
NUSTEC WORKSHOP ON ELECTRON SCATTERING 

“IMPROVING THE ART OF NEUTRINO NUCLEI MODELLING WITH CHARGED LEPTON SCATTERING DATA” 

TEL AVIV UNIVERSITY, MARCH 28 - APRIL 1, 2022

ELECTRON- VERSUS NEUTRINO-NUCLEUS 
SCATTERING 

MARIA BARBARO 

UNIVERSITA’ DI TORINO, ITALY 
ISTITUTO NAZIONALE DI FISICA NUCLEARE 

IPSA-PARIS, FRANCE 

Maria Barbaro                                                                             NuSTEC  Workshop                                                                        March 28, 2022

1

Electron-  versus neutrino-nucleus scattering 

Maria Barbaro 

Universita’ di Torino 
INFN   

IPSA/Paris



Similarities and differences between electron and neutrino scattering

‣ Nuclear models used in neutrino event generators must be able to describe simultaneously charged and 
neutral lepton scattering off a nucleus.  As a minimal requirement, the model must be tested against electron 
scattering data before being used to describe neutrino scattering. Pushing it further, electron scattering 
experimental data can be used to constrain or even predict neutrino cross sections (super-scaling approach).

‣ Two sources of difference between e-A and  -A cross sections:
 1. different experimental conditions (monochromatic electron beams versus broadly distributed  beams)
2. different couplings and currents (weak cross sections have a more complex structure than the 

electromagnetic ones due to the presence of the axial current).

‣ Different kinds of signal may require a different sophistication of nuclear modelling to be properly described

ν
ν

l + A → l′ + X + B

: one nucleon knockout X = N
e + A → e′ + N + (A − 1)
νμ + A → μ− + p + (A − 1) CCQE

νμ + A → νμ + N + (A − 1) NCQE

Most theoretical papers on neutrino-nucleus scattering up to now have been focussed on inclusive 
reactions, all yielding reasonable agreement with neutrino inclusive data.

More work on semi-inclusive scattering is needed.

‣     Inclusive : only the outgoing lepton is detected. 
‣ Semi-inclusive : one or more particles are detected in coincidence with the scattered lepton. 
‣ Exclusive: the complete final state, including that of the residual nucleus, is known. 
                         This can be achieved in electron scattering by choosing the kinematics, 
                         but not in neutrino scattering due to the broad energy spectrum of the beam.

(l, l′ )
(l, l′ X)

Lepton-nucleus scattering

on energies and momenta. In what follows we introduce the kinematical variables
that completely specify the process and use energy-momentum conservation to in-
ter-relate the various energies and momenta:

q ¼ k" k0 ¼ pN þ pB; ð1Þ

x ¼ e" e0 ¼ EB þ EN "MA; ð2Þ

where the target is assumed to be at rest in the laboratory frame. The missing
momentum p is defined as

p & "pB ¼ pN " q: ð3Þ

The general form for the coincidence cross-section in the laboratory system is

dr
dXe de0 dXN

¼ 2a2

Q4

e0

e

! "
Kf "1

recglmW
lm; ð4Þ

where K = pNMNMB/MA, a is the fine structure constant, frec is the usual recoil fac-
tor [2], glm is the leptonic tensor that can be evaluated using trace techniques [2], and
Wlm is the hadronic tensor containing all of the nuclear structure and dynamics
information. The latter is given in terms of the nuclear electromagnetic transition
currents in momentum space. Note that the above equation is completely general
and may contain all polarization degrees of freedom. The electron beam polarization
occurs in the antisymmetric part of the leptonic tensor glm, while the target and recoil
nucleon polarizations enter through the hadronic tensor Wlm.

Using the general properties of the leptonic tensor, the contraction of the leptonic
and hadronic tensors can be decomposed in terms of leptonic kinematical ‘‘super-
Rosenbluth’’ factors and response functions. The differential cross-section can then
be written as

dr
dXe de0 dXN

¼ Rþ hD; ð5Þ

Fig. 1. Feynman diagram for the A (e,e 0N)B process within the Born approximation.
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X XX

X

l (e, νμ⋯)
Depending on the detected final state, the measurement can be    

‣ Inclusive : only the outgoing lepton is detected. 

‣ Semi-inclusive : one or more particles are detected in 
coincidence with the scattered lepton. 

‣ Exclusive: the complete final state,  including that of the residual 
nucleus, is known.

Semi-inclusive predictions require a more detailed description of 
nuclear effects. A model may describe reasonably well inclusive 
cross sections and badly fail to agree with semi-inclusive data 
(typical example the RFG)

(l, l′ )
(l, l′ X )

γ, W±, Z0

l′ (e′ , μ−, ν′ μ⋯)
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Validation: Carbon (e,e’)

G.D. Megias et al., PRD94 (2016)

Good agreement with data 

in a wide kinematical region 

Data: Barreau, NPA 402A (1983)
          Day. PRC 48 (1993)
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previously stated, in our approach we include the excitation of the first two nucleon250

resonances, the P33(1232) (D) and the P11(1440) (Roper).251

In Fig. 5 we compare the SuSA predictions with the T2K inclusive double differential252

(nµ, µ�) cross section off 12
C, displayed versus the muon momentum pµ for different bins253

of the scattering angle qµ. The analysis of the separate QE, MEC, D and P11 contributions,254

also shown in the figure, indicates that the D resonance gives a larger contribution than255

the MEC and is essential to explain the data, in particular at small pµ, whereas the256

contribution of the Roper resonance is totally negligible. Some disagreement with the257

data at large pµ is observed for the most forward bin. This might be due to the lack of258

higher inelasticities in the model and will be explored in future work.259
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Figure 5. The SuSA inclusive double differential (nµ, µ�) cross section off 12
C, averaged over

the T2K flux, is displayed versus the muon momentum pµ. The separate QE, MEC, D and P11
contributions are shown. Data from Ref. [52].

Similar comments hold for the MicroBooNE inclusive cross section, shown in Fig.260

6. The comparison with these data is important to test the model for the argon nucleus,261

which will be the preferred target of future experiments. With respect to the T2K case262

(Fig. 5) we observe a better agreement with the experimental result at high pµ and an263

underestimation of the data at low pµ. The former is simply due to the larger errorbars264
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MBB et al., 
Universe(2021)

T2K data
Abe et al.
PRD87 (2013)
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in the experimental data, whereas the latter will likely be eliminated with the inclusion265

of higher inelasticities, that for MicroBooNE are expected to play a more important266

role due to the broader neutrino flux. Work along these lines is in progress. As in the267

case of T2K, we stress that this is a preliminary work towards a more detailed and268

systematic comparison model/data. For this reason we chose not to calculate any c2,269

but to just superimpose the theoretical curves to the experimental data in order to show270

qualitatively the successes and deficiencies of the model. A more quantitative and271

complete analysis will be performed in future work.272
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Figure 6. The SuSA inclusive double differential (nµ, µ�) cross section off 40Ar, averaged over the
MicroBooNE flux, is displayed versus the muon momentum pµ. The separate QE, MEC, D and P11
contributions are shown. Data from Ref. [53].

Finally, in Figs. 7 and 8 we present the predictions of the SuSA model for the future273

DUNE experiment, characterized by a higher energy and a broader flux (see Fig. 3). In274

this case the contribution of the D resonance becomes comparable to, or even larger than,275

the quasielastic one and the second resonance, P11 plays a non-negligile, although small,276

role.277

As a consequence of the flux integration, in neutrino experiments different processes occurring in the 
nucleus cannot be disentangled in the experimental inclusive signal.

< Eν > = 600 MeV, 29∘ < θ < 37∘

The quasi-elastic and  resonance peaks can be separately identified in the (e,e’) spectrum, 
the 2p2h response filling the dip in  between the two, but in neutrino data the three contributions overlap 
due to the flux integration. 
“Tuning” one of the three contributions to adjust theory to -A data may destroy the agreement with e-A data.

Δ
ω

ν

Inclusive cross sections at similar kinematics



CC0π

Branca et al.,  
Symmetry 13 (2021)

‣ GFMC ab initio 
‣ RPA/Paris-Lyon 
‣ SuSAv2 
‣ GIBUU 
‣ RPA/Valencia 
‣ HF-CRPA Ghent

‣ Quite large spread between 
    theoretical results

‣ Electron scattering ideal tool 
   to discriminate between models.

