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• look for forbidden (in the SM) processes:

★  proton decay

★  Charged Lepton flavor violating processes, for 

example: , ,… 

★DM

★  ….  


Observation ➠ discovery of new physics


• study rare processes — loop-suppressed in the SM:

★  neutral meson mixing

★  flavor changing neutral current decays

★  MDMs and EDMs

★…. 

     


• check lepton flavor universality:   
  


• (over)determine SM parameters with high precision

★  test unitarity of CKM matrix (quark-W couplings)

μ → eγ B → τ μ

τ/μ, μ/e
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Desired information on 


(short-distance physics)   or   (SM parameters)

    (BSM parameters)                (CKM, mq, 𝛼s, …) 


is hidden by hadronic/nuclear effects  
(nonperturbative QCD). 


➠ need precise QCD calculations to complement 
experimental measurements: Lattice QCD
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Flavor “Anomalies”

4

Cherry-picked selectionPatrick Koppenburg [http://www.scholarpedia.org/article/Rare_decays_of_b_hadrons, 

https://www.nikhef.nl/~pkoppenb/anomalies.html]

theoretical SM 
predictions

experimental 
measurements

common source of theory 
error: QCD effects
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�md(s)
…

Lattice QCD

Experiment vs. SM theory:

(experiment) = (known) x (CKM factors) x (had. matrix element)

parameterize the MEs in

terms of form factors, decay 
constants, bag parameters, ...

example:

B0

b̄
W

µ+

⌫µ

Vcb
c̄

The role of lattice QCD in quark flavor physics
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Two main purposes:

combine experimental measurements with 
LQCD results to determine CKM parameters.

confront experimental measurements with 
SM theory using LQCD inputs. 

The role of lattice QCD in quark flavor physics
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adjustable parameters


lattice spacing: 


finite volume, time:   


quark masses (mf): 
tune using hadron masses  
extrapolations/interpolations

Lattice QCD Introduction

L 

a 

x 

discrete Euclidean space-time (spacing a) 
derivatives ➙ difference operators, etc…

finite spatial volume (L)

finite time extent (T) 

LQCD =
X

f

 ̄f (D/+mf ) f +
1

4
trFµ⌫F

µ⌫

a ➙ 0

L ➙ ∞, T > L

MH,lat = MH,exp

mf ➙ mf,phys mud ms mc mb

Integrals are evaluated 
numerically using monte 

carlo methods. 
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FIG. 6. Distribution of four-flavor QCD gauge-field ensembles used in this work. Ensembles that
are new with respect our previous analysis [23] are indicated with black outlines. Ensembles with
unphysical strange-quark masses are shown as gold disks with orange outlines. The area of each
disk is proportional to the statistical sample size Nconf ⇥ Nsrc. The physical, continuum limit is
located at (a = 0, M⇡ ⇡ 135 MeV).

charm and bottom quarks with controlled discretization errors. Figure 7 shows the range
of valence heavy-quark masses used in our analysis. On the coarsest a ⇡ 0.15 and 0.12 fm
ensembles, we have only two values mh = 0.9m0

c
and m

0
c
; on our finest a ⇡ 0.042 and 0.03 fm

ensembles, however, we have several heavy-quark masses between 0.9m0
c

 mh  5m0
c
,

reaching just above the physical b-quark mass. Second, as discussed in Sec. III, we have
large statistical sample sizes, with about 4,000 samples on most ensembles and large lattice
volumes; the resulting errors on the decay constants range from 0.04% to 1.4%.

Because of the breadth and precision of the data set, it is a challenge to find a theo-
retically well-motivated functional form that is sophisticated enough to describe the whole
data set. We therefore rely on several EFTs to parameterize the dependence of our data
on each of the independent variables just described: Symanzik e↵ective field theory for lat-
tice spacing dependence [37], chiral perturbation theory for light- and strange-quark mass
dependence, and heavy-quark e↵ective theory for the heavy-quark mass dependence. These
EFTs are linked together within heavy-meson rooted all-staggered chiral perturbation the-
ory (HMrAS�PT) [64]. Here we use the one-loop HMrAS�PT expression to describe the
nonanalytic behavior of the interaction between pion (and other pseudo-Goldstone bosons)
and the heavy-light meson, and supplement it with higher-order analytic functions in the
light- and heavy-quark masses and lattice spacing to enable a good correlated fit.

Even with these additional terms, however, the extrapolation a ! 0 and the interpolation
mh ! mb oblige us to restrict the range of amh. In practice, we are able to obtain a good
correlated fit of our data with heavy-quark masses amh  0.9. Note, however, that our final
fit function describes even the data with amh > 0.9 quite well.

20

MILC nf = 2+1+1
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K+ ! µ+⌫µ

Leptonic decays of  mesonsK, π

7

example:

�
�
K+ ! `+⌫`(�)

�
= (known)⇥ (1 + �`EM)⇥ |Vus|2 ⇥ f2

K+

Vus
s̄

u

W
µ+

⌫µ

K+

• Needed to relate pure QCD decay constant to experiment 
 


• ChPT + pheno estimate: −1.12 (21)%  

[Cirigliano et al, arXiv:1107.6001, RMP 2012] 

• First LQCD result: −1.26 (14)% 
[Di Carlo et al, arXiv:1904.08731] 


•

3 67. Vud, Vus the Cabibbo Angle, and CKM Unitarity

integral, which depends on measured semileptonic form factors. For charged kaon decays, ”SU267

is the deviation from one of the ratio of f+(0) for the charged to neutral kaon decay; it is zero68

for the neutral kaon. C2 is 1 (1/2) for neutral (charged) kaon decays. Most early determinations69

of |Vus| were based solely on K æ fie‹ decays; K æ fiµ‹ decays were not used because of large70

uncertainties in Iµ
K . The experimental measurements are the semileptonic decay widths (based71

on the semileptonic branching fractions and lifetime) and form factors (allowing calculation of the72

phase space integrals). Theory is needed for SEW , ”¸
K , ”SU2, and f+(0).73

Many measurements during the last 20 years have resulted in a shift in |Vus|. Most importantly,74

the K æ fie‹ branching fractions are significantly di�erent than much earlier PDG averages,75

probably as a result of inadequate treatment of radiation in older experiments. This e�ect was first76

observed by BNL E865 [22] in the charged kaon system and then by KTeV [23,24] in the neutral kaon77

system; subsequent measurements were made by KLOE [25–28], NA48 [29–31], and ISTRA+ [32].78

Current averages (e.g., by the PDG [33] or Flavianet [34]) of the semileptonic branching fractions79

are based only on recent, high-statistics experiments where the treatment of radiation is clear.80

In addition to measurements of branching fractions, new measurements of lifetimes [35] and form81

factors [36–40], have resulted in improved precision for all of the experimental inputs to |Vus|.82

Precise measurements of form factors for Kµ3 decay make it possible to use both semileptonic83

decay modes to extract Vus.84

Following the analysis of Moulson [41] and the Flavianet group [34, 42], along with recent85

improvements in the QED radiative corrections [43], one finds [44], after including the isospin86

violating e�ect, ”SU2 , the values of |Vus|f+(0) in Table 67.1. The average of these measurements,87

including correlation e�ects [44] gives88

f+(0)|Vus| = 0.21635(38)(3) (67.10) vud-vus:eq:vusfp

where the errors correspond to Kaon experimental parameters and radiative corrections respectively.89

Lattice QCD calculations of f+(0) have been carried out for 2, 2+1, and 2+1+1 quark flavors
and range from about 0.96 to 0.97. Here, we illustrate recent FLAG (2020) updated averages [45]
for 2+1 and 2+1+1 flavors:

f+(0) = 0.9677(27) Nf = 2 + 1
f+(0) = 0.9698(17) Nf = 2 + 1 + 1 (67.11) vud-vus:eq:flag

One finds from Eq. (67.10) and Eq. (67.11),

|Vus| = 0.2236(4)exp+RC(6)lattice (Nf = 2 + 1, K¸3 decays)
= 0.2231(4)exp+RC(4)lattice (Nf = 2 + 1 + 1, K¸3 decays) (67.12) vud-vus:eq:vuskl3

A value of Vus can also be obtained from a comparison of the radiative inclusive decay rates for90

K æ µ‹(“) and fi æ µ‹(“) combined with a lattice gauge theory calculation of fK+/ffi+ via91

|Vus|fK+

|Vud|ffi+
= 0.23871(20)

5
≈ (K æ µ‹(“))
≈ (fi æ µ‹(“))

6 1
2

(67.13)

with the small error coming from electroweak radiative corrections [46–48]; these corrections were92

confirmed by direct lattice calculation of the kaon and pion leptonic decay rates [47,48]. Employing93

94
≈ (K æ µ‹(“))
≈ (fi æ µ‹(“)) = 1.3367(28), (67.14)

DRAFT 16th November, 2021 1:20am- Not for public distribution

experimental average [PDG]:
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Table 67.1: |Vus|f+(0) from K¸3, based on ref. [44]
vud-vus:tab:fplvus

