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• Space charge in the IOTA nonlinear integrable lattice
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• Dynamics inside the nonlinear magnetic insert:

Nonlinear Integrable Optics Lattice Configuration

1V. Danilov and S. Nagaitsev, Phys Rev Accel Beams 13, 084002 (2010)

• Dynamics in the arc external to 
the nonlinear magnetic insert:

Courant-Snyder transformation, scaling
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D&N give in [1] a realizable potential U
such that HN admits a second invariant IN : 

{HN , IN} = 0

Assumed linear with a map RN given by:

Thus, the phase advance must be nπ.

RN = ±I (4x4 identity)
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Figure 3. Layout of the Integrable Optics Test Accelerator (IOTA) ring.

the proton beam from the proton injector corresponds to the momentum of 70 MeV/c and requires
half the nominal bending field.

Focusing is provided by 39 quadrupole magnets. The correction system consists of 20
combined-function dipole (horizontal and vertical) and skew-quadrupole corrector magnets, 8
horizontal orbit correction coils incorporated in the main dipoles, 2 special vertical correctors in
the injection straight section, and 10 sextupoles for chromaticity correction. The lattice is mirror-
symmetrical with respect to the vertical center line, allowing for a cost-e�cient powering scheme
with 20 power supplies powering the main quadrupole magnets (7 250 A, 7 120 A, and 6 70 A
supplies). The main dipoles are powered in series with the injection Lambertson by a single power
supply. All of the corrector elements are powered by individual bipolar 2 A/15 V supplies reused
from the Tevatron Collider.

The vacuum chamber in the straight sections is made of stainless steel pipe with a 2-inch internal
diameter. In bending magnets, the vacuum chamber is Aluminium of rectangular cross-section with
dimensions of 50 ⇥ 50 mm. Vacuum at a level of 6 ⇥ 10�10 Torr or better is maintained with the
use of combination NEG and ion pumping at 35 locations around the ring and in the transfer line.
The IOTA ring shares a common vacuum with the FAST injector, where the vacuum specification
is 1.5⇥10�8 Torr, and thus the transfer line will employ three 150 L/s combination NEG/ion pumps
for di�erential pumping. The system is bakeable in situ up to 120 °C prior to use and each time the
vacuum system is opened for modifications or maintenance. The high quality of vacuum system
is necessary for proton beam operation and the vacuum of 6 ⇥ 10�10 Torr determines the beam
lifetime of 5 min for 2.5 MeV protons. The requirements for electron beam operation are much
more relaxed, and a level of 3 ⇥ 10�8 Torr is su�cient for a beam lifetime of 30 min of 150 MeV
electrons.

The injection system (located in the upper straight section in figure 3) consists of a Lambertson
magnet and an adjacent stripline kicker (figure 4). The horizontal 30°-bend Lambertron magnet
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• βx = βy , D = 0 across the nonlinear drift space
• nπ phase advance from nonlinear drift space

exit to nonlinear drift space entrance 

drift space for 
nonlinear insert

S.Nagaitsev, IOTA Program 26 

Integrable Optics at IOTA 
• Main goals for studies with a pencil electron beam:  

� Demonstrate a large tune spread of ~1 (with 4 lenses) without degradation of 
dynamic aperture ( minimum 0.25 ) 

� Quantify effects of a non-ideal lens and develop a practical lens (m- or e-lens) 

FNAL Concept: 2-m long 
nonlinear magnet 

SBIR Phase I and II:  
Radiabeam Technologies 

FMA, fractional tunes

Small amplitudes
(0.91, 0.59)

Large amplitudes
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A single 2-m long nonlinear lens  
creates a tune spread of ~0.25 NA-PAC13: F. Shea et al., 

“Measurement of Nonlinear 
Insert Magnets” 
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impacted by space charge



Questions regarding space charge and nonlinear 
integrable optics in IOTA (using 2.5 MeV protons)

6* J. Qiang, Phys. Rev. ST Accel. Beams 20, 014203 (2017).

1) Will the presence of space charge destroy the integrability of single-particle motion in IOTA?

2) What are the primary (resonance, other) mechanisms by which this occurs?

3) How does space charge affect the structure of the beam distribution at high current?

4) What consequences will space charge have for beam stability and halo development?  

5) How can we address 1)-4) accurately in the presence of numerical artifacts (particle noise)?