‣ All results agree on the important 
role of two-body currents

   (2p2h excitations)

νμ −12 C

Comparison of different models with CC0  dataπ
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FIG. 2. 2p2h cross sections (in units of cm2) in bins of energy (q0) and momentum (q3) transfer for muon-neutrino interactions on
carbon for different models. The top left is the GENIE empirical model, the top right is the implemented SuSAv2 2p2h prediction and
the lower plot is the GENIE implementation of the Valencia model (where the 1.2 GeV cutoff in the model discussed in the text is clear).
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FIG. 3. A comparison of 2p2h double-differential cross sections in muon momentum for two different angular slices for muon-
neutrino interactions on carbon for different models, split by the contribution from the different initial state correlated pairs: neutron-
neutron (nn) or neutron-proton (np). The left plots are from the GENIE empirical model, the center are from the implemented SuSAv2
prediction and the right plots are from the GENIE implementation of the Valencia model.
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the lower plot is the GENIE implementation of the Valencia model (where the 1.2 GeV cutoff in the model discussed in the text is clear).
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FIG. 3. A comparison of 2p2h double-differential cross sections in muon momentum for two different angular slices for muon-
neutrino interactions on carbon for different models, split by the contribution from the different initial state correlated pairs: neutron-
neutron (nn) or neutron-proton (np). The left plots are from the GENIE empirical model, the center are from the implemented SuSAv2
prediction and the right plots are from the GENIE implementation of the Valencia model.
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Empirical SuSAv2 Valencia

Dolan et al., 
PRD101 (2020)Large differences between 2p2h models presently implemented in GENIE

Further constraints can be obtained from:
‣ validation versus other data: electron scattering
‣ comparison with more exclusive data, involving the final hadrons variables, now available from T2K, MINERvA, 

MicroBooNE



Lepton-nucleus cross section l + A → l′ + X + B

dσ ∼ g4D2
V(Q2) ημνWμν = σ0ℱ σ0 ∼ 1/Q4 em

σ0 ∼ G2
F weakl + A → l′ + X + B

: one nucleon knockout X = N
e + A → e′ + N + (A − 1)
νμ + A → μ− + p + (A − 1) CCQE

νμ + A → νμ + N + (A − 1) NCQE

Most theoretical papers on neutrino-nucleus scattering up to now have been focussed on inclusive 
reactions, all yielding reasonable agreement with neutrino inclusive data.

More work on semi-inclusive scattering is needed.

‣     Inclusive : only the outgoing lepton is detected. 
‣ Semi-inclusive : one or more particles are detected in coincidence with the scattered lepton. 
‣ Exclusive: the complete final state, including that of the residual nucleus, is known. 
                         This can be achieved in electron scattering by choosing the kinematics, 
                         but not in neutrino scattering due to the broad energy spectrum of the beam.

(l, l′ )
(l, l′ X)

Lepton-nucleus scattering

on energies and momenta. In what follows we introduce the kinematical variables
that completely specify the process and use energy-momentum conservation to in-
ter-relate the various energies and momenta:

q ¼ k" k0 ¼ pN þ pB; ð1Þ

x ¼ e" e0 ¼ EB þ EN "MA; ð2Þ

where the target is assumed to be at rest in the laboratory frame. The missing
momentum p is defined as

p & "pB ¼ pN " q: ð3Þ

The general form for the coincidence cross-section in the laboratory system is

dr
dXe de0 dXN

¼ 2a2

Q4

e0

e

! "
Kf "1

recglmW
lm; ð4Þ

where K = pNMNMB/MA, a is the fine structure constant, frec is the usual recoil fac-
tor [2], glm is the leptonic tensor that can be evaluated using trace techniques [2], and
Wlm is the hadronic tensor containing all of the nuclear structure and dynamics
information. The latter is given in terms of the nuclear electromagnetic transition
currents in momentum space. Note that the above equation is completely general
and may contain all polarization degrees of freedom. The electron beam polarization
occurs in the antisymmetric part of the leptonic tensor glm, while the target and recoil
nucleon polarizations enter through the hadronic tensor Wlm.

Using the general properties of the leptonic tensor, the contraction of the leptonic
and hadronic tensors can be decomposed in terms of leptonic kinematical ‘‘super-
Rosenbluth’’ factors and response functions. The differential cross-section can then
be written as

dr
dXe de0 dXN

¼ Rþ hD; ð5Þ

Fig. 1. Feynman diagram for the A (e,e 0N)B process within the Born approximation.

J.E. Amaro et al. / Annals of Physics 319 (2005) 123–149 127

X XX

X

l l′ 

g

g

DV(Q2)γ, W±, Z0

ημν(VV )
em purely vector

ημν
weak = ημν(VV ) + ημν(VA) + ημν(AA) vector and axial

Wμν = ∑ δ(Ef − Ei − ω) < f |Jμ(Q) | i >* < f |Jν(Q) | i >

Leptonic tensor

Nuclear tensor

ℱ ≡ ημνWμν

ℱ2
± = VCCRCC + 2VCLRCL + VLLRLL + VT RT ± VT′ RT′ 

+VTT RTT + VTCRTC + VTLRTL ± (VTC′ RTC′ + VTL′ RTL′ )
ℱ2

(e,e′ p) = VLRT + VT RT + VTLRTL + VTT RTT

ℱ2
± = VCCRCC + 2VCLRCL + VLLRLL + VT RT ± VT′ RT′ 

2 response functions

2 variables:  RK = RK(q, ω)

ℱ(e,e′ ) = VLRL + VT RT

Inclusive scattering (l, l’)

5 response functions

Electron (Anti-)Neutrino

Semi-inclusive scattering (l, l’N)
5 variables:  RK = RK(q, ω, pN)

ℱ2
± = VCCRCC + 2VCLRCL + VLLRLL + VT RT ± VT′ RT′ 

+VTT RTT + VTCRTC + VTLRTL ± (VTC′ RTC′ + VTL′ RTL′ )

10 response functions

ℱ2
(e,e′ p) = VLRT + VT RT+VTLRTL + VTT RTT

4 response functions

Inclusive results cannot be used to predict semi-inclusive cross sections



Superscaling: in the scaling region (below QEP) f is
‣ independent of the kinematics (q) for a given nucleus
‣ independent of the nucleus ( ) for given kinematics

f embodies the nuclear dynamics (initial and final state). 
It can be extracted from experiment or calculated within a 
model and plugged into the neutrino cross section to make 
predictions at different kinematics and on different nuclei

kF

The scaling variable  - or  - is a combination of  and 
 (analogous to  in DIS) related to the momentum of the bound nucleon

ψ ≡ ψ(q, ω) y(q, ω) q
ω x

Connection between ‹-A and e-A scattering: SuperScaling

Scaling of second kind: the reduced cross section multiplied by kF
is independent of the specific nucleus: f (y) = kF ◊ F (y)

The scaling variable Â is the relativistic version of y and Â ƒ ≠y/kF
Superscaling is the simultaneous occurrence of both kinds of scaling.
Superscaling is fulfilled at energy loss below the QEP (Â < 0) and broken at
Â > 0

Maria Barbaro Uppsala, NUFACT2017 6 / 37

QEP

SuperScaling function

f(q, ω; kF) = kF ×
[d2σ/dωdΩ](e,e′ )

exp

σeN
⟶ f(ψ)

q∼1GeV/c

‣ Scaling violations occur beyond the QEP mainly in the 
transverse channel ( , 2p2h and other inelastic processes)
‣ The approach is valid at high enough momentum transfer 

(  MeV/c), where collective effects are absent

Δ

q⪆300

Analysis of experimental cross sections

Experimental scaling function: F (q, y) =
[dσ/dωdΩ′]exp

σeN (q,ω; p = −y, ε = 0)

σeN (q,ω; p, ε) ≡
1

2π

∫
dφN

EN

q
[Zσep(q,ω; p, ε,φN) +Nσen(q,ω; p, ε,φN)]

Scaling of the first kind: q → ∞ =⇒ F (q, y) −→ F (y) ≡ F (∞, y)

Seattle, 06/12/2016 – p. 15

QEP

Super-Scaling
The idea of exploiting e-scattering for -scattering studies was proposed in 
J.E. Amaro, M.B. Barbaro, J.A. Caballero, T.W. Donnelly, A. Molinari, I. Sick, PRC71 (2005) 015501 
“Using electron scattering superscaling to predict charged-current neutrino cross sections in nuclei”
based on the “superscaling” properties of inclusive electron scattering (e,e’) data, extensively analysed in the 90s 
[Day et al., Ann.Rev.Nucl.Part.Sci.40 (1990); Donnelly and Sick, PRL82; PRC60 (1999)]

ν

56Fe

Fixed target, varying kinematics

Fixed kinematics, varying target



SuSA
‣ phenomenological
‣ only one scaling function extracted from longitudinal 

(e,e’) data

Neutrino-nucleus reactions for neutrino oscillation experiments
Theoretical description and Results

Conclusions and Further Work
Conclusions and Further Work

Theoretical description: RMF and SuSAv2 models

The SuSAv2 model PRC90, 035501 (2014) PRD94, 013012 (2016)

! SuSAv2 model: lepton-nucleus reactions adressed within the SuperScaling Approach and
the sophisticated Relativistic Mean Field (RMF) theory (FSI) to determine theoretical scaling
functions that reproduce nuclear dynamics. Complete set of scaling functions for all lepton-
nucleus reaction channels (EM, weak, L/T, isovector/isoscalar, V/A).