Decay Mode |Vus|f+(0)
K±e3 0.21714 ± 0.00091
K±µ3 0.21703 ± 0.00114
KLe3 0.21617 ± 0.00047
KLµ3 0.21664 ± 0.00058
KSe3 0.21530 ± 0.00122
KSµ3 0.21265 ± 0.00467
Average (including correlation e�ects [44]) 0.21635 ± 0.00038

which includes ≈ (K æ µ‹(“)) = 5.134(11) ◊ 107s≠1 [41, 49], leads to95

|Vus|fK+

|Vud|ffi+
= 0.27600(37). (67.15) vud-vus:eq:vuskl2f

Employing the FLAG [45] lattice QCD averages for the isospin broken decay constants

fK+

ffi+
= 1.1917(37) Nf = 2 + 1

= 1.1932(21) Nf = 2 + 1 + 1. (67.16) vud-vus:eq:flagave

along with the value of |Vud| in Eq. (67.4) leads to

|Vus| = 0.2255(8) (Nf = 2 + 1, Kµ2 decays)
= 0.2252(5) (Nf = 2 + 1 + 1, Kµ2 decays). (67.17) vud-vus:eq:vuskmu2

Together, weighted averages of the K¸3 (Eq. (67.12)) and Kµ2 (Eq. (67.17)) values give similar
results for Nf = 2 + 1 and 2 + 1 + 1 flavors:

|Vus| = 0.2244(5) Nf = 2 + 1
|Vus| = 0.2243(4) Nf = 2 + 1 + 1. (67.18) vud-vus:eq:vusaverage

Note that the di�erences between K¸3 and Kµ2 values for Vus di�er by 2 and 3 sigma, respectively,96

for Nf = 2 + 1 and 2 + 1 + 1 flavors. One should therefore scale the uncertainties in Eq. (67.18)97

accordingly. For that reason, we allow for a scale factor of 2.7 for both 2+1 and 2+1+1 flavors and98

average the two values. That approximate procedure leads to |Vus| = 0.2243(8) which we use when99

we consider the first row test of CKM unitarity.100

It should be mentioned that hyperon decay fits suggest [50]101

|Vus| = 0.2250(27) (Hyperon Decays) (67.19)

modulo SU(3) breaking e�ects that could shift that value up or down. We note that a representative102

e�ort [51] that incorporates SU(3) breaking found Vus = 0.226(5). Strangeness changing tau decays,103

averaging both inclusive and exclusive measurements, give [52]104

|Vus| = 0.2221(13) (Tau Decays) , (67.20)

which di�ers by about 2 sigma from the kaon determination discussed above, and would, if com-105

bined with Vud from super-allowed beta decays, lead to a 4 sigma deviation from unitarity. This106

DRAFT 16th November, 2021 1:20am- Not for public distribution

<latexit sha1_base64="evIyK3NjZaIw3Up/YNpExGiT15E="></latexit>

|Vus|fK+

|Vud|f⇡+

= 0.27683 (29)exp(20)th
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K0 ! ⇡�`+⌫`

Semileptonic kaon decay

8

example:

K0

ū

d

⇡�

s̄
W

µ+

⌫µ

Needed to relate pure QCD form factor to 
experiment. Mode dependent. 

�K`3 = (known)⇥
✓

phase
space

◆
⇥ (1 + �K`

EM + �K⇡
SU(2))⇥ |Vus|2 ⇥ |fK0⇡�

+ (0)|2

Needed to include charged kaon 
decay in the experimental average.

Vus

|Vus | f+(0) = 0.21635 (39)exp (3)EM

experimental average [PDG]

[Ch.Y. Seng et al, arXiv:2107.14708]
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 decay constants and Kℓ3 form factor resultsK/π

9

S. Aoki et al [FLAG 2021 review, arXiv:2111.09849]

0.18%

small errors due to physical light quark masses, 
improved light-quark actions, NPR or no renormalization

0.18%

http://arxiv.org/abs/arXiv:2111.09849


A. El-Khadra RPF Spring meeting, 16-19 May 2022

First row CKM unitarity

10

Vub ⇠ 0
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�u ⌘ |Vud|2 + |Vus|2 + |Vub|2 � 1
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3.2𝜎 tension

|Vud| = 0.97373 (11) (9) (27)  from nuclear 𝛽-decay  
[Hardy & Towner, PRC 102, 045501, 2020]

Δu = − 0.0021 (2)exp,0+ (2)EM (5)NC (2)exp,K (2)lat,K

[C.Y. Seng et al, arXiv:2107.14708]

�u = �0.00151 (39)f+(0)(36)fK/f⇡ (36)exp(27)EM
<latexit sha1_base64="jgtqFt4sUqMQdXslLfui1ueBlOI="></latexit>

2𝜎 tension

[165]

[255]

Figure 10: The plot compares the information for |Vud|, |Vus| obtained on the lattice for
Nf = 2 + 1 and Nf = 2 + 1 + 1 with |Vud| extracted from nuclear � transitions Eqs. (71)
and (72). The dotted line indicates the correlation between |Vud| and |Vus| that follows if the
CKM-matrix is unitary. For the Nf = 2 results see the 2016 edition [3].

4.3.3 Extraction of |Vud| and |Vus|
It is instructive to convert the averages for f+(0) and fK±/f⇡± into a corresponding range
for the CKM matrix elements |Vud| and |Vus|, using the relations (69). Consider first the
results for Nf = 2 + 1 + 1. The average for f+(0) in Eq. (76) is mapped into the interval
|Vus| = 0.2232(6), depicted as a horizontal red band in Fig. 10. The one for fK±/f⇡± in
Eq. (81) and |Vus/Vud|(fK±/f⇡±) in Eq. (69) is converted into |Vus|/|Vud| = 0.2313(5),
shown as a tilted red band. The red ellipse is the intersection of these two bands and
represents the 68% likelihood contour,17 obtained by treating the above two results as
independent measurements. Repeating the exercise for Nf = 2 + 1 leads to the green
ellipse. The vertical light and dark blue bands show |Vud| from nuclear � decay, Eqs. (71)
and (72), respectively. The PDG value (71) indicates a tension with both theNf = 2+1+1
and Nf = 2 + 1 results from lattice QCD.

As we mentioned, QED radiative corrections are becoming relevant for the extraction
of the CKM elements at the current precision of lattice QCD inputs. We obtain a slightly
larger value of |Vus|/|Vud| = 0.2320(5) by inputting |Vus/Vud|(fK±/f⇡±) in Eq. (70) with
the QED corrections on the lattice. Figure 11 suggests that the kaon (semi)leptonic decays
favour a slightly smaller value of |Vud| than the nuclear transitions.

17Note that the ellipses shown in Fig. 5 of both Ref. [1] and Ref. [2] correspond instead to the 39% likelihood
contours. Note also that in Ref. [2] the likelihood was erroneously stated to be 68% rather than 39%.

76

[FNAL/MILC, arXiv:18.09.02827]

Structure dependent EM corrections 
are now an important source of error

https://arxiv.org/abs/2107.14708
https://arxiv.org/abs/18.09.02827
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Finding Beauty
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L 

a 

x 

L 

a 

x 

 quarkb

 mesonB

   ➠ leading discretization errors 

                                 (using same action as for light quarks)   
mb ≳ a−1 ≫ Λ ∼ (amb)2

use EFT (HQET, NRQCD) ➠  expansion

• lattice HQET, NRQCD: use EFT to construct lattice action  

complicated continuum limit 
nontrivial matching and renormalization 


• relativistic heavy quark approach (Fermilab) 
matching relativistic lattice action via HQET to continuum 
nontrivial matching and renormalization 

Λ/mb

   +  highly improved light quark action           

       ➠ same action for all quarks 

       ➠ simple renormalization (Ward identities)

a−1 > mb ≫ Λ

➠ (few-5)% errors

➠ (1-3)% errors

➠ < 1% errors
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W

µ+

Bs
µ�

ℬ(Bs → μ+μ−) = 3.660 (38) × 10−9

SM prediction for rare leptonic decay rate

other

CKM

fBs

error2 [Beneke et al, arXiv:1908.07011]

Rare leptonic decay Bs,d → μμ

0.7% 0.6%S. Aoki et al 
[FLAG review, 
arXiv:2111.09849]

• includes structure-dependent QED corrections

• dominant uncertainty due to 

• LQCD decay constant sub dominant source of 

uncertainty

|Vcb |
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Semileptonic B-meson decay form factors

13

B0

b̄ ū

⇡�

W

µ+

⌫µ

Vub

d�(B!⇡`⌫)
dq2 = (known)⇥ |Vub|2 ⇥

��f+(q2)
��2

★ calculate the form factors in the low recoil (high q2) range. 

★ use model-independent parameterization of q2 dependence. 


★ calculate the complete set of form factors,   and  .


★ for    compare shape between experiment and lattice. 


