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Summary of our work

We study lepton number in view of neutrino oscillations and mass
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Our result: The expectation value an operator for the lepton family number is modified
by neutrino oscillations and mass type. This is true even with decoherence effects.
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Motivation to study lepton number

Lepton number in the Standard Model

* We know three neutrino flavors or families exist in the Standard Model (SM),
[LEP (2006)]

L., =n.— ns L,=n,—ng L. =n,—n-

number of leptons minus
* Summation over all families results in total lepton number,

E L o — L . + L M -+ LT [Konopinski and Mahmoud (1953)]
«

* Lepton family numbers are conserved quantum numbers in the SM,
—
at =7’ +et +u,, = ut +u, 7T+:71;|_;Lﬁe
—
SM Allowed SM Disallowed
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Motivation to study lepton number

Lepton number with massive neutrinos
* We also know neutrinos are massive (proven by oscillation experiments)

m2 —m2 ~7.42x 107° eV?, im2, —m2, | ~2.517 x 1073 eV?

1)
[NuFITv5.0 (2020)]

* This means lepton family number and total lepton Number are necessarily
conserved [s. M. Bilenky and C. Giunti (2001)]

7T+%7r0—|—e+—|—ue

(A, Z) = (A, Z+2)+2e” + 07, N
1%
: . H
Total lepton number violation Lepton family number violation
(Neutrinoless double beta decay) (Neutrino flavor oscillations)

We are interested in how lepton number is modified by massive neutrinos
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Outline

* Majorana Calculation, Expectation Value
* Dirac Calculation, Expectation Value
* Lepton Number Density and Wave Packets

* Summary
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Framework for the lepton number operator

Heisenberg operator for the lepton family number
* We construct a Heisenberg operator,

Lo (t) = /dSX : Ua(t, %) Py g (1, %)

* The lepton family numbers are assigned from the SU(2). doublet of the neutrino
and charged lepton partner

a=ep,1; Pr=(1-7")/2

* We consider the two possible neutrino mass types
- First, Majorana
- Second, Dirac
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Framework for the lepton number operator

Majorana mass case
* the step-function separates our
formulation into two regions

LM = Vi 0, vra — 0(t) (mgﬂ (V20)C Vi + h.c)

Region 1 (t<0)
« Massless neutrinos

Region 2 (t>0)
* Massive neutrinos
£M - mivuauVLa - (

Mag =
> (VLa)® vig + h.c)

I

|

|

I

I

| * The lepton family number is mixed and
: time dependent
I

I

I

I

|

I

M S
L = VLaw“auyLa

* The lepton family number is definite
- l.e.lepton numbers are conserved

LMt) = /d?’xlfy(t, X) = /dgx : U (t, X))y Ve (t,X)
L = /delfy(x) = /d?’x : UL (%) Var (%)

* Diagonalize mass matrix with the unitary
PMNS matrix Vor, = U,.VsL,

Our goal is to connect these two regions m;di; = (U )iaMapUs;
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Framework for the lepton number operator

Majorana mass case

To connect the regions, we enforce Jim Yra(—€,%) = Lim, Ui Prpi(+e€,x)
continuity of the equations of motion

We study the time evolution of the lepton

number operator in Region 2 Ly (t) = / I’z : Vg (t, %)Y Va(t, x) :

time evolution of the operators

Z Z( UarUsy, [cos Ex(p)t — v sin Ex(p)t] ag(p) — iU, Ugpy/1 — v7 sin[Ek(p)t]a;(—p)),

B=e k

ZZ( iU lcos Ej(p)t — iv; sin E;(p)t] b, (p) — iU, U7, /1 vzsm[ (P )]bT( ))’

=€ J
/1 — v =m/Ex(p)
vk = |[p|/Ek(p)
We would like to highlight the for the time evolution operators
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Time evolution of the lepton family numbers

Majorana lepton family number
* We treat the lepton family numbers as Heisenberg operators,

£ = [ e (et plaa(tp) = Vit b (t:p)

time dependent operators are
from our mixing relations and

the continuity condition

* Substitute the time evolutlon operators to solve for the time evolution of the
Majorana operator La ()

Z Z( UarUjy [cos E(p)t — ivg sin Ex (p)t] ag(p) — iUy, Ugpr/1 — 07 sin[Ek(p)t]a;(—p)),

