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OUTLINE

? Impulse approximation regime and emergence of factorisation

? Empirical evidence of factorisation of the electron-nucleus
cross-section

? The nuclear spectral function

? Determination of the target spectral function from the measured
(e, e′p) cross section

? Outlook
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THE LEPTON-NUCLEUS X-SECTION

? Consider, for example, the cross section of the process `+A→ `′ +X

at fixed beam energy
dσA ∝ LµνWµν

A

I Lµν is fully specified by the lepton kinematical variables
I The nuclear response tensor

Wµν
A =

∑
X

〈0|JµA
†|X〉〈X|JνA|0〉δ(4)(P0 + k − PX − k′)

involves

1 the target ground state, |0〉, largely non relativistic

2 hadronic final state, |X〉, carrying momentum q = k − k′ and
possibly involving hadrons other than nucleons→ relativistic
treatment needed at high q

3 the nuclear current operator, explicitly depending on q→ relativistic
treatment needed at high q

JµA =
∑
i

jµi +
∑
j>i

jµij
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IMPULSE APPROXIMATION AND FACTORISATION

? for λ ∼ 1/|q| � dNN ∼ 1.6 fm, dNN being the average nucleon-nucleon
distance in the target nucleus, nuclear scattering reduces to the
incoherent sum of scattering processes involving individual nucleons

Σ
i

2 2
q,ω q,ω

i
x

? Basic assumptions

. JµA(q) ≈
∑
i j
µ
i (q) : single-nucleon coupling

. |X〉 → |x(p)〉 ⊗ |n(A−1),pn〉 : factorisation of the final state

? Deviations from the IA, arising from the occurrence of Final State
Interactions (FSI) and processes involving two-nucleon currents (MEC)
are taken into account as corrections
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THE IA CROSS SECTION

? Factorisation allows to rewrite the nuclear transition matrix element as

〈X|JµA|0〉 →
∑
i

∫
d3k Mn(k)〈k + q|jµi |k〉

I The nuclear amplitude Mn = 〈n|ak|0〉 is independent of
momentum transfer. It can be accurately calculated within non
relativistic many-body theory

I The matrix element of the current between free-nucleon states can
be computed exactly using the fully relativistic expression

? Nuclear x-section

dσA =

∫
d3kdE dσN Ph(k, E)

? The lepton-nucleon cross section dσN can be obtained—at least in
principle—from proton and deuteron data, theoretical models, or LQCD

? The spectral function Ph(k, E) describes the probability of removing a
nucleon of momentum k from the nuclear ground state, leaving the
residual system with excitation energy E
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EMPIRICAL EVIDENCE OF FACTORISATION: y-SCALING

? Assuming the validity of the IA, and that the elementary scattering
process be quasi elastic, from energy and momentum conservation

ω =
√
|k + q|2 +m2 +

√
k2 + (MA −m+ E)2

it follows that in the limit |q| → ∞ the ratio

R(q, ω) =
dσA

Zdσep + (A− Z)dσen
→ F (y) ,

the scaling variable y = y(|q|, ω) being trivially related to the
longitudinal momentum of the struck nucleon k‖ = (k · q)/|q|

? Remarkable facts about y-scaling

1 The occurrence of scaling provides clearcut evidence of
factorisation of the nuclear cross section

2 Scaling reflects the dominance of a reaction mechanism—quasi
elastic single-nucleon knock out and absence of FSI—independent
of the underlying dynamics

3 Dynamical effects only emerge in scaling violations
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FROM CROSS SECTIONS TO SCALING FUNCTIONS

I 3He, D. Day et al. PRL, 1987 I 56Fe, J. Arrington et al. 1999
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THE NUCLEAR SPECTRAL FUNCTION

? The spectral function, being trivially related to the nucleon Green’s
function through

Ph(k, E) =
1

π
Im Gh(k, E) =

∑
n

|〈n|ak|0〉|2δ(E − E0 + En)

can be split into pole and smooth contributions

? The smooth component originates from effects beyond the mean field
(MF) approximation underlying the nuclear shell model, notably short
range correlations

? Prominent correlation effects are

1 the occurrence of multi-nucleon emission in single-nucleon
knockout processes

2 a corresponding quenching of the strength in the single-nucleon
emission sector
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ISOSPIN SYMMETRIC NUCLEAR MATTER AT EQUILIBRIUM

? Calculations carried out using a realistic nuclear Hamiltonian model
and the formalism of CBF perturbation theory; O.B. et al., 1989