★ lattice results available for  form factors

f+(q2), f0(q2) fT(q2)
f+(q2)

B → π, Bs → K, B → K, B → D, Bs → Ds

example:
<latexit sha1_base64="x+tZYxvyiE3XCOF8rnGCFaHuo4w=">AAACBHicbVDLSsNAFJ3UV62vqMtuBosgiCURUZelblxWsA9o0jCZTtqhk0mYh1BCF278FTcuFHHrR7jzb5y2WWjrgYHDOfdy55wwZVQqx/m2Ciura+sbxc3S1vbO7p69f9CSiRaYNHHCEtEJkSSMctJUVDHSSQVBcchIOxzdTP32AxGSJvxejVPix2jAaUQxUkYK7HK950BPJdBLae8MerHunUKP68CwwK44VWcGuEzcnFRAjkZgf3n9BOuYcIUZkrLrOqnyMyQUxYxMSp6WJEV4hAakayhHMZF+NgsxgcdG6cMoEeZxBWfq740MxVKO49BMxkgN5aI3Ff/zulpF135GeaoV4Xh+KNIMmtDTRmCfCoIVGxuCsKDmrxAPkUBYmd5KpgR3MfIyaZ1X3cuqe3dRqdXzOoqgDI7ACXDBFaiBW9AATYDBI3gGr+DNerJerHfrYz5asPKdQ/AH1ucPakeWsQ==</latexit>

B0 ! ⇡�µ+⌫µ
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example:  form factorsB → π

14

LQCD form factors enable determinations of 
 from exp. measurements of exclusive 

(differential) decay rates with commensurate 
contributions to total errors from lattice (~3%) 
and experiment

|Vub |
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)

z(q2, topt)

f0 average
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f+ RBC/UKQCD 15

f0 FNAL/MILC 15

f0 RBC/UKQCD 15
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B
(q
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f
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z(q2, topt)
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f+ HPQCD 06

f+ FNAL/MILC 15

f+ RBC/UKQCD 15

f0 FNAL/MILC 15

f0 RBC/UKQCD 15

BaBar untagged 12bin

BaBar untagged 6bin

Belle tagged 13bin

Belle untagged 13bin

Belle tagged 7bin

shape of f+  agrees with experiment 

fit lattice form factors together with experimental 
data to determine  and obtain form factors 
( ) with improved precision

recent new result by JLQCD in good agreement 
[B. Colquhoun, et al, arXiv:2203.04938]

|Vub |
f+, f0
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Form factors for  and B → D* ℓνℓ |Vcb |

15

w = vB · vD⇤
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★  First LQCD result for  form factors at non-zero recoil: FNAL/MILC [arXiv:2105.14019] B → D*

d�

dw
= (known) ⇥ ⌘2EW(1 + �EM) ⇥ |Vcb|2 ⇥ (w2 � 1)1/2 ⇥ �(w)|F(w)|2

<latexit sha1_base64="fbE7zdo71/jhKqdDVnrGwAD4KVs="></latexit>

30

FIG. 9. Results for separate fits to each dataset (left) and joint fit of all data (right). On the left we compare the BaBar result
(gray), the Belle result from the untagged dataset (green), and the lattice QCD result coming from our synthetic data (red).
To allow for an straightforward comparison of lattice and experimental data, the data points and bands have been normalized
with the central value of |Vcb| as obtained in our joint fit, and taking into account the Coulomb factor corresponding to each
case. All results agree within ⇡ 2� over the whole kinematic range. There is tension between the slope predicted by the lattice
calculation and that of the experimental data. Since the lattice-QCD slope is well determined, correlations in the joint fit cause
the central lattice-QCD values to fall slightly below the experimental values.

to Eq. (5.22), but the central values of |Vcb| do not di↵er more than approximately one standard deviation among
these fits, and the sizes of the errors are similar. We also see a general agreement in the coe�cients of the expansion,
particularly in the important low-order ones.

Because most previous inclusive and exclusive determinations of |Vcb| omit the Coulomb factor, we also perform the
BGL fits without it; the results are collected in Table XIII. Compared to the results for |Vcb| in Table XII, the central
values are shifted by the respective Coulomb factors. They are consistent with previous exclusive determinations, for
example |Vcb|excl = (39.9 ± 0.9) ⇥ 10�3 from the PDG [2]. The long-standing tension with inclusive determinations
thus remains: |Vcb|incl = (42.2± 0.8)⇥ 10�3 [2].

Since the Belle data are binned in di↵erent variables, there is a normalization constraint between the di↵erent bins,
assuming that they contain the same underlying data. Then only 37 of the 40 bins are truly independent for each
mode [99], because the sum of all bins for a particular variable should give the same total number of events. Such
constraints should be reflected as zero eigenmodes, or —with rounding errors— very small eigenvalues in the 40⇥ 40
statistical correlation matrices. The correlation matrices provided in Ref. [18] are constructed using Monte Carlo
simulations, and do not resolve these constraints due to the underlying approximations. We therefore investigate the
e↵ect of removing the last bin on each one of the angular variables data and reconstructing its value from the total
normalization. We find that this procedure correctly introduces the anticipated constraints between the bins, while the
values of the reconstructed last bins are compatible with those given Ref. [18]. Hence, the expected zero eigenvalues
in the statistical correlation matrices are recovered. With this procedure our combined Belle + lattice-QCD BGL
fit does not yield any significant changes in the final values and uncertainties for |Vcb| and R(D⇤), but we observe a
substantial decrease in �2/dof from 111/79 to 96/73. In the case of our joint fit, which includes Belle, BaBar and
lattice-QCD data, the �2/dof decreases from 126/84 to 109/78. Nevertheless, the results for |Vcb| and R(D⇤) quoted
in this work use the Belle data and correlation matrices as given in Ref. [18].

The BGL fit to the BaBar data [19] includes fewer coe�cients than our BGL fit to the lattice-QCD form factors.
We test for the presence of truncation errors by performing BGL fits to the BaBar data including higher coe�cients
with priors of 0.0(5). This increases the errors in the BaBar data points, most likely because the extra coe�cients are
completely uncorrelated with the rest of the BaBar data. Because the joint fit to all data is currently dominated by
the Belle and lattice-QCD data, the addition of extra coe�cients in the BaBar expansion does not change our final
results for |Vcb| and R(D⇤) in a meaningful way. Hence, for the our final results quoted in this work, the synthetic
data points from Ref. [19] are generated without adding extra coe�cients.

★ expect 2nd LQCD result 
from JLQCD very soon


★ also ongoing work by 
FNAL/MILC, HPQCD, …
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Implications: , , LFU ratios|Vub | |Vcb |
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0.2 0.3 0.4 0.5
R(D)

0.2

0.25

0.3

0.35

0.4R
(D

*)

Exp+LQCD+HQET

Lattice QCD

 = 1.0 contours2χΔ

HFLAV World Average
 0.014± 0.026 ±R(D) = 0.339 
 0.010± 0.010 ±R(D*) = 0.295 

 = -0.38ρ
) = 28%2χP(

HFLAV

2021

σ3

LHCb15

LHCb18

Belle17

Belle19 Belle15

BaBar12

Average

R(D(⇤)) =
B(B ! D(⇤)⌧⌫⌧ )

B(B ! D(⇤)`⌫)

 tension between SM and Exp.∼ 4σ
Uncertainties from LQCD form factors are 
commensurate with experiment. 
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Snowmass 2013 ➠ present

17

https://www.usqcd.org/documents/13flavor.pdf  and [J. Butler et al, arXiv:1311.1076]
Report of the Lattice QCD Task Force 33

Quantity CKM Present 2007 forecast Present 2018

element expt. error lattice error lattice error lattice error

fK/f⇡ |Vus| 0.2% 0.5% 0.4% 0.15%

f
K⇡

+ (0) |Vus| 0.2% – 0.4% 0.2%

fD |Vcd| 4.3% 5% 2% < 1%

fDs |Vcs| 2.1% 5% 2% < 1%

D ! ⇡`⌫ |Vcd| 2.6% – 4.4% 2%

D ! K`⌫ |Vcs| 1.1% – 2.5% 1%

B ! D
⇤
`⌫ |Vcb| 1.3% – 1.8% < 1%

B ! ⇡`⌫ |Vub| 4.1% – 8.7% 2%

fB |Vub| 9% – 2.5% < 1%

⇠ |Vts/Vtd| 0.4% 2–4% 4% < 1%

�ms |VtsVtb|2 0.24% 7–12% 11% 5%

BK Im(V 2
td
) 0.5% 3.5–6% 1.3% < 1%

Table 6. History, status and future of selected lattice-QCD calculations needed for the determination

of CKM matrix elements. 2007 forecasts are from Ref. [112]. Most present lattice results are taken from

latticeaverages.org [113]. The quantity ⇠ is fBs

p
BBs/(fB

p
BB).

written [112]), only fK/f⇡ was fully controlled. A sample of present errors is collected in Table 6. For K

mesons, errors are at or below the percent level, while for D and B mesons errors range from few to ⇠10%.

The lattice community is embarking on a three-pronged program of future calculations: (i) steady but
significant improvements in “standard” matrix elements of the type just described, leading to much improved
results for CKM parameters (e.g., Vcb); (ii) results for many additional matrix elements relevant for searches
for new physics and (iii) the extension of lattice methods to more challenging matrix elements which can
both make use of old results and provide important information for upcoming experiments.

Reducing errors in the standard matrix elements has been a major focus of the lattice community over the last
five years, and the improved results illustrated in Table 6 now play an important role in the determination
of the CKM parameters in the “unitarity triangle fit.” Lattice-QCD calculations involve various sources
of systematic error (the need for extrapolations to zero lattice spacing, infinite volume and the physical
light-quark masses, as well as fitting and operator normalization) and thus it is important to cross-check
results using multiple discretizations of the continuum QCD action. (It is also important to check that
results for the hadron spectrum agree with experiment. Examples of these checks are shown in the 2013
whitepaper [111].) This has been done for almost all the quantities noted above. This situation has spawned
two lattice averaging e↵orts, latticeaverages.org [113] and FLAG-1 [114], which have recently joined
forces and expanded to form a worldwide Flavor Lattice Averaging Group (FLAG-2), with first publication
expected in mid-2013.

