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Recent works on MEC in the Relativistic Mean Fiel (RMF)
model of nucler matter and SuperScaling with relativistic
effective mass.

» V.L. Martinez-Consentino, J.E. Amaro, |. Ruiz Simo Semiempirical formula for
electroweak response functions in the two-nucleon emission channel in
neutrino-nucleus scattering, Phys.Rev.D 104 (2021) 11, 113006

» V.L. Martinez-Consentino, J.E. Amaro, |. Ruiz Simo Meson-exchange currents
and superscaling analysis with relativistic effective mass of quasielastic
electron scattering from C12, Phys.Rev.C 104 (2021) 2, 025501
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Quasielastic CC neutrino scattering (v, 1) and (7, 1)

Neutrino energy: € = E,,

Muon energy: € = m, + T,

Lepton momenta are k and k'.

Four-momentum transfer k# — k't = Q¥ = (w, q),

(R =w?—-¢°<0).

Lepton scattering angle, 6, the angle between k and k'.

Inclusive cross section cross section

d?c G2 cos? 0. k'
= —V
dT,dcost 4 e’

X [VCCRCC +2VeiRer + Vi R + VTR £ 2VT’RT’] .

(+) is for neutrinos and (—) is for antineutrinos.
Weak Fermi constant, G = 1.166 x 10711  MeV 2
Cabibbo angle, cos . = 0.975,

vo = (e+ €)% —q°.
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Leptonic coefficients and nuclear response functions

Vi coefficients depend only on the lepton

kinematics
The response functions are
Q? combinations of the hadronic
Vee = 1+ 527 Qv
vo tensor, WH(q,w),
Ve = “ 2 Q? The z axis points along q,
“ q o w
2 2 cc 00
v, = i—(1+2—w,+p62)620— R = Wl
q qap vo
@, e 1 ” RCL _— _Z (W°3 + Wso)
Vr = *7+5+*,(*+5PP'52)7 2
1o ; qQ o pLL _ 33
- 1 WP 52\ &7
Vpo = p (1 . 5) o RT — Wil p22
i
RT — _! (le - W21) )
6=mu/+\/IQ%, 2
p=1Q%/q%

p=q/(e+¢€).
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Quasielastic electron scattering

do (
= O‘M
dQde ot
where o)\ott IS the Mott cross section, v; and vy are kinematic

vLReLm + vTRg,—n).

factors
Q4
v o= 1
L q4 ( )
0 @
_ 2
vr = tan 5 — @ (2)

The electromagnetic longitudinal and transverse response
functions, RL (q,w) and R] (q,w), are

Ri, = W& (3)
RI, = Wi +w2 (4)
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Hadronic tensor

Weak nuclear current operator J¥(Q)
= S QI (@E + o ).

Sum over emission channels
by o
wHv W Ipin T W2p2h +

We focus in the 2p2h channel within the relativistic mean field
(RMF) model of nuclear matter.

We have computed the 1plh channel within the Super Scaling
approach with relativistic effective mass (SuSAM*) in Phys.Rev.C
104 (2021) 2, 025501
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Relativistic Mean Field theory of nuclear matter

Relativistic Mean field approximation of quantum hadrodynamics (QHD).

Walecka model of nuclear matter (o-w exchange).
The single particle wave functions are plane waves with momentum p,
Dirac equation with strong scalar and vector potentials

[a -p+ B(mn — g55)] u(p) = (Ermr — 8. V)u(p)
Equivalent to the free Dirac equation with a effective mass
my = my — g,S
and effective energy

E = Ermr — 8oV = Ervr — Ev

E=\/p*+ m}}

We use values of kg, M* and E, that are obtained phenomenologically
from the data of (e, ') for 12C.