• Use fully symplectic tracking methods (including self-consistent space charge*).

• Use modeling with high spatial resolution and a large number of particles (≥ 1M).

• Study reduced dynamical models to aid in understanding the novel dynamics.

• Use multiple codes and multiple methods to distinguish between integrability and chaos 
(preservation of invariants, FMA, sensitive dependence on initial conditions).



General observations regarding nonlinear integrable
dynamics and space charge (work by several individuals)
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Toy IOTA lattice  (arc = linear map)
• perfect integrability without space charge or energy spread
• introducing non-integer tune advance in the arc yields a mixture of regular and chaotic orbits
• chaotic orbits appear near separatrix-like structures or low-order resonances
• nonlinear lattice with space charge shows reduced halo relative to a linearized lattice

Constant focusing channel based on the IOTA nonlinear element
• well-defined Vlasov equilibria (hourglass shape, depressed density in the core)
• rapid relaxation to equilibrium due to phase mixing
• clearly distinct regions of regular and chaotic orbits (bounded)
• regular region shrinks with increasing beam current

Physical lattice with s-dependent focusing
• rapid relaxation to a Vlasov near-equilibrium due to phase mixing
• diffusive spreading on a longer time scale (visible in spread of 2 invariants)

a) diffusion of invariants is sensitive to the current and number of simulation particles
b) diffusion of invariants decreases if lattice is corrected for coherent SC tune shift

• for weak SC, regular/chaotic regions are similar to those in the IOTA toy lattice with tune error
• halo is reduced when multiple nonlinear inserts are used (SC tune dep. bet. magnets is small)



Lattice, Beam, and Simulation Parameters
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• IOTA v. 8.4 lattice –nonlinear integrable optics configuration (1 insert)
• sextupoles off, RF off –coasting beam 
• drifts, bends, and quads treated through linear order only
• nonlinear insert treated as ideal (τ = -0.4, c = 0.01 m1/2, l = 1.8 m)

• 2.5 MeV proton beam (unbunched)
• thermal distribution, matched at zero current
• zero energy spread to remove chromatic and dispersive effects
• emittances:  εxn = 0.220 µm, εyn = 0.466 µm ε4D,n = 0.32 µm*
• beam current is slowly ramped (over 100 turns) to:  5 mA, 8 mA

• Treatment of space charge
• IMPACT-Z:  2D symplectic spectral solver, 256×256 modes, 1M particles
• Boundary xap = yap = 5 cm
• Ensures that space charge fields are smooth and tracking is symplectic. 
• 2K integration steps within the NLI
• 20 space-charge kicks within the NLI
• Number of space charge kicks elsewhere chosen to ensure convergence

* Nominal:  0.3 µm, 8 mA from S. Antipov et al, JINST 12 T03002 (2017), Table 3 

f / e�H/H0
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• Structure of the high-intensity proton beam



Matching to the nonlinear lattice at zero current
(unbunched coasting beam)

10S. Webb et al, IPAC 2013 and  C. Mitchell et al, NOCE 2017. 

physical phase space 
variables (x, px, y, py)

Courant-Snyder
transformation

at s

normalized phase space
variables (xN , pxN , yN , pyN)

- Hamiltonian is s-dependent
- distribution varies periodically in s
- parameter H0 determines emittance 

- Hamiltonian is phase-independent
- distribution function is stationary

Thermal beam distribution

f / e�H/H0

When 𝜏=0, this is 4D Gaussian.

Beam is matched to the
s-dependent nonlinear lattice
at the NLI midpoint.

All turn-by-turn data is output
at the NLI midpoint.

x

y V

Nonlinear potential Thermal beam distribution

xN

y N

𝐻! = 0.04
𝜀"#,% = 0.32𝜇𝑚



Beam evolution during adiabatic matching 
( increasing from 0 - 8 mA over 100 turns )
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Horizontal
profile

0 mA 4 mA 8 mA

Vertical
profile

enhanced
hourglass
profile

density
depression



Verification of Adiabatic Matching Procedure
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Distance between distributions on
successive turns during ramping

Beam size evolution after matching (8 mA)

- MMD*:  dimensionless measure of distance between  
arbitrary beam distributions - in the range [0,2]

- Value due to particle noise:  

- Turn-to-turn distribution evolution is slow (adiabatic).