The ultimate aim of lattice-QCD calculations is to reduce errors in hadronic quantities to the level at which
they become subdominant either to experimental errors or other sources of error. As can be seen from
Table 6, several kaon matrix elements are approaching this level, while lattice errors remain dominant in
most quantities involving heavy quarks. Thus the most straightforward contribution of lattice QCD to the
future intensity frontier program will be the reduction in errors for such quantities. Forecasts for the expected
reductions by 2018 are shown in the table. These are based on a Moore’s law increase in computing power,

Community Planning Study: Snowmass 2013

2021 FLAG

Average

0.18 %
0.18 %
0.3  %
0.2  %
4.4  %
0.6  %
1.7 % [from FNAL/MILC, 2105.14019]
~3 %
0.7  %   (0.6 % for )fBs

1.3  %
4.5  %
1.3 %

https://www.usqcd.org/documents/13flavor.pdf
https://arxiv.org/abs/1311.1076
https://arxiv.org/abs/2105.14019
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�ms |VtsVtb|2 0.24% 7–12% 11% 5%

BK Im(V 2
td
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Table 6. History, status and future of selected lattice-QCD calculations needed for the determination

of CKM matrix elements. 2007 forecasts are from Ref. [112]. Most present lattice results are taken from

latticeaverages.org [113]. The quantity ⇠ is fBs

p
BBs/(fB

p
BB).

written [112]), only fK/f⇡ was fully controlled. A sample of present errors is collected in Table 6. For K

mesons, errors are at or below the percent level, while for D and B mesons errors range from few to ⇠10%.

The lattice community is embarking on a three-pronged program of future calculations: (i) steady but
significant improvements in “standard” matrix elements of the type just described, leading to much improved
results for CKM parameters (e.g., Vcb); (ii) results for many additional matrix elements relevant for searches
for new physics and (iii) the extension of lattice methods to more challenging matrix elements which can
both make use of old results and provide important information for upcoming experiments.

Reducing errors in the standard matrix elements has been a major focus of the lattice community over the last
five years, and the improved results illustrated in Table 6 now play an important role in the determination
of the CKM parameters in the “unitarity triangle fit.” Lattice-QCD calculations involve various sources
of systematic error (the need for extrapolations to zero lattice spacing, infinite volume and the physical
light-quark masses, as well as fitting and operator normalization) and thus it is important to cross-check
results using multiple discretizations of the continuum QCD action. (It is also important to check that
results for the hadron spectrum agree with experiment. Examples of these checks are shown in the 2013
whitepaper [111].) This has been done for almost all the quantities noted above. This situation has spawned
two lattice averaging e↵orts, latticeaverages.org [113] and FLAG-1 [114], which have recently joined
forces and expanded to form a worldwide Flavor Lattice Averaging Group (FLAG-2), with first publication
expected in mid-2013.

The ultimate aim of lattice-QCD calculations is to reduce errors in hadronic quantities to the level at which
they become subdominant either to experimental errors or other sources of error. As can be seen from
Table 6, several kaon matrix elements are approaching this level, while lattice errors remain dominant in
most quantities involving heavy quarks. Thus the most straightforward contribution of lattice QCD to the
future intensity frontier program will be the reduction in errors for such quantities. Forecasts for the expected
reductions by 2018 are shown in the table. These are based on a Moore’s law increase in computing power,

Community Planning Study: Snowmass 2013

2021 FLAG

Average

0.18 %
0.18 %
0.3  %
0.2  %
4.4  %
0.6  %
1.7 % [from FNAL/MILC, 2105.14019]
~3 %
0.7  %   (0.6 % for )fBs

1.3  %
4.5  %
1.3 %

QED 
corrections 
important 

https://www.usqcd.org/documents/13flavor.pdf
https://arxiv.org/abs/1311.1076
https://arxiv.org/abs/2105.14019
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Semileptonic B decays to vector mesons: B → K*ℓℓ

18

existing LQCD results for  form factors assume stable  (narrow width approximation) 
[R. Horgan et al, arXiv:1310.3887, 1310.3722, 1501.00367]


Formalism for multi-channel 1→ 2 transition amplitudes:

[Briceno, Hansen, Walker-Loud, arXiv:1406.5965, PRD 2015;1502.04314, PRD 2015,…]

B → K*, Bs → ϕ K*, ϕ

Status of 
formalism

(somewhat bias estimate)

Spectroscopy/
scattering:

n
n n

⇤⇤K K

⌘⇡
!

⇡

⇡

⇡
⇡
⇡

Electromagnetic 
form factors:

Fundamental 
symmetries:

pp⇡�

⇡

⇡⇡ p

⇡
⇡⇡

⇡
�

⇡�

⇡

⇡
⇡�

⇢⇢

pp

⇡
K

⇡p

⇡
B

K
K⇤

⇡⇡

: Under control : progress made/ 
more to come

weak current
pilot study  [Agadjanov et al, arXiv:1605.03386, NPB 2016]

Limitations:

• q2 reach: small recoil

• invariant mass of two-hadron system: < 3 mH 

• recent work to extend formalism to 3 hadrons 

[M. Hansen et al, arXiv:2101.10246]

studies of  scattering 

[G. Rendon et al, arXiv:1811.10750; D. Wilson et al, arXiv:1904.03188] 

Kπ

dedicated effort requires significant 
computational resources

[Figure by R. Briceno]
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Inclusive decay rates with lattice QCD 

19

B → Xc ℓνℓFor example: 

b̄
W

µ+

⌫µ

Vcb

c̄

B Xc

Target: dΓ ∼ |Vcb |2 LμνWμν

Wμν =
1

2MB ∫ d4xe−iqx⟨B |J†
μ(x)Jν(0) |B⟩

Start with Euclidean four-point function: 

C4(q, τ) = ∑
x

eiqx 1
2MB

⟨B |J†
μ(x)Jν(0) |B⟩

Xc = D, D*, Dπ, Dππ, D**, …
Sum over final states: 

Use OPE + pert. QCD to write     as a double 
expansion:   

dΓ

dΓ ∼ ∑
n

cn
⟨On⟩
mn

b
•  are calculated in perturbation theory 

•  are matrix elements of local 

operators

cn
⟨On⟩

• new methods to perform inverse Laplace transform 
[Liu & Dong (PRL 1994),;Liu (PRD 200);Jian et al (1710.11145); 
Hansen, Meyer, Robaina (1703.01881, PRD 2017); M. Hansen et al, 
arXiv:1903.06476; P. Gambino & S. Hashimoto, arXiv:2005.13730; 
J. Bulava et al, arXiv:2111.12774] 

• first application to   
good agreement with OPE  
[P. Gambino et al, arXiv:2203.11762]

B → Xcℓν
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Muon g-2: experiment vs theory

20

aSMµ = aQED

µ + aWeak

µ + aHVP

µ + aHLbL

µ = 116591810 (43)⇥ 10�11

<latexit sha1_base64="hB4vaKS+KQ8Aj47zIcRslYdup8k="></latexit>

[B. Abi et al (Muon g-2 Collaboration), Phys. Rev. Lett. 124, 141801 (2021)] 

https://doi.org/10.1103/PhysRevLett.126.141801
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Muon g-2: SM contributions

21

HLbL

aEW
µ = 153.6 (1.0)⇥ 10�11

<latexit sha1_base64="h19OLW6lqQS/KfK0kDqVsJ1iWoA=">AAACGHicbVDLSgMxFM34rPVVdekmWIQKOk60vhZCUQSXFewDOm3JpJk2NJkZkoxQhn6GG3/FjQtF3Hbn35g+Ftp64MLhnHu59x4v4kxpx/m25uYXFpeWUyvp1bX1jc3M1nZZhbEktERCHsqqhxXlLKAlzTSn1UhSLDxOK173duhXnqhULAwedS+idYHbAfMZwdpIzcwxbroibiSuFPCu0ofXEJ2d2ufuYQ7ZzgFMQ1czQRVETiM5QqjfzGQd2xkBzhI0IVkwQbGZGbitkMSCBppwrFQNOZGuJ1hqRjjtp91Y0QiTLm7TmqEBNtvqyeixPtw3Sgv6oTQVaDhSf08kWCjVE57pFFh31LQ3FP/zarH2L+sJC6JY04CMF/kxhzqEw5Rgi0lKNO8Zgolk5lZIOlhiok2WaRMCmn55lpRPbJS3rx7y2cLNJI4U2AV7IAcQuAAFcA+KoAQIeAav4B18WC/Wm/VpfY1b56zJzA74A2vwA9vIm+g=</latexit>

6845 (40) × 10−11

92 (18) × 10−11

aQED
µ (↵(Cs)) = 116 584 718.9 (1)⇥ 10�11

<latexit sha1_base64="jslMJiAKjL0WKnE49hRQIicInxE="></latexit>

QED

EW

α2
+…

+…

+…

+…

α3

0.01 ppm

0.001 ppm

0.34 ppm

0.15 ppm

[0.6%]

[20%]

aµ = aµ(QED) + aµ(EW) + aµ(hadronic)