! RMF: Good description of the QE (e, e′) data and superscaling properties (f ee′

L,exp)
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SuSAv2
‣based on microscopic RMF calculation
‣a set of scaling functions in L,T and isospin channels 
‣  in agreement with L/T separated (e,e’) data
‣corrects the RMF problem of too strong S and V 
potentials at high energies recovering RPWIA 
asymptotic results
‣parameters fitted once and for all to carbon data

fT > fL

Amaro et al.,  PRC71 (2005)

Gonzalez et al., PRC90(2014)

SuSA and SuSAv2 in the quasi-elastic region

Connection between ‹-A and e-A scattering: SuperScaling

Superscaling in the Longitudinal and Transverse channels

Define fL = kF RL/GL and fT = kF RT /GT and look at separated L/T data

fT > fL
Violations reside mainly in the transverse channel (2p2h MEC, � resonance excitation,
DIS, ...)

The RFG model predicts fL(Â) = fT (Â) = 3
4 (1 ≠ Â2)◊(1 ≠ Â2), in disagreement with the

experimental data

Maria Barbaro Uppsala, NUFACT2017 7 / 37
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Violations reside mainly in the transverse channel (2p2h MEC, � resonance excitation,
DIS, ...)

The RFG model predicts fL(Â) = fT (Â) = 3
4 (1 ≠ Â2)◊(1 ≠ Â2), in disagreement with the

experimental data
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SuSAv2

SuSA

L data T data

The scaling function(s) are used to describe simutaneously electron and neutrino scattering 



Beyond the quasi-elastic region
‣ Two-body currents break scaling and the 2p2h contribution is implemented in the SuSAv2 model 

within a fully relativistic framework based on the RFG (see Amaro’s talk on Wednesday)

‣ The scaling approach has been extended to the inelastic region for both electron and neutrino 
inclusive scattering. 

  The general strategy consists in introducing a scaling variable  for each invariant mass  and 
fold the elementary response  with the scaling variable  to obtain the nuclear response  

ψX WX
Ginel

K f(ψX) Rinel
K

Rinel
K (q, ω) = N

2mNTF

k3
F q ∫

Wmax

Wmin

dWX WX f model(ψX) Ginel
K (q, ω),

‣ For electron scattering the elementary responses are taken from phenomenological fits of the single 
nucleon structure functions  and  [Bosted and Christy, PRC77 (2008)&PRC81 (2010)] and the 
SuSAv2 superscaling function is used.

‣ An alternative approach has also been adopted for the  resonance region, where a scaling function 
has been extracted from (e,e’) data following the same procedure used for QE, but subtracting from 
the data the QE and 2p2h contributions.

‣ The extension to neutrino scattering is limited by the poor knowledge of the structure function  in 
the resonance and SIS regions. Different approaches are explored in this recent work: 
J. Gonzalez-Rosa et al., nucl-th/2203.12308 (see G. Megis’ talk)

w1 w2

Δ

w3



Neutrino-nucleus reactions for neutrino oscillation experiments
Theoretical description and Results

Conclusions and Further Work

Theoretical models and Description of 2p2h channels
Inclusive (e, e′) data within the SuSAv2-MEC model
Comparison with CC νµ-nucleus experimental data

Inclusive 12C(e, e ′) cross sections PRD 94, 013012 (2016)
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Validation: Carbon (e,e’)

G.D. Megias et al., PRD94 (2016)

Good agreement with data 

in a wide kinematical region 

Data: Barreau, NPA 402A (1983)
          Day. PRC 48 (1993)

Validation: JLab (e,e’) data on Ar and Ti

Data from H.Dai et al.,  PRC98 (2018);  PRC99 (2019)
Experiment aimed at measuring the Argon spectral function
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FIG. 2: (Color online) Comparison of inclusive 16O(e, e′) cross sections and predictions of the

SuSAv2-MEC model. The separate contributions of the pure QE response (dashed violet line),

the 2p-2h MEC (dot-dashed), inelastic (double-dot dashed) are displayed. The sum of the three

contributions is represented with a solid blue line. The spectral function (SF) result for the QE

cross section is also shown for comparison (dashed green curve). The data are from [30] and [31].

ativistic kinematics, but since it is essentially rooted in PWIA it contains no transverse

enhancement as in SuSAv2 approach and has no two-body MEC or meson production con-

tributions. Its magnitude is therefore generally somewhat smaller than the SuSAv2 QE

contribution and differs slighly in the position of the QE peak. This said, it is encouraging

that the SF and SuSAv2 results for the QE contributions are not dramatically different.

B. T2K neutrino –16O scattering

Results for CC neutrino reactions on 16O are shown in Fig. 3. Each panel presents the

double differential cross section averaged over the T2K muonic neutrino flux versus the

muon momentum for fixed bins of the muon scattering angle. These kinematics correspond

to the T2K experiment [1]. SuSAv2-MEC predictions are compared with data. Contrary to

the (e, e′) cross sections shown in the previous section, here only the QE and 2p-2h MEC

contributions are taken into account, as this is consistent with the analysis of T2K-16O

11

Validation: Oxygen (e,e’)

G.D. Megias et al., JPG 46 (2019) Data: Anghinolfi et al., NPA 602 (1996)
         O’Connell et al., PRC 35 (1987)

Megias et al., JPG46 (2019)
Data: Anghinolfi, NPA602 (1996)

40Ar

MB et al., PRC99 (2019)
Data: Dai, PRC98 (2018)
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Validation: Carbon (e,e’)

G.D. Megias et al., PRD94 (2016)

Good agreement with data 

in a wide kinematical region 

Data: Barreau, NPA 402A (1983)
          Day. PRC 48 (1993)
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Validation: SuSAv2 predictions for inclusive (e, e’)

Good agreement with data for different nuclei in a wide kinematical region, with the exception of  the very 
low q regime, where the superscaling approach and IA fail and collective effects dominate.
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than the ones obtained when FSI are included. Hence the significant discrepancy introduced
by the SF prediction is mostly due to the plane-wave limit approach. Authors in [58] show
that the description of data improves when the hole spectral function is complemented by the
particle spectral function and Pauli blocking. Importantly, a large amount of the data collected
in the T2K experiment shown here falls into this region. The SuSAv2 approach involves an
assumption which is discussed more fully in previous work where the ideas were developed
about how so-called Pauli Blocking can be generalized from the only model where the
concept is well-founded, namely, the extreme RFG model. The results obtained within the
SuSAv2 approach are not in disagreement with the data, even at forward angles. However,
one should still exercise some caution in drawing any final conclusions about how well one
can claim to understand this region, i.e. in any existing model. This problem deserves to be
given greater attention in the future.

3.3. T2K: oxygen versus carbon

To make clear how nuclear effects enter in the analysis of the T2K experiment, in figure 5 we
show the predictions provided by SuSAv2-MEC for the neutrino-averaged double differential
cross sections per neutron in the cases of 12C (red lines) and 16O (blue). Here we show only
the total results of adding the QE and MEC contributions, since the latter are essentially equal
for carbon and oxygen when scaled by the number of neutrons in the two nuclei; the MEC

Figure 5. Similar to figure 3, but now including also the results corresponding to the
T2K-νμ CCQE process on 12C. The data are from [22, 52].
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FIG. 1. (Color online) The MINERνA “QE-like” and “CCQE” double differential cross sections for ν̄µ scattering on hydrocarbon
versus the muon transverse momentum, in bins of the muon longitudinal momentum (in GeV/c). The curves represent the
prediction of the SuSAv2+2p2h-MEC (blue) as well as the separate quasielastic (red) and 2p2h-MEC (orange) contributions.
The data and the experimental antineutrino flux are from Ref. [1]
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APPENDIX A: COMPARISON TO T2K
CC0π INCLUSIVE ANALYSIS AND
IMPLEMENTATION VALIDATIONS

Figure 8 shows a comparison of the SuSAv2 1p1h and
2p2h calculation (in GENIE and directly from the model)
on top of the GENIE absorption prediction to T2K CC0π
inclusive results [71] (i.e., there is no restriction on the
outgoing protons), which are in good agreement with the
data. As has been shown in Fig. 4, the slight discrepancies
in the very forward going bins at intermediate momenta can
be improved by using the full RMF. It can also be seen that
a contribution beyond the 1p1h seems essential at higher
momentum and forward angles and that the SuSAv2 2p2h
prediction appears to have the required strength. However,
as discussed in Sec. IV, it is clear that it is difficult to draw
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FIG. 8. Comparison of the T2K CC0π measurement of the muon-neutrino cross section on carbon with the SuSAv2 model
(1p1hþ 2p2h) and a pion-absorption contribution as implemented in GENIE. The (unstacked) contribution from each interaction mode
is shown separately, as well the total prediction. Comparison between 1p1h and 2p2h GENIE implementation (histograms) and
the microscopic calculations (smooth curves) is also shown for model implementation validation. The goodness of fit is χ2 ¼ 255.8
(67 bins). The data points are taken from [71].
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However, the model was implemented by using the inclusive hadronic tensor under some 
assumptions, necessary since the model is intrinsically inclusive: the scaling functions only 
depend on q and .

The implementation can be improved starting from the complete semi-inclusive results.