CBF calculation for isospin-symmetric nuclear matter

Omar Benhar (INFN and “Sapienza”, Roma) NuSTEC Training, FNAL October 23, 2014 10 / 19
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THE LOCAL DENSITY APPROXIMATION (LDA)

? The tail of the momentum
distribution, arising from the
continuum contribution to the
spectral function, turns out to be
largely A-independent for A > 2

n(k) =

∫
dE P (k, E)

? Spectral functions of complex nuclei can been obtained within LDA

PLDA(k, E) = PMF(k, E) +

∫
d3r ρA(r) PNMcorr [k, E; ρ = ρA(r)]

using the MF contributions obtained from (e, e′p) data; O.B. et al., 1991

? The continuum, or correlation, contribution, PNMcorr (k, E), can be
accurately computed in uniform nuclear matter
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THE (e, e′p) REACTION

? Consider the process e+A→ e′ + p+ (A− 1) in which both the
scattering electron and the outgoing proton, carrying momentum p′, are
detected in coincidence

e e′

p′

q,ω

I In the absence of FSI, the initial energy
and momentum of the knocked out
nucleon can be identified with the
measured missing momentum and
missing energy, respectively

pm = p′ − q

Em = ω − Tp′ − TA−1 ≈ ω − Tp′

? The (e, e′p) cross section provides access to the spectral function

dσA
dEe′dΩe′dEpdΩp

∝ σepP (pm, Em)
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MEASURED (e, e′p) CROSS SECTIONS AND SPECTRAL FUNCTION

? The pole and continuum contributions to the spectral function have
been clearly observed in 3He(e, e′p); C. Marchand et al., 1988

VOLUME 60, NUMBER 17 PHYSICAL REVIEW LETTERS 25 APRIL 1988

High Proton Momenta and Nucleon-Nucleon Correlations in the Reaction He(e, e 'p)

C. Marchand, M. Bernheim, P. C. Dunn, (') A. Gerard, J. M. Laget, A. Magnon, J. Morgenstern,
J. Mougey, J. Picard, D. Reffay-Pikeroen, S. Turck-Chieze, P. Vernin, M. K. Brussel, ' G. P.

Capitani, E. De Sanctis, S. Frullani, ' and F. Garibaldi '
Service de Physique Nucleaire-Haute Energie, Centre d'Etudes Nucleaires de Saclay,

91191Gif sur -Yve-tte Cedex, France
(Received 8 June 1987; revised manuscript received 15 January 1988)

Electron-scattering cross sections for the reaction 'He(e, e'p) have been measured for recoil momenta
between 300 and 600 MeV/c and for missing energies up to 90 MeV. Proton momentum distributions in
'He, corrected for final-state-interaction and meson-exchange effects, have been obtained from 318 to
600 MeV/c for the pd channel and from 290 to 515 MeV/c for the ppn channel. Explicit evidence for
nucleon-nucleon correlations is presented.

PACS numbers: 25.30.Fj, 21.30.+y, 21.40.+d, 25. 10.+s

It has recently' become feasible to solve the nonrela-
tivistic nuclear few-body problem with consistency and
precision with use of realistic nucleon-nucleon (NN,
NNN) potentials. The short- to medium-range proper-
ties of these potentials govern the strength of NN corre-
lations and high-nucleon-momentum (k & k F) com-
ponents in nuclei. The (e,e'p) reaction can be used ad-
vantageously to probe these features, since the simply
interpreted plane-wave impulse approximation (PWIA)
can be applied to guide the analysis and can be safely
corrected for higher-order effects such as final-state in-
teractions and meson-exchange currents.
We report in this Letter a study of the reaction
He(e, e'p) performed under conditions which emphasize
the interaction of the electron with nucleons correlated in
pairs in the ground state; the interaction in this sense
mimics the two-nucleon absorption of virtual photons.
Evidence for this appears in both the kinematical and
dynamical aspects of the reaction.
Our measurements were made at the Saclay Linear

Accelerator. Scattered electrons and ejected protons
were analyzed with the 900 and 600 spectrometers, re-
spectively, of the HE1 experimental area. Particles
were detected by a set of two multiwire proportional
chambers, each with horizontal and vertical wires, per-
mitting a complete reconstruction of the particle trajec-
tories. Coincidence events were localized in a 3-ns time-
of-flight window. An average beam current of 7 pA
passed through a gaseous He target (7 atm at 21 K).
The empty-target background was measured and always
resulted in less than a 1% contribution to the counting
rate. Target thickness, detection efftciency, and solid an-
gle determinations were checked with procedures de-
scribed by Marchand et al.
The electron kinematics [e (incident energy) =560

MeV, e' (scattered energy) =360 MeV, 0, =25'] were
kept constant during the experiment. The angular distri-
bution of the ejected proton was measured in nearly co-
planar kinematics at five angles, 0 =45', 60', 90.5',
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FIG. 1. Cross sections for the reaction 'He(e, e'p) vs miss-
ing energy E . Dotted (solid) histograms show data before
(after) radiative corrections. Curves are theoretical predic-
tions. [Simple P%IA, dashed line; distorted-wave impulse ap-
proximation, dot-dashed line; distorted-wave impulse approxi-
mation + MEC, solid line. ] Arrows locate values of (E ),
which correspond to the indicated ptt (see text).