M* = my/my = 0.8, E, = 141MeV

Energy-momentum relation
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2p2h hadronic tensor

A ——— /d3p d3h1d3h27(m* W’ w"(p1, P2, i, hy)
2p2h (27T)9 E1E2E/E2 1) P2, 8L

Xe(pi — kF)H(kF — h1)9(p§ — kF)H(kF — hz)
><(5(E{ + Eé —-E -5 —w)é(p’l +p’2 —q—h; — h2)

V/(2r)® = Z/(§rk}) for symmetric nuclear matter.
Hadron tensor for single 2p2h transitions

wH (p, Py, hy, hy) = Z > M1, 2,1,2)47(1,2,1,2)a
51 ) S1 52 t1to tl t2

The factor 1/4 accounts for the anti-symmetry of the wave

function.
The two-body current matrix elements are antisymetrized

M 201,2) 0 = (1, 2,1,2) — j#(1,2),2,1).
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2p2h response functions

pid3hidh mrK(p/ p5, hy, hy)
*EREE, VP2

9(P1 — ke)0(ke — m)0(p2 — ke)O(ke — ho)
X(S(E{ + Eé —FE - E — w),

K
R2p2h

where p5 = hy +hy + q — pj.

rK(p’l, p5, h1, hy) are the elementary response functions for a 2p2h
excitation, K = CC,CL,LL, T, T'.

Seven dimensional integral that we compute numerically.

The numerical calculation not practical for neutrino cross sections
(additional flux integration) — PARAMETRIZATION NEEDED
— SEMIEMPIRICAL FORMULA
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MEC DIAGRAMS

P Ph b4 Ph P Ph
Rt I S S D P
Q Q
hq ha hy ha hy ha
Q
(a) (b) (c)
” 2 P Ph
R SR CTTLT B TR S SEEH
< v,
Q¢ Q
,ﬁ\‘ hy ha hy ha ‘Q/ﬁ
(d) (e)
n Ph » Ph
i v 7 2
Q Q
B I S <1~ H- L LYY R PR -
Q Q
hy ho hy ho hy ho hy ho
() () (h) (i)

Seagull (a,b), pion in flight (c), pion-pole (d,e) and A(1232) excitation
forward (f,g), and backward (h,i). 11/35



MEC matrix elements

P Fp (K2)
. + s!'s _ P 2
Jbea = [lv} v 12 ;’;N ZVACIE hl)FwNN(kf)”sé(pl2)[F1V(02)'75'YH + e 7*]us, (h2)
s
+(1+2)
f2
. + Ve
5= ]y R R(@)V o (B h) VI (05, ha) (K — kL)
s
2 “g, (p!
" _ [Ii:l fTENN MF (kZ)Q usl/(pl) @uﬂ(hl) 5£$2( ’ h )
Jpole - l'v 172712 mgr ga TNN\K Q2 7m$r NN py, h2
+(1+2)
. f*fenn | shs _
Jar = (R ] 10 5 Vo (P h2) Frna (63 (p1)S' Gous (1 + QTP (Q)us, ()
s
+(1+2)
) f*f, NN  ,Sbs _ a
Jis = [Ug ] 1y 2 Vo (95 h) o () (9K P (Q) G (6] — Q)i ()
s
+(1+2)

k! = (p! — hj)*: four momentum transferred to the i- th nucleon.
(Pl)’YSk/f Usy (h1)

Pion vertex and propagator: 7rNN(pl,hl) = 7rNN(k )W
A2 —m? ' )
Strong form factor Fryn(k?) = s
1
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MEC

Isospin operators (7’ is the transition operator from isospin % to %)

7(2)] Iy = (h)x £ i(lv)y

3
\/EZ (7)) en  UE=(Uni(Up)
(Ug); \/72 TT ®T,, Uét:(UB)x:l:i(UB)y

N — A transition vertex in the forward current
rﬂu(Q) ( B Q- QB ) 5 + C5Ag6“

backward current
Fre(Q) = ° [r (- Q) +°.
A-propagator,
Pas(P)