ω

The SuSAv2 model is now implemented in GENIE. 
It has been checked that, for the cross section versus the muon variables, the results of the 
implementation are in good agreement with the original calculation.
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reproduced by means of an IPSM approximation with the in-
dividual shells artificially widened using Lorentzians, together
with a representation of contributions from correlations which
in the model of the Rome group are calculated in nuclear
matter. These are then produced for finite nuclei by means of
the LDA. The resulting spectral function is of the form,

SRome(pm, Em) = SIPSM(pm,Em ) + Scorr (pm, Em). (56)

Any constants need to combine the two combinations are
adjusted so that the total satisfies the normalization condition
in Eq. (3). This, and similar approaches, represent the current
state of the art. We will use this spectral function, which we
will refer to as the Rome spectral function, as a benchmark
against which the other models used here will be compared.

IV. RESULTS

A. Spectral functions

We now proceed with a discussion of several types of
spectral functions of varying degrees of sophistication—all
of the spectral functions and cross sections shown here are
for 16O. We consider four models for the spectral functions
beginning with a simple independent-particle shell model with
relativistic mean-field single-particle wave functions (IPSM-
RMF) which captures the basic essentials of the nuclear shell
structure of a nucleus such as 16O. This is followed by going
to the other extreme and discussing the relativistic Fermi gas
model which is designed to contain only the basic properties
of infinite nuclear matter; it is, in fact, a model where A → ∞
and the only aspect of finite nuclei it contains is a scale,
the Fermi momentum kF . This is included here despite its
simplicity (as we shall see, too simple for semi-inclusive
studies) because it forms the basis for many of the event
generators currently being employed. Attempts have been
made to improve on the extreme RFG model by incorporat-
ing a density-dependent Fermi momentum that follows the
ground-state density of a given nucleus, the so-called local

FIG. 6. Independent-particle shell-model spectral function for
16O using RMF wave functions [8] for the hole states.

FIG. 7. Relativistic Fermi gas spectral function for 16O using
kF = 230 MeV/c.

density approximation, and this provides the third model
in the present study. These simplified approaches are then
compared with a state of the art spectral function obtained
by the Rome group. In the following sections we proceed to
obtain the inclusive and semi-inclusive cross sections using
the four models, and there we find that the former do not
differ significantly, although when a nucleon is presumed
to be detected (semi-inclusive reactions), the resulting cross
sections are strongly dependent on the level of sophistication
contained in the various models.

1. IPSM-RMF spectral function

An example of IPSM spectral functions is presented in
Fig. 6. This uses the relativistic mean-field model (RMF) of
Horowitz and Serot [8] for 16O to obtain the wave functions
for the shells occupied by neutrons. In the case of a model
such as this, that produces wave functions in the form of

FIG. 8. Spectral function in the local density approximation. The
coordinate space ρ(r) is obtained from a three-parameter Fermi
function fit to the proton distribution for 16O.
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SRFG(pm, Em) = θ(pF − pm) δ (Em − p2
m + m2

N)

Relativistic Fermi Gas Independent Particle Shell Model

16O

SIPSM(pm, Em) = ∑
nlj

(2j + 1) nnlj(pm) δ(Em − Enlj)
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Semi-inclusive reactions are much more sensitive than inclusive ones to initial state physics, 
embodied in the spectral function S
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pm = q − pN = pA−1

missing energy
missing momentum



J.M. Franco-Patiño et al.,  PRC 102, 064626 (2020)

  40Ar(νμ, μ−p)39Cl k′ = 1.5 GeV, θμ = 300, ϕL
N = π

Relativistic Fermi Gas Independent Particle Shell Model

DUNE flux

Relativistic Plane Wave Impulse Approximation (no FSI included)

FIG. 11. Semi-inclusive cross sections as function of pN (✓L
N
) for the two values considered of

the azimuthal angle �L

N
(see text for details). In each case the cross section is evaluated at the

corresponding values ✓̃L
N

(p̃N ) that give the maximum cross section in Figs. 9 and 10. The values

of p̃N and ✓̃L
N

are summarized in Table I.

global reduction in the cross section, but also how importantly the strength in the cross

section is modified in the (pN , ✓LN)-plane. The peak presented in the top panel located in

the vicinity of pN ' 1.0 GeV and ✓L
N
' 50�, due to the s-shell contributions, has completely

gone in the bottom graph leaving a hole where the cross section is very small (close to zero).

All previous results correspond to the case of 40Ar, the target that will be used in DUNE

detector. In what follows we extend our study to the case of 12C, used in past and on-

going experiments. We present semi-inclusive results for muon neutrinos on 12C with muon

variables fixed to k0 = 0.55 GeV and ✓l = 50� for �L

N
= 180� using the T2K flux. In addition

to the RFG and IPSM nuclear models already used in the case of DUNE (40Ar), here we

also provide predictions for NO. The kinematics is fixed in order to explore the impact of

the neutrino flux on the shape of the semi-inclusive cross section. More specifically, we

analyze how the shape of the semi-inclusive cross sections changes with the experimental

neutrino flux that is given in bins as shown in Fig. 5. Results for the RFG (projected cross

section in the (pN , ✓LN) plane) are presented in Fig. 15 using the experimental flux (top

panel) and making use of a Gaussian fit of the flux (bottom panel). As shown, the use of the

experimental flux (with the bins) leads to the appearance of some discontinuities or jumps

in the cross section that are distributed along the pN axis as the value of ✓L
N

changes. This
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6-differential semi-inclusive cross section  nucleon knock-out(νμ, μp)

Striking differences in the cross section due to initial state physics described by different spectral functions.  
The precise knowledge of the SF is crucial for a reliable modelling of semi-inclusive reactions.



FSI

FSI between the knocked-out nucleon and the residual nucleus can be treated using different approaches: 

‣ Optical Potentials, complex energy-dependent A-(in)dependent EDAD1 (EDAI) 
‣ Relativistic Mean Field (RMF), real energy-independent potentials 
‣ Energy-Dependent Relativistic Mean Field (ED-RMF)   

‣ It has been shown that the ED-RMF approach is equivalent to SuSAv2 for inclusive reactions. 
However, unlike SuSAv2,  it is applicable also to the semi-inclusive case.
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FIG. 2: Vector (positive) and scalar (negative) potentials as a function of the position in the 12C nucleus. Each
panel corresponds to a different kinetic energy of nucleon. Only the real part is represented for the EDAD1 and
EDAI-C potentials.

and EDAI-C, on the contrary, are considerably
smaller than RMF so one should be cautious with
their predictions for such kinematics. Figs. 2(c),
(d), (e) correspond to 200 < Tp < 1000 MeV.
We observe that the ED-RMF, EDAD1 and
EDAI-C potentials are close to each other and
continuously decrease with energy. In the last
panel, Fig. 2(f), Tp = 1500 MeV is out of the
range where the EDAD1 and EDAI-C potentials
were fitted. Indeed, one sees that the EDAD1 and
EDAI-C potentials are slightly larger than in the
previous kinematics, which should be understood
as a consequence of the extrapolation method.

In the HF-CRPA model [32, 33] the bound state
wave functions are obtained with a self-consistent
Hartree-Fock model using an extended Skyrme
force for the nucleon-nucleon interaction [34].
The same mean-field potential obtained for the
initial state is used to compute the final-state
nucleon wave functions, therefore including the
essential features of orthogonality as discussed
above. Contrary to the relativistic approaches the
nuclear current is obtained from the standard non-
relativistic reduction of the single nucleon current
as explained in [35, 36]. This mean-field picture,
which gives an adequate description of the genuine
quasielastic cross section, is then extended with
collective excitations of the nucleus in the CRPA
approach. Although inherently non-relativistic,
the calculations are effectively relativized accord-
ing to the scheme of [37]. The HF-CRPA provides
reliable results for very low momentum transfers

where long-range correlations, that are not ac-
counted for in a mean-field picture, contribute
significantly to the cross section in the form
of, e.g., giant resonances [38]. This consistent
treatment of the interaction from very low to
moderate momentum transfers is important for
neutrino-oscillation analyses that need to provide
an adequate description of the electroweak interac-
tion with nuclei over a broad region of phase space.

The SuSAv2 model is based on the scaling
properties shown by the (e, e′) data and on RMF
theory. When satisfied, the scaling property
allows for the factorization of the inclusive cross
section in terms of a single-nucleon elementary
cross section and a scaling function, which contains
all the nuclear complexity and depends on only
one variable ψ = ψ(ω, q) [39, 40], ω and q being
the energy and momentum transfer, respectively.
The original SuSA model [17, 41] uses only one
universal scaling function extracted directly from
the analysis of experimental data [42]. Although
quite successful [17, 41, 43], its simplicity does
not allow one to model the complexity of the QE
response with the desired accuracy, lacking for
instance some strength in the transverse channel.
The SuSAv2 model was proposed to overcome this
limitation [18]. It uses different scaling functions,
extracted from RMF and RPWIA results, for
the different responses. Thus, it effectively
incorporates both regimes, RMF (for low and
intermediate q) and RPWIA (for high q). This
is achieved by using a “blending” function that
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FIG. 2: Vector (positive) and scalar (negative) potentials as a function of the position in the 12C nucleus. Each
panel corresponds to a different kinetic energy of nucleon. Only the real part is represented for the EDAD1 and
EDAI-C potentials.

and EDAI-C, on the contrary, are considerably
smaller than RMF so one should be cautious with
their predictions for such kinematics. Figs. 2(c),
(d), (e) correspond to 200 < Tp < 1000 MeV.
We observe that the ED-RMF, EDAD1 and
EDAI-C potentials are close to each other and
continuously decrease with energy. In the last
panel, Fig. 2(f), Tp = 1500 MeV is out of the
range where the EDAD1 and EDAI-C potentials
were fitted. Indeed, one sees that the EDAD1 and
EDAI-C potentials are slightly larger than in the
previous kinematics, which should be understood
as a consequence of the extrapolation method.