B=e k
ZZ( ajUy; lcos Bj(p)t — v sin Ej(p)t] b, (p) — iUg;Uy;4/1 visin[Ej(p)t]bL(—p))
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Time evolution of the lepton family numbers

Majorana expectation value
* For an observable time evolution, we take the expectation value of the
Majorana operator

= (e, p,T)
I _ (Olag(q) L (t)al (q)|0) definite initial family
(a(a)|L, (t)|o(a)) = (2m)36(3)(0)2|q| o(q)) = al (q)]0)

V(2m)363)(0)2]q]

Majorana expectation value

(o(q)| LM (t)|o(q)) = Z [Re (UarUpreUa;UzS) (cos Ex(q)t cos E;(q)t + vgvj sin By (q)tsin E;(q)t)

teY aj - oj
k.j

—Im (U}, U, 1U,UZS) (vg sin By (q)t cos E;(q)t — vj cos E(q)tsin E;(q)t)

o)~ oyg
—Re (UsUsUnUy i) A/ 1 — viy /1 — 02 sin Ex(q)tsin Ej(q)t |,
\/1—v2 =my/Ex(p)
UZ = |p|/Ex(p) We will discuss more later
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Framework for the lepton number operator

Dirac mass case
* Follows a similar derivation, so we list differences from the Majorana case

LP = VLotV 0uVLa + VRat V' 0uVRa — 0(t) WRaMapVLg + h.cC.)

two types of fields, left-handed and Dirac mass term is
right-handed diagonalized by 2 mixing
This creates 2 lepton number operators matrices

and 2 continuity conditions
VLB = UﬁjVLj

lim vpg(+e,x) = lim UiiVia(—€,%), VRa = VakVREk
e—0+ e—0+
(6%

(VD kamasUs; = midi;.

i = i 4 — :
M vey(+e x) €_1>%1+25:V3kVR5( €, X)
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Time evolution of the lepton family numbers

Dirac lepton family number
* The Dirac case has two Heisenberg operators for the lepton family numbers
based on handedness,

Ib) = [ dotbex = | ﬁ (aLa(PrDhara(P,t) = bl (B, )bLa(p, 1))

LaR(t) — /d3$ lg(t,X) : / (27TC§31;|I)| (a]]L%a(pvt)aRa(pat) o b;%a(pat)bRa(pat)>

* The addition of the left-handed operator with with right-handed operator is
the Dirac operator for lepton family numbers

Ly (t) = La(t) + Lo (t)

(6
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Time evolution of the lepton family numbers

Dirac expectation value
* The summation of the left- and right-handed operators forms our Dirac

expectation value

I R oL = (67 oy T)
(Olare(a)Ly (t) + Ly (t )aLo( )I0) definite initial family

(27)363)(0)2|q| al (q)|0)
loL(q)) = Lo
V(27)353®)(0)2]q]

(or(@)ILy (t)loz(a)) =

Dirac expectation value

(o (Q)|LP (t)|or(q)) = Z [Re (UzrUgrU,;Us5) (cos E(q)t cos E;(q)t + vgpv; sin Ey(q)t sin E;(q)t)
k,j

—Im(U* U, Uy, Uz) (vg sin Ex(q)t cos E;(q)t — vj cos Ex(q)tsin E;(q)t)

aj=oj
+ Re (V, VoiUs; \/1—1}“/1—@ sin By (q)tsin E;(q)t
\/1—vi=my/Ex(p) : : :
i Let us compare and discuss with Majorana next,
vk = |p|/Ex(p)

NuFACT 2022, University of Utah, August 01-06

13/45



Comparison of the expectation values

Dirac vs. Majorana expectation values
* We compare the two expectation values

(o(Q)|LM (t)|o(q)) = Z [Re (UxUpiUy;ULS) (cos Ex(q)t cos E;(q)t + vgv; sin E(q)¢sin E;(q)t)

aj~oj
k,j

—Im (U}, U, .U, ULS) (vg sin Ex(q)t cos E;(q)t — v; cos Ex(q)t sin E;(q)t)

aj = oj

— Re (U UsrUy Uy i) /1 — 024 /1 =02 sinEk(q)tsinEj(q)t],

(op(Q)|LE(#t)|or(q)) = Z [Re (UzrUsr Uy Us;) (cos Ex(q)t cos Ej(q)t + vgv; sin Ey(q)t sin E;(q)t)
k,j