Gap(P) =
“ P2 — M2 + iMaT 5 (P?) 4+ L2222

Projector spin—% particles

2 Papﬁ 1 Pa’)/ﬁ — Pﬂ"/a
YoV =z t 3
3 M2 3 Ma

Pap(P) = ~(P+Ma) 805~
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Semiempirical MEC: (1) the phase space integral

The phase space determines the global behavior of the 2p2h responses,
Proportional to the number of 2p2h states that can be excited while conserving energy
and momentum (for rK = constant)

v v (m* )4
— F(qw) = — | &Pp|dPmd3h—N" _§(E! + E, — E1 — E —w).
(2m)° (@) (277)9/ 1 E\E:E[E) (B +E )

x0(p1 — ke )8(ke — m)8(p5 — ke )O(ke — h2)

py =hy +hy+q—pj].
Frozen nucleon approximation, h; ~ hy ~ 0, & Neglect Pauli Blocking

2 m*2 4m*2
F(qvw) =~ F(qaw)frozen ~ 47 (%Wk?:) TN 1- W_% )

The minimum w to excite a 2p2h state for fixed g in this approximation.

Wmin = 1/ 4m7\l2 + q2 — 2m’,{,

The phase space integral is zero below this value.
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Semiempirical MEC: (2) The Averaged A propagator

The dominant contribution to the MEC responses comes from the peak
of the denominator in the the A propagator for the forward diagrams

1 1

Ga(H+ Q) = o~ —
(H+ Q)2 — M3 + iMaTa + 3 @~ 2h-atib

where H* = (Egur, h) is the four-momentum of the hole.
Can be replaced by an average of the propagator over the Fermi gas

1 / d3h 0(ke — |h])

GaV(Q) = Gav(Qaw) =

tnki ) a—2h-q+ib’
1 7w ((a+ib)kr 4q2k,2Ef(a+ib)2 a+2krq+ib
_gwk;’;q{ 2q 8¢ '”L—zkpqﬂbﬂ
r2
a = m’,‘\,2+(w+Ev)2—q2—|—2m;‘\,(w+Ev+):)—Mi+z (5)
b = Mal. (6)

The Smeared shift and width parameters ¥(q), I'(g) in the semiempirical
formula are fitted to the exact responses for each value of q.
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2p2h MEC subresponses

MEC expansion
J* :./gp +JZF +JZ37 J?P :széa +./# +jgole
In the hadronic tensor we deal with products of the kind
MG = Jspide T INFIAF tingire T
+ISpIAF TInFiSp Tispiis T inpiSe T inriie tIABIRF
Separate vector and axial responses
RK(g,w) = RV 4 RKAA K=CC,CLLL, T

Expansion in subresponses

KW _ K,WW K,WwW KWW K,wW KWW KWW
R = Rep " T RaF " +Rap " +Rar_sp + Rap_sp + Rar_ns
K,AA  _ K,AA K,AA K,AA K,AA K,AA K,AA
R = Rep™ +RAFT +Rap +RarZsp + Rapsp + Rar ag

In the case of the T’ response, only the vector-axial product contributes,

T _RTVA_RTWVA | pT/ VA | pT'.VA | pT',VA T/, VA T/,VA
RT =R =Rsp "+ RAR T+ Rag T+ RAR sp + Rap_sp + RAF AB
54 Subresponses = 24 vector-vector, R/KJ’VV

RT VA, with I,J = SP, AF, AB.