MMD with Gaussian kernel
with width = rms beam size

p
2/N ⇡ 1.5⇥ 10�3

Turn 1 (after matching)
Turn 10 (after matching)

* A. Gretton, J. Mach. Learn. Res. 13, 723-773 (2012) 



Structure is similar to Vlasov equilibria constructed 
in a nonlinear constant focusing channel
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Density
contours

C. Mitchell et al, Phys. Rev. E 100, 053308 (2019) & JINST 15, P07019

r2
N�N = �⇤

Z 1
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G(h)dh

Equilibrium distribution

f = G �HN

PDE for the space charge potential

Nonlinear Hamiltonian

HN =
1

2

�
p
2
xN + p

2
yN

�
+ V0(xN , yN )

+ �N (xN , yN )

Constant focusing channel based on
the IOTA nonlinear potential.

- 2.5 MeV protons
- Thermal beam:  
- NLI parameters and average 
beta based on the IOTA lattice.

G(h) = exp(�h/H0)

Zero current (Λ=0) High intensity (Λ=10)

horizontal
profile

vertical
profile

horizontal
profile vertical

profile

Comparison for equal 4D emittance. 
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• Halo formation and diffusion at high intensity



Halo in the Beam Distribution After 400 Turns
(Midpoint of the Nonlinear Insert Element)

15

halo/tail/
shoulder

halo/tail/
shoulder

5 mA 8 mA

Sp
at

ia
l d

is
tr

ib
ut

io
n

H
or

iz
on

ta
l p

ro
fil

e 
(lo

g)

Beam core
population remains
nearly stationary.

Halo is populated
over turns 200-400
(after matching).

At low intensities
ΔQx,y<<   0.1 
no halo visible
after 3,000 turns.

Driven primarily
by diffusion in the
horizontal plane.

Characterize halo
as excess tail 
population relative 
to a Gaussian.

Gaussian profile
with the same
rms width

x/�x x/�x



Behavior of Orbits Near the Beam Core (8 mA beam)

16

The turn-by-turn evolution of 2 orbits (blue & black) shown in normalized coordinates.
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Diffusion of Orbits into the Beam Halo (8 mA beam)
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The turn-by-turn evolution of 2 orbits (blue & black) shown in normalized coordinates.
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Critical and resonance structures in the single-particle 
phase space (zero current integrable motion)

18

appearing in the short term FMA plots are likely false
indications of chaos. See Appendix B or Ref. [34] for
further details. The Henon-Heiles potential example pre-
sented in Appendix A further supports this argument. We
believe that this occurs because the accuracy of FMA is
very sensitive to the precision of the frequency measure-
ment that can be obtained using a time series of finite
length. In the limit of continuous-time data, it can be shown
that the numerical error of the frequency vector obtained
using the NAFF algorithm scales as an inverse power of
the time length of the data, i.e., ∝ T−n for n > 0 [13].
Practically, for discrete-time data, the convergence can be
worse. The sensitivity of FMA to the time length is
especially high near resonances, as reported in [35]. On
the other hand, the REM results in Fig. 16 show that the
structure of the dynamic aperture plots is already converg-
ing with a time length as short as T ¼ 256, verifying the
relatively rapid convergence of REM.
Finally, we analyze in more detail the dynamic aperture

of the IOTA toy-model at the nominal parameters used to
produce Fig. 14. We emphasize that these figures illustrate
the breakdown of integrability in the presence of a
perturbation. The perturbation is given by an error in tune
advance δμ over the arc section, which is motivated by the
space-charge induced tune depression in the IOTA ring.
When δμ ¼ 0, the system is perfectly integrable every-
where except at the singular points ðxn; ynÞ ¼ ð$1; 0Þ
inherent to the potential in Eq. (8). This may be seen
clearly in the uppermost figure in Fig. 14. However,
numerical errors due to the finite integration step size
and finite precision can break some of the invariant tori.
When the invariant tori are broken by such small errors, it is

likely that these tori will also be broken when physical
perturbations including the tune error over the arc δμ are
considered. Among the broken tori are those containing
initial conditions that lie along the red curve shown in
Fig. 14, which corresponds to the locus of points I ¼ 2H in
the xn − yn plane (with px;n ¼ py;n ¼ 0, yn ≠ 0), where H
are I are given in Eq. (8) and Eq. (10). It can be shown that
the invariant level sets corresponding to these initial
conditions contain unstable critical periodic orbits, and
lie on a separatrix-like structure separating distinct dynami-
cal regions in the phase space [31]. Note that the I ¼ 2H
curves also form the innermost boundary of the dynamic
aperture at the various values of δμ in Fig. 14.