—Im (U2, U, .Uy USS) (vg sin Ex(q)t cos E;(q)t — v; cos Ex(q)t sin E;(q)t)

aj=og

+ Re (Vo Ui Vai;Uys) \/1 vk\/l—v sin By (q)tsin E;(q )]
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Comparison of the expectation values

Dirac vs. Majorana expectation values

. . ') . .
What is common Exactly the same terms between formulations, time dependent

sine and cosine lead to oscillations. Can recover the QM
probability equation in ultra-relativistic limit

(o(q)|LM (t)|o(q)) = Z [Re (UxU, kUq; UGJ) (cos Ex(q)tcos E;(q)t 4+ viv;sin Ex(q)tsin E;(q)t)

k,j
—Im (U3, U,.U,;U5;) (vg sin Eg(q)t cos Ej(q)t — v; cos Ey(q)t sin E;(q)t)
—Re (U2, Uxy Uaon—g \/1 — v%\/l — v7sin Ek(q)tsinEj(q)t] :
(o (@)L Blor(q) =) [Re (UakUsiUa;Us;) (cos Ex(q)t cos Ej(Q)t + vyv; sin Ey(q)t sin Ej(q)t)
k,j
— Im (U*kU 1Ua;Us;) (vr sin Ey(q)t cos E;(q)t — vj cos Ex(q)t sin Ej(q)t)

+ Re (Voo Uz ViiUyy \/1—1),“/1—1) sin By (q)tsin E;(q )]
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Comparison of the expectation values

Dirac vs. Majorana expectation values
* What are the differences?

(o(q)| LY (t)|o(q)) = Z [Re (UxUyk Uy UYS) (cos Ex(q)t cos Ej(Q)t + vgvj sin Ey(q)¢sin E;(q)t)

aj~oj
k,j

—Im (U;,U,, U, UZ;) (v sin Ex(q)t cos E;(q)t — v; cos Ex(q)tsin E;(q)t)

aj - oj

Majorana phase
dependence appears Re (UakU k™ ogj ov \/7\/ U sin k: sin ( ) ]

(or(Q)|LE (t)|or(q)) = Z [Re (UarUgrUq;Us;) (cos Ex(q)t cos Ej(q)t + vy sin Ey(q)t sin E;(q)t)

—Im (U*kU wUo:UL) (vg sin By (q)t cos E;(q)t — vj cos Ey(q)tsin E;(q)t)

aj=oj

Depends on the right- ]
- U 4 Re (Vo Un ViU, ) /1 — 024 /1 — Eu(q)tsin E;
handed mixing matrix ° 1Uos) Uk vj sin Ex.(q)tsin Ej(q)
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Comparison of the expectation values

Dirac vs. Majorana expectation values
* What are the differences?

(o(q)| LY (t)|o(q)) = Z [Re (UxUyk Uy UYS) (cos Ex(q)t cos Ej(Q)t + vgvj sin Ey(q)¢sin E;(q)t)

aj~oj
k,j

Minus sign leads to  — Im (U2xUsrUq;Us;) (vk sin Ex(q)t cos Ej(q)t — v; cos Ex(q)t sin E;(q)t)
total lepton number P
violation — Re (U3, Uz U aiUs; )1/1 —vm/l—v sin B (q)tsin E;(q) ]

(or(Q)|LE (t)|or(q)) = Z [Re (UarUgrUq;Us;) (cos Ex(q)t cos Ej(q)t + vy sin Ey(q)t sin E;(q)t)

—Im (U*kU 1Ua;Us;) (vgsin By (q)t cos Ej(q)t — vj cos Ey(q)t sin E;(q)t)
Total lepton number is

conserved because of + Re (Vo, U2 VaiU, ;) v/ 1 —v24/1 — v2sin Ex(q)tsin E;(q) ]

the plus sign
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Comparison of the expectation values

Dirac vs. Majorana expectation values
* What are the differences?