<latexit sha1_base64="ukHmy76qPwlDiPWpui1oZda0TB8=">AAACL3icbZDLSgMxFIYzXmu9jbp0EyxCRSgzUtGNUNSKyxbsBdoyZDJpG5pkhiQjlKFv5MZX6UZEEbe+hWk7C9t6IOTn+88hOb8fMaq047xbK6tr6xubma3s9s7u3r59cFhXYSwxqeGQhbLpI0UYFaSmqWakGUmCuM9Iwx/cTfzGM5GKhuJJDyPS4agnaJdipA3y7AfktXkMb+DszidtyWG1fD86g+dzrNxYQn0UyFBQbAzPzjkFZ1pwWbipyIG0Kp49bgchjjkRGjOkVMt1It1JkNQUMzLKtmNFIoQHqEdaRgrEieok031H8NSQAHZDaY7QcEr/TiSIKzXkvunkSPfVojeB/3mtWHevOwkVUayJwLOHujGDOoST8GBAJcGaDY1AWFLzV4j7SCKsTcRZE4K7uPKyqF8U3GLhslrMlW7TODLgGJyAPHDBFSiBR1ABNYDBCxiDD/BpvVpv1pf1PWtdsdKZIzBX1s8vvYil5A==</latexit>

HVP

Hadronic 
corrections

(5 loops)

(2 loops)

(NNLO)

(NLO)
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Hadronic Corrections: Comparisons

22

aHVP

µ +
⇥
aQED

µ + aWeak

µ + aHLbL

µ

⇤
� aexpµ

<latexit sha1_base64="9M0tnw3VnWHGL11uTa1l7HXkKRA="></latexit>

aSMµ

<latexit sha1_base64="B4SnhG0Qn/MQgb3wQgGVx68DO0U=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIRZdFN26EivYBTQyT6bQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE6eMKu15305hZXVtfaO4Wdra3tktu3v7LZUYiUkTJyyRnRgpwqggTU01I51UEsRjRtrx6Grqtx+JVDQR93qckpCjgaB9ipG2UuSWURRw85AFksO7mwmM3IpX9WaAy8TPSQXkaETuV9BLsOFEaMyQUl3fS3WYIakpZmRSCowiKcIjNCBdSwXiRIXZ7PAJPLZKD/YTaUtoOFN/T2SIKzXmse3kSA/VojcV//O6RvcvwoyK1Ggi8HxR3zCoEzhNAfaoJFizsSUIS2pvhXiIJMLaZlWyIfiLLy+T1mnVr1XPbmuV+mUeRxEcgiNwAnxwDurgGjRAE2BgwDN4BW/Ok/PivDsf89aCk88cgD9wPn8AFW6SuA==</latexit>
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In 2020 WP: 

Lattice HVP average at total uncertainty: 

  

BMW 20 (published in 2021)  
first LQCD calculation with sub-percent ( ) error 
in tension with data-driven HVP ( )

Further tensions for intermediate window: 
 
 
 
 
 
 
 
 
-  tension with data-driven evaluation  
-  tension with RBC/UKQCD18

2.6 %
aHVP,LO

μ = 711.6 (18.4) × 1010

0.8 %
2.1σ

3.7σ
2.2σ

HVP: lattice

23

Use windows in Euclidean time to consider the different 
time regions separately. [T. Blum et al, arXiv:1801.07224, 2018 PRL] 
 
Short Distance (SD)       
Intermediate (W)           
Long Distance (LD)        
 
 
 

disentangle systematics/statistics from long distance/FV 
and discretization effects 

intermediate window: easy to compute in lattice QCD & 
using disperse approach: 

Internal cross check: 
Compute each window separately (in continuum, infinite 
volume limits,…) and combine:

t : 0 → t0
t : t0 → t1
t : t1 → ∞

aHVP,LO
µ =

⇣↵
⇡

⌘2
Z 1

0
dt w̃(t)C(t)

<latexit sha1_base64="bwdIsym4glyVPgnTM0fRxWwPX2s="></latexit>

Hartmut	Wittig

Window	observables

4

Restrict	integra3on	over	Euclidean	3me	to	sub-intervals	
		 		reduce/enhance	sensi3vity	to	systema3c	effects→

<latexit sha1_base64="RZkSrxSX7M0m0SIdaFXvIxBtAEI="></latexit>

ahvp,win
µ =

✓↵
⇡

◆2 Z 1

0
dt K̃(t) G(t) W(t; t0, t1)

Short	distance:
<latexit sha1_base64="xgdpZMpcp8rV9Ka6WJ9p5hBGgKA="></latexit>

WSD(t; t0) = 1 � ⇥(t, t0,�)

Intermediate	distance:
<latexit sha1_base64="mXPnf6Q0yTt3Zm6UpEf/wXuXM2E="></latexit>

W ID(t; t0, t1) = ⇥(t, t0,�) � ⇥(t, t1,�)
<latexit sha1_base64="NVv4bsheoXwrNXVLs/nYU1XFiPg="></latexit>

WLD(t; t1) = ⇥(t, t1,�)Long	distance:

• Precision	test	of	different	laKce	calcula3ons	

• Comparison	with	corresponding	 -ra3o	es3mateR

Intermediate	window:

0

0.2

0.4

0.6

0.8

1

0 0.5 1 1.5 2 2.5 3

t [fm]

Lattice data

<latexit sha1_base64="MtZJ/lX0ry9Cg+vSBLSFwvNmMjo="></latexit>

⇥(t, t0,�) = 1
2
⇥
1 + tanh(t � t0)/�

⇤
Step	func3on:

“Standard”	window	quan33es:
<latexit sha1_base64="3/X9k7tHfEFhYfCh5/e+1KR+S3s="></latexit>

t0 = 0.4 fm, t1 = 1.0 fm, � = 0.15 fm

H. Wittig @ Lattice 2021

t0 = 0.4 fm, t1 = 1.0 fm

Window observable

restrict correlator to window
0.4 � 1.0 fm [RBC/UKQCD’18]

fewer difficulties

0.0

0.5

1.0

1.5 window [RBC/UKQCD’18]
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Cont. extrap. systematics:

1 SRHO vs no improvement

2 � = 0 or 3

3 linear, quadratic or cubic

4 skip coarse lattices

aµ = aSDµ + aWµ + aLDµ
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In 2020 WP: 

Lattice HVP average at total uncertainty: 

  

BMW 20 (published April 2021)  
first LQCD calculation with sub-percent ( ) error 
in tension with data-driven HVP ( )

Further tensions for intermediate window: 
 
 
 
 
 
 
 
 
-  tension with data-driven evaluation  
-  tension with RBC/UKQCD18

2.6 %
aHVP,LO

μ = 711.6 (18.4) × 1010

0.8 %
2.1σ

3.7σ
2.2σ

HVP: lattice

24

Window observable

restrict correlator to window
0.4 � 1.0 fm [RBC/UKQCD’18]

fewer difficulties

0.0

0.5

1.0

1.5 window [RBC/UKQCD’18]
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Cont. extrap. systematics:

1 SRHO vs no improvement

2 � = 0 or 3

3 linear, quadratic or cubic

4 skip coarse lattices

Expect new results from RBC/UKQCD and FNAL/MILC (and likely other 
lattice groups) in the coming months: 
 
 
 
 

need blind analyses (already being done in FNAL/MILC and RBC/UKQCD)

Including  states for refined long-distance computation  
(Mainz, RBC/UKQCD, FNAL/MILC)

Developing method average for lattice HVP — started at KEK workshop 
(June 2021), based on detailed comparisons


- list of sub quantities (and their definitions)

- common prescription for separating QCD & QED 

- quality criteria for inclusion


Most groups plan to include smaller lattice spacings to test continuum 
extrapolations  (needs adequate computational resources) 

ππ

Ongoing work:

preliminary

blinded

S. Lahert 
(FNAL/MILC)

If results are consistent, Lattice HVP (average) with 
errors feasible by 2025≲ 0.5 %
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Lattice QCD+QED:

RBC/UKQCD 
[T. Blum et al, arXiv:1610.04603, 2016 PRL; arXiv:1911.08123, 2020 PRL]

QCD + QEDL  (finite volume)   
 
DWF ensembles at/near phys mass,  
a ≈ 0.08 − 0.2 fm, L ∼ 4.5 − 9.3 fm

xsrc xsnky′,σ′ z′,κ′ x′, ρ′

xop, ν

z,κ
y,σ x, ρ

xsrc xsnkz′,κ′ y′,σ′ x′, ρ′

xop, ν

z,κ y,σ x, ρ

Hadronic Light-by-light

25

Two independent and complete direct calculations of aHLbL
μ

Cross checks between RBC/UKQCD & Mainz approaches in White Paper at unphysical pion mass

Both groups will continue to improve their calculations, adding more statistics, lattice spacings,  
physical mass ensemble (Mainz)

Mainz group  
[E. Chao et al, arXiv:2104.02632]


QCD + QED (infinite volume & continuum) 
 
CLS (2+1 Wilson-clover) ensembles 
 , mπ ∼ 200 − 430 MeV a ≈ 0.05 − 0.1 fm, mπL > 4

Theory background
I O(4)-symmetry restoration of the QED kernel allows to write

ahlbl
µ = lim

|y |maxæŒ
ahlbl

µ (|y |max) , ahlbl
µ (|y |) =

⁄ |y |max

0
d |y |f (|y |) .

∆ compute the integrand f (|y |) for each |y | and get the |y |-integral using
trapezoidal rule.