In the HF-CRPA model [32, 33] the bound state
wave functions are obtained with a self-consistent
Hartree-Fock model using an extended Skyrme
force for the nucleon-nucleon interaction [34].
The same mean-field potential obtained for the
initial state is used to compute the final-state
nucleon wave functions, therefore including the
essential features of orthogonality as discussed
above. Contrary to the relativistic approaches the
nuclear current is obtained from the standard non-
relativistic reduction of the single nucleon current
as explained in [35, 36]. This mean-field picture,
which gives an adequate description of the genuine
quasielastic cross section, is then extended with
collective excitations of the nucleus in the CRPA
approach. Although inherently non-relativistic,
the calculations are effectively relativized accord-
ing to the scheme of [37]. The HF-CRPA provides
reliable results for very low momentum transfers

where long-range correlations, that are not ac-
counted for in a mean-field picture, contribute
significantly to the cross section in the form
of, e.g., giant resonances [38]. This consistent
treatment of the interaction from very low to
moderate momentum transfers is important for
neutrino-oscillation analyses that need to provide
an adequate description of the electroweak interac-
tion with nuclei over a broad region of phase space.

The SuSAv2 model is based on the scaling
properties shown by the (e, e′) data and on RMF
theory. When satisfied, the scaling property
allows for the factorization of the inclusive cross
section in terms of a single-nucleon elementary
cross section and a scaling function, which contains
all the nuclear complexity and depends on only
one variable ψ = ψ(ω, q) [39, 40], ω and q being
the energy and momentum transfer, respectively.
The original SuSA model [17, 41] uses only one
universal scaling function extracted directly from
the analysis of experimental data [42]. Although
quite successful [17, 41, 43], its simplicity does
not allow one to model the complexity of the QE
response with the desired accuracy, lacking for
instance some strength in the transverse channel.
The SuSAv2 model was proposed to overcome this
limitation [18]. It uses different scaling functions,
extracted from RMF and RPWIA results, for
the different responses. Thus, it effectively
incorporates both regimes, RMF (for low and
intermediate q) and RPWIA (for high q). This
is achieved by using a “blending” function that

12C R. Gonzalez-Jimenez et al., Phys.Rev.C 101 (2020) 1, 015503
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See J.M. Udias’ talk on Wednesday
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FIG. 5: RMF, HF and HF-CRPA scaling functions for small q values represented as a function of the energy
transfer ω. Upper (lower) panels correspond to carbon (argon) nucleus.
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Data: Dai et al.  
PRC99 (2019)
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FSI effects are important but not dominant in (e,e’) at typical GeV energies. They essentially re-distribute the strength 
across the energy spectrum. 
On the contrary, the inclusion of FSI effects is extremely important for the description of semi-inclusive data:

Ar(e, e′ )

Ee = 2.222 GeV

Gonzalez-Jimenez et al., Phys.Rev.C 101 (2020)

θe = 15.541 deg

8

TABLE V. Contributions to systematical uncertainties for ar-
gon and titanium average over all the Em and pm bins.

Ar Ti
1. Total statistical uncertainty 0.53% 0.78%
2. Total systematic uncertainty 2.75% 2.39%

a. Beam x&y o↵set 0.56% 0.48%
b. Beam energy 0.10% 0.10%
c. Beam charge 0.30% 0.30%
d. HRS x&y o↵set 0.72% 0.69%
g. Optics (q1, q2, q3) 1.10% 0.34%
h. Acceptance cut (✓,�, z) 1.23% 1.39%
i. Target thickness/density/length 0.2% 0.2%
j. Calorimeter & Čerenkov cut 0.02% 0.02%
k. Radiative and Coulomb corr. 1.00% 1.00%
l. � cut 0.63% 0.48%
m. Boiling e↵ect 0.70% —
n. Cross section model 1.00% 1.00%
o. Trigger and coincidence time cut 0.99% 0.78%

olution of the variable under consideration. Except for
the transparency corrections, the MC used to evaluate
those uncertainties did not contain e↵ects due to FSI,
such as a quenching of the strength of the cross section
and a modification of the kinematic of the outgoing par-
ticles. A priori the MC simulation could depend on the
underlying theoretical model. However, we repeated the
analysis of systematic uncertainties varying its ingredi-
ents, and did not observe any substantial variations of
the obtained results. As the obtained results depend on
the Monte Carlo calculation, it is important to estimate
uncertainties resulting from its inputs. To determine the
uncertainties related to the target position, we performed
the simulation with the inputs for the beam’s and spec-
trometer’s x and y o↵sets varied within uncertainties, and
we recomputed the optical transport matrix varying the
three quadrupole magnetic fields, one at the time. Each
of these runs was compared to the reference run, and
the corresponding di↵erences were summed in quadra-
ture to give the total systematic uncertainty due to the
Monte Carlo simulation. The uncertainties related to
the calorimeter and Čerenkov detectors were determined
by changing the corresponding cut by a small amount
and calculating the di↵erence with respect to the nomi-
nal yield value. The uncertainty due to the acceptance
cuts on the angles was calculated using the same method.
We included an overall fixed uncertainty for both the
beam charge and beam energy, as in the previous work
on C, Ti, Ar, and Al [32, 36, 37]. We evaluated the sys-
tematic uncertainties related to the trigger e�ciency by
determining variations across multiple runs, as well as by
applying di↵erent acceptance cuts. A fixed uncertainty
was assigned to take care of those variations.

The time-coincidence cut e�ciency, as other accep-
tance cuts, was evaluated by changing the cut by ±�.

SIMC generates events including the e↵ects from ra-
diative processes: vacuum polarization, vertex correc-
tions, and internal bremsstrahlung. External radiative
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FIG. 3. Six-fold di↵erential cross section as a function of
missing energy for argon ((a) panel) and titanium ((b) panel).
The background estimate (line connecting the experimental
data points) is multiplied by 10 for purpose of presentation.
The MC predictions, based on the mean-field SF, include a
correction for the nuclear transparency, while other FSI e↵ects
are not accounted for.

processes refer to electrons losing energy while passing
through material in the target. Radiative correction in
SIMC are implemented following the recipe of Dasu [65],
using the Whitlow’s approach [66, 67]. We considered a
fixed 1% uncertainty due to the theoretical model for the
radiative corrections over the full kinematic range as in
our previous work. We generated di↵erent MC where
the radiative corrections were re-scaled by

p
(Q2)/2,

Q
2 being the four-momentum transfer squared, and re-

analyzed the data and looked for variations. Coulomb
corrections were included in the local e↵ective momen-
tum approximation [68]. A 10% uncertainty associated
with the Coulomb potential was included as systematic
uncertainty. Finally, we included a target thickness un-
certainty and an uncertainty due to the boiling e↵ect
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FIG. 4. Same as Fig. 3 but for the cross section as a function
of missing momentum. The inner (outer) uncertainty bands
correspond to statistical (total) uncertainties.

correction [33].

The measured and MC predicted di↵erential cross sec-
tions d6�/d!d⌦edpd⌦p are presented in Fig. 3 as a func-
tion of Em and in Fig. 4 as a function of pm, integrated
over the full range of Em, for 40Ar (panel (a)) and 48Ti
(panel (b)) targets.

The MC simulation clearly overestimates the extracted
cross sections. As the nuclear model underlying the sim-
ulation neglects the e↵ects of FSI other than the nuclear
transparency and all correlations between nucleons, this
di↵erence is by no means surprising. Both FSI and par-
tial depletion of the shell-model states require further
studies, base on all five datasets collected by the JLab
E12-14-012 experiment, which will be reported elsewhere.
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FIG. 5. Reduced cross section as a function of missing mo-
mentum for the 1p1/2 proton knockout from argon. We com-
pare the PWIA and DWIA results obtained for the parallel
kinematics considered in this analysis.