V. SELF-CONSISTENT SPACE-CHARGE
SIMULATION OF REALISTIC IOTA LATTICE

In this section, we apply FMA and REM to simulated
particle orbits obtained in the presence of space charge,
using a realistic IOTA lattice with a 2D symplectic space-
charge solver [36] implemented in IMPACT-Z [37]. We
choose a 2D solver: (1) in order to model the nominal case
of a long beam that nearly fills the ring, and (2) in order to
isolate transverse space-charge effects from off-momentum
chromatic effects, which are enhanced in the presence of a
longitudinal space-charge force. The nonlinear integrability
is preserved only for on-momentum particles unless a
special chromatic correction is applied [38]. In this study,
we choose a small beam current I ¼ 0.41 mA targeting a
test proton operation of IOTA before ramping up to high
current. The nonlinear effects over the arc section including
geometric nonlinearity of dipoles, nonlinear kinetics, and
nonlinear fringe fields (but linear fringe field effects are
considered) are ignored so that weak space-charge con-
tribution can be solely explored. Lattice parameters were
adjusted accordingly such that δμx ¼ δμy ¼ 0 for particles
near the beam center [39]. In order words, the phases-
advance of particles of zero amplitude limit is integer
multiple of π. The nominal settings for the nonlinear insert
are used: ν ¼ 0.3 and τ ¼ −0.4.
For the initial beam, we use a waterbag distribution,

defined by the distribution function:

ρðHÞ ∝ ΘðH −H0Þ ð15Þ

where ΘðHÞ ¼ 1 for H ≤ 0 and ΘðHÞ ¼ 0 for H > 0. One
million macroparticles are sampled from Eq. (15) with
H0 ¼ 0.06 (which corresponds to the nominal beam size)
to represent the beam. In addition to the particles of the
beam, we also prepared test particles of zero charge over
the disk x2n þ y2n < 1 in the xn − yn plane, with zero normal
momentum, as we did in Sec. IV, to obtain a plot of
dynamic aperture for test particles moving in the combined
space charge and external fields.
Figure 18 shows the resulting dynamic aperture plots

obtained using FMA and REM. The initial boundary of the

FIG. 17. Resonant contour lines of νy=νx overlaid on top of an
FMA dynamic aperture plot for the IOTA toy-model at ν ¼ 0.3,
δμ ¼ 0.01 and T ¼ 128. The color-bar overhead indicates
−ΔFMA, and the color-bar on the right indicates νy=νx.

KILEAN HWANG, CHAD MITCHELL, and ROBERT RYNE PHYS. REV. ACCEL. BEAMS 23, 084601 (2020)

084601-8

• Red curve:  primary separatrix-like structure
Black curve:  I.C.s for unstable periodic orbits

• Separate regions of distinct orbit behavior

• A matched beam at 0 mA with the nominal 
emittance lies within the primary separatrix

K. Hwang et al, Phys. Rev. Accel. Beams 23, 084602 (2020)
C. Mitchell et al, Phys. Rev. Accel. Beams 23, 064002 (2020)

Critical structures:

Resonance structures:
• Resonant contour lines                are shown

• High density of resonances outside the
primary separatrix

• Color:  measure of chaos when phase 
advance is perturbed (blue = regular)

⌫y/⌫x

When the phase advance is depressed, chaos develops first in the region outside the primary separatrix. 



Critical and resonance structures in the single-particle 
phase space (zero current integrable motion)
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• Red curve:  primary separatrix-like structure
Black curve:  I.C.s for unstable periodic orbits

• Separate regions of distinct orbit behavior

• A matched beam at 0 mA with the nominal 
emittance lies within the primary separatrix
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Critical structures:

Resonance structures:
• Resonant contour lines                are shown

• High density of resonances outside the
primary separatrix

• Color:  measure of chaos when phase 
advance is perturbed (blue = regular)

⌫y/⌫x

When the phase advance is depressed, chaos develops first in the region outside the primary separatrix. 