+ 24 axial-axial, R,KJ’AA + 6 vector-axial,
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Semiempirical formulas of MEC subresponses
For each subresponse we factorize
1. the phase-space F(q,w)
2. the coupling constants
3. the electroweak form factors,
4. the averaged A propagator Guy(g,w) in the AF current

Ri(q,w) = [phase-space]
X [coupling constants]
X [form factors]
X [averaged A propagators]
xCi(q)
The coefficients (?,-(q) are fitted to the exact subresponses for each g.
The coefficients represent nuclear averages of spin-isospin contributions
for each subresponse in a 2p2h excitation.
For better results Some of the subresponses require two coefficients of

some additional w dependence.
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Example: A-forward - vector current

“Feymman" rules for the semiempirical formula

A A
1 cePpennnd JrNN
mﬂ- m
GY )
cy av
mn

(f)

18/35



%%
Response Rf

* 2 v 2
RIFY = o) (3™ (63) (G (Re(GY)Y + Ervalim(GX)Y] (k)

T my
2

2
rw_ _V Y V)2, 2 P w—0.7g72
Rl = &y F(q,w) <m2 (FY) (Gv - my?) 1- =

T N

% £, o
RT.W _ F < T NN ) e
AB (2m)° (g,w) m2 N ( 3,v)
C.

W v AT Y
Rar—sp = @)y F(q,w) ) o (FY) [Cavi(Re(GY,) + Cava(Im(GY))] mu

T,vww

* 2 v 2
RI e = Gy Pl o) (™) (,ffN) [Es.a(Re(GY)) + G va(im(GX)] (m?)

T,W v AT G VY [ 1
Rag—sp = () Flg,0) | —% ™ (FY) (Go,v - myh)
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Response R

% f*f, 2 2 ra A \\2 >~ A )2 2
RIM = Vg, )( 2””) (G3)* [Cran(Re(GA))Y + Evaa(im(GA))] (mR)
(271') mz
2
2 1 )2 ~ _2
TAA NN =) (&n-m?)
= @) F(q,w) ( m2 > (gA (Coa - my,
1% e 2 a2, -2
T,AA _ s Caa-
AB T (27)° F(q,w) ( m2 ) (C5) (G My )
* £3 - ~
RTAA v F(q,w) AT (C;‘) (i) [C4,A1(Re(G;‘V))+ C4,A2(Im(Ge;4v))}
AF—SP — (271')9 ’ mﬁr gA
%4 e \° [ a\2 [ 7 A ¢ A
TAA Ll Cs a1(Re(GLy,)) + GCs aa(Im(GL,))
TAA = WF(q,w) ( 2 ) (¢2)” [Gom(Re(GL)) + Cs ]
v 30N " (1) = 2
T,AA  _ b C Z ) (Cea-m
AB—SP — (27‘()9 F(va) ( mﬁr ( 5) ga ( 6,A N )
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Response RY}

’ v e\ (& > .
RIF = Gy Flao) (™) () & [GLvm (R(GY + Cuv(im(GL)?]

2
T VA _ TN 5 w—0.7qg72
= Gy < ) A (5;) @ mid [1- =2

, * 2 Vv .
gTVA__V F(a, )(f f,rNN) (Q) (CsA)(Ca,VA'm,VI)

AB (2 )9 my

RE e = s Flae) (o) o | S (LY i (RY) €
AF—SP — (271’)9 ’ I av my \ga 4,VAL - MN 4, VA2

T/ VA v Ffenn )2 G a VA
=2 [ G5 var(Re(GY) + Gs,vaa(Im(GY2))] 2miy

AF AB — (271_)9

F(q,w) (

T/ VA v F C3V 1 —2
AB_SP = WF(%W) ) P~ Co,va - my, +C5( )CGAV my,
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Response RYY

* 1% 2
REEYY = 2 F(a.w) (£ f"””)2<c3) [Ev1(Re(GY))? + Euvalim(GX))?] ()

AR (2m)® 2 mpy

2 2 2 .
cc,wo_ NN v —2
sP = (2n)° F(q,w) <m$r> (Fl ) (G,v - my©)
2
v f*f, 2/cy -
RCCW _ F ( wNN) S (&
AB (27‘(‘)9 (qzw) mzr m ( 3,V)

v £f3 oy - .
A5 = T F (@) (mNN) (an FY [Cava(Re(GY)) + Cava(Im(GY)] mu

* 2 |4 2
S5%e = g Flae) (53 (ij) (G5 va(Re(GL)) + G vaIm(GL))] ()