112', and 142.5'. The full data set spans a range of
recoil momentum Ptt from 300 to 600 MeV/c and miss-
ing energy E (E =Mp+Mtt M3H ) from 0 to 90
[Mtt denotes the invariant mass of the recoiling (np) sys-
tem], covering both the pd and most of the ppn breakup
channels (Fig. 1). All data presented have been correct-
ed for radiative effects, following de Calan and Fuchs

1988 The American Physical Society 1703

I Momentum distributions measured
in the two- (a) and three-body (b)
breakup channels
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FIG. 3. Proton momentum distributions from the reactions (a) 'He(e, e'p)d and (b) 'He(e, e'p)np (b) sho. ws also the distribu-
tion from the electrodisintegration of H (Ref. 12). The curve for Ref. 13 up to 300 MeV/c overlaps the Paris-Faddeev curve.

above 500 MeV/c, corrections to PWIA exceed 40%,
principally arising from the coupling of the virtual pho-
ton to a proton of a correlated np pair (see inset). This
is an eH'ect analogous to the three-body breakup result
discussed above, the diA'erence being only that no disso-
ciation of the interactive pair occurs, and it is the specta-
tor proton which is detected. Such a process has been
directly observed in a He(e, e'd) experiment by IC'eizer
et al. , " and is well reproduced by the model.
Momentum distributions can be extracted from the

measured cross sections in the PWIA context if MEC
and FSI are taken into account. This has been done by
our correcting the measured cross sections by the
difl'erence between a full calculation, including meson
exchange and FSI, and the PWIA calculation. The
corrections are relatively insensitive to the choice of the
3He wave function. We thus arrive at "experimen-
tal" momentum distributions: n2(p) for 318~ p ~ 600
MeV/c, and n3(p) for 290~p~ 515 MeV/c. Values
are shown in Table II, and are plotted in Fig. 3 with
similarly modified data of Jans et al. ' The error bars
reflect the statistical uncertainties in the experimental
data alone.
Also shown in Fig. 3 are curves from calculations of

Meier-Hajduk et al. , ' who solve the Faddeev equations
numerically in momentum space with Reid soft-core
(RSC) and Paris potentials, and Ciofi degli Atti, Pace,
and Salme's and Schiavilla, Pandharipande, and Wirin-
ga, '3 who solve the nonrelativistic Schrodinger equation
variationally. The former use the RSC potential and a
trial wave function expanded on a harmonic-oscillator
basis; the latter use the Argonne + Model-VII potential,
including three-body forces and a correlated Jastrow-

TABLE II. Proton momentum distributions n2 and n3 in
(GeV/c) sr '. For other information, see caption for Table
I ~

318
350
450
521
600

n2(p)

67~5
35.9 ~ 2.3
6.1 + 1.2
3~ 1 ~0.9

1 ~ 13~ 1.5

(p)

290
315
400
455
515

n3(p)

220+ 16
151 + 10
57~7
35 ~3 (42)
21+ 4 (29)

type trial wave function.
Figure 3(b) shows the continuum proton momentum

distribution n3(p). For the two data points beyond p
=400 MeV/c, an extrapolation (assuming a Gaussian
shape) of the measured cross sections above E =90
MeV was made in order to recover strength experimen-
tally inaccessible (about a 10% correction; see Fig. 1).
The theory curves tend to be above the experimental
points at high momentum, but further study of the
PWIA and corrections to it in the continuum is desirable
before we draw definitive conclusions. However, we re-
mark in passing that a renormalization of the calcula-
tions by a factor 1+[@/(285MeV/c)] 5, cited by Sick,
Day, and McCarthy' to remove the disagreement be-
tween the PWIA and measured He(e, e') inclusive cross
sections, would completely destroy the overall agreement
observed here. The disagreement for the inclusiv". exper-
iment' is therefore probably due to defects in the PWIA
rather than to a lack of high-nucleon-momentum com-
ponents in the He ground-state wave function.
In order to obtain a diferent perspective, in Fig. 3(b)

1705
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12C(e, e′p) AT MODERATE MISSING ENERGY

I Missing energy spectrum of 12C
measured at Saclay;
J. Mougey, et al. (1976)

QUASI-FREE (e, e’p) 473 

8% PG 180 M&J/” 

MISSIffi ENERGY (McV) 

Fig. 9. Missing energy spectra from “C(e, e’p), (a) 0 S P 5 36 MeV/c, (b) SO $ P 5 180 MeV/c and 
(c) 0 s P s 60 MeV/c for 20 5 E 5 60 MeV. 