Spatial Distribution of the Beam in Normalized 
Coordinates at 5 mA Current

20

• The spatial distribution is shown in normalized dimensionless coordinates.
• Diffusion is visible along the primary separatrix (red).
• Near the separatrix, the single-particle motion is unstable and sensitive to perturbation.
• A visible fraction of particles moves outside the separatrix        likely chaos.
• Little evidence of significant charge approaching the singular points or branch cuts (black).

primary
separatrix

branch cut

Initial distribution (after matching) Final distribution (+ 400 turns)



Behavior of the Zero-Current Invariants in the 
Nonlinear Lattice at 5 mA Current

21

• Diffusion of zero-current invariants (H,I) is a consequence of space charge.
• Movement appears to be largely along the primary separatrix (dashed red curve).
• Previous studies have shown that small error in the phase advance can lead to chaos and loss 

for orbits outside the primary separatrix (in the regions labeled G & C).

Initial distribution (after matching) Final distribution (+ 400 turns)

0.6% of particles
outside of separatrix

2.6% of particles
outside of separatrix

Bifurcation diagram from C. Mitchell et al, PRAB 23, 064002 (2020) 
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Behavior of the Zero-Current Invariants in the 
Nonlinear Lattice at 8 mA Current
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• Diffusion of beam in invariant space (H,I) is more pronounced at higher intensity (as expected).
• Particles initialized near the primary separatrix (dashed red curve) move toward increasing

H, I, and into regions G and C, associated with significant chaos.
• Two orbits are shown in black—one confined to the core, and one moving into the halo.
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• Diffusion of beam in invariant space (H,I) is more pronounced at higher intensity (as expected).
• Particles initialized near the primary separatrix (dashed red curve) move toward increasing

H, I, and into regions G and C, associated with significant chaos.
• Two orbits are shown in black—one confined to the core, and one moving into the halo.
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Behavior of the Zero-Current Invariants in the 
Nonlinear Lattice at 8 mA Current
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• Diffusion of beam in invariant space (H,I) is more pronounced at higher intensity (as expected).
• Particles initialized near the primary separatrix (dashed red curve) move toward increasing

H, I, and into regions G and C, associated with significant chaos.
• Two orbits are shown in black—one confined to the core, and one moving into the halo.
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• Mitigation through nonlinear magnet design



26

Magnetic Vector Potential and Magnetic Field within the 
IOTA Nonlinear Magnetic Insert
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Fig. 2:  (Left) Magnetic field lines for the nonlinear elliptic magnet based on [9].  (Right) Equipotentials 

for the nonlinear elliptic magnet based on [9].  Figures are taken from [32]. 

 
 

Fig. 3:  Quadrupole gradient strength as a function of longitudinal coordinate for the nonlinear elliptic 
magnet based on [9], shown for a magnet with 20 distinct segments [32]. 

 
 Once reasonable agreement with other codes has been attained at moderate resolution, we will 
perform a massively parallel simulation of the IOTA lattice at high resolution, with the goal of predicting 
beam loss rates with a relative accuracy of 10-6 or better.  A large number of simulation particles will be 
used (in the range 100M-1B) in order to achieve the statistics required to accurately resolve losses at this 
level, which is required ensure that power deposition to the chamber walls remains below ~1 W/m.  To 
achieve this, simulations will be run using several-10K processors on the newest supercomputer, Cori, at 
the National Energy Research Scientific Computing Center (NERSC).  These simulations will serve to 
validate simulations of beam loss performed using other codes, to resolve beam-loss effects that require 
extraordinarily high fidelity, and to set the stage for the remaining tasks to follow. 
 
2.2.2   Task 2:  Investigate the effects of numerical noise on long-term tracking with space charge. 
 
 Numerical artifacts are an unavoidable feature of self-consistent, long-term tracking of beams 
with space charge, and are of critical interest to the intense beam community.  For example, because the 
number of simulation particles used to sample the beam is typically much smaller than the number of 
physical particles, discrete-particle noise produces a collisional effect similar to intrabeam scattering, 
driving unphysical emittance growth and tune spread in the simulated beam.  (See Figure 4.)  These 
effects of numerical noise are under active investigation by the accelerator physics community, but many 
questions remain unresolved [27-29]. In addition, existing treatments rely on the linearity of the magnetic 
lattice, and new techniques will be needed to understand these effects in the presence of highly nonlinear 
lattices. 
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Magnetic Vector Potential and Magnetic Field within the 
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Effect of the Increasing the c Value on the Matched
Beam Distribution in Invariant Space

28

• Increasing the c value leads the beam footprint to shrink in invariant space.
• The primary separatrix begins at (H,I)=(0.1,0.2) and extends along the ray I = 2H
• For sufficiently large c, the beam can be confined away from the primary separatrix.