(o(q)| LY (t)|o(q)) = Z [Re (UxUyk Uy UYS) (cos Ex(q)t cos Ej(Q)t + vgvj sin Ey(q)¢sin E;(q)t)

aj~oj
k.3

—Im (U;,U,, U, UZ;) (v sin Ex(q)t cos E;(q)t — v; cos Ex(q)tsin E;(q)t)

aj - oj

— Re (U Usk U, iU, 5) A/ 1 — vy /1 — v sin By (q)tsin Ej;(q )]

(oL(Q)|LE ®)|oL(q)) = Z [Re (UarUgrUq;Us;) (cos Ex(q)t cos Ej(q)t + vy sin Ey(q)t sin E;(q)t)

—Im (U*kU wUo:UL) (vg sin By (q)t cos E;(q)t — vj cos Ey(q)tsin E;(q)t)

aj=oj

+Re (Vo Ui Vo Uy \/1—1)“/1—'0 sin By (q)tsin E;(q )]
/1 — 0§ = my/Ey(p)
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Lepton number density and wave packets

Dirac vs Majorana expectation values

- Non-relativistic energies emphasize the differences
Coherence of the Lepton number evolution becomes important

Coherence effects in neutrino oscillations have been described using wave

paCkEtS [Akhmedov and Smirnov (2009), Beuthe (2003), Giunti (2002), Giunti et al. (1991), Kayser (1981), etc.]

For coherent propagation we consider the evolution of a lepton family number
density,

LM(t) Spacetime Density IM(t,x) =: Ug(t, x)7 00 (t, %) :

(6
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Outline

Lepton Number Density and Wave Packets

* Summary
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Lepton Number Density and Wave Packets

Expectation value of the density

* We set the initial shape of the density with a 1-D Gaussian state
- Gaussian chosen so we can calculate the momentum integral later
- Acts like momentum wave packet centered at mean momentum

1 ' odg e initial famil
(L)(,0. — 403 ] 0 0)10
width of the Gaussian distribution in the mean momentum
second component of the momentum we take as positive
Majorana expectation value Left-handed Dirac expectation value
(o (a”; 00l (¢, %) %6 ("5 0g)) (¥5 (0% 09l (8, %) |5 (g% 04))
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Lepton Number Density and Wave Packets

Example, expectation value of the Majorana density operator
* Two points to compare to the plane wave expectation value calculation

924 (g—¢9?
40‘3

d

q'dq e e —i(q' —q)e2x
(2m)2

<¢a(q03Uq)‘l§4<tvx)’wa(qo5Uq)> - Uq(27T)3]:/25(0)2 //

i
X

> UxU,U,, Uz, <cos E;(¢ )t +i g
t,J

Ei(q') SinEi(q/ﬁ) (COS Ej(g)t =i 9 SiﬂEj(q)t)

E;(q)

S ULUEU Uy
,J

m.
. in E; (¢t —=— sin E;(q)t
ar~ o1~ o ajEj(q/> S11 ](Q) S <Q>]

Ei(q)

Same as the plane wave calculation
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Lepton Number Density and Wave Packets

Example, expectation value of the Majorana density operator
* To preform integration over q and g-dash we must assume two things,

Distributions are sharply peaked around the mean momentum

E; j(q°)
0. < bl ,
’ i, j DY ~ T (0 ¢’ " _ 0
- — E;j(¢") = Ei;(q") + (6" —q°)
@ _o E; ;(4°)
(dt)n "

Variance or width of the distribution does not evolve

* Lastly, to match our initial condition we consider a 1-D linear density
ML (@500 t2) = [ [ dorda(wa(a o) I (8100 (a% 0,)
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V1 -9 =mi/Ex(q°)

Lepton Number Density and Wave Packets )

Linear density expectation value for the Majorana density operator

> Important features, ,
Common terms as plane wave Majorana
_UaiUsilUa;Us;

M . : N
1/2 aiZoiTajrei  expectation value are responsible for oscillations

g—Q

(q oq;t, L)

[ vio + vjo + 1 + vivjo)e i(Bi(¢°)—E;(a°))t , — o5 [(L—viot)* +(L—vjot)’]
— (vip +vjo— 1 — Uiovjo)e—i(Ei(qo)—Ej(qo))te—ag[(L+viot)2+(L+Ujot)2]
( i(E:(q°)+E; (qo))te—aﬁ[(L—viot)2+(L+vjot)2]

aF Uio — Yj0 “F 1— Uio’l}jo)e

_(,Uio — /UjO — 1 _|_ Uiovjo)e_i(Ei(qo)+Ej (qo))te_o'g[(L+’Uz’0t)2+(l’_vj0t)2]