I Terminology:
I Leading topologies: fully-connected, (2+2)
I Subleading topologies: (3+1), (2+1+1), (1+1+1+1)

Motivated by light pseudoscalar (PS) meson contributions and large-Nc
arguments.

I Translational invariance + change of variables ∆ compute ahlbl
µ for each

topology from only a subset of “easy" diagrams. [E.-H. Chao et al, EPJC ’20]

I Focus of this talk: the leading topologies with purely light quarks and the
(3+1) with a light quark “triangle".

0x

y

z

0y

z

x
0y

z

x
0y

z

x 0 y

z

x

En-Hung Chao (JGU Mainz) ahlbl
µ from LQCD: a complete calculation 3 / 9

Lattice HLbL results with  total uncertainty feasible by ~202510 %

http://arxiv.org/abs/arXiv:1911.08123
https://arxiv.org/abs/2104.02632
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Summary

26

The State of the ArtL 

a 

x 

Lattice QCD calculations of simple quantities (with at most one stable meson in initial/final state) 
that quantitatively account for all systematic  effects (discretization, finite volume, 
renormalization,…) in some cases with 


• sub percent precision.  

•  total errors that are commensurate (or smaller) than corresponding experimental 

uncertainties.

Scope of LQCD calculations is increasing due to continual development of new methods: 


• nucleons and other baryons   

• nonleptonic decays (                , …)

• resonances, scattering, long-distance effects, … 

• structure: PDFs, GPDs, …

• QED effects 

• radiative decay rates …

K ! ⇡⇡
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Summary

27

Complexity

✓
fK±

fB(s)

fK!⇡
+ (0)

fB!⇡
+,0,T (q

2)

B̂K

hB̄0
q |O

�B=2
i |B0

q i

h⇡⇡(I=2)|H
�S=1

|K0
i

h⇡⇡(I=0)|H
�S=1

|K0
i

�MK , ✏K

LQCD flagship 
results

First complete 
LQCD results, 

large(ish) errors 

First results, 
physical params, 

incomplete 
systematics

new methods,

pilot projects,


unphysical 
kinematics

hD̄0
|O

�C=2
i |D0

i

… K+ ! ⇡+⌫⌫̄

K+ ! ⇡+`+`�

K+ ! `+⌫ (�) …

…

fB!D
+,0 (q2), . . .

B ! K⇤`` ! K⇡ ``

…

Λb → p, Λc, Λ
other inclusive 

decay rates,

…

new ideas,

first studies

B → Xcℓν,

aHVP LO
µ aHLbL

µ

gA, gT, gS

nucleon form factors, ..

MEs for light nuclei

<latexit sha1_base64="W+sHYUx4VRWOVf77pWouMczle5M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK1hbaUDabSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj+lA8ogzaqx0H/Zlv1pz6+4MZJl4BalBgWa/+tULE5bFKA0TVOuu56bGz6kynAmcVHqZxpSyER1g11JJY9R+Pjt1Qk6sEpIoUbakITP190ROY63HcWA7Y2qGetGbiv953cxEV37OZZoZlGy+KMoEMQmZ/k1CrpAZMbaEMsXtrYQNqaLM2HQqNgRv8eVl8nhW9y7q3t15rXFdxFGGIziGU/DgEhpwC01oAYMBPMMrvDnCeXHenY95a8kpZg7hD5zPH0ukjc8=</latexit>
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Outlook for 2025+
Ongoing program to improve precision on ``simple quantities”: 

 decay constants, semileptonic form factors (to pseudo scalars), mixing 
matrix elements  ➠ towards the QED wall

improved precision for semileptonic  baryon decay form factors possible (with 
broader participation)

semileptonic form factors for  e.g.   
➠ treating vector mesons as resonances 

developing methods to include (radiative) QED effects 

studies of rare kaon processes with non-local effects, e.g. 

dedicated, continued efforts to improve precision on lattice HVP and HLbL (and related 
quantities) 

nucleon matrix elements (and matrix elements of small nuclei)

developing new methods for studies of inclusive B decay rates  
may be adapted to non-local matrix elements (rare B decays,  mixing, …)  
 
➠ Continued work in Lattice QCD to maximize the discovery potential of experiments 
within the Rare and Precision Measurements Frontier     

π, K, D(s), B(s)

Λb,c

B → (K* → Kπ) ℓℓ

ϵ′￼/ϵ, ΔmK, ϵ, K → πℓ+ℓ−, …

D

➠ talk by Andrew Lytle

➠ talk by Norman Christ

➠ talk by Ruth Van de Water



Farah Willenbrock

Thank you!
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...of lattice spacing, chiral, heavy quark, and finite volume effects is based on EFT 
(Effective Field Theory) descriptions of QCD 

➙ ab initio

 


•  finite a: Symanzik EFT

• light quark masses: Chiral Perturbation Theory

• heavy quarks: HQET

• finite L: finite volume EFT

systematic error analysis

L 

a 

x Lattice QCD Introduction

FIG. 6. Distribution of four-flavor QCD gauge-field ensembles used in this work. Ensembles that
are new with respect our previous analysis [23] are indicated with black outlines. Ensembles with
unphysical strange-quark masses are shown as gold disks with orange outlines. The area of each
disk is proportional to the statistical sample size Nconf ⇥ Nsrc. The physical, continuum limit is
located at (a = 0, M⇡ ⇡ 135 MeV).

charm and bottom quarks with controlled discretization errors. Figure 7 shows the range
of valence heavy-quark masses used in our analysis. On the coarsest a ⇡ 0.15 and 0.12 fm
ensembles, we have only two values mh = 0.9m0

c
and m

0
c
; on our finest a ⇡ 0.042 and 0.03 fm

ensembles, however, we have several heavy-quark masses between 0.9m0
c

 mh  5m0
c
,

reaching just above the physical b-quark mass. Second, as discussed in Sec. III, we have
large statistical sample sizes, with about 4,000 samples on most ensembles and large lattice
volumes; the resulting errors on the decay constants range from 0.04% to 1.4%.

Because of the breadth and precision of the data set, it is a challenge to find a theo-
retically well-motivated functional form that is sophisticated enough to describe the whole
data set. We therefore rely on several EFTs to parameterize the dependence of our data
on each of the independent variables just described: Symanzik e↵ective field theory for lat-
tice spacing dependence [37], chiral perturbation theory for light- and strange-quark mass
dependence, and heavy-quark e↵ective theory for the heavy-quark mass dependence. These
EFTs are linked together within heavy-meson rooted all-staggered chiral perturbation the-
ory (HMrAS�PT) [64]. Here we use the one-loop HMrAS�PT expression to describe the
nonanalytic behavior of the interaction between pion (and other pseudo-Goldstone bosons)
and the heavy-light meson, and supplement it with higher-order analytic functions in the
light- and heavy-quark masses and lattice spacing to enable a good correlated fit.

Even with these additional terms, however, the extrapolation a ! 0 and the interpolation
mh ! mb oblige us to restrict the range of amh. In practice, we are able to obtain a good
correlated fit of our data with heavy-quark masses amh  0.9. Note, however, that our final
fit function describes even the data with amh > 0.9 quite well.

20

MILC nf = 2+1+1
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• typical momentum scale of quarks gluons inside hadrons: ~𝛬QCD

• make a small to separate the scales: 𝛬QCD ≪ 1/a

 


• Symanzik EFT:                                                      , n ≥ 2 
 


 provides functional form for extrapolation (depends on the details of the lattice action)

 can be used to build improved lattice actions 

 can be used to anticipate the size of discretization effects


 

discretization effects — continuum extrapolation

L 

a 

x Lattice QCD Introduction

hOi
lat = hOi

cont +O(a⇤)n

a (fm) 

L 
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• Staggered quarks (a.k.a Kogut-Susskind)   
reduce the number of doublers (staggering) but keep some (a.k.a tastes) 
dominant discretization effects due to taste-breaking effects (can be corrected analytically) ~  
various improved versions to reduce taste-breaking effects (HISQ,..) 
computationally inexpensive


• (improved) Wilson quarks 
no doublers, but chiral symmetry broken explicitly 
requires improvement to remove  effects (NP improved, twisted mass, …)  
moderate computational cost


• Domain wall quarks (live in 5 dimensions) 
no doublers, chiral symmetry exponentials suppressed  
small  discretization effects 
high computational cost  


• …                                                

O(a2)

O(a)

O(a2)

L 

a 

x Lattice QCD Introduction: quark discretizations

Fermion doubling problem   ⬄   chiral symmetry



A. El-Khadra RPF Spring meeting, 16-19 May 2022

 meson decay constant resultsB

34

15 20 25 30 35 40

MHs
/fp4s

4

5

6

7

8

9

10

�
H

u
/
f

3/
2

p
4s

�
H

s
/
f

3/
2

p
4s

D

B

a ⇡ 0.09 fm
a ⇡ 0.06 fm
a ⇡ 0.042 fm
continuum

FIG. 8. Decay constants plotted in units of fp4s vs the heavy-strange meson mass for physical-mass
ensembles at three lattice spacings, and continuum extrapolation. For each color there are two sets
of data and fit lines: one with valence light mass mx = ms (higher one), and one with mx = mu.
The dashed vertical lines indicate the cut amh = 0.9 for each lattice spacing, and data points (with
open symbols) to the right of the dashed vertical line of the corresponding color are omitted from
the fit. The width of the fit lines shows the statistical error coming from the fit. The solid vertical
lines indicate the D and B systems, where MHs = MDs and MHs = MBs , respectively.