3OG E< 50 MeV 

0 50 la, ls0 2co 250 300 
RECOIL MOMENTUM (M&/c) 

Fig. 10. Momentum ~s~ibution from “C(e, e’p); (a) I5 s E 4 21.5 MeV and (b) 30 5 E s 50 MeV. 
The solid and dashed lines represent DWIA and PWIA ~lcula~ons respectively, with nonfiction 

obtained by a fit to the data. 

shells of “C. The lp, shell, at a separation energy of 16 MeV (fig. 9), exhibits 
the expected I = 1 distribution having a zero at P = 0 and a single maximum at 
PW 100 MeVJc. The two lines occurring in S(E, P) at 18 and 21 MeV correspond 

I p-state momentum distribution.

? The occupation probabilities of
shell model states turn out to be
significantly less than unity:
Zh ∼ 0.6÷ 0.85
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MEASURED CORRELATION STRENGTH IN 12C(e, e′p)

? The spectral function strength in the continuum region has been
measured by the JLAB E97-006 Collaboration using a carbon target; D.
Rohe et al. (2004).

? strong energy-momentum correlation: E ∼ Ethr + A−2
A−1

k2

2m

0.2 0.3 0.4 0.5 0.6
pm [GeV/c]

10-3

10-2

10-1

n(
p m

) [
fm

3  sr
-1

]

? Measured correlation strength 0.61± 0.06, to be compared with the
theoretical predictions of ab initio approaches: 0.46 (GF), 0.61 (SCGF)
and 0.64 (CBF)
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STATUS OF THEORETICAL STUDIES

? Accurate calculations of nuclear spectral functions based on
phenomenological nuclear Hamiltonian—including both pole and
continuum contributions—have been performed for A = 3
(H. Mejer-Hajduk et al., 1989) and in the A→∞ limit (O.B. et al., 1989;
A. Ramos et al., 1989).

? The LDA scheme has been employed to obtain the proton SF of 12C,
16O, 56Fe, and 197Au (O.B. et al., 1992).

? Fully microscopic studies of the SF of complex, non isospin-symmetric,
nuclei have been recently carried out using the Self Consistent Green
Function formalism (C. Barbieri et al., 2019).

? The 40Ar(e, e′p) cross section recently measured at Jefferson Lab, will
allow to extend the LDA approach to the nuclear target relevant to
neutrino experiments, and provide guidance for the development of
accurate microscopic approaches.

? A quantitative understanding of FSI corrections to the IA is needed to
extract the information on initial state dynamics from the data.
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INCLUSION OF FSI CORRECTIONS TO THE IA

? The nuclear transparency to the outgoing proton, inferred from (e, e′p)
data, provides overwhelming evidence of the significance of FSI

I prominent effects of FSI

1 shift of the missing momentum
distributions

2 quenching of the normalisation
of the peaks appearing in the
missing energy spectra

? Departures from factorisation can be minimised by properly choosing
the kinematical setup

? In the two-body breakup channel, the framework based on the optical
potential model has been extensively employed to extract SFs of nuclei
ranging from 12C to 208Pb from the cross sections measured at Saclay,
NIKHEF-K, and Jefferson Lab
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EFFECTS OF FSI: e+12 C→ e′ +X IN THE QE SECTOR
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I Ankowski et al. (2014)
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SUMMARY & OUTLOOK

? Factorisation of the nuclear cross section in the IA regime is supported
by convincing, model independent, empirical evidence.

? To the extent to which corrections—arising mainly from FSI—can be
reliably taken care of, factorisation can be exploited to extract intrinsic
properties of the target from the nuclear cross sections

? Most theoretical models of lepton-nucleus scattering involve some level
of factorisation. However, to fully exploit its potential, this scheme must
be implemented using spectral functions providing an accurate
description of the complexity of nuclear dynamics.