Uq * *
B W Z UazUazUaj UO‘] \/ ‘O \/ 1 - U?O

X % [ei(Ei(qo)_EJ‘(qo))te—ag[(L—’Uz‘o)2+(L—’vjot)2] | o i(Ei(a°)=E;(a°))t ,— o3 [(L+vio)*+(L+vjot)?]

_i(Bi(@")+E;(a°)t g~ [(L—vi0)*+(L+v;0t)?] _ p=i(Bi(a°)+E;j(a°)t g—05 [(L+vio)*+(L—vj0t)]
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1= v =mi/Ex(q’)

Lepton Number Density and Wave Packets O Be®)

Linear density expectation value for the Majorana density operator

> Important features,
The real exponentials are non-linear damping

(q O-Q)t L 1/2 U;zUazUaj U(;‘k_] .
terms responsible for decoherence

M
)\O'—>Oé

% { vio + vjo + 1 + viov; i0)e i(Ei(q”)~E; (qo))te_ag[(L—Uiot)2+(L—vj0t) ]

— (vip +vjo— 1 — Uiovjo)e—i(Ei(qo)—Ej(qo))te—ag[(L+vi0t)2+(L+Ujot)2]
+ (vip — vjo+ 1 — Uiovjo)ei(Ei(qo)ﬂLEj(qo))te—ag[(L—Uiot)2+(L+”j0t)2]
—i(Ei(q°)+E; (q")t g=0og [(L+viot)* +(L—v;0t)]

—(vio — vjo — 1 + vipvjo)e
Oq * T 2
W Z UazUazUaj UO‘] \/ ‘O \/ 1 - Yj0

X % |:ei(E'(qO)_Ej(qo))te—dg[(L—Ui0)2+(L—'UjOt)2] 1 o~ i(Ei(d°)~E; (¢°)t g =g [(L4vio)*+(L+vj0t)°]
i (Ei(4°)+E; (¢°))t g=ag[(L—vio)* +(L+vjot)*] _ e—i(Ez'(qo)+Ej(qo))te—di[(L+v¢0)2+(L—Ujot)2]]
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1= v =mi/Ex(q’)

Lepton Number Density and Wave Packets O Be®)

Linear density expectation value for the Majorana density operator

> Important features,

(¢%04;t, L) 1 72 2 UizUmUay Usj Same term as QM wave packet calculations

Mot
% { Vio + Vo + 14 Vi0V; 0) i(Bi(¢°)—E; (qo))te—ag[(L—Uiot)2+(L—v30t) ]

( vio +vjo — 1 — Uiovjo)e_i(Ei(qo)_Ej(qo))te_o'g[(L+Ui0t)2+(L+UjOt)2]
+ (vi0 — vio+ 1 — Uiovjo)ei(Ei(q0)+Ej(qo))te_o'z[(L_viot)2+(L+Uj0t)2]
Majorana phase _

] p _(UiO — Vjo — 1+ Uz‘()vjo)e

dependence and
. . Uq * *
the minus sign — iz E UniUsiUpniUgin/ 1 — vy /1 — 05

leads to total
1 { i(Ez«qO)—Ej<q0>>te—a§[(L—vio>2+(L—vjot>2] 4 o= i(Bi(a®)=B; ("))t ;=07 [(L+vio)*+(L4vjot)?]