A. Final state interactions

Within DWIA, FSI between the outgoing proton and
the spectator nucleons are described by a complex,
energy dependent, phenomenological optical potential
(OP). The OPs available for calculations were deter-
mined by fitting a set of elastic proton-nucleus scattering
data for a range of target nuclei and beam energies. Dif-
ferent parametrizations, yielding equivalently good de-
scriptions of the data, can give di↵erences and theoreti-
cal uncertainties when “equivalent” OPs are used in kine-
matical regions for which experimental data are not avail-
able, or when they are extended to inelastic scattering
and to calculation of the cross section of di↵erent nuclear
reactions.
Nonrelativistic and relativistic OPs are available for

(e, e0p) calculations within nonrelativistic and relativis-
tic DWIA frameworks. However, nonrelativistic phe-
nomenological OPs are available for energies not larger
than 200 MeV. It is generally believed that above
⇡180 MeV the Schrödinger picture of the phenomeno-
logical OP should be replaced by a Dirac approach, and
a relativistic OP should be used. In Ref. [69], it was
shown that in (e, e0p) reactions the di↵erences between
the nonrelativistic and relativistic DWIA results depend
on kinematics and increase with the outgoing proton en-
ergy, and for proton energies above 200 MeV a relativistic
calculation is necessary.
We have used the so-called “democratic”(DEM) rela-

tivistic OP [70], obtained from a global fit to over 200 sets
of elastic proton-nucleus scattering data, comprised of a
broad range of targets, from helium to lead, at energies
up to 1,040 MeV.
An example of the comparison between PWIA and

DWIA results is given in Fig. 5, where the reduced cross
section as a function of pm is displayed for proton knock-

Ee = 2.222 GeV
θe = 21.5o

θp = − 50o

parallel kinematics:pp ∥ q

Gu et al., Phys.Rev.C 103 (2021)

no FSI nor correlations  
in the MC simulation 

 large overestimation  
of data
→

Ar(e, e′ p)

Final State Interactions in inclusive and semi-inclusive -A scatteringν



Figure 4: Demonstration that RMF can make exclusive (e,e’p) xsec predictions. Fig. 3
from [16].

Figure 5: Demonstration that scaling of the second kind works a little for MEC. Taken
from [1]
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16O(e, e′ p)15N

The RMF Distorted Wave Impulse Approximation predictions have been compared successfully in the past with 
electron scattering exclusive data from Saclay, NIKHEF, MAMI, JLab

J.M. Udias et al., 
PRC 64, 024614 (2001)
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Figure 1. Reduced cross section of the 40Ca (e, e 0p) reaction as a function of pm for the transitions to

the 3/2+ ground state and to the 1/2+ excited state at 2.522 MeV of 39K, in (q,!) constant (upper

panel) and parallel (lower panel) kinematics. For the calculations in (q,!) constant kinematics

the incident electron energy is Ek = 483.2 MeV, the electron scattering angle 61.52�, and q = 450

MeV/c. In parallel kinematics Ek = 440 MeV. The outgoing proton energy is 100 MeV in all the

calculations. DWIA results with phenomenological WS (solid lines) and HF (dotted lines) wave

functions and RDWIA (dashed lines) results are compared. Experimental data from Ref. [43].

Positive (negative) values of pm refer to situations where in (q,!) constant kinematics the angle

between the outgoing proton momentum p0 and the incident electron pk is larger (smaller) than

the angle between q and pk, in parallel kinematics |q| < |p0| (|q| > |p0|). (from Ref. [32]).

the shape of the experimental distributions.

In order to reproduce the magnitude of the experimental data, a reduction factor must

been applied to the theoretical results. This factor is identified with the s.f. The so-called

experimental s.f.’s obtained from this procedure give a depletion of the quasi-hole states

near the Fermi energy of about 30-40% with respect to the predictions of the IPSM [2]

which can be attributed to NN correlations. The s.f. gives a measurement of correlation
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C. Giusti et al., 
PRC 84, 024615 (2011)

NIKHEF data: 
G.J. Kramer et al.,
PLB 227, 199 (1989)

Saclay data (left): 
L. Chinitz et al.,
PRL 67, 568 (1991)

NIKHEF data (right)
C.M. Spaltro et al.,
PRC48, 2358 (1993)

Distorted Wave Impulse Approximation: Woods-Saxon bound state (solid); HF bound state (dotted); RDWIA (dashed).
Good description of the shape. To get the right magnitude, a reduction factor (spectroscopic factor) is applied, 
corresponding to a depletion of quasi-hole states near the Fermi energy of ~30-40% from NN correlations.

Relativistic Mean Field and (e,e’p) exclusive data



Franco-Patiño et al.,  in preparation

‣ FSI implemented with rROP or ED-RMF give very similar results and lower the cross section, 
improving the agreement with experimental data as compared to the RPWIA prediction. 

‣ Full complex ROP yields a lower cross section.
‣ 2p2h (here implemented with GENIE) give non-negligible contribution.
‣ GENIE-SuSAv2 (“inclusive implementation”) gives a larger cross section than the semi-inclusive 

ED-RMF calculation.
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is symmetrical. On the other hand �pT x is parallel to
the transferred momentum in the transverse plane, which
is translated into a small shift of the peaks towards
positive values of �pT x. In the �pT x distribution the
GENIE-SuSAv2 prediction is very similar to the ED-
RMF and rROP models in the region of the peak, with
all the results overestimating the data in this region
except for the ROP model, and slightly di↵erent from the
other models in the asymmetrical tail of the distribution
where the 2p2h channel contribute more than the 1p1h
channel. In the other hand, a small di↵erence between
the GENIE-SuSAv2 prediction and the ED-RMF and

rROP results is found around �pT y = 0, with the later
in better agreement with the data around the peak. The
2p2h contribution seems to perfectly match the tails of
the distribution, although relevant contributions coming
from pion absorption could make all the models except
ROP overestimate the data, even in the peak region.
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FIG. 2. Schematic illustration of the single-transverse kine-
matic imbalance—δφT, δ#pT and δαT—defined in the plane
transverse to the neutrino direction.

transverse projection. The combined effect determines
the evolution of the δαT distribution with p!

′

T. An exam-
ple predicted by NuWro is shown in Fig. 3. At p!

′

T ! pF,
the cross section for δαT at 180 degrees is suppressed
in QE interactions due to Pauli blocking, which leads to
a forward peak in the distribution of δαT at small p!

′

T.
As p!

′

T → Eν , the cross section for δαT at 0 degrees is
suppressed by the conservation of the longitudinal mo-
mentum. Even though the fractions of events in both
extremes of the p!

′

T spectrum change with the neutrino
energy, they are insignificant for the few GeV neutrino
interactions. As a result, the δpT and δαT distributions
are largely independent of Eν , as is shown in Fig. 4, where
the evolution of the distributions with the neutrino en-
ergy is dominated by variations in the strength of the
FSIs.
The transverse momentum imbalance δpT has been

used by the NOMAD experiment to enhance the purity of
the selected QE [15], while the “transverse boosting an-
gle” δαT is proposed here for the first time. Experimen-
tal data on δαT will reveal the accelerating/decelerating
nature of FSIs. Its dependence on p!

′

T, measured in a
detector that has a low momentum threshold, will addi-
tionally provide constraints on Pauli blocking.
Besides the transverse momentum imbalance and

boosting angle, another single-transverse variable can be
defined (Fig. 2):

δφT ≡ arccos
−$p !

′

T · $pN′

T

p!
′

Tp
N′

T

, (6)

which measures the deflection of N′ with respect to $q
in the transverse plane. If the initial-state nucleon were
static and free, δφT would be zero; with nuclear effects,
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FIG. 3. Conditional probability density function of δαT as
a function of the muon pT without FSIs (each slice of pµT is
normalized in such a way that the maximum is 1; the renor-
malized density is shown on the z-axis), predicted by NuWro
for νµ CC QE on carbon (RFG) at neutrino energy of 1 GeV
with FSIs switched off.

the deflection caused by ∆$p adds in a smearing to the
initial distribution of δφT that is determined by $pN. Ex-
periments have measured the δφT distribution in QE-like
events [16] and used it to enhance the QE purity [15, 17].
However, the trigonometric relation illustrated by Fig. 2
shows that δφT scales with δpT/p!

′

T and therefore depends
on the lepton kinematics which are sensitive to the neu-
trino energy. The energy dependence of p!

′

T counteracts
the FSI deflection and the uncertainties from the nuclear
effects and neutrino flux become convolved. The distri-
bution of δφT by NuWro is shown in Fig. 5 for different
neutrino energies. In contrast to the expected evolution
with the FSI strength, the distribution becomes narrower
at higher energy because of the increase of p!

′

T. This
serves as an example of how the neutrino energy depen-
dence can bias a measurement of nuclear effects. Because
of the p!

′

T dependence, the single-transverse variables all
suffer to some extent from a dependence on the neutrino
energy even after kinematic saturation is reached. Nev-
ertheless, the study of nuclear effects can be performed
by restricting p!

′

T.