Altogether we have 492 lattice data points in the base fit and 60 parameters in the EFT
fit function. The fit has a correlated �

2
data/dof = 466/432, giving p = 0.12. Figure 8

shows a snapshot of the decay constants for physical-mass ensembles, plotted versus the
corresponding heavy-strange meson masses MHs at three lattice spacings. The continuum
extrapolation is also shown. The valence light mass mx is tuned either to ms (upper points)
or to mu (lower points). Data points with open symbols that are at the right of the dashed
vertical line of the corresponding color are omitted from the fit because they have amh > 0.9.
The fact that the fit lines agree well with the omitted points is evidence that we have not
overfit the data. In the continuum extrapolation, the masses of sea quarks are set to the
correctly-tuned, physical quark masses ml, ms, and mc, while at nonzero lattice spacing the
masses of the sea quarks take the simulated values.

The width of the fit lines in Fig. 8 shows the statistical error coming from the fit, which
is only part of the total statistical error, since it does not include the statistical errors in the
inputs of the quark masses and the lattice scale. To determine the total statistical error of
each output quantity, we divide the full data set into 20 jackknife resamples. The complete
calculation, including the determination of the inputs, is performed on each resample, and
the error is computed as usual from the variations over the resamples. (For convenience, we
kept the covariance matrix fixed to that from the full data set, rather than recomputing it

29

FIG. 6. Distribution of four-flavor QCD gauge-field ensembles used in this work. Ensembles that
are new with respect our previous analysis [23] are indicated with black outlines. Ensembles with
unphysical strange-quark masses are shown as gold disks with orange outlines. The area of each
disk is proportional to the statistical sample size Nconf ⇥ Nsrc. The physical, continuum limit is
located at (a = 0, M⇡ ⇡ 135 MeV).

charm and bottom quarks with controlled discretization errors. Figure 7 shows the range
of valence heavy-quark masses used in our analysis. On the coarsest a ⇡ 0.15 and 0.12 fm
ensembles, we have only two values mh = 0.9m0

c
and m

0
c
; on our finest a ⇡ 0.042 and 0.03 fm

ensembles, however, we have several heavy-quark masses between 0.9m0
c

 mh  5m0
c
,

reaching just above the physical b-quark mass. Second, as discussed in Sec. III, we have
large statistical sample sizes, with about 4,000 samples on most ensembles and large lattice
volumes; the resulting errors on the decay constants range from 0.04% to 1.4%.

Because of the breadth and precision of the data set, it is a challenge to find a theo-
retically well-motivated functional form that is sophisticated enough to describe the whole
data set. We therefore rely on several EFTs to parameterize the dependence of our data
on each of the independent variables just described: Symanzik e↵ective field theory for lat-
tice spacing dependence [37], chiral perturbation theory for light- and strange-quark mass
dependence, and heavy-quark e↵ective theory for the heavy-quark mass dependence. These
EFTs are linked together within heavy-meson rooted all-staggered chiral perturbation the-
ory (HMrAS�PT) [64]. Here we use the one-loop HMrAS�PT expression to describe the
nonanalytic behavior of the interaction between pion (and other pseudo-Goldstone bosons)
and the heavy-light meson, and supplement it with higher-order analytic functions in the
light- and heavy-quark masses and lattice spacing to enable a good correlated fit.

Even with these additional terms, however, the extrapolation a ! 0 and the interpolation
mh ! mb oblige us to restrict the range of amh. In practice, we are able to obtain a good
correlated fit of our data with heavy-quark masses amh  0.9. Note, however, that our final
fit function describes even the data with amh > 0.9 quite well.

20

MILC nf = 2+1+1

A. Bazavov et al [FNAL/MILC, arXiv:1712.09262, 2018 PRD]

small errors due to physical light quark masses

improved quark action with small discretization errors even for heavy quarks

no renormalization (Ward identity)
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ĺ
 = physical

FIG. 7. Valence heavy-quark masses vs. lattice-spacings of ensembles used in this calculation,
in units of the simulation charm sea-quark mass. Symbol shapes indicate the value of the light
sea-quark masses, with diamonds, squares, and circles corresponding to m

0
l
= m

0
s/5, m

0
s/10, and

physical, respectively. The symbol area is proportional to the statistical sample size. The black
(gray) hyperbola shows amh = 0.9 (amh = ⇡/2). The horizontal dashed lines indicate the physical
bottom and charm masses.

Even with these additional terms, however, the extrapolation a ! 0 and the interpolation
mh ! mb oblige us to restrict the range of amh. In practice, we are able to obtain a good
correlated fit of our data with heavy-quark masses amh  0.9. Note, however, that our final
fit function describes even the data with amh > 0.9 quite well.

The rest of this section is organized as follows. In Sec. VA, we construct an EFT-based
fit function with enough parameters (60) to describe the data as a function of the light- and
heavy-quark masses and lattice spacing. For convenience, the complete final expression is
written out in Sec. V B. Next, Sec. VC explains how we convert our decay-constant data
from lattice units to “p4s units” and, eventually, to MeV. Finally, we describe how the fit
works in practice and present our final fit used to obtain the decay-constant central values
and errors in Sec. V D.

A. E↵ective-field-theory fit function for heavy-light decay constants

Recall that Hx denotes a generic heavy-light pseudoscalar meson composed of a light
valence quark x and a heavy valence antiquark h̄, with masses mx and mh, respectively.
The decay constant and mass of Hx are fHx and MHx , respectively. In heavy-quark physics,
the conventional decay constant is defined and normalized as �Hx ⌘ fHx

p
MHx .

We start with massless light quarks, with �0 and M0 denoting the decay constant and

22
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aHVP
μ⬄σ(e+e− → hadrons) ⬄ Δαhad(M2

Z)

Connections

35

 also depends on the hadronic vacuum 
polarization function, and can be written as an integral 
over , but weighted towards higher 
energies. 

a shift in  also changes : ➠ EW fits  
[Passera, et al, 2008, Crivellin et al 2020, Keshavarsi et al 2020,  
Malaescu & Scott 2020] 

If the shift in  is in the low-energy region 
( ), the impact on  and EW fits is 
small. 

A shift in  from low ( ) energies  
➠  
must satisfy unitarity & analyticity constraints ➠   

can be tested with lattice calculations   
[Colangelo, Hoferichter, Stoffer, arXiv:2010.07943] 

Δαhad(M2
Z)

σ(e+e− → hadrons)

aHVP
μ Δαhad(M2

Z)

aHVP
μ

≲ 1 GeV Δαhad(M2
Z)

aHVP
μ ≲ 2 GeV

σ(e+e− → ππ)
FV

π (s)
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aHVP
μ⬄σ(e+e− → hadrons) ⬄ Δαhad(M2

Z)

Connections

35

Hadronic running of α and global EW fit

e+e− KNT, DHMZ EW fit HEPFit EW fit GFitter guess based on BMWc

∆α
(5)
had(M

2
Z )× 104 276.1(1.1) 270.2(3.0) 271.6(3.9) 277.8(1.3)

difference to e+e− −1.8σ −1.1σ +1.0σ

Time-like formulation:

∆α
(5)
had(M

2
Z ) =

αM2
Z

3π
P

∞
∫

sthr

ds
Rhad(s)

s(M2
Z − s)

Space-like formulation:

∆α
(5)
had(M

2
Z ) =

α

π
Π̂(−M2

Z )+
α

π

(

Π̂(M2
Z )−Π̂(−M2

Z )
)

Global EW fit

Difference between HEPFit and GFitter

implementation mainly treatment of MW

Pull goes into opposite direction
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BMWc 2020

More in talks by M. Passera, B. Malaescu (phenomenology)

and K. Miura, T. San José (lattice)

M. Hoferichter (Institute for Theoretical Physics) Comparison with e+e− data November 20, 2020 6

Martin Hoferichter @ Lattice HVP workshop
 also depends on the hadronic vacuum 

polarization function, and can be written as an integral 
over , but weighted towards higher 
energies. 

a shift in  also changes : ➠ EW fits  
[Passera, et al, 2008, Crivellin et al 2020, Keshavarsi et al 2020,  
Malaescu & Scott 2020] 

If the shift in  is in the low-energy region 
( ), the impact on  and EW fits is 
small. 

A shift in  from low ( ) energies  
➠  
must satisfy unitarity & analyticity constraints ➠   

can be tested with lattice calculations   
[Colangelo, Hoferichter, Stoffer, arXiv:2010.07943] 
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Peter Stoffer @ Lattice HVP workshop
Constraints on the two-pion contribution to HVP arXiv:2010.07943 [hep-ph]

Modifying a⇡⇡µ |1GeV

• “low-energy” scenario: local changes in cross section of
⇠ 8% around ⇢

• “high-energy” scenario: impact on pion charge radius and
space-like VFF ) chance for independent lattice-QCD
checks

• requires factor ⇠ 3

improvement over
�QCD result:
hr2⇡i = 0.433(9)(13) fm2
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 also depends on the hadronic vacuum 
polarization function, and can be written as an integral 
over , but weighted towards higher 
energies. 

a shift in  also changes : ➠ EW fits  
[Passera, et al, 2008, Crivellin et al 2020, Keshavarsi et al 2020,  
Malaescu & Scott 2020] 

If the shift in  is in the low-energy region 
( ), the impact on  and EW fits is 
small. 