W(Bi(q")+E;(a")t g —og[(L+viot)* +(L—v;0t)?]

lepton number . - |,
2

violation
_ B+ E; (")t g—og[(L—vio)* +(L+vj0t)*] _ o—i(Ei(q°)+E;(¢°))t ,—og[(L+vio)* +(L—vj0t)"]
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/1= v =mi/Ex(q°)

Lepton Number Density and Wave Packets O Be®)

Linear density expectation value for the left-handed Dirac density operator
* Similar result for the left-handed Dirac case
* Mass suppressed term only appears with the right-handed contribution

L * *
Aa—)a(q 0q7t 5132 2 1/2 ZUazUazUaonj

8 1 [(U'o +vj0+ 1+ v'ovjo)ei(Ei(qo)_Ej(qo))te_gg[($2—Ui0t)2+(w2—vjot)2]
2 1" ¢
— (vip +vjo — 1 — viovjo)e—i(Ei(qo)—Ej(qo))te—ag[($2+Uiot)2+(fﬁ2+vjot)2]

+ (vio — Vjo + 1 — vigujo ) FH @ IHE (@)t g0 [(@2—viot)*+(z2+vj0)")

—(vio — vjo — 1 + vigujo)e HEH(ITE (@)t g=0gl(@2tviot)*+(z2—vj0t)°] |
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Lepton Number Density and Wave Packets

Linear density expectation values
* We consider momentum of 0.2eV and lightest mass of 0.01eV.
* Density propagates in time (contour)

e
w
!

* Atdistance slice damping occurs
- Due to the real exponentials

e
N
|

e—ag [(x2Fvi0t) 2+ (22 :I:vjot)2]

6_02 [(xQ:l:viOt)2+(£U2:F’Ujot)2]

linear Lepton Number density A
o
p—
|

0.0 1 ~

" : 0.4 =5 &

* Similar to wave packet damping 03 ® " LAY

. 5 R

02 4 3 ¢

0.1 . . -1 S

The initial momentum density is a Gaussian distribution with a width of h I I I I I 0 é
=0.00001 and a mean momentum of q°=0.2eV. Normal mass hierarchy for 0 30 60 90 120 150 180

neutrinos is considered. Lepton mixing angles, the Dirac CP phase, and Time t (ps)

the mass squared differences are the reported best fit values from the
work of the NuFIT 5.0 (2020) collaboration. NUFACT 2022, University of Utah, August 01-06 28/45



Lepton Number Density and Wave Packets

Dirac vs Majorana linear density expectation values

* At momentum larger than mass no difference between expectation values
— Due to mass suppression in the third terms /1 — v = my/Fx(¢")

(a) Majorana Expectation Value (b) Dirac Expectation Value

o
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linear Lepton Number density A
(=]
N
1

\\\\\\ 9. A\ | I/ N

T T
0 50 100 150 50 100 150

o
(=
]

0
Time t (ps)

We take an arbitrary distance slice at x,=2.5cm. The initial momentum density is a Gaussian distribution with a width of ; = 0.00001 and a mean
momentum of q°=0.2eV. Normal mass hierarchy is considered. Oscillation parameters are the best fit values from the NuFIT 5.0 (2020) collaboration.
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Lepton Number Density and Wave Packets

Dirac vs Majorana linear density expectation values

* Atlower momentum, differences become clear; however, the expectation value

1s suppressed by damping

- Peak value is small due to wave packet-like decoherence from damping

(a) Majorana Expectation Value

(b) Dirac Expectation Value
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Same as previous slide except momentum is now ¢° = 0.0002eV.
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Summary and Conclusions

We study lepton number in view of neutrino oscillations and mass

(a) Majorana Expectation Value

(b) Dirac Expectation Value

Point 1: Neutrino oscillations 010

imply lepton family number
is a broken symmetry

0.05 A

0.00 1
Point 2: Neutrino mass

type modifies lepton family
number oscillations

-0.05

linear Lepton Number density A

—o=e,a=¢

—o=e,a=[

'0.10 T T T T T
0 2000 4000 6000 8000

0 2000 4000 6000 8000

Time t (ps)

Our result: The expectation value an operator for the lepton family number is
modified by neutrino oscillations and mass type.
This result is true even when we consider decoherence effects.
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Thank you to WG5 for your attention!
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Backup
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Framework for the lepton number operator

Majorana mass case

* To connect the regions, we enforce continuity of the equations of motion
- The continuity condition connects the fields as we approach zero

li = =k  Pr;
e—1>%l—|— wLa( €, X) e—1>%l—|— Uaz sz(—i_ev X)

Region 1 (t<0)
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Framework for the lepton number operator

Majorana mass case

* To connect the regions, we enforce continuity of the equations of motion
- The continuity condition connects the fields as we approach zero

e£%l+ wLa(_ea X) — 61_1>I(§l+ UaiPLwi(—i_ea X)

