁(Ω𝑧) = 2.7𝑆𝑆𝑄𝐿(Ω𝑧) > 2𝑆𝑆𝑄𝐿(Ω𝑧)𝑆𝜁𝜁(Ω) = 1.7𝑆𝑆𝑄𝐿(Ω) > 𝑆𝑆𝑄𝐿(Ω)
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Open quantum system under continuous 
measurement
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𝜌(𝑡) state conditioned on the measurement output  𝜁(𝑡)

ො𝒛(𝑡) = 𝑡𝑟(𝒛𝜌(𝑡))

෡𝜮(𝑡) = 𝑅𝑒 𝑡𝑟 𝒛𝒛𝑻𝜌(𝑡) − ො𝒛(𝑡)ො𝒛(𝑡)𝑻

And the dynamical equations of ො𝒛 and ෡𝜮 are equivalent to the classical Kalman filter! 

Belavkin, Radio Eng. Electron. Phys. (USSR) 25, 1445 211 (1980)
Kalman, R. E. ASME J. Basic Eng. (1960).

If the state is Gaussian, it is completely determined by the first and second moments of 
the state space operators 𝒛 = 𝑧, 𝑝 : 



The setup
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The quantum trajectory
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Real time estimation and control
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∆𝑝 ~ 7𝑝zpf ~7 × 10−23 𝑘𝑔 𝑚 𝑠−1



Model  verification
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𝜖 = 𝜁 − Ƹ𝑧Analysis of the innovation sequence:

F. Monteiro et al., PRL 125 (2020) 

The distribution of the innovation sequence does not depend on the average state 
covariance (temperature), only on the covariance of the conditional state (measurement 
quality)  



The quantum trajectory
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Sensitivity to impulses 
does not require the state 
to be cold, its enough that 
the conditional state is!

∆𝑝min = 𝑝zpf
2 + ෠Σ𝑝𝑝



conclusion
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optical levitation measurement limits near field sensing outlook
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Measurement of a levitated particle at the SQL

Tracking and control of the quantum trajectory
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Continuous monitoring of a quantum systems
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𝜌 →
𝑀𝑧𝜌𝑀𝑧

†

𝑃(𝑧)
𝑃 𝑧 = 𝑡𝑟[𝑀𝑧𝜌𝑀𝑧

†]

Sequence of generalized measurements (+ unitary dynamics 𝑀𝑧 → 𝑀𝑧𝑈0(dt))

𝜌 →
𝑀𝑧0𝜌𝑀𝑧0

†

𝑃 𝑧0
→
𝑀𝑧1𝑀𝑧0𝜌𝑀𝑧0

† 𝑀𝑧1
†

𝑃 𝑧0|𝑧1
→
𝑀𝑧2𝑀𝑧1𝑀𝑧0𝜌𝑀𝑧0

† 𝑀𝑧1
† 𝑀𝑧

†

𝑃 𝑧0 𝑧1 𝑧2
→ ⋯

Generalized measurement

{𝑧𝑡} = 𝑧0, 𝑧1, 𝑧2…

the sequence can be generalized to a stochastic differential equation driven by the signal 



scattering of photons

April 9th 2021 Lorenzo Magrini 17



heterodyne noise analysis 2
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𝑛 = 3.11 ± 0.18
𝑛 = 0.62 ± 0.18



Ground state cooling
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state estimation and control: the Kalman Filter

SYSTEM MODEL

ሶො𝒛 (𝑡) = 𝐴ො𝒛 (𝑡) + 𝐵𝑢 + 𝐿 ζ(𝑡) − 𝐶ො𝒛 (𝑡)

ζ(𝑡) = 𝐶𝒛(𝑡) + 𝑣(𝑡)

SYSTEM

ሶ𝒛(𝑡) = 𝐴𝒛(𝑡) + 𝐵𝒖(𝑡) + 𝐺𝒘(𝑡)

ζ(𝑡) = 𝐶𝒛(𝑡)

𝑳 = 𝑳(𝒘(𝑡), 𝑣(𝑡))

INPUT PROCESS NOISE

MEASUREMENT NOISE

DETECTION MODEL

𝒛 = [𝑧, 𝑝]

OBSERVER



pink noise modelling

April 9th 2021 Lorenzo Magrini 21



heterodyne noise analysis 1
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position calibration
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Form geometrical considerations we know:

…and expect:



force calibration
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back-action and thermal force
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derivative feedback
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Optimal estimation and control
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Optimal estimation and control
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Optimal estimation and control
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