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Precision neutrino physics
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Comparisons of near + far detector neutrino fluxes can be used to precisely determine 
oscillation parameters, discover neutrino CP violation, …

Relating measured final-state event rates to incoming neutrino flux 
requires precise knowledge of         cross-section   ⌫A
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Cross-section

Experimentally measured 
event rates

Near-detector neutrino flux

Far-detector flux (depends on 
oscillation parameters)

Acciarri et al (DUNE) arXiv 1512.06148

DUNE aims to have few-percent cross-section uncertainty 

• 2% vs 3% cross-section uncertainty estimated to change 
exposure required to discover CP violation by 50%

2% 3%
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✐ J.A. Formaggio and G.P. Zeller, RMP 84 (2012) 

DUNE
Accelerator neutrino fluxes cover a wide 

range of energies where different 
processes dominate cross-section:

• Quasi-elastic nucleon scattering


• Resonance production


• Deep inelastic scattering

Formaggio, Zeller, Rev. Mod. Phys. 84 (2012)

Neutrino-nucleus scattering

Nucleon form 
factors

Resonance 
production

Two-body 
currents

Quark and gluon 
PDFs

Effective theories for different energies require different inputs

Theory input required to decompose cross 
section into such processes and 
therefore predict its energy dependence
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Lattice QCD, EFT, and νA
LQCD can provide results for few-nucleon observables that can be matched 

to nuclear EFTs and models that can make predictions for larger nuclei

LQCD Nuclear EFT and 
many-body Event generators

Easy for LQCD:

• Axial vs vector currents

Hard for LQCD:

• Isovector vs isoscalar

• Pions

• Large baryon number

• Real-time dynamics

• (Light quark masses)

• Multi-hadron states

Results provided by LQCD and experiment are complementary

See Snowmass Whitepaper - Alvarez-Ruso et al  “Theoretical Tools for Neutrino Scattering” arXiv:2203.09030
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Generic Euclidean hadronic matrix elements calculable (in principle) using lattice QCD

Lattice QCD and 
            scattering amplitudes factorize into leptonic and hadronic parts

hOi =

Z
DUDqDq e�SQCD(U,q,q)

O(U, q, q)
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⌫A
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νA

Quark fields integrated out 
analytically, propagators 
obtained with matrix inversion

Monte Carlo sample 
gluon fields with 
probability
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(Dirac matrix size ~ )
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Nucleon form factors

⇡
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Single-nucleon currents dominate at low energies where nucleons are effective degrees 
of freedom for nuclei, multi-nucleon currents provide corrections

Electron scattering experiments can precisely measure vector form factors, which 
provides important validation

hN(p0)|Aµ(q)|N(p)i = u(p0)

"
GA(Q

2)�µ�5 +
eGP (Q2)

2MN
qµ�5

#
u(p)
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Corrections to impulse approximation can be included systematically
See e.g. Khachatryan et al. [CLAS and e4v] Nature 599 (2021)

Impulse approximation Benhar, Day, Sick, Rev. Mod. Phys. 80 (2008)

Review: Rocco, Front. Phys. 29 (2020)

Nucleon vector and axial form factors are key inputs to nuclear EFTs / models

https://inspirehep.net/authors/1976522


Careful treatment of     
excited states required 
to reproduce 
consequences of axial 
ward identities that 
assume ground-state 
dominance

Form factors and LQCD
Vector and axial form factors recently calculated using nearly physical quark masses:

N⇡
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7Park et al [NME], PRD 105 (2022)
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LQCD nucleon electric and magnetic form factor results agree with phenomenological 
parameterizations after accounting for excited-state and discretization effects

Park et al [NME], PRD 105 (2022)



Recent axial form factor calculations include physical quark masses, continuum / infinite-
volume extrapolations, and excited-state fits that account explicitly for           states
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Axial form factors
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N⇡
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Differences between LQCD and experimental axial form factor determinations could arise 
from challenging LQCD systematic uncertainties (excited states, lattice spacing, …) 

Differences could also arise from underestimated uncertainties in phenomenological form 
factor determinations using deuterium bubble chamber data

Meyer, Betancourt, Gran, and Hill, PRD 93 (2016)
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Axial currents in nuclei
Gysbers et al, Nature Phys. 15 (2019)

QCD interactions make nuclei differ from 
collections of nucleons

Modern nuclear theory calculations including 
multi-nucleon correlations and currents 
with e.g. chiral EFT can reproduce 
experiment without “quenching” gA
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Few-nucleon LQCD results can constrain 
two-body currents in nuclear models 
and EFTs

gA
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Pionless EFT Rocco, Nakamura, Lee, Lovato, PRC 100 (2019)

Percent-level accuracy for neutrino-
nucleus cross sections will 
require more precise two-body 
current inputs
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Two-body currents in LQCD
Flavor decomposition of 

axial matrix elements of 
two and three nucleon 
systems computed with                           
m⇡ = 806 MeV

<latexit sha1_base64="Sh/+vWOjQSEBdvrSD030q9i+cMM=">AAAB/3icbVDLSgNBEJz1GeMrKnjxMhgET2FXouYiBL14ESKYByQhzE56kyGzD2Z6xbDm4K948aCIV3/Dm3/jJNmDJhY0FFXddHe5kRQabfvbWlhcWl5Zzaxl1zc2t7ZzO7s1HcaKQ5WHMlQNl2mQIoAqCpTQiBQw35VQdwdXY79+D0qLMLjDYQRtn/UC4QnO0Eid3L7faUWCXtCSfdZCeMCE3kBt1Mnl7YI9AZ0nTkryJEWlk/tqdUMe+xAgl0zrpmNH2E6YQsEljLKtWEPE+ID1oGlowHzQ7WRy/4geGaVLvVCZCpBO1N8TCfO1Hvqu6fQZ9vWsNxb/85oxeqV2IoIoRgj4dJEXS4ohHYdBu0IBRzk0hHElzK2U95liHE1kWROCM/vyPKmdFJxi4fS2mC9fpnFkyAE5JMfEIeekTK5JhVQJJ4/kmbySN+vJerHerY9p64KVzuyRP7A+fwAoNZTs</latexit>

Chang, MW et al [NPLQCD], PRL 120 (2018)

Parreño, MW et al [NPLQCD] PRD 103 (2021)

Several systematic uncertainties remain, 
but encouraging agreement with 
experiment seen 

Axial current matrix element 
calculations with                       
permit preliminary extrapolation of 
triton axial charge to physical point

m⇡ = 450 MeV

<latexit sha1_base64="O9OpK4/6JiFqjN0j3RDGqxc9o40=">AAAB/3icbVDJSgNBEO2JW4xbVPDipTEInsKMJOhFCHrxIkQwC2SG0NOpJE16FrprxDDm4K948aCIV3/Dm39jZzlo4oOCx3tVVNXzYyk02va3lVlaXlldy67nNja3tnfyu3t1HSWKQ41HMlJNn2mQIoQaCpTQjBWwwJfQ8AdXY79xD0qLKLzDYQxewHqh6ArO0Ejt/EHQdmNBL2ipbLsID5jSG6iP2vmCXbQnoIvEmZECmaHazn+5nYgnAYTIJdO65dgxeilTKLiEUc5NNMSMD1gPWoaGLADtpZP7R/TYKB3ajZSpEOlE/T2RskDrYeCbzoBhX897Y/E/r5Vg99xLRRgnCCGfLuomkmJEx2HQjlDAUQ4NYVwJcyvlfaYYRxNZzoTgzL+8SOqnRadULN+WCpXLWRxZckiOyAlxyBmpkGtSJTXCySN5Jq/kzXqyXqx362PamrFmM/vkD6zPHyBnlOc=</latexit>

Matching to finite-volume pionless EFT 
used to constrain L1A

<latexit sha1_base64="7JTOXww6OxQg6mPprkmtEsz3QuA=">AAAB7XicbVA9SwNBEJ2LXzF+nVraLAbBKtxJRMuojYVFBPMByRH2NnvJmr3dY3dPCEf+g42FIrb+Hzv/jZvkCk18MPB4b4aZeWHCmTae9+0UVlbX1jeKm6Wt7Z3dPXf/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuJKs2keDDjhAYxHggWMYKNlZp3vcy/mvTcslfxZkDLxM9JGXLUe+5Xty9JGlNhCMdad3wvMUGGlWGE00mpm2qaYDLCA9qxVOCY6iCbXTtBJ1bpo0gqW8Kgmfp7IsOx1uM4tJ0xNkO96E3F/7xOaqLLIGMiSQ0VZL4oSjkyEk1fR32mKDF8bAkmitlbERlihYmxAZVsCP7iy8ukeVbxq5Xz+2q5dp3HUYQjOIZT8OECanALdWgAgUd4hld4c6Tz4rw7H/PWgpPPHMIfOJ8/GJWO0w==</latexit>

Detmold and Shanahan, PRD 103 (2021)



Variational methods

First calculations of plane-wave nucleon-nucleon (upper left) correlation functions 
and symmetric correlation-function matrices indicate that excited-state effects 
lead to large systematic uncertainties on calculated energy levels

Excited-state effects from unbound multi-nucleon scattering states are not effectively 
suppressed in computationally accessible Euclidean correlation functions

LQCD nuclear 
matrix element 
calculations    
so far

11
Hörz et al, PRC 103 (2021)

Francis et al, PRD 99 (2019) Green et al, PRL 127 (2021)

Amarasinghe, MW et al, arXiv:2108.10835



Interpolating operators
Known from          scattering studies near the      resonance that local and nonlocal 

operators can be nearly orthogonal

Two plane-wave baryons with 
relative momenta

⇡(~p1)⇡(~p2)

<latexit sha1_base64="hqZhiD3I24ZNjI3oO22DITyDdIU=">AAACBXicbVDLTgIxFO3gC/E16lIXjcQENmSGYHRJdOMSE3kkzGTSKQUaOp2m7ZCQCRs3/oobFxrj1n9w599YYBYInuQmp+fcm957QsGo0o7zY+U2Nre2d/K7hb39g8Mj+/ikpeJEYtLEMYtlJ0SKMMpJU1PNSEdIgqKQkXY4upv57TGRisb8UU8E8SM04LRPMdJGCuxzT9CSNyY4FdPALS+/quXALjoVZw64TtyMFEGGRmB/e70YJxHhGjOkVNd1hPZTJDXFjEwLXqKIQHiEBqRrKEcRUX46v2IKL43Sg/1YmuIaztXliRRFSk2i0HRGSA/VqjcT//O6ie7f+CnlItGE48VH/YRBHcNZJLBHJcGaTQxBWFKzK8RDJBHWJriCCcFdPXmdtKoVt1a5eqgV67dZHHlwBi5ACbjgGtTBPWiAJsDgCbyAN/BuPVuv1of1uWjNWdnMKfgD6+sXkt6X/A==</latexit>

⇡⇡

<latexit sha1_base64="gU1sMv9Fe3WVSypIcEz/6lhhmog=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWakosuiG5cV7APaoWTSTBubSYYkI5Sh/+DGhSJu/R93/o1pOwttPSRwOOde7r0nTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5dw9/rlilf15sCrxM9JBXI0+uWv3kDRNGbSUkGM6fpeYoOMaMupYNNSLzUsIXRMhqzrqCQxM0E233aKz5wywJHS7kuL5+rvjozExkzi0FXGxI7MsjcT//O6qY2ug4zLJLVM0sWgKBXYKjw7HQ+4ZtSKiSOEau52xXRENKHWBVRyIfjLJ6+S1kXVr1Uv72uV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hDSn0gt7Rx6K0gPKeY/gD9PkDmkyPKA==</latexit>

⇢

<latexit sha1_base64="fyk8jr6SXwF8ra76Jl7GGyjIIGU=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOZrND5rHMzAoh5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3woZyJmnLMstpN9UUi4jTTjS+y/3OE9WGKfloJykNBR5JFjOCbS71daIG1Zpf9+dAqyQoSA0KNAfVr/5QkUxQaQnHxvQCP7XhFGvLCKezSj8zNMVkjEe056jEgppwOr91hs6cMkSx0q6kRXP198QUC2MmInKdAtvELHu5+J/Xy2x8E06ZTDNLJVksijOOrEL542jINCWWTxzBRDN3KyIJ1phYF0/FhRAsv7xK2hf14LJ+9XBZa9wWcZThBE7hHAK4hgbcQxNaQCCBZ3iFN094L96797FoLXnFzDH8gff5AyJEjk8=</latexit>

Calculations with         few fm neglecting one type of operator show plateau-like behavior 
but energy spectra with “missing levels” (compared to more complete calculations) 

t ⇠

<latexit sha1_base64="iG0YhjrfbqxHlwl112qjVPXWLNg=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKRI9BLx4jmAckS5idzCZj5rHM9AphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTEcsEV6wJHATrJIYRGQnWjsa3M7/9xIzlWj3AJGGhJEPFY04JOKkFPcsl7pcrftWfA6+SICcVlKPRL3/1BpqmkimggljbDfwEwowY4FSwaamXWpYQOiZD1nVUEclsmM2vneIzpwxwrI0rBXiu/p7IiLR2IiPXKQmM7LI3E//zuinE12HGVZICU3SxKE4FBo1nr+MBN4yCmDhCqOHuVkxHxBAKLqCSCyFYfnmVtC6qQa16eV+r1G/yOIroBJ2icxSgK1RHd6iBmoiiR/SMXtGbp70X7937WLQWvHzmGP2B9/kDUGWO9w==</latexit>

Dudek et al, PRD 87 (2013)

Wilson et al, PRD 92 (2015)
q(x)�q(x)

<latexit sha1_base64="fkH4tHluAt6qPxaReHq946Q5/JM=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahbsqMVHRZdKHLCvYBnaFk0kwbmmSmSUYsQ8GNv+LGhSJu/Ql3/o2ZtgttPRA4nHMPN/cEMaNKO863lVtaXlldy68XNja3tnfs3b2GihKJSR1HLJKtACnCqCB1TTUjrVgSxANGmsHgKvOb90QqGok7PYqJz1FP0JBipI3UsQ+8yNhZOh2OSw8n3jXiHMGhoR276JSdCeAicWekCGaodewvrxvhhBOhMUNKtV0n1n6KpKaYkXHBSxSJER6gHmkbKhAnyk8nN4zhsVG6MIykeULDifo7kSKu1IgHZpIj3VfzXib+57UTHV74KRVxoonA00VhwqCOYFYI7FJJsGYjQxCW1PwV4j6SCGtTW8GU4M6fvEgap2W3Uj67rRSrl7M68uAQHIEScME5qIIbUAN1gMEjeAav4M16sl6sd+tjOpqzZpl98AfW5w9AypdC</latexit>
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Wide range of two-nucleon operators explored

Hexaquark:

Six Gaussian 
smeared quarks

Dibaryon: Quasi-local:

Two exponentially localized 
baryons

Amarasinghe, MW et al, arXiv:2108.10835




Two nucleons in a box
Diagonalization of correlation-function 

matrices can be used to remove 
excited-state contamination from 
states strongly overlapping with other 
operators 

Each energy level dominantly overlaps 
with one operator structure, sub-
dominant operators collectively 30%

13Amarasinghe, MW et al, arXiv:2108.10835




Deuteron spectrum

Mostly hexaquark

Cubic analog of S-wave Cubic analog of D-wave, G-wave, …

Amarasinghe, MW et al, arXiv:2108.10835
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Interpolating-operator dependence
Removing the operator structure with 

maximum overlap on to a given 
energy level leads to “missing energy 
levels” 

Even with 10s of interpolating operators, 
possible to “miss” ground-state


— valid lower bound on ground-state 
energy, but best-fit results can differ 
by 5+ �

<latexit sha1_base64="/5S663udbEGyS0PD5406dpjgiZc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI8BL54kgnlAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUMirVhDaJ4kp3ImwoZ5I2LbOcdhJNsYg4bUfjm5nffqLaMCUf7CShocBDyWJGsHVSq2fYUOB+ueJX/TnQKglyUoEcjX75qzdQJBVUWsKxMd3AT2yYYW0Z4XRa6qWGJpiM8ZB2HZVYUBNm82un6MwpAxQr7UpaNFd/T2RYGDMRkesU2I7MsjcT//O6qY2vw4zJJLVUksWiOOXIKjR7HQ2YpsTyiSOYaOZuRWSENSbWBVRyIQTLL6+S1kU1qFUv72uV+l0eRxFO4BTOIYArqMMtNKAJBB7hGV7hzVPei/fufSxaC14+cwx/4H3+AKKTjzc=</latexit>

Consistent with various dibaryon and 
hexaquark operators being 
approximately orthogonal 

Much larger (                              )   
source/sink separations would be 
needed to resolve spectrum using 
interpolating-operator set missing 
dominant operators

t & 1/� ⇠ 5 fm

<latexit sha1_base64="oGJdgn8Z2iInPOSPYp8JJjI6qJo=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4qjPSosuCG1dSwT6gU0omvVNDk5khuSOWoR/gxl9x40IRt36AO//G9LFQ64HAyTnnktwTJFIYdN0vJ7e0vLK6ll8vbGxube8Ud/eaJk41hwaPZazbATMgRQQNFCihnWhgKpDQCoYXE791B9qIOLrBUQJdxQaRCAVnaKVesYTUH6D1FfVO/D5IZNSf3Ko+wj1mNFRjm3LL7hR0kXhzUiJz1HvFT78f81RBhFwyYzqem2A3YxoFlzAu+KmBhPEhG0DH0ogpMN1susyYHlmlT8NY2xMhnao/JzKmjBmpwCYVw1vz15uI/3mdFMPzbiaiJEWI+OyhMJUUYzpphvaFBo5yZAnjWti/Un7LNONo+yvYEry/Ky+S5mnZq5Sr15VS7WpeR54ckENyTDxyRmrkktRJg3DyQJ7IC3l1Hp1n5815n0Vzznxmn/yC8/ENeyqarw==</latexit>

15Amarasinghe, MW et al, arXiv:2108.10835




        phase shift comparisons

S-wave phase shift results using variational methods and symmetric dibaryon 
correlation functions consistent among several groups

Further variational studies are needed to conclusively determine whether two-
nucleon systems bind with heavier-than-physical quark masses

16Amarasinghe, MW et al, arXiv:2108.10835


Discrepancies with previous results using dibaryon-hexaquark correlation functions 
on the same gauge-field ensemble from multiple groups

NN
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Variational methods for Nπ
Analogous variational methods can be applied to study           systems

<latexit sha1_base64="IMVw6qt5aNePakl32xmcx55W0RY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF08SwTwgWcLsZDYZM49lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vcLK6tr6RnGztLW9s7tX3j9oGpVqQhtEcaXbETaUM0kblllO24mmWESctqLRzdRvPVFtmJIPdpzQUOCBZDEj2DqpeYe6CUO9csWv+jOgZRLkpAI56r3yV7evSCqotIRjYzqBn9gww9oywumk1E0NTTAZ4QHtOCqxoCbMZtdO0IlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJPNFccqRVWj6OuozTYnlY0cw0czdisgQa0ysC6jkQggWX14mzbNqcFE9vz+v1K7zOIpwBMdwCgFcQg1uoQ4NIPAIz/AKb57yXrx372PeWvDymUP4A+/zB5vrjoI=</latexit>

N⇡

Same calculation can be used to explicitly remove excited-state contamination from 
elastic nucleon form factors and access pion-production amplitudes

            transition form factors can be calculated if I=1/2 and I=3/2 operators includedN ! �

<latexit sha1_base64="jcYpsMTCnUCwAz+RFCIfOeeqVCg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5JIxR4LevAkFewHNKFstpt26SYbdidKKPWvePGgiFd/iDf/jds2B219MPB4b4aZeUEiuAbH+bYKa+sbm1vF7dLO7t7+gX141NYyVZS1qBRSdQOimeAxawEHwbqJYiQKBOsE46uZ33lgSnMZ30OWMD8iw5iHnBIwUt8u33qKD0dAlJKP2LtmAkjfrjhVZw68StycVFCOZt/+8gaSphGLgQqidc91EvAnRAGngk1LXqpZQuiYDFnP0JhETPuT+fFTfGqUAQ6lMhUDnqu/JyYk0jqLAtMZERjpZW8m/uf1Ugjr/oTHSQospotFYSowSDxLAg+4YhREZgihiptbMR0RRSiYvEomBHf55VXSPq+6terFXa3SqOdxFNExOkFnyEWXqIFuUBO1EEUZekav6M16sl6sd+tj0Vqw8pky+gPr8wenupTA</latexit>
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Barca, Bali, and Collins, 
arXiv:2110.11908 [hep-lat]

          systems in LQCD Nπ

Silvi et al, PRD 23 (2021)

The I=J=3/2 sector has been explored using 
variational calculations including both 
localized             and        operators<latexit sha1_base64="p1uK4znEbEq6VZzSPDs9/5G5BnQ=">AAAB+HicbVBNSwMxEM36WetHVz16CRbBU9mVoh4LevBYwX5AdynZNNuGJtltMivU0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmRangBjzv21lb39jc2i7sFHf39g9K7uFR0ySZpqxBE5HodkQME1yxBnAQrJ1qRmQkWCsa3sz81iPThifqAcYpCyXpKx5zSsBKXbcU3DIBBAeGSzwajbpu2at4c+BV4uekjHLUu+5X0EtoJpkCKogxHd9LIZwQDZwKNi0GmWEpoUPSZx1LFZHMhJP54VN8ZpUejhNtSwGeq78nJkQaM5aR7ZQEBmbZm4n/eZ0M4utwwlWaAVN0sSjOBIYEz1LAPa4ZBTG2hFDN7a2YDogmFGxWRRuCv/zyKmleVPzLSvW+Wq5V8zgK6ASdonPkoytUQ3eojhqIogw9o1f05jw5L86787FoXXPymWP0B87nDyUIkro=</latexit>

� ⇠ qqq
<latexit sha1_base64="6f0SiL8eb+AAEZnqasGK8smRIT4=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6jHgxZNEMA9IljA7mU2GzGOZmRXCkl/w4kERr/6QN//G2WQPmljQUFR1090VJZwZ6/vf3tr6xubWdmmnvLu3f3BYOTpuG5VqQltEcaW7ETaUM0lblllOu4mmWEScdqLJbe53nqg2TMlHO01oKPBIspgRbHPpvp+wQaXq1/w50CoJClKFAs1B5as/VCQVVFrCsTG9wE9smGFtGeF0Vu6nhiaYTPCI9hyVWFATZvNbZ+jcKUMUK+1KWjRXf09kWBgzFZHrFNiOzbKXi/95vdTGN2HGZJJaKsliUZxyZBXKH0dDpimxfOoIJpq5WxEZY42JdfGUXQjB8surpH1ZC65q9Yd6tVEv4ijBKZzBBQRwDQ24gya0gMAYnuEV3jzhvXjv3seidc0rZk7gD7zPH+p/jiA=</latexit>

N⇡

Finite-volume energy spectra are mapped 
through generalizations of Lüscher’s 
quantization condition to constraints on P-
wave          scattering phase shifts<latexit sha1_base64="6f0SiL8eb+AAEZnqasGK8smRIT4=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6jHgxZNEMA9IljA7mU2GzGOZmRXCkl/w4kERr/6QN//G2WQPmljQUFR1090VJZwZ6/vf3tr6xubWdmmnvLu3f3BYOTpuG5VqQltEcaW7ETaUM0lblllOu4mmWEScdqLJbe53nqg2TMlHO01oKPBIspgRbHPpvp+wQaXq1/w50CoJClKFAs1B5as/VCQVVFrCsTG9wE9smGFtGeF0Vu6nhiaYTPCI9hyVWFATZvNbZ+jcKUMUK+1KWjRXf09kWBgzFZHrFNiOzbKXi/95vdTGN2HGZJJaKsliUZxyZBXKH0dDpimxfOoIJpq5WxEZY42JdfGUXQjB8surpH1ZC65q9Yd6tVEv4ijBKZzBBQRwDQ24gya0gMAYnuEV3jzhvXjv3seidc0rZk7gD7zPH+p/jiA=</latexit>

N⇡

Silvi, Paul, Alexandrou, Krieg, Leskovec, Meinel, 
Negele, Petschlies, Pochinsky, Rendon, Syritsyn, 
and Todaro, PRD 23 (2021)

Andersen, Bulava, Hörz, Morningstar, PRD 97 (2018)

Calculations of             
transition form 
factors under 
active exploration

<latexit sha1_base64="7bAb5S2ok1rPatL18AHvvTOEEAU=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIp6rGgB09SwX5AE8pmu2mXbrJhd6KEUP+KFw+KePWHePPfuG1z0NYHA4/3ZpiZFySCa3Ccb2tldW19Y7O0Vd7e2d3btw8O21qmirIWlUKqbkA0EzxmLeAgWDdRjESBYJ1gfDX1Ow9MaS7je8gS5kdkGPOQUwJG6tuVW0/x4QiIUvIRe9dMAOnbVafmzICXiVuQKirQ7Ntf3kDSNGIxUEG07rlOAn5OFHAq2KTspZolhI7JkPUMjUnEtJ/Pjp/gE6MMcCiVqRjwTP09kZNI6ywKTGdEYKQXvan4n9dLIbz0cx4nKbCYzheFqcAg8TQJPOCKURCZIYQqbm7FdEQUoWDyKpsQ3MWXl0n7rOae1+p39WqjXsRRQkfoGJ0iF12gBrpBTdRCFGXoGb2iN+vJerHerY9564pVzFTQH1ifP6bclL0=</latexit>

N ! �
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          systems in LQCD 
Finite-volume spectrum is complicated by 

meson/nucleon resonances Wick contractions proliferate 
for multi-hadron 
operators — similar tricks 
can be used as in 

Nπ, Nππ, …

Nπ

Nππ

Nπππ

Nππππ
NKΔπ

4 5 6 7 8 9 10
1.1

1.2

1.3

1.4

1.5
Δππ

Δ

Several types of multi-hadron states expected in 
energy region relevant for         and higher 
nucleon resonances

Δ
Nππ

N

π

ππ

π

N

NN

<latexit sha1_base64="6L/F+jO/P9uhPtPZQ93UijfCN34=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BL55CFPOAZAmzk9lkyOzsMtMrhJA/8OJBEa/+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbmt564NiJWjzhOuB/RgRKhYBSt9FCr9Yolt+zOQVaJl5ESZKj3il/dfszSiCtkkhrT8dwE/QnVKJjk00I3NTyhbEQHvGOpohE3/mR+6ZScWaVPwljbUkjm6u+JCY2MGUeB7YwoDs2yNxP/8zophtf+RKgkRa7YYlGYSoIxmb1N+kJzhnJsCWVa2FsJG1JNGdpwCjYEb/nlVdK8KHuV8uV9pVS9yeLIwwmcwjl4cAVVuIM6NIBBCM/wCm/OyHlx3p2PRWvOyWaO4Q+czx9Eoo0y</latexit>

Noninteracting 
spectrum
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Wavefunction construction

Nπ

Fully classified by symmetry groups of 
center-of-mass and total wavefunctions 
(“little group” and “stabilizer group”)

Infinite volume wavefunctions:

• Infinitely many different orbital angular momentum states are possible for 
2+ hadron states

Finite cubic box wavefunctions:

• Rest frame: 7 classes of wavefunctions 
possible (same for all N)

• Boosted frame: 16 classes of wavefunctions 
possible (same for all N)

Identical particles / spin can be incorporated with 
subsequent group theory projections / products

N-hadron: Detmold, Jay, Kanwar, Shanahan, MW, in preparation

2-hadron: Luu and Savage PRD 83 (2011)

• Explicitly constructed from products of spherical harmonics + Clebsch-Gordan

Morningstar et al, PRD 88 (2013)
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Wavefunction construction

Nπ

Explicit recipe constructed for projecting arbitrary N hadron 
wavefunctions into irreps of appropriate little group

Detmold, Jay, Kanwar, Shanahan, MW, 
in preparation

Stay tuned for implementation with
Nπ, Nππ, …



DIS and LQCD
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LQCD can also compute quantities relevant to neutrino DIS

             and                calculated by 
several groups

hxiqproton
<latexit sha1_base64="VvrlwFBmVzKPqluvs7pU179FzFY=">AAACCXicbVA9SwNBEN3z2/gVtbRZDIJVuFNBCxHRxlLBmEAuhr3NXLK4t3vuzonhSGvjX7GxUMTWf2Dnv3ETU2jig4HHezPMzItSKSz6/pc3MTk1PTM7N19YWFxaXimurl1ZnRkOFa6lNrWIWZBCQQUFSqilBlgSSahGN6d9v3oHxgqtLrGbQiNhbSViwRk6qVmkoYQYD+9DI9odPLq+beYhwj3mqdGoVa/XLJb8sj8AHSfBkJTIEOfN4mfY0jxLQCGXzNp64KfYyJlBwSX0CmFmIWX8hrWh7qhiCdhGPvikR7ec0qKxNq4U0oH6eyJnibXdJHKdCcOOHfX64n9ePcP4oJELlWYIiv8sijNJUdN+LLQlDHCUXUcYN8LdSnmHGcbRhVdwIQSjL4+Tq51ysFv2L/ZKxyfDOObIBtkk2yQg++SYnJFzUiGcPJAn8kJevUfv2Xvz3n9aJ7zhzDr5A+/jGyHAm0E=</latexit>

hxigproton
<latexit sha1_base64="G3l/4z2ljQO6MueITQNJz3aUgsk=">AAACCXicbVA9SwNBEN3z2/gVtbRZDIJVuFNBCxHRxlLBmEAuhr3NXLK4t3vszknCkdbGv2JjoYit/8DOf+Pmo1Djg4HHezPMzItSKSz6/pc3NT0zOze/sFhYWl5ZXSuub9xYnRkOFa6lNrWIWZBCQQUFSqilBlgSSahGd+cDv3oPxgqtrrGXQiNhbSViwRk6qVmkoYQYj7uhEe0Onty2m3mI0MU8NRq16vebxZJf9oegkyQYkxIZ47JZ/AxbmmcJKOSSWVsP/BQbOTMouIR+IcwspIzfsTbUHVUsAdvIh5/06Y5TWjTWxpVCOlR/TuQssbaXRK4zYdixf72B+J9XzzA+auRCpRmC4qNFcSYpajqIhbaEAY6y5wjjRrhbKe8wwzi68AouhODvy5PkZq8c7Jf9q4PS6dk4jgWyRbbJLgnIITklF+SSVAgnD+SJvJBX79F79t6891HrlDee2SS/4H18AxH4mzc=</latexit>

PDF4LHC15

ETMC, PRL 119 (2017)
χQCD, PRL 121 (2018)
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Review: Lin et al, Prog. Part. Nucl. Phys. 100 (2018)

Current LQCD results can improve global 
analyses of isovector polarized PDFs that are 
relevant for weak interactions in neutrino DIS

Alexandrou et al, PRL 126 (2021)

Chen, Cohen, Ji, Lin, Zhang, Nucl. Phys. B 911 (2016)

Alexandrou, et al, PRL 121 (2018)

Bringewatt et al [JAM], PRD 103 (2021)

Large momentum effective theory 
connects Euclidean matrix elements to 
light-cone PDFs

Review: Ji et al, Rev. Mod. Phys. 93 (2021)




Nuclear momentum fractions
First calculations of gluon and isovector quark momentum fractions of light nuclei

Although systematic uncertainties are not fully controlled (one lattice spacing, volume, 
quark mass, …) demonstrates potential for LQCD to usefully constrain nuclear PDFs

Detmold, MW et al [NPLQCD] PRL 126 (2021)

Results matched to poinless EFT to determine two-body current operator relevant 
to isovector EMC effects
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Winter, MW et al [NPLQCD], PRD 96 (2017)



Fukaya, Hashimoto, Kaneko, and Ohki, PRD 102 (2020)

The hadron tensor

Proof-of-principle results demonstrate consistency 
between nucleon hadron tensor and form factor 
calculations for elastic scattering kinematics

LQCD hadron tensor calculations require a challenging 
inverse Laplace transform, calculations exploring 
several different methods underway
Liang, Draper, Liu, Rothkopf, and Yang [  QCD] PRD 101 (2020)�

<latexit sha1_base64="YKHdX3SSJ4F/qtjhO/9/h0DZHqM=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaQKuiy6cVnBPqAJZTK9aYdOJmFmIoRQf8WNC0Xc+iHu/BunaRbaeuDC4Zx75849QcKZ0o7zba2tb2xubVd2qrt7+weH9tFxV8WppNChMY9lPyAKOBPQ0Uxz6CcSSBRw6AXT27nfewSpWCwedJaAH5GxYCGjRBtpaNdyr3gkD3gKM+zRCZsN7brTcArgVeKWpI5KtIf2lzeKaRqB0JQTpQauk2g/J1IzymFW9VIFCaFTMoaBoYJEoPy82DvDZ0YZ4TCWpoTGhfp7IieRUlkUmM6I6Ila9ubif94g1eG1nzORpBoEXSwKU451jOdJ4BGTQDXPDCFUMvNXTCdEEqpNXlUTgrt88irpNhvuRaN5f1lv3ZRxVNAJOkXnyEVXqIXuUBt1EEUZekav6M16sl6sd+tj0bpmlTM19AfW5w9OiZUw</latexit>

How can we use LQCD to constrain higher energies, e.g. shallow 
inelastic scattering region?

d2�

dE0d cos ✓
/ Lµ⌫W

µ⌫

<latexit sha1_base64="gsPDw6aEVh09z7PqHwz0D7Am5y4="></latexit>

The hadron tensor:

Lepton tensor (perturbative)

Hadron tensor
(nonperturbative QCD)

Liu and Dong, PRL 72 (1994) Liu, PRD 62 (2000)Aglietti et al, Phys. Lett. B 432 (1998)

Liang, Liu, and Yang [  QCD] 
EPJ Web Conf. 175 (2018)


�
<latexit sha1_base64="YKHdX3SSJ4F/qtjhO/9/h0DZHqM=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaQKuiy6cVnBPqAJZTK9aYdOJmFmIoRQf8WNC0Xc+iHu/BunaRbaeuDC4Zx75849QcKZ0o7zba2tb2xubVd2qrt7+weH9tFxV8WppNChMY9lPyAKOBPQ0Uxz6CcSSBRw6AXT27nfewSpWCwedJaAH5GxYCGjRBtpaNdyr3gkD3gKM+zRCZsN7brTcArgVeKWpI5KtIf2lzeKaRqB0JQTpQauk2g/J1IzymFW9VIFCaFTMoaBoYJEoPy82DvDZ0YZ4TCWpoTGhfp7IieRUlkUmM6I6Ila9ubif94g1eG1nzORpBoEXSwKU451jOdJ4BGTQDXPDCFUMvNXTCdEEqpNXlUTgrt88irpNhvuRaN5f1lv3ZRxVNAJOkXnyEVXqIXuUBt1EEUZekav6M16sl6sd+tj0bpmlTM19AfW5w9OiZUw</latexit>

LQCD methods for calculating exclusive cross-sections break down 
above multi-particle thresholds (       hadrons is state-of-the-art)≤ 3

Reviews: Briceño, Dudek, and Young, Rev. Mod. Phys. 90 (2018)
Hansen and Sharpe, Ann. Rev. Nucl. Part. Sci. 69 (2019)
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Questions

LQCD Nuclear EFT and 
many-body Event generators

⌫e = ⌫e
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