Region 1 (t<0)

* We approach the zero time from below
* Fourier expand the massless fields as Weyl fermions

" dBp . .
. . ip-X T —ip-X
Vra(—e) = [ b (@@ ) + B (p)e =)
* The operators obey the usual anti-commutation relations

{an(p),al(a)}
{bo(p), b, (a)}

NuFACT 2022, University of Utah, August 01-06
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Framework for the lepton number operator

Majorana mass case

* To connect the regions, we enforce continuity of the equations of motion
- The continuity condition connects the fields as we approach zero

e£%l+ wLa(_ea X) — 61_1>I(§l+ UoziPLwi(—i_ea X)

Region 2 (t>0)

* Approach zero from above
* The neutrinos are Majorana fermions that are Fourier expanded,

go)?zﬁ)s D (@ark(. Vui(p, Ne™> + alyy (0, Ao (p, Ne ™)
A==

energy of each mass state
Ey(p) = \/Ip[* +mj

/
(87 9 = « P
UakVrk(+€,x) = Unk L/ SE,
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Framework for the lepton number operator

Majorana mass case

* To connect the regions, we enforce continuity of the equations of motion
- The continuity condition connects the fields as we approach zero

e£%l+ wLa(_ea X) — 61_1>I(§l+ UoziPLwi(—i_ea X)

Region 2 (t>0)

* Approach zero from above

* The neutrinos are Majorana fermions that are Fourier expanded,

d°p o .y

(p)(27)3 Z (aMk(pv Aug(p, A)eP™ + ajwﬁ(p, Nvk(p, N)e P )
A=+

energy of each mass state
Ey(p) = /Ip[* + mj

/
= P
UakWrk(+€,x) = Uak L/ 2B,

 The Majorana operators are distinct from the operators in Region 1,
{ann (P, A), alyj(a, )} = 2B(p)(2m)*6) (p — @)dj o
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Lepton Number

Majorana case, resulting Lepton Number

Lo(t) = / A[ mim; SIn(EL(P)) B (P)F) ¢y oy 7 (o (p)as(p) + al (~p)as(=p)) — VasViaiVe5 V5 (b <p>ba<p>+bs<—p>b5<—p>>}

Ei(p)E;(p)

+ <cos(Ei(p)t) cos(E;(p)t) + sin(E;(p)t) sin(E;(p)t)

Es(p )COS(E i(P)t) sm(Ej(p)t)>
x {VaiVaiVas Vi (ab(0)ay (0) + al(=P)as(=P) ) = VaiViiVis Vs (85 (0)0 () + By (—p)by(-p) ) }

B (mj Sl;fi;)(p)t) (COS( E(p)t) + !p\ Sm ))

x {VariVpiVas Vs (a <p>aL<—p>—aL< p)al (p)) — VaiViiVa; Vi (@)L (—p) — b (—p)¥! () }

m; sin(E;(p)t) . _ _ip| sin(E;
+< E:(p) (COS(EJ(p)t) Ej(p) (E](p)t) )

{V* V,Bzvoz]vfy]( ( P)av(p) - aﬁ(p)a’Y(_p)) - V Vb’zvajv'y] (bﬁ(_p)b’Y(p) - bﬁ<p)b’y(_p))}] :
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Framework for the lepton number operator

Dirac mass case
After connecting the regions with the continuity condition we can write the

time evolution form of the operators

time evolution of the operators

ar,(£p,t) ZZ[ UaiUjy, (cos By (p)t — ivg sin By (p)t) apg(£P) F Uar Vary/1 — vj sin Ei(p tbRB ;Ep)]

B=e k
bza (£p,t) = ZZ[ (cos Ex(p)t + ivg sin B (p)t )bTL7 (£P) F U Viry/1 — vi sin Ex(p)tag, qu)]
y=e k

Right-handed operators are found by replacement of the mixing matrices and
handedness of the operators

The will lead to phenomena similar to neutrino flavor oscillations
39/45
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Time evolution of the lepton family numbers

Left-handed lepton family number
*  We substitute the time dependent operators to find how the left-handed lepton
family number evolves in time