? The present development of the models employed for the treatment of
FSI, while being adequate for two-body breakup sector need to be
improved and generalised to treat more complex final states
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Thank you!
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Backup slides
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OXYGEN SPECTRAL FUNCTION

I FG model: P (p, E) ∝ θ(pF − |p|) δ(E −
√
|p|2 +m2 + ε)

I shell model states account for ∼ 80% of the strenght
I the remaining ∼ 20%, arising from NN correlations, is located at

high momentum and large removal energy
(|p| � pF ∼ 220 MeV, E � ε)
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GAUGING FSI: NUCLEAR TRANSPARENCY FROM (e, e′p)

I Nuclear transparency, measured by the ratio σexp/σIA.
D. Rohe et al., 2005NUCLEAR TRANSPARENCY FROM QUASIELASTIC 12C(e, e′p) PHYSICAL REVIEW C 72, 054602 (2005)
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FIG. 4. Nuclear transparency TA for C, Fe, and Au as a function
of the proton kinetic energy Tp compared to the correlated Glauber
calculations (solid lines). The data indicated by circles are from the
NE18 experiment at SLAC [22], squares and diamonds are Jlab data
of Refs. [23] and [1] and from Bates [3] (triangle down). The result
indicated by stars is obtained with the correlated spectral function of
Ref. [8].

(circles) and Jlab [1,23] (squares and diamonds). The error
bars shown in the figure contain the statistical and systematic
uncertainty but not the model-dependent error. This applies
also to the data points of the previous works. Since the previous
experiments were analyzed using the same assumption and
ingredients the model-dependent error is the same for them,

while it is somewhat lower in the case of using the CBF spectral
function.

The solid lines drawn in Fig. 4 are the result of the theory
presented in this paper. For comparision also results from
previous experiments [1,22,23] for iron and gold are shown.
For all three nuclei and large proton kinetic energy (>1.5 GeV)
the theory describes the data well within the error bars. At
low energy there is remarkable agreement between theory
and the experimental results obtained using the CBF spectral
function. The two data points at the lowest Tp for 12C could
indicate a deviation from the prediction, but considering the
model-dependent error bar no firm conclusion can be drawn.
With the standard analysis the experimental results are ≈5%
too low but in agreement with previous analyses using the same
ingredients. On the other hand the data points for gold seem
to exceed the theory. For these analyses a correction factor
1/ϵSRC = 0.78 was used [22,23]. If one would have used the
CBF spectral function the results would be lowered by ≈7%
and thus closer to the theory.
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KINEMATIC NEUTRINO ENERGY RECONSTRUCTION

I In the charged current quasi elastic (CCQE) channel, assuming single
nucleon single knock, the relevant elementary process is

ν` + n→ `− + p

I The reconstructed neutrino energy is

Eν =
m2
p −m2

µ − En2 + 2EµEn − 2kµ · pn + |pn2|
2(En − Eµ + |kµ| cos θµ − |pn| cos θn)

,

where |kµ| and θµ are measured, while pn and En are the unknown
momentum and energy of the interacting neutron

I Existing simulation codes routinely use |pn| = 0 , En = mn − ε , with
ε ∼ 20 MeV for carbon and oxygen, or the Fermi gas (FG) model
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RECONSTRUCTED NEUTRINO ENERGY IN THE CCQE CHANNEL

I Neutrino energy
reconstructed using 2 ×104

pairs of (|p|, E) values
sampled from realistic (SF)
and FG oxygen spectral
functions; O.B. and
D. Meloni, 2009.

I The average value 〈Eν〉
obtained from the realistic
spectral function turns out to
be shifted towards larger
energy by ∼ 70 MeV
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INCLUSIVE ELECTRON-NUCLEUS SCATTERING

? elastic and inelastic (RES + DIS) processes consistently taken into
account (Bodek & Ritchie parametrisation of SLCA data)

? no adjustable parameters involved

I SLAC data; D. Day et al, 1979
I Extrapolation of SLAC data,

taken using targets with
4 ≤ A ≤ 197; D. Day et al, 1989

0

10

20

30

40

50

0.2 0.3 0.4 0.5 0.6 0.7 0.8

Ee = 3.595 GeV − θe = 30. deg

Q2 = 2.9 GeV2

d
σ
/d

Ω
d
ω

[n
b
/s

r/
G

eV
]

ω [GeV]

Isospin-Symmetric Matter

24 / 18



EXTENSION TO INELASTIC PROCESSES
I Total ν-Carbon Cross Section, E. Vagnoni et al, 2017
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I σCCQE: NOMAD, PLB 660, 19 (2008), MiniBooNE, PRD 81, 092005 (2010)
I σTOT: NOMAD, EPJC 63, 555 (2009)
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