5 mA, nominal emittance
(matched distribution for several c)

prim
ary s

eparatrix
c = 0.010 m-1/2

c = 0.014 m-1/2

(H,I) =
 (0.1,0.2)

8 mA, nominal emittance
(matched distribution for several c)

c = 0.010 m-1/2

c = 0.014 m-1/2

c = 0.020 m-1/2

prim
ary s

eparatrix

(H,I) =
 (0.1,0.2)

H
I

H

I



Initial Distribution (After Adiabatic Matching) at 5 mA 
Current for Two Distinct Values of c
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Matched distribution
(c = 0.01 m1/2)

Matched distribution 
(c = 0.014 m1/2)

primary
separatrix

𝜀!,# = 0.22 µ𝑚
𝜀$,# = 0.52 µ𝑚
𝜀%&,# = 0.34 µ𝑚

𝜀!,# = 0.24 µ𝑚
𝜀$,# = 0.52 µ𝑚
𝜀%&,# = 0.35 µ𝑚

The spatial distribution is shown in normalized dimensionless coordinates for comparison with critical structures. 

similar emittance



Horizontal Beam Diffusion is Significantly Reduced 
by Increasing the Magnetic Insert c Value
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• The beam size is shown once per turn, at the midpoint of the nonlinear magnetic insert element. 
• The turn count begins after adiabatic matching. 

The effect of diffusion on the vertical beam size is much smaller (not shown).
The physical horizontal aperture at the midpoint of the existing magnetic insert element is Xap = 4 mm. 

Horizontal beam size (8 mA)

c = 0.010 m-1/2

c = 0.014 m-1/2

c = 0.020 m-1/2

Horizontal beam size (5 mA)

c = 0.010 m-1/2

c = 0.014 m-1/2



Beam Halo in the Final Distribution (After 400 Turns) 
at 5 mA for Increasing Values of c
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c = 0.01 m1/2 c = 0.014 m1/2

• Both beams are 
initialized using 
adiabatic matching.

• Initial emittance near 
the nominal value.

• Halo visible in the 
horizontal profile is 
strongly suppressed.

• The small visible halo
in the vertical profile
is also suppressed.

x/�x

y/�y

x/�x

y/�y

Gaussian profile
with the same
rms width

Halo suppressed



Beam Halo in the Final Distribution (After 400 Turns) 
at 8 mA for Increasing Values of c
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c = 0.01 m1/2

x/�x

y/�y

c = 0.014 m1/2

x/�x

y/�y

c = 0.02 m1/2

x/�x

y/�y



Beam Halo in the Final Distribution (After 400 Turns) 
at 8 mA for Increasing Values of c
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c = 0.01 m1/2

x/�x

y/�y

c = 0.014 m1/2

x/�x

y/�y

c = 0.02 m1/2

x/�x

y/�y

c = 0.024 m1/2

y/�y

x/�x

No additional
benefit for 
larger c.



Conclusions
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• Due to the novel structure of the nonlinear integrable focusing, care is taken in modeling 
intense space charge to minimize numerical artifacts and sources of simulation noise.

• Adiabatic matching appears to work well for beam initialization.  The matched high-intensity 
beam is qualitatively similar to that seen in a nonlinear constant focusing lattice.

• Some halo development occurs in the nonlinear integrable lattice at high intensity.  This 
appears to be driven by chaotic diffusion associated with crossing a critical structure in the 
phase space (“primary separatrix”).

• This can be mitigated by increasing the magnetic insert c-value to confine the beam away from 
critical phase space structures.  Additional benefit could be gained by using multiple nonlinear 
insert elements to reduce the phase advance between passes (as in an RCS).

• Detailed properties of the nonlinear integrable Hamiltonian (eg, critical and resonant structures) 
play an important role when the system is perturbed      further exploring the space of possible 
integrable focusing schemes could have major impact on beam performance at high intensity.