Ib) = [ doibex = | % (L0 (P, 020 (P,t) = bLo (P )bLa(P.1))

time dependent operators are from our mixing
relations and the continuity condition

time evolution of the operators

T

a;,(£p,t) ZZ[ akUﬂk (cos Ex(p)t — ivg sin B (p)t )aLB +p) F kVﬁm/l —vk sin B (p tb}w %EP)]

B=e k

\]

bTLa (£p,t) = Z Z [ (cos Ex(p)t + ivg sin Ex(p)t) b}v(:lzp) T Ui Viry/ 1 — vf sin Ex(p)t aRV(IFp)]

v=e k

NuFACT 2022, University of Utah, August 01-06
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Time evolution of the lepton family numbers

Majorana expectation value
 Three important facts 1st cosine and sine terms are responsible for time

dependent oscillations of the expectation value
(o(@|Lg (Do(a)) =) [Re (UarUsiUa;Us;) (cos Ex(a)t cos Ej(a)t + vi.v; sin Ex(a)t sin Ej(a)t)
k,j
—Im (U2, U, .U, UL (vg sin B (q)t cos E;(q)t — vj cos Ex(q)tsin E;(q)t)

aj~oj

— Re (UnUsrUn;Uy i) A/ 1 — 074/ 1 — v2 sin By (q)t sin Ej(q)t] :

2nd PMNS matrix combination is dependent on the Majorana phases, which are observable CP phases
and could be determined by some experiments

3rd Quantum mechanics equation for neutrino flavor oscillation is recovered in the ultra-relativistic limit

Am? t Am? t
lim ()| LM (®)|o(q)) ~ Re (U*U.. U .U*.) cos —" _Im (U*U.,.U..U*.) sin —
|q|2>>mkmj< (Q)‘ a()| (Q)> ;( ( ak~ock™ aj O’j) 2|q| ( ak~ok™ aj ag) 2|q|
— lim P,_j4(t
ﬁ>>1nr{3i’j —>B( )
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Time evolution of the lepton family numbers

Dirac expectation value

* Interesting parts 1st cosine and sine terms are responsible for time
dependent oscillations of the expectation value

(o(Q)| L2 (t)|or(q)) = Z [Re (UzrUgrU,;Us;) (cos B (q)t cos E;(q)t + viv; sin Ey(q)t sin E;(q)t)

—Im (U3,U,, U, Uz (v sin B (q)t cos E;(q)t — v, cos Ex(q)tsin E;(q)t)

ajoj

+ Re (V,, U VoiUs; )1/1 v/ 1 — v sin By (q)tsin Ej(q)t

2nd There are mixing matrices related to the right-handed neutrinos,
which are suppressed by the masses of the neutrinos

/1 — i = mu/Ey(p)

3rd Quantum mechanics equation for neutrino flavor oscillation is recovered in the ultra-relativistic limit
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Lepton Number Density and Wave Packets

Dirac vs Majorana linear density expectation values
* Total Lepton Number density

* Dirac expectation is conserved with a forward-backward evolution

Z A7 alts

ZA Lt 22) Z\Vaﬁ vio(1 + vig)e 2002 000" (1 — yg) =20 (@i’
o (6% \/7

ot

{ (1 +wvig)e 205 (@2 —viot)” + (1 — U¢0)6_202($2+Ui0t)2] ;

+2(1 — 030)6_205(”@'20t2+"3§) COS 2Ei(q0)t} :

* Majorana expectation value is violated with a time dependent oscillation
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Lepton Number Density and Wave Packets

Dirac vs Majorana linear density expectation values
* Atlower momentum, differences become clear; however, the expectation value
1s suppressed by damping

- Peak value is small due to wave packet-like decoherence from damping

(a) Majorana Expectation Value (b) Dirac Expectation Value
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Same as previous slide except momentum is now ¢° = 0.0002eV.
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Lepton Number Density and Wave Packets

Dirac vs Majorana linear density expectation values

The same distinguishing features occur if we take a time slice

Peak value is still suppressed by the damping terms

¢ =0.0002, t=09312(ps)
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Mass type
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---Dirac

0 5
Distance x, (cm)

Normal mass hierarchy is considered, and we choose the Majorana phases to be arbitrary values of a, = and as = 0.57.

10

Oscillation parameters are the reported best fit values from the work of the NuFIT 5.0 (2020) collaboration.
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