RCCW v F A G Y (& —1
AB-SP = (27)9 (q,w) i ™ ( 1)( 6,V My")

™
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Response RAA

14 f*fﬂ.NN 2 2 e P
R = Ggs F(0.) (3™ ) (@) [ m(Re(GA)? + Cusalim(GA)F] ()
~ ~ w-m 2 —
s g (B) G [ o (2) s
CC,AA v f* fenn 2 . _
RES™ = () (CE) () @ my?)

f*f3
REES, = ol )( nfngN) () (57 ) [Gom(Re(GA)) + Copalim(GA)

* 2
5580 = Gy Fla o) (3™ (6)” [Eom(Re(GA)) + Csalim(GL)]

RCCAA v F(q,w) AT (CA) 1 (Con-m=2)
BB=SP = (27)0 q,w ] 5 2a 6,A " My

™
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Responses RY” and R

These responses are computed assuming conservation of the vector
current

RCLW  _ _QRCC,VV (7)
q

RLLVW  _ W:Rcc,vv (8)
= 2
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Responses RAA and R/

The semi-empirical formulas for Réf‘ and Rf‘LA are similar to the
Ré‘é‘. Only the numerical values of the coefficients C; change.
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Electromagnetic responses R. and R]

For symmetric nuclear matter, the electromagnetic 2p2h responses
are one half of the V'V weak responses

1
ReLm _ §I_'\)CC,VV (9)
RI = ;RT’VV (10)
(11)

The same semi-empirical formulas for the VV responses apply for
the electromagnetic responses with a factor 1/2.
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Properties of semi-empirical formulas

» Explicit dependence of the responses on physical magnitudes —form
factors, coupling constants, Fermi momentum, effective mass, ...

» All w-dependente is analytical, from phase space, electroweak form
factors and averaged A propagator.

» Exceptions are RSTP’W, and RSTP’VA sub-responses, which include an

additional w-dependent factor.
» The coefficients 6,- are dimensionless.

> The phase space F(q,w) is computed analytically using the frozen
nucleon approximation

> The responses are proportional to V = (27)3Z/(3nk}) for
symmetric nuclear matter Z = N.

» The averaged A propagator appears separated in real and imaginary
parts. There are three versions: GY, for the VV responses, GZ, for
AA and GY2 for the T', responses. They differ in the values of the
effective width, I', and shift, ¥, of the A propagator.

» 54 subresponses are described with 73 parameters.
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Parameters of the semiempirical formula for R
12C

250 250 —
; Iy | | Iy
- 200 o ) / 200 \ 'y
= 150 /// w4 o\
= e e \
S0 e 1 w00 | o,
[A] [N T
50 | * 50 e
0 0
350 — - 10— —
0 Crn Cov Cian [
: Cuve Cay 30 Cuv: Cov
250 Csan
20
200 - \ ]
= = | e
T s e 1 0, -
0 53 o
100 o o -
il T
50 ] . o
el 10 T
0 e o s e oBd

200 500 1000 1500 2000 200 500 1000 1500 2000
q [MeV] q [MeV]

Tables and parametrizations in Phys.Rev.D 104 (2021) 11, 113006
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Comparison between semiempirical and exact subresponses
12€C, g = 500 MeV/c
70

60t R"
501  RP
T4 RY
3 o0 b RAyY
% 20 RTA4
IS r AF
10}
0
-10 . . . . -5 . L L L
100 200 300 400 500 100 200 300 400 500
40 . . . . . . . .
0
30 b .
'_‘,‘—‘ _‘,—_10 R[/L
Z 20t = j—
3 Sl gt
< 10t & o —
_30 L
0

. . . . 40 . . . .
100 200 300 400 500 100 200 300 400 500
50 T T T T

40 -
30 +

20 -

Ryp[GeV™]

10

100 200 300 400 500
w [MeV) 29/35



Comparison between semiempirical and
12C g = 1000 MeV/c.

exact subresponses

Rr[GeV™!