A shift in  from low ( ) energies  
➠  
must satisfy unitarity & analyticity constraints ➠   

can be tested with lattice calculations   
[Colangelo, Hoferichter, Stoffer, arXiv:2010.07943] 
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Can new physics hide in the low-energy  cross section?  ➠ No  [Luzio, et al, arXiv:2112.08312]σ(e+e− → ππ)
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Timeline
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Theory Initiative: 

ongoing activities: develop method average for Lattice HVP

plan to update WP: new lattice HVP results (when available)

main update with all available results ~ 2023

Run 4
Run 5

Result from 
Runs 2&3

?

20
21

20
22

20
23

Final result 

from E989  

?

J-PARC E34FNAL E989

?

Run 1 result 
announced

Physics Reports 887 (2020) 1–166

Contents lists available at ScienceDirect

Physics Reports

journal homepage: www.elsevier.com/locate/physrep
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light-quark connected contribution: 
 ~90% of total


s,c,b-quark contributions  
 ~8%, 2%, 0.05% of total


disconnected contribution:  
  ~2% of total


Isospinbreaking (QED + mu ≠ md ) corrections:  
 ~1% of total

aHVP,LO
μ (ud)

aHVP,LO
μ (s, c, b)

aHVP,LO
μ,disc

δaHVP,LO
μ

Lattice HVP: Introduction
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Introduction

Isospin Breaking Corrections

I lattice calculations usually done in the isospin symmetric limit

I two sources of isospin breaking e�ects

I di�erent masses for up- and down quark (of O((md ≠ mu)/�QCD))

I Quarks have electrical charge (of O(–))

I lattice calculation aiming at 1% precision requires to include isospin breaking

I separation of strong IB and QED e�ects requires renormalization scheme

I definition of “physical point” in a “QCD only world” also scheme dependent

I IB contribution included in final lattice result from the WP [arXiv:2006.04822]
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Target: ~ 0.2% total error
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aHVP,LO
μ = aHVP,LO

μ (ud) + aHVP,LO
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μ,disc + δaHVP,LO
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V. Gülpers @ Lattice HVP workshop
Introduction

Overview of published results - contributions to aµ ◊ 1010

BMW ≠1.27(40)(33)
RBC/UKQCD 5.9(5.7)(1.7)
ETM 1.1(1.0)

BMW≠0.0095(86)(99) 0.42(20)(19)

BMW≠0.55(15)(11)
RBC/UKQCD≠6.9(2.1)(2.0)

BMW≠0.047(33)(23)0.011(24)(14)

BMW6.59(63)(53)
RBC/UKQCD10.6(4.3)(6.8)
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Table 8

Summary of results for aHVP, LO
µ ; see also Fig. 44. All lattice results fully take into account the corrections and systematic errors, except for those

marked with ⇤, which are older results that did not include SIB and QED corrections in the quoted values and errors. In some cases, the lattice
results include phenomenological estimates of the SIB/QED corrections instead of direct lattice calculations. Results for which the second column
states Nf = 2 + 1 include charm contributions in the valence sector, but not in the sea. Results with Nf = 2 also omit strange sea-quark effects.
When results are displayed with two errors, the first is the statistical uncertainty and the second the systematic one. With only one quoted error,
the statistical and systematic uncertainties are combined. HISQ = highly improved staggered quarks, Stout4S = 4 steps stout-smeared staggered
quarks, tmQCD = twisted mass QCD, DWF = domain wall fermions, Clover = O(a) improved Wilson quarks, StoutW = stout-smeared O(a) improved
Wilson quarks. Simulations with staggered quarks employ ‘‘rooted’’ determinants, to remove the extra doublers from the sea. TMR = time-momentum
representation, VMD = vector-meson dominance.
Collaboration Nf aHVP, LO

µ ⇥ 1010 Fermion ⇧̂ (Q 2)

ETM-18/19 [17,377] 2+1+1 692.1 (16.3) tmQCD TMR
FHM-19 [14] 2+1+1 699 (15) HISQ Padé w. Moments/TMR
BMW-17 [10] 2+1+1 711.1 (7.5)(17.5) Stout4S TMR
HPQCD-16 [376] 2+1+1 667 (6)(12) HISQ Padé w. Moments
ETM-13 [411] 2+1+1 674 (21)(18)⇤ tmQCD VMD
Mainz/CLS-19 [15] 2+1 720.0 (12.4)(9.9) Clover TMR
PACS-19 [13] 2+1 737 (9)(+13

�18) StoutW TMR/Padé
RBC/UKQCD-18 [11] 2+1 717.4 (16.3)(9.2) DWF TMR

Mainz-17 [369] 2 654 (32)(+21
�23)

⇤ Clover TMR

KNT-19 [7] pheno. 692.8 (2.4) � dispersion
DHMZ-19 [6] pheno. 694.0 (4.0) � dispersion
BDJ-19 [238] pheno. 687.1 (3.0) � dispersion
FJ-17 [27] pheno. 688.1 (4.1) � dispersion
RBC/UKQCD-18 [11] lat.+pheno. 692.5 (1.4)(2.3) DWF TMR + disp.

Fig. 44. Compilation of recent results for aHVP, LO
µ in units of 10�10. The filled dark blue circles are lattice results that are included in the ‘‘lattice

world average’’. The average, which is obtained from a conservative averaging procedure in Section 3.5.1, is indicated by a light blue band, while the
light-green band indicates the ‘‘no new physics’’ scenario, where aHVP, LO

µ results are large enough to bring the SM prediction of aµ into agreement
with experiment. The unfilled dark blue circles are lattice results that are older or superseded by more recent calculations. The red squares indicate
results obtained from the data-driven methods reviewed in Section 2. See Table 8 for more information on the results included in the plot.
Source: Adapted from Ref. [443].

3.3.1. Total leading-order HVP contribution
In Fig. 44 and Table 8, we compare the results for aHVP, LOµ reported by the various lattice QCD groups as well as

those obtained from the data-driven methods described in Section 2. Note that lattice results based on gauge ensembles
with Nf = 2 sea quarks are not included in our averages. The results from the BMW collaboration (BMW-17 [10]), the
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vanishes within errors for larger values of x0. At small times the disconnected contribution

is only about 0.005% of the connected one, and hence we conclude that the vector correlator

G(x0) is completely dominated by the connected part in the region x0 ! 0.5 fm.

The fact that the disconnected contribution is small where it can be resolved does

not, however, imply that it is negligible. Using our data we can derive an upper bound

on the error which arises if one were to neglect the disconnected contribution altogether.

To this end it is useful to recall the isospin decomposition of the electromagnetic current

shown in eq. (2.13), which gives rise to the iso-vector (I = 1) correlator Gρρ and its

iso-scalar counterpart GI=0 (see eq. (2.15)). The iso-vector correlator Gρρ(x0) contains

only quark-connected diagrams; it is related to the connected light quark contribution

Gud(x0) via

Gρρ(x0) =
9

10
Gud(x0). (D.7)

By contrast, the iso-scalar correlator GI=0 contains both connected and disconnected con-

tributions, i.e.

G(x0)
I=0 =

1

10
Gud(x0) +Gs(x0)−Gdisc(x0). (D.8)

With the help of eqs. (D.3) and (D.7) one derives the expression

− Gdisc(x0)

Gρρ(x0)
=

G(x0)−Gρρ(x0)

Gρρ(x0)
− 1

9

(
1 + 9

Gs(x0)

Gρρ(x0)

)
. (D.9)

It is now important to realize that the iso-scalar spectral function vanishes below the

three-pion threshold, which implies that GI=0(x0) = O(e−3mπx0) for x0 → ∞. According

to eq. (D.8) this implies

Gdisc(x0) =

(
1

10
Gud(x0) +Gs(x0)

)
· (1 + O(e−mπx0)), (D.10)

G(x0) = Gρρ(x0) · (1 + O(e−mπx0)) (D.11)

in the deep infrared. With these considerations one determines the asymptotic behaviour

of the ratio in eq. (D.9) in the long-distance regime as

− Gdisc(x0)

Gρρ(x0)
x0→∞−→ −1

9
, (D.12)

where we have also taken into account that Gs(x0) drops off faster than Gρρ(x0) due to

the heavier mass of the strange quark. We expect the asymptotic value to be approached

from above, because [G(x0)−Gρρ(x0)] ∼ 1
18e

−mωx0 is likely larger than Gs(x0) ∼ 1
9e

−mφx0

for x0 " 1 fm.

In figure 7 we plot the ratio of eq. (D.9) versus the Euclidean distance. One can see

that the ratio is practically zero up to x0/a ≈ 26 on E5 and x0/a ≈ 22 at the smaller

pion mass of ensemble F6. Thus, there is no visible trend for distances x0 ! 1.7 fm that

the ratio approaches its asymptotic value of −1/9. In order to derive a conservative upper

bound on the quark-disconnected contribution we assume that the ratio of eq. (D.9) drops

– 35 –
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• Charm, strange 
contributions already well 
determined.


• Mild tensions for light 
contribution

Consistent results with 
increasing precision

Ongoing efforts by
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