IV. MODEL PREDICTIONS

In the previous discussion, an equivalence is estab-
lished between the nuclear effects in neutrino-nucleus in-
teractions and the transverse kinematic imbalance. Ini-
tial and final-state effects can be directly observed via
δ$pT, as can be seen by rewriting Eq. 4 into

δ$pT = $pN
T −∆$pT, (7)

where $pN is the momentum of the initial nucleon. In this
section we present the latest predictions of the single-
transverse variables. Interactions of neutrinos from the

Lu et al.,  PRC94, 015503 (2016)

new variables devised to enhance sensitivity to nuclear effects

2

II. NUCLEAR MEDIUM RESPONSE

Consider a CC interaction on a nucleus. At the basic
level the neutrino ν interacts with a bound nucleon N
which then transits to another hadronic state N′:

ν +N → "′ +N′, (1)

where "′ is the charged lepton. In the rest frame of the nu-
cleus, the bound nucleon is subject to Fermi motion with
momentum #pN, and an energy-momentum (ω, #q) carried
by a virtual W -boson (W ∗) is transferred to it as the
neutrino scatters. In characterizing the interaction, the
virtuality Q2 ≡ q2 − ω2 and the invariant mass W of
N′ are used. Following energy-momentum conservation
(the binding energy is neglected compared to the initial
nucleon energy [6]), the energy transfer reads

ω =
Q2 +W 2 −m2

N + 2#q · #pN

2
√

m2
N + p2N

, (2)

∼
Q2 +W 2 −m2

N

2
√

m2
N + p2N

, (3)

where mN is the mass of N, and the last line follows from
averaging out the direction of #pN in Eq. 2, which is a first
order approximation because the polarization term ∼

#q· #pN with opposite orientations of #pN for a give #q does not
exactly cancel as the W ∗-N cross section is slightly dif-
ferent with the varying center-of-mass energy [7]. Below
the deeply inelastic scattering (DIS) region—especially
in QE and RES where W equals the nucleon and dom-
inantly the ∆(1232) resonance mass, respectively—the
cross section is suppressed when Q is larger than the nu-
cleon mass. The hadron momentum in these channels,
as indicated by Eq. 3, “saturates” if the neutrino energy
is above the scale Q2/2mN ∼ O(0.5 GeV) beyond which
the charged lepton retains most of the increase of the
neutrino energy.
Once the final state hadron N′ is produced, it starts

to propagate through the nuclear medium [8]. Under the
assumption that the basic interaction (Eq. 1) and the
in-medium propagation are uncorrelated (i.e., are factor-
ized), the momentum of N′, which depends weakly on
the neutrino energy, completely determines the medium
response, including the in-medium interaction probabil-
ity τf [9] and the energy-momentum transfer (∆E,∆#p)
to the medium (if N′ decays inside the nucleus, the to-
tal effect of all decay products is considered). It is the
latter that leads to nuclear excitation [10] or break-up
and consequently nuclear emission. The nuclear emission
probability, P (∆E,∆#p), correlates the medium response
to the in-medium energy-momentum transfer [11]. The
factorization assumption suggests that P (∆E,∆#p) is in-
dependent of the neutrino energy Eν , which is consistent
with the implementation in the NuWro [12, 13] simula-
tion shown in Fig. 1. In addition, as the neutrino energy
increases, the predicted FSI strength saturates, as is in-
dicated by τf in the figure.
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FIG. 1. Nuclear emission probability as a function of the
in-medium momentum transfer, simulated by NuWro [12] for
νµ CC QE on carbon—nuclear state modeled as relativistic
Fermi gas (RFG) [14]—at neutrino energy of 0.6, 1, 3 and
6 GeV. Multinucleon correlations are ignored. The in-medium
interaction probability τf (extracted from the simulation out-
put throughout this work) is shown in the legend.

III. SINGLE-TRANSVERSE KINEMATIC

IMBALANCE

To make a neutrino energy-independent measurement
of nuclear effects, the in-medium energy-momentum
transfer (∆E, ∆#p) would be the ideal observable; this
however is not experimentally accessible because of the
unknown initial nucleon momentum and the initially un-
known neutrino energy. Instead, ∆#p can be directly in-
ferred from the following single-transverse kinematic im-
balance (Fig. 2):

δ#pT ≡ #p "
′

T + #pN′

T , (4)

δαT ≡ arccos
−#p "

′

T · δ#pT
p"

′

TδpT
, (5)

where #p "
′

T and #pN′

T are the projections of the extra-nucleus
final-state momenta transverse to the neutrino direction.
In particular, −#p "

′

T = #qT, the transverse component of #q.
If the initial-state nucleon were static and free, δpT

would be zero—a feature that is not possessed by other
experimentally accessible variables such as the final-state
momenta. If FSIs could be switched off, δ#pT and δαT

would be the transverse projection of #pN and of the an-
gle between #pN and #q, respectively. Accordingly, to first
approximation, the distribution of δ#pT would be inde-
pendent of the neutrino energy, and that of δαT would
be flat due to the isotropy of Fermi motion. The FSI
acceleration (deceleration) of the propagating N′ adds in
a smearing to δpT and pushes δ#pT forward (backward)
to (−)#qT, making δαT → 0 (180) degrees.
Second order effects that lead to the dependence on

the neutrino energy include the previously discussed po-
larization (see text after Eq. 2), Pauli blocking, and the
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matic imbalance—δφT, δ#pT and δαT—defined in the plane
transverse to the neutrino direction.
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in QE interactions due to Pauli blocking, which leads to
a forward peak in the distribution of δαT at small p!
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T → Eν , the cross section for δαT at 0 degrees is
suppressed by the conservation of the longitudinal mo-
mentum. Even though the fractions of events in both
extremes of the p!
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T spectrum change with the neutrino
energy, they are insignificant for the few GeV neutrino
interactions. As a result, the δpT and δαT distributions
are largely independent of Eν , as is shown in Fig. 4, where
the evolution of the distributions with the neutrino en-
ergy is dominated by variations in the strength of the
FSIs.
The transverse momentum imbalance δpT has been

used by the NOMAD experiment to enhance the purity of
the selected QE [15], while the “transverse boosting an-
gle” δαT is proposed here for the first time. Experimen-
tal data on δαT will reveal the accelerating/decelerating
nature of FSIs. Its dependence on p!

′

T, measured in a
detector that has a low momentum threshold, will addi-
tionally provide constraints on Pauli blocking.
Besides the transverse momentum imbalance and

boosting angle, another single-transverse variable can be
defined (Fig. 2):
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p!
′

Tp
N′

T

, (6)

which measures the deflection of N′ with respect to $q
in the transverse plane. If the initial-state nucleon were
static and free, δφT would be zero; with nuclear effects,
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FIG. 3. Conditional probability density function of δαT as
a function of the muon pT without FSIs (each slice of pµT is
normalized in such a way that the maximum is 1; the renor-
malized density is shown on the z-axis), predicted by NuWro
for νµ CC QE on carbon (RFG) at neutrino energy of 1 GeV
with FSIs switched off.

the deflection caused by ∆$p adds in a smearing to the
initial distribution of δφT that is determined by $pN. Ex-
periments have measured the δφT distribution in QE-like
events [16] and used it to enhance the QE purity [15, 17].
However, the trigonometric relation illustrated by Fig. 2
shows that δφT scales with δpT/p!

′

T and therefore depends
on the lepton kinematics which are sensitive to the neu-
trino energy. The energy dependence of p!

′

T counteracts
the FSI deflection and the uncertainties from the nuclear
effects and neutrino flux become convolved. The distri-
bution of δφT by NuWro is shown in Fig. 5 for different
neutrino energies. In contrast to the expected evolution
with the FSI strength, the distribution becomes narrower
at higher energy because of the increase of p!

′

T. This
serves as an example of how the neutrino energy depen-
dence can bias a measurement of nuclear effects. Because
of the p!

′

T dependence, the single-transverse variables all
suffer to some extent from a dependence on the neutrino
energy even after kinematic saturation is reached. Nev-
ertheless, the study of nuclear effects can be performed
by restricting p!

′

T.

IV. MODEL PREDICTIONS

In the previous discussion, an equivalence is estab-
lished between the nuclear effects in neutrino-nucleus in-
teractions and the transverse kinematic imbalance. Ini-
tial and final-state effects can be directly observed via
δ$pT, as can be seen by rewriting Eq. 4 into

δ$pT = $pN
T −∆$pT, (7)

where $pN is the momentum of the initial nucleon. In this
section we present the latest predictions of the single-
transverse variables. Interactions of neutrinos from the

On a free nucleon at rest  :

  —> peaked distribution
  undefined  —> flat distribution

⃗p l′ 
T = − ⃗p N′ 

T

δpT = δϕT = 0
δαT

New variables: Single Transverse Kinematic Imbalance (STKI)

Deviations from these behaviours “measure” nuclear effects
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FIG. 9. T2K CC0⇡ semi-inclusive ⌫µ�12C cross sections as
function of the transverse kinematic imbalances �pT , �↵T and
|��T |. All curves include the 2p2h contribution (also shown
separately), evaluated using the implementation in GENIE of
the SuSAv2-2p2h model. Data taken from [18].

Juanma: for MINER⌫A there is an extra variable pn

(emulated nucleon momentum or reconstructed neutron
momentum) that equals to the momentum of the initial-
state neutron for a pure CCQE event in PWIA. I still
need to generate the results for this variable, which
shouldn’t take too much once proteus comes back online.

Surprisingly, although we would expect a higher
contribution from RES to the MINER⌫A results due
to the higher energy of the neutrino beam, the semi-
inclusive results shown in Fig. 10 as function of the muon
and proton kinematics show a good agreement between
the data and the results including the QE and 2p2h
contributions, except for the ✓LN cross section where there
is an underestimation of the data for low values of ✓LN
and an overestimation in the high-✓LN region. Also, the
agreement of the ED-RMF and rROP results with the
GENIE-SuSAv2 predictions is very good except for the
pN distribution where di↵erences can be seen in the whole
interval of proton momentum.

In Fig. 11 we compare the di↵erent models for TKI
with MINER⌫A data. Even without adding the 2p2h
contribution, all the models except ROP overestimate
the data in the peak of the distribution. In the high-
momentum imbalance tail the contribution from the
2p2h channel is not enough to completely match any
prediction with the data, which might be caused by extra
non-QE contributions like pion absorption that are not
included. However, these missing contributions could
also have important contributions below the Fermi level
that worsen the overestimation in the peak except for the
ROP model that is the only model below the data. We
found a similar situation for the ��T cross section where
all the models except ROP overestimate the data near
zero imbalance. The GENIE-SuSAv2 model describes
better the tail of the distribution, while the ED-RMF
and rROP models give predictions that are too wide
compared with the data. Regarding the �↵T results
it is interesting to point out the appearance of a clear
peak for backward angles in the MINER⌫A data that
is not present in the T2K data shown in Fig. 9, which
might be caused by additional non-QE contributions
present in MINER⌫A data due to the higher energy of
the neutrinos. The GENIE-SuSAv2 predictions and all
the microscopic results except the ROP overestimate the
data for low values of �↵T , while the GENIE-SuSAv2
seems to match better the high �↵T region.

Additional projections on the plane perpendicular to
the neutrino direction of the momentum imbalance �pT

are presented in Fig. 12. If the interaction occurred on
a free nucleon, then we would expect a delta-function
at �pT = 0 because the muon and the proton in
the final state would be perfectly balanced in that
case. Therefore, the width of the QE peak is mostly
consequence of the Fermi motion. In the PWIA �pT y
is exactly the projection on the y-axis of the initial
nucleon momentum and, due to the isotropy of the
nucleon momentum distribution, the �pT y distribution
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Surprisingly, although we would expect a higher
contribution from RES to the MINER⌫A results due
to the higher energy of the neutrino beam, the semi-
inclusive results shown in Fig. 10 as function of the muon
and proton kinematics show a good agreement between
the data and the results including the QE and 2p2h
contributions, except for the ✓LN cross section where there
is an underestimation of the data for low values of ✓LN
and an overestimation in the high-✓LN region. Also, the
agreement of the ED-RMF and rROP results with the
GENIE-SuSAv2 predictions is very good except for the
pN distribution where di↵erences can be seen in the whole
interval of proton momentum.

In Fig. 11 we compare the di↵erent models for TKI
with MINER⌫A data. Even without adding the 2p2h
contribution, all the models except ROP overestimate
the data in the peak of the distribution. In the high-
momentum imbalance tail the contribution from the
2p2h channel is not enough to completely match any
prediction with the data, which might be caused by extra
non-QE contributions like pion absorption that are not
included. However, these missing contributions could
also have important contributions below the Fermi level
that worsen the overestimation in the peak except for the
ROP model that is the only model below the data. We
found a similar situation for the ��T cross section where
all the models except ROP overestimate the data near
zero imbalance. The GENIE-SuSAv2 model describes
better the tail of the distribution, while the ED-RMF
and rROP models give predictions that are too wide
compared with the data. Regarding the �↵T results
it is interesting to point out the appearance of a clear
peak for backward angles in the MINER⌫A data that
is not present in the T2K data shown in Fig. 9, which
might be caused by additional non-QE contributions
present in MINER⌫A data due to the higher energy of
the neutrinos. The GENIE-SuSAv2 predictions and all
the microscopic results except the ROP overestimate the
data for low values of �↵T , while the GENIE-SuSAv2
seems to match better the high �↵T region.
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the neutrino direction of the momentum imbalance �pT
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a free nucleon, then we would expect a delta-function
at �pT = 0 because the muon and the proton in
the final state would be perfectly balanced in that
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(emulated nucleon momentum or reconstructed neutron
momentum) that equals to the momentum of the initial-
state neutron for a pure CCQE event in PWIA. I still
need to generate the results for this variable, which
shouldn’t take too much once proteus comes back online.

Surprisingly, although we would expect a higher
contribution from RES to the MINER⌫A results due
to the higher energy of the neutrino beam, the semi-
inclusive results shown in Fig. 10 as function of the muon
and proton kinematics show a good agreement between
the data and the results including the QE and 2p2h
contributions, except for the ✓LN cross section where there
is an underestimation of the data for low values of ✓LN
and an overestimation in the high-✓LN region. Also, the
agreement of the ED-RMF and rROP results with the
GENIE-SuSAv2 predictions is very good except for the
pN distribution where di↵erences can be seen in the whole
interval of proton momentum.

In Fig. 11 we compare the di↵erent models for TKI
with MINER⌫A data. Even without adding the 2p2h
contribution, all the models except ROP overestimate
the data in the peak of the distribution. In the high-
momentum imbalance tail the contribution from the
2p2h channel is not enough to completely match any
prediction with the data, which might be caused by extra
non-QE contributions like pion absorption that are not
included. However, these missing contributions could
also have important contributions below the Fermi level
that worsen the overestimation in the peak except for the
ROP model that is the only model below the data. We
found a similar situation for the ��T cross section where
all the models except ROP overestimate the data near
zero imbalance. The GENIE-SuSAv2 model describes
better the tail of the distribution, while the ED-RMF
and rROP models give predictions that are too wide
compared with the data. Regarding the �↵T results
it is interesting to point out the appearance of a clear
peak for backward angles in the MINER⌫A data that
is not present in the T2K data shown in Fig. 9, which
might be caused by additional non-QE contributions
present in MINER⌫A data due to the higher energy of
the neutrinos. The GENIE-SuSAv2 predictions and all
the microscopic results except the ROP overestimate the
data for low values of �↵T , while the GENIE-SuSAv2
seems to match better the high �↵T region.

Additional projections on the plane perpendicular to
the neutrino direction of the momentum imbalance �pT

are presented in Fig. 12. If the interaction occurred on
a free nucleon, then we would expect a delta-function
at �pT = 0 because the muon and the proton in
the final state would be perfectly balanced in that
case. Therefore, the width of the QE peak is mostly
consequence of the Fermi motion. In the PWIA �pT y
is exactly the projection on the y-axis of the initial
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FIG. 11. MINER⌫A CC0⇡ semi-inclusive ⌫µ�12C cross
sections as function of the transverse kinematic imbalances
�pT , �↵T and |��T |. All curves include the 2p2h contribution
(also shown separately), evaluated using the implementation
in GENIE of the SuSAv2-2p2h model. The original paper
with MINER⌫A TKI data was [19] but the data shown
here was taken from [20] which corrected a mismodeling
in GENIE’s elastic FSI that a↵ected the experimental data
presented in the first paper.

-0.5 0.0 0.5
0

2×10-39

4×10-39

6×10-39

8×10-39

δpTx (GeV)

dσ
/d
δp
Tx
(c
m
2 G
eV

-1
nu
cl
-1
)

GENIE-SuSAv2
RPWIA

ROP
rROP

2p2h

ED-RMF

-0.5 0.0 0.5
0

2×10-39

4×10-39

6×10-39

8×10-39

δpTy (GeV)

dσ
/d
δp

Ty
(c
m
2 G
eV

-1
nu
cl
-1
)

FIG. 12. MINER⌫A CC0⇡ semi-inclusive ⌫µ�12C cross
sections as function of the projections of �pT in the x axis
(parallel to the momentum transferred in the transverse
plane) and in the y axis (perpendicular to the momentum
transferred in the transverse plane). All curves include the
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MINERvA



‣ Electron scattering data are the best tool to test models for neutrino event generators and discriminate 
between them.

‣ In the Superscaling approach (e,e’) data are used to predict neutrino cross sections in the lepton variables in 
the full energy spectrum (SuSAv2). The agreement with both electron- and neutrino-scattering inclusive data 
is good.

‣ Many recent measurements of semi-inclusive neutrino cross sections help to constrain nuclear models for 
oscillation experiments. Parallel efforts from the theory side are under way.

‣ SuSAv2 is an inclusive model and cannot be used to predict semi-inclusive observables unless assumptions 
are made, which can be inconsistent with the model. However, the underlying theory (RFM) has been 
successfully applied in the past to (e,e’p) studies and is now being extended to the analysis of semi-inclusive 
neutrino reactions.

‣ Different treatments of Final State Interactions have been analysed and compared to data: FSI in general  
improve the agreement with data, but further study is needed to assess which FSI model is preferable.

Summary