400 600 800

200

400 600 800 1000

Rec[GeV™!

1000

800 1000 400 600 800

600
w [MeV]

800 1000

1000
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Semiempirical compared to exact 2p2h responses
12C

90 T T T T 35

30
25
20

..... 2000 MeV/c

GV

=15
S0t

400 800 1200 1600 2000 400 800 1200 1600 2000

-80 .
400 800 1200 1600 2000 400 800 1200 1600 2000
80 T

400 800 1200 1600 2000
w [MeV] 31/35



Semiempirical 2p2h cross section for 12C(e, €')

€ =560 MeV, 6§ = 60° e =730 MeV, 0 = 37.1°

[N

EXP
SuSAM*+MEC
SuSAM*+SEMEC

SEMEC

do /dwdQ [nb/MeV]
S - w e o

35 T T T T T 4
=30 1 351
< 3L
225 b )
S0t 1y
FRE 21
E’ [ $e2e32d 1 L5 -
s 10y LA PHpy 1 1r
T - i
S 1 0.5 +
0 . . n 0 P f . . .
0 100 200 300 400 500 0 100 200 300 400 500 600 700
w [MeV] w [MeV]

1p1lh cross section computed with the SUSAM* model [Phys.Rev.C 104
(2021) 2, 025501]

2p2h cross section calculated in the RMF model of nuclear matter, and
with the semi-empirical formula (SE-MEC)
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Semlemplrlcal MEC

v,,0.7 < cosf, < 0.8

v,,0.1 < cosf, <02

30 T T T T
25 1 MiniBooNE — |
Total
20 - T —
T
15

L A

7,,0.7 < cosf, < 0.8

(1/2Z)d*o /dT,. /d cos 0,[10"* cm? /GeV] (1/N)d?0/dT,./dcos,.[10~**cm? /GeV]

T, (GeV]

Quasielastic neutrino and antineutrino, differential cross section
integrated over the neutrino flux

We show the separate T, T’ and longitudinal responses (L = CC + CL
+ LL) with and without 2p2h

1plh (dotted lines) computed in the SUSAM* model [Phys.Rev.C 104

(2021) 2. 025501]

0 02 04 06 08 1 12 14 16

T, [GeV]

0 01 02 03 0.4 0.5 06 0.7 0.8

MiniBooNE neutrino cross section with and without 2p2h

33/35



Semiempirical divided by exact 2p2h responses
For g = 500 MeV/c as a function of w

~ 105 = 105
z I
U — = —
< 095 - £ 095
0.9 s 0.9 L
2000 250 300 350 400 450 500 200 250 300 350 400 450 500
1.1 1.1
= 105
S
B
| =
S 095

0.9 . . . . 0.9 . . . .
200 250 300 350 400 450 500 200 250 300 350 400 450 500
1.1 T T T T T

0.95 -

Ryi(se)/Ry(th)

0.9 L
200 250 300 350 400 450 500
w [MeV]
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CONCLUSIONS

>

>

>

2p2h nuclear responses in the Relativistic Mean Field model of
nuclear matter
Relativistic model of MEC with seagull, pionic and A
contributions
Semiempirical formula for (54) MEC subresponses as products
of 2p2h phase space, form factors, couplig constants and
averaged A propagator
Explicit dependence on kg and relativistic effective mass M*
Parameters C;, and the effective witdth, I and shift ¥ of the
averaged A propagator in the VV, AA and VA channels.
Fitted to each subresponse as a function of g.
The semiempirical formula allows introducing efective mass
and vector energy of interacting A's in the medium
Can be extended to separate PN, NN, and PP responses and
other nuclei with N # Z
The parameters can also be fitted to other models or to
experimental data
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