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νe appearance

from a νμ beam

neutrino oscillation experiment is simple in conception:

86 4 Neutrino Mixing, Mass Hierarchy, and CP Violation

baseline, there is no degeneracy between matter and CP asymmetries at the first oscillation node
where the LBNE neutrino beam spectrum peaks. The wide coverage of the oscillation patterns
enables the search for physics beyond the three-flavor model because new physics effects may
interfere with the standard oscillations and induce a distortion in the oscillation patterns. As a
next-generation neutrino oscillation experiment, LBNE aims to study in detail the spectral shape
of neutrino mixing over the range of energies where the mixing effects are largest. This is crucial
for advancing the science beyond the current generation of experiments, which depend primarily
on rate asymmetries.
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Figure 4.1: The simulated unoscillated spectrum of ‹µ events from the LBNE beam (black histogram)
overlaid with the ‹µ æ ‹e oscillation probabilities (colored curves) for different values of ”CP and normal
hierarchy.

The LBNE reconfiguration study [25] determined that the far detector location at the Sanford
Underground Research Facility provides an optimal baseline for precision measurement of neutrino
oscillations using a conventional neutrino beam from Fermilab. The 1,300≠km baseline optimizes
sensitivity to CP violation and is long enough to resolve the MH with a high level of confidence,
as shown in Figure 2.7.

Table 4.1 lists the beam neutrino interaction rates for all three known species of neutrinos as ex-
pected at the LBNE far detector. This table shows only the raw interaction rates using the neutrino
flux from the Geant4 simulations of the LBNE beamline and the default interaction cross sections
included in the GLoBeS package [130] with no detector effects included. A tunable LBNE beam
spectrum, obtained by varying the distance between the target and the first focusing horn (Horn 1),
is assumed. The higher-energy tunes are chosen to enhance the ‹· appearance signal and improve
the oscillation fits to the three-flavor paradigm. To estimate the NC event rates based on visible

The Long-Baseline Neutrino Experiment

LB
N

E,
 1

30
7.

73
35

3

but difficult in practice: rely on theory to determine cross 
sections: e.g. σ(νe)/σ(νμ) to a precision of 1%
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Related topics 

• four Fermi starting point

• neutrino scattering on electrons

• Coulomb corrections 

• coherent neutrino-nucleus scattering

1911.01493 (Hill and Tomalak)

1907.03379 (Tomalak and Hill)

2011.05960 (Tomalak, Machado, Pandey, Plestid) 

see talk by R. Plestid this afternoon 

“RJH acknowledges support from the Neutrino Theory 
Network at Fermilab during the early stages of this work”  

• neutrino scattering on nucleons (this talk)  

2105.07939 (Tomalak, Chen, Hill, McFarland) 

2204.11379 (Tomalak, Chen, Hill, McFarland, Wret) 
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QED radiative corrections are suppressed by 
, but enhanced by large logarithms: αQED

k

p p0

k0

n

⌫

p

`�

k

p p0

k0

p

⌫̄

n

`+

`

Radiative corrections depend on hadronic 
structure, but in factorized manner: 

σ = S(ΔE)J(Δθ, mℓ)H(Λ)

electron/muon  
mass

jet angular size soft photon  
threshold

log(m2
ℓ /E2

ν ) log(Δθ2) log(ΔE/Eν)

Small parameters
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• make use of small parameters:

m2
μ

Λ2
hard

≈ 0.01 (Δθ)2 ≈ 0.03
ΔE

Λhard
≈ 0.02

(ΔE = 20 MeV , Δθ = 10∘ , Λhard = 1 GeV)

• map into (soft-collinear) effective theory 
with percent-level expansion parameter

cf. factorization applications for pp collisions or heavy 
mesons decays: in the present case  


low-energy=calculable

high-energy=hadronic/nonperturbative

muon mass is included at tree level, neglected corrections 
begin at percent times order alpha (negligible at DUNE 
precision)

Small parameters
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Consider 

• Exclusive observables: tree level process 
plus soft or soft+collinear radiation

• Inclusive observables: also hard non-
collinear photon radiation 

soft photon threshold:

photons with energy smaller than  are unseen by the 
detector.

ΔE

identify  as transition point from Compton scattering 
to e+e- pair production as dominant contribution to total 
photon cross section

ΔE
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Figure 34.15: Photon total cross sections as a function of energy in carbon and lead, showing the
contributions of di�erent processes [50]:

‡p.e. = Atomic photoelectric e�ect (electron ejection, photon absorption)
‡Rayleigh = Rayleigh (coherent) scattering–atom neither ionized nor excited
‡Compton = Incoherent scattering (Compton scattering o� an electron)

Ÿnuc = Pair production, nuclear field
Ÿe = Pair production, electron field

‡g.d.r. = Photonuclear interactions, most notably the Giant Dipole Resonance [51]. In these
interactions, the target nucleus is usually broken up.

Original figures through the courtesy of John H. Hubbell (NIST).

1st June, 2022
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Hubbell et al. (NIST database)

ΔE ≈ 30 MeV , 25 MeV , 12 MeV

polystyrene 
 scintillator

water argon

Experimental 
context
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Consider 

• Exclusive observables: tree level process 
plus soft or soft+collinear radiation

• Inclusive observables: also hard non-
collinear photon radiation 

jet angular size (electron flavor):
photons within angle  of electron are indistinguishable 
from electron-initiated shower 

Δθ

identify  as cone size formed by jet radius (Molière 
radius) and jet length (length of mean shower maximum) 

Δθ
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Δθ ≈ 9∘ , 10∘ , 16∘

 decreases logarithmically with primary electron energy 
(~factor two smaller at 3 GeV vs 500 MeV)
Δθ

(500 MeV primary electron in polystyrene 
scintillator, water, liquid argon)

 (NOvA),  (T2K,Hyper-K, DUNE), 
 (SBN)

Δθ ≈ 5∘ Δθ ≈ 10∘

Δθ ≈ 20∘

Experimental 
context
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Consider 

• Exclusive observables: tree level process 
plus soft or soft+collinear radiation

• Inclusive observables: also hard non-
collinear photon radiation 

jet angular size (muon flavor):
in tracking target detector (e.g. segmented scintillator, 
gaseous tracker in magnetic field, liquid argon TPC), 
energy of muon determined by range or curvature: 
collinear photons unobserved
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Experimental 
context

in W.Ch. detector, photons contribute to reconstructed 
muon energy if angle is consistent with multiple scattering 
of muon

Δθ ≈ 2∘ weakly depends on material (polystyrene 
scintillator, water, liquid argon), and energy 

since not much radiation is contained within 2 degrees, 
 is a good (not necessary) approximation in all 

detectors 
Δθ ≈ 0
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Consider 

• Exclusive observables: tree level process 
plus soft or soft+collinear radiation

• Inclusive observables: also hard non-
collinear photon radiation Experimental 

context

- retain definitions of electron/muon jets 
with , 


- include hard non-collinear photons in cross 
section

Eγ ≲ ΔE θγ ≲ Δθ

experiment may not veto hard non-collinear 
photons 
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Figure 3: Decomposition of full theory diagram into hard, soft and collinear momentum regions.

where n
µ and n̄

µ are conventional four-vectors satisfying n
2 = n̄

2 = 0 and n · n̄ = 2. For charged lepton moving in
the z direction, we choose n

µ = (1, 0, 0, 1) and n̄
µ = (1, 0, 0, �1), with the four-velocity of the initial-state nucleon

in its rest frame v
µ = (nµ + n̄

µ)/2 = (1, 0, 0, 0). The relevant momentum regions are

soft : L
µ

⇠ ⇤(�, �, �) ,

collinear : L
µ

⇠ ⇤(�, 1,

p

�) ,

hard : L
µ

⇠ ⇤(1, 1, 1) , (19)

where the hard scale is ⇤ ⇠ M ⇠ E⌫ ⇠ Q. The dimensionless expansion parameter � ⇠ �E/⇤ is determined
by experimental conditions that dictate the fraction of energy allowed in soft radiation. The lepton mass satisfies
m` .

p
�⇤, and the jet angular resolution satisfies �✓ .

p
�.

In our default factorization analysis represented by Eq. (28) below, we employ the formal power counting
m`/⇤hard ⌧ 1. For the muon, an alternative counting �E ⌧ mµ ⇠ ⇤hard would group the muon mass with
other “hard” scales, resulting in a simpler soft-hard factorization formula without collinear function. Since “large
logarithms” are not extremely large for the muon, it may seem preferable to adopt this simpler description. However,
muon power corrections are well-described by our power counting analysis, and are numerically small compared
to other uncertainties. Moreover, important phenomenological features, such as the insensitivity of flavor ratios
to hadronic and nuclear uncertainties, can be readily seen by adopting a unified description of electron and muon
observables. A more detailed e↵ective theory analysis of soft-hard versus soft-collinear-hard factorization is left to
future work.

4.1 Factorization in the static limit

In preparation for the more general case, let us examine the contributions from di↵erent momentum regions to
the cross section in the static limit. As an example, consider the one-loop virtual correction depicted in Fig. 3 (in
Feynman gauge, with photon mass regulator ��):
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Dirac structures: M
tree = �` ⌦�h. The hard contribution to the scattering amplitude, MH, is given in dimensional

regularization by setting m` = 0:
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The soft contribution, MS, is
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Finally, the remaining collinear contribution, MJ, is
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Figure 3: Decomposition of full theory diagram into hard, soft and collinear momentum regions.

where n
µ and n̄

µ are conventional four-vectors satisfying n
2 = n̄

2 = 0 and n · n̄ = 2. For charged lepton moving in
the z direction, we choose n

µ = (1, 0, 0, 1) and n̄
µ = (1, 0, 0, �1), with the four-velocity of the initial-state nucleon

in its rest frame v
µ = (nµ + n̄

µ)/2 = (1, 0, 0, 0). The relevant momentum regions are
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⇠ ⇤(�, �, �) ,

collinear : L
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⇠ ⇤(�, 1,

p

�) ,
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µ

⇠ ⇤(1, 1, 1) , (19)

where the hard scale is ⇤ ⇠ M ⇠ E⌫ ⇠ Q. The dimensionless expansion parameter � ⇠ �E/⇤ is determined
by experimental conditions that dictate the fraction of energy allowed in soft radiation. The lepton mass satisfies
m` .

p
�⇤, and the jet angular resolution satisfies �✓ .

p
�.

In our default factorization analysis represented by Eq. (28) below, we employ the formal power counting
m`/⇤hard ⌧ 1. For the muon, an alternative counting �E ⌧ mµ ⇠ ⇤hard would group the muon mass with
other “hard” scales, resulting in a simpler soft-hard factorization formula without collinear function. Since “large
logarithms” are not extremely large for the muon, it may seem preferable to adopt this simpler description. However,
muon power corrections are well-described by our power counting analysis, and are numerically small compared
to other uncertainties. Moreover, important phenomenological features, such as the insensitivity of flavor ratios
to hadronic and nuclear uncertainties, can be readily seen by adopting a unified description of electron and muon
observables. A more detailed e↵ective theory analysis of soft-hard versus soft-collinear-hard factorization is left to
future work.

4.1 Factorization in the static limit

In preparation for the more general case, let us examine the contributions from di↵erent momentum regions to
the cross section in the static limit. As an example, consider the one-loop virtual correction depicted in Fig. 3 (in
Feynman gauge, with photon mass regulator ��):
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�` ⌦ �h , (20)

where the tree-level amplitude from Eq. (3) is conveniently expressed as the product of leptonic �` and hadronic �h

Dirac structures: M
tree = �` ⌦�h. The hard contribution to the scattering amplitude, MH, is given in dimensional

regularization by setting m` = 0:

MH = ie
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The soft contribution, MS, is
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Finally, the remaining collinear contribution, MJ, is
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It is straightforward to evaluate these integrals explicitly, and to include the soft and collinear contributions to
wave-function renormalization. The radiative corrections to the cross section of Eq. (7) are found to be

�
soft = �S + �J + �H , (24)

where (after MS renormalization,5 and including real soft-photon radiation) the hard (�H), soft (�S) and collinear
(�J) contributions are

�H = �
1

4
ln2 4E

2
⌫

µ2
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1

2
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2
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24
,
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1 � ln

2E⌫
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ln

µ
2

(�E)2
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2E⌫
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!
+ 1 �

⇡
2

6
,

�J =
1

4
ln2 µ

2

m
2
`

+
1

4
ln

µ
2

m
2
`

+ 1 +
⇡

2

24
. (25)

For the observable that includes energetic photon emission within angle �✓ of the charged lepton direction, radiative
corrections in Eq. (12) are given by

�
jet = �S + �J + �

0
J + �H , (26)

where the additional contribution from the radiation of the real photon is obtained from collinear photon Feynman
diagrams, and is given explicitly from Eqs. (12) and (10) by

�
0
J = �

jet
� �

soft =
9

4
+

✓
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�
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2
�

�
⌘
2

1 + ⌘2

◆
ln

E⌫

�E
�
�
tan�1

⌘
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+
1

2
Li2
�
�⌘

2
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+
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4
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2
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+
1

4
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1
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◆
ln
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1 + ⌘

2
�

. (27)

We see that �H contains no large logarithms when µ is of order of the hard scale, µ ⇠ E⌫ = O(⇤). Similarly,
�J contains no large logarithms when µ is of order of the collinear scale, µ ⇠ m` = O(

p
�⇤). The correction �

0
J

contains a logarithm ln(E⌫/�E), as required for cancellation of ln m` singularities [22, 23] in the limit m` ! 0.
The expected eikonal logarithms remain in �S when µ is of order of the soft scale, µ ⇠ �E = O(�⇤). We have thus
achieved a scale separation, isolating the contributions from each of the relevant hard, collinear and soft momentum
regions. Below, we state the general factorization theorem beyond the static limit. The jet and soft functions are
straightforward generalizations of the static limit quantities computed above, and reduce to �S, �J, and �

0
J in the

appropriate limits. The hard function becomes a nonperturbative quantity that we describe using phenomenological
form factors. In the formal static limit E⌫/M ! 0 (and m`/E⌫ ⇠ �✓ ⌧ 1), the hard function would reduce to �H

in Eq. (25), including the appropriate combination of Wilson coe�cients cV and cA from Eq. (3).

4.2 Factorization beyond the static limit

The above analysis of momentum regions, formalized in Soft-Collinear E↵ective Theory (SCET), does not rely on
the static limit, and can be straightforwardly generalized. The key di↵erence for E⌫ ⇠ M is that the hard function
becomes sensitive to hadronic structure and cannot be computed in perturbation theory. Including also the general
kinematic dependence in the soft and collinear factors, we have the following factorization theorem for the cross
section:6

d�

dQ2
/ H

✓
E⌫

M
,

Q
2

M2
,

µ

M

◆
J

✓
µ

m`
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✓
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, v` · vp
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⇣
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, v` · vp, v · v`, v · vp
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Z 1� �E
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dx j
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, x, v · v`�✓
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µ

m`
, xv` · vp

◆
S

⇣
µ

�E
, x v` · vp, x v · v`, v · vp

⌘�
, (28)

valid up to power corrections in �. Here v` and vp denote the charged lepton and proton four-velocities entering
the tree-level process, Q

2 = �(k0
� k)2 = 2M

2(vn · vp � 1) is the momentum transfer between initial and final

5The bare and renormalized couplings are related as
e2bare
4⇡ (4⇡)✏e��E✏ = ↵bare = µ2✏↵(µ)[1 +O(↵)].

6Our model of Section 4.5.2 provides an explicit demonstration of the factorization theorem at one-loop order. It reproduces correctly
the soft and collinear functions, leaving a hard function independent of IR scales.
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It is straightforward to evaluate these integrals explicitly, and to include the soft and collinear contributions to
wave-function renormalization. The radiative corrections to the cross section of Eq. (7) are found to be

�
soft = �S + �J + �H , (24)

where (after MS renormalization,5 and including real soft-photon radiation) the hard (�H), soft (�S) and collinear
(�J) contributions are

�H = �
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4
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For the observable that includes energetic photon emission within angle �✓ of the charged lepton direction, radiative
corrections in Eq. (12) are given by

�
jet = �S + �J + �

0
J + �H , (26)

where the additional contribution from the radiation of the real photon is obtained from collinear photon Feynman
diagrams, and is given explicitly from Eqs. (12) and (10) by

�
0
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jet
� �

soft =
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We see that �H contains no large logarithms when µ is of order of the hard scale, µ ⇠ E⌫ = O(⇤). Similarly,
�J contains no large logarithms when µ is of order of the collinear scale, µ ⇠ m` = O(

p
�⇤). The correction �

0
J

contains a logarithm ln(E⌫/�E), as required for cancellation of ln m` singularities [22, 23] in the limit m` ! 0.
The expected eikonal logarithms remain in �S when µ is of order of the soft scale, µ ⇠ �E = O(�⇤). We have thus
achieved a scale separation, isolating the contributions from each of the relevant hard, collinear and soft momentum
regions. Below, we state the general factorization theorem beyond the static limit. The jet and soft functions are
straightforward generalizations of the static limit quantities computed above, and reduce to �S, �J, and �

0
J in the

appropriate limits. The hard function becomes a nonperturbative quantity that we describe using phenomenological
form factors. In the formal static limit E⌫/M ! 0 (and m`/E⌫ ⇠ �✓ ⌧ 1), the hard function would reduce to �H

in Eq. (25), including the appropriate combination of Wilson coe�cients cV and cA from Eq. (3).

4.2 Factorization beyond the static limit

The above analysis of momentum regions, formalized in Soft-Collinear E↵ective Theory (SCET), does not rely on
the static limit, and can be straightforwardly generalized. The key di↵erence for E⌫ ⇠ M is that the hard function
becomes sensitive to hadronic structure and cannot be computed in perturbation theory. Including also the general
kinematic dependence in the soft and collinear factors, we have the following factorization theorem for the cross
section:6
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valid up to power corrections in �. Here v` and vp denote the charged lepton and proton four-velocities entering
the tree-level process, Q

2 = �(k0
� k)2 = 2M

2(vn · vp � 1) is the momentum transfer between initial and final

5The bare and renormalized couplings are related as
e2bare
4⇡ (4⇡)✏e��E✏ = ↵bare = µ2✏↵(µ)[1 +O(↵)].

6Our model of Section 4.5.2 provides an explicit demonstration of the factorization theorem at one-loop order. It reproduces correctly
the soft and collinear functions, leaving a hard function independent of IR scales.

9

It is straightforward to evaluate these integrals explicitly, and to include the soft and collinear contributions to
wave-function renormalization. The radiative corrections to the cross section of Eq. (7) are found to be

�
soft = �S + �J + �H , (24)

where (after MS renormalization,5 and including real soft-photon radiation) the hard (�H), soft (�S) and collinear
(�J) contributions are
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For the observable that includes energetic photon emission within angle �✓ of the charged lepton direction, radiative
corrections in Eq. (12) are given by

�
jet = �S + �J + �

0
J + �H , (26)

where the additional contribution from the radiation of the real photon is obtained from collinear photon Feynman
diagrams, and is given explicitly from Eqs. (12) and (10) by

�
0
J = �

jet
� �

soft =
9

4
+

✓
ln
�
1 + ⌘

2
�

�
⌘
2

1 + ⌘2

◆
ln

E⌫

�E
�
�
tan�1

⌘
�2

�

✓
1 +

1

1 + ⌘2

◆
tan�1

⌘

⌘

+
1

2
Li2
�
�⌘

2
�

+
1

4
ln2 �1 + ⌘

2
�

+
1

4

✓
2

1 + ⌘2
�

1

⌘2
� 3

◆
ln
�
1 + ⌘

2
�

. (27)

We see that �H contains no large logarithms when µ is of order of the hard scale, µ ⇠ E⌫ = O(⇤). Similarly,
�J contains no large logarithms when µ is of order of the collinear scale, µ ⇠ m` = O(

p
�⇤). The correction �

0
J

contains a logarithm ln(E⌫/�E), as required for cancellation of ln m` singularities [22, 23] in the limit m` ! 0.
The expected eikonal logarithms remain in �S when µ is of order of the soft scale, µ ⇠ �E = O(�⇤). We have thus
achieved a scale separation, isolating the contributions from each of the relevant hard, collinear and soft momentum
regions. Below, we state the general factorization theorem beyond the static limit. The jet and soft functions are
straightforward generalizations of the static limit quantities computed above, and reduce to �S, �J, and �

0
J in the

appropriate limits. The hard function becomes a nonperturbative quantity that we describe using phenomenological
form factors. In the formal static limit E⌫/M ! 0 (and m`/E⌫ ⇠ �✓ ⌧ 1), the hard function would reduce to �H

in Eq. (25), including the appropriate combination of Wilson coe�cients cV and cA from Eq. (3).

4.2 Factorization beyond the static limit

The above analysis of momentum regions, formalized in Soft-Collinear E↵ective Theory (SCET), does not rely on
the static limit, and can be straightforwardly generalized. The key di↵erence for E⌫ ⇠ M is that the hard function
becomes sensitive to hadronic structure and cannot be computed in perturbation theory. Including also the general
kinematic dependence in the soft and collinear factors, we have the following factorization theorem for the cross
section:6
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valid up to power corrections in �. Here v` and vp denote the charged lepton and proton four-velocities entering
the tree-level process, Q

2 = �(k0
� k)2 = 2M

2(vn · vp � 1) is the momentum transfer between initial and final

5The bare and renormalized couplings are related as
e2bare
4⇡ (4⇡)✏e��E✏ = ↵bare = µ2✏↵(µ)[1 +O(↵)].

6Our model of Section 4.5.2 provides an explicit demonstration of the factorization theorem at one-loop order. It reproduces correctly
the soft and collinear functions, leaving a hard function independent of IR scales.
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μ2
S ∼ λ2Λ2

μ2
J ∼ λΛ2 μ2

H ∼ Λ2

static limit m2
ℓ ≪ E2

ν ≪ Λ2 ∼ M2
N

3 Static limit in (anti)neutrino-nucleon scattering

The tree-level neutrino scattering process is displayed in Fig. 1:

⌫`(p) + n(k) ! `
�(p0) + p(k0) . (1)

We consider also the related antineutrino process,

⌫̄`(p) + p(k) ! `
+(p0) + n(k0) . (2)

It is instructive to first study charged-current elastic scattering in the formal static limit, m` ⌧ E⌫ ⌧ M . This
is an important exactly-calculable limit for the more general case involving non-trivial hadronic structure, analogous
to the well-known McKinley-Feshbach correction for electron-proton scattering [10, 11]. Beyond this formal utility,
however, the static limit captures the leading logarithmically enhanced contributions to radiative corrections in
perturbation theory, and thus correctly describes the leading logarithm approximation for flavor ratios of interest
to neutrino oscillation experiments. In the following subsections, we compute this benchmark cross section.

3.1 Lagrangian and leading-order cross section

The static limit M ! 1, as well as E⌫/M power corrections, may be computed systematically in non-relativistic
e↵ective field theory. The appropriate e↵ective theory consists of NRQED for relativistic charged leptons and non-
relativistic nucleons [12–16], supplemented by the four-fermion interaction between leptons and heavy nucleons,

Le↵ = �
p

2GFVud
¯̀�µPL⌫` h̄

(p)
v �µ

⇥
cV + cA�5

⇤
h

(n)
v + h.c. , (3)

with PL = (1 � �5) /2. Here h
(p)
v and h

(n)
v denote heavy particle fields for the proton and neutron, respectively [12,

17–19]; subscript v denotes the laboratory frame reference vector v
µ = (1, 0, 0, 0). We have expressed the operator

coe�cients in terms of the scale-independent Fermi constant GF and the CKM matrix element Vud. At tree
level, the e↵ective operator coe�cients are related to familiar nucleon structure parameters: cV ! gV ⇡ 1 and
cA ! gA ⇡ �1.27. Beyond tree level, we define operators and coe�cients in the MS scheme at renormalization
scale µ. The anomalous dimension of both e↵ective operators is readily calculated,

d ln ci

d ln µ2
= �

3

8

↵

⇡
+ O

�
↵

2
�
. (4)

The tree-level di↵erential cross section for the process (1) is given by

d�LO

dQ2
=

G2
F|Vud|

2

2⇡


c
2
V + c

2
A � (c2

V � c
2
A)

Q
2 + m

2
`

4E2
⌫

�
, (5)

where Q
2 = �(p0

� p)2 is the momentum transfer between initial and final lepton states. The total cross section at
leading order is

�LO =
G2

F|Vud|
2

⇡

�
c
2
V + 3c

2
A

�
E⌫

q
E2

⌫ � m
2
` . (6)

Note that Eqs. (5) and (6) are valid for arbitrary lepton mass; below we will focus on the limit m`/E⌫ ! 0. The
cross sections for neutrino and antineutrino scattering are identical in the static limit.

3.2 Charged-current elastic process with one soft photon

In the static limit, radiative corrections to the tree-level result in Eq. (5) can be computed using the Feyman rules
of the e↵ective Lagrangian of Eq. (3). Consider first the O(↵) correction to the observable that does not distinguish
between the elastic process and the process with radiation of one photon with energy below �E:

d�
soft =

h
1 +

↵

⇡
�
soft

i
d�LO . (7)

2This analysis omits an important detail for large water Cherenkov detectors such as Super-Kamiokande, where large photosensors
and scattering of Cherenkov light play significant roles in the angular separation between adjacent features [9]. Such e↵ects in a real
Cherenkov detector could result in merging of angular features on scales significantly larger than the 2� inherent resolution calculated
above, but a detailed detector simulation would be required to assess this e↵ect.
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Figure 3: Decomposition of full theory diagram into hard, soft and collinear momentum regions.

where n
µ and n̄

µ are conventional four-vectors satisfying n
2 = n̄

2 = 0 and n · n̄ = 2. For charged lepton moving in
the z direction, we choose n

µ = (1, 0, 0, 1) and n̄
µ = (1, 0, 0, �1), with the four-velocity of the initial-state nucleon

in its rest frame v
µ = (nµ + n̄

µ)/2 = (1, 0, 0, 0). The relevant momentum regions are

soft : L
µ

⇠ ⇤(�, �, �) ,

collinear : L
µ

⇠ ⇤(�, 1,

p

�) ,

hard : L
µ

⇠ ⇤(1, 1, 1) , (19)

where the hard scale is ⇤ ⇠ M ⇠ E⌫ ⇠ Q. The dimensionless expansion parameter � ⇠ �E/⇤ is determined
by experimental conditions that dictate the fraction of energy allowed in soft radiation. The lepton mass satisfies
m` .

p
�⇤, and the jet angular resolution satisfies �✓ .

p
�.

In our default factorization analysis represented by Eq. (28) below, we employ the formal power counting
m`/⇤hard ⌧ 1. For the muon, an alternative counting �E ⌧ mµ ⇠ ⇤hard would group the muon mass with
other “hard” scales, resulting in a simpler soft-hard factorization formula without collinear function. Since “large
logarithms” are not extremely large for the muon, it may seem preferable to adopt this simpler description. However,
muon power corrections are well-described by our power counting analysis, and are numerically small compared
to other uncertainties. Moreover, important phenomenological features, such as the insensitivity of flavor ratios
to hadronic and nuclear uncertainties, can be readily seen by adopting a unified description of electron and muon
observables. A more detailed e↵ective theory analysis of soft-hard versus soft-collinear-hard factorization is left to
future work.

4.1 Factorization in the static limit

In preparation for the more general case, let us examine the contributions from di↵erent momentum regions to
the cross section in the static limit. As an example, consider the one-loop virtual correction depicted in Fig. 3 (in
Feynman gauge, with photon mass regulator ��):

M = ie
2

Z
d
d
L

(2⇡)d
1

L2 + 2L · p

1

�v · L

1

L2 � �2
�

v/
�
L/ + p/ + m`

�
�` ⌦ �h , (20)

where the tree-level amplitude from Eq. (3) is conveniently expressed as the product of leptonic �` and hadronic �h

Dirac structures: M
tree = �` ⌦�h. The hard contribution to the scattering amplitude, MH, is given in dimensional

regularization by setting m` = 0:

MH = ie
2

Z
d
d
L

(2⇡)d
1

L2 + 2L · p

1

�v · L

1

L2
v/
�
L/ + p/

�
�` ⌦ �h

����
p2=0

. (21)

The soft contribution, MS, is

MS = ie
2

Z
d
d
L

(2⇡)d
1

2L · p

1

�v · L

1

L2 � �2
v/
�
p/ + m`

�
�` ⌦ �h

����
p2=m2

`

. (22)

Finally, the remaining collinear contribution, MJ, is

MJ = ie
2

Z
d
d
L

(2⇡)d
1

L2 + 2L · p

1

�v · L�

1

L2
v/
�
L/ + p/ + m`

�
�` ⌦ �h

����
p2=m2

`

. (23)
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beyond the static limit, hard region becomes 
nonperturbative function 

It is straightforward to evaluate these integrals explicitly, and to include the soft and collinear contributions to
wave-function renormalization. The radiative corrections to the cross section of Eq. (7) are found to be

�
soft = �S + �J + �H , (24)

where (after MS renormalization,5 and including real soft-photon radiation) the hard (�H), soft (�S) and collinear
(�J) contributions are

�H = �
1

4
ln2 4E

2
⌫

µ2
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1

2
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2
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� 1 +
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24
,
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2E⌫
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ln

µ
2

(�E)2
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2E⌫
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!
+ 1 �

⇡
2

6
,

�J =
1

4
ln2 µ

2

m
2
`

+
1

4
ln

µ
2

m
2
`

+ 1 +
⇡

2

24
. (25)

For the observable that includes energetic photon emission within angle �✓ of the charged lepton direction, radiative
corrections in Eq. (12) are given by

�
jet = �S + �J + �

0
J + �H , (26)

where the additional contribution from the radiation of the real photon is obtained from collinear photon Feynman
diagrams, and is given explicitly from Eqs. (12) and (10) by

�
0
J = �

jet
� �

soft =
9

4
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2
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tan�1

⌘
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1 +
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⌘
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+
1

2
Li2
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2
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+
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4
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+
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4
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ln
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2
�

. (27)

We see that �H contains no large logarithms when µ is of order of the hard scale, µ ⇠ E⌫ = O(⇤). Similarly,
�J contains no large logarithms when µ is of order of the collinear scale, µ ⇠ m` = O(

p
�⇤). The correction �

0
J

contains a logarithm ln(E⌫/�E), as required for cancellation of ln m` singularities [22, 23] in the limit m` ! 0.
The expected eikonal logarithms remain in �S when µ is of order of the soft scale, µ ⇠ �E = O(�⇤). We have thus
achieved a scale separation, isolating the contributions from each of the relevant hard, collinear and soft momentum
regions. Below, we state the general factorization theorem beyond the static limit. The jet and soft functions are
straightforward generalizations of the static limit quantities computed above, and reduce to �S, �J, and �

0
J in the

appropriate limits. The hard function becomes a nonperturbative quantity that we describe using phenomenological
form factors. In the formal static limit E⌫/M ! 0 (and m`/E⌫ ⇠ �✓ ⌧ 1), the hard function would reduce to �H

in Eq. (25), including the appropriate combination of Wilson coe�cients cV and cA from Eq. (3).

4.2 Factorization beyond the static limit

The above analysis of momentum regions, formalized in Soft-Collinear E↵ective Theory (SCET), does not rely on
the static limit, and can be straightforwardly generalized. The key di↵erence for E⌫ ⇠ M is that the hard function
becomes sensitive to hadronic structure and cannot be computed in perturbation theory. Including also the general
kinematic dependence in the soft and collinear factors, we have the following factorization theorem for the cross
section:6

d�

dQ2
/ H

✓
E⌫

M
,

Q
2

M2
,

µ

M

◆
J

✓
µ
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, v` · vp

◆
S

⇣
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Z 1� �E
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dx j

✓
µ

m`
, x, v · v`�✓
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µ

m`
, xv` · vp

◆
S

⇣
µ

�E
, x v` · vp, x v · v`, v · vp

⌘�
, (28)

valid up to power corrections in �. Here v` and vp denote the charged lepton and proton four-velocities entering
the tree-level process, Q

2 = �(k0
� k)2 = 2M

2(vn · vp � 1) is the momentum transfer between initial and final

5The bare and renormalized couplings are related as
e2bare
4⇡ (4⇡)✏e��E✏ = ↵bare = µ2✏↵(µ)[1 +O(↵)].

6Our model of Section 4.5.2 provides an explicit demonstration of the factorization theorem at one-loop order. It reproduces correctly
the soft and collinear functions, leaving a hard function independent of IR scales.
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It is straightforward to evaluate these integrals explicitly, and to include the soft and collinear contributions to
wave-function renormalization. The radiative corrections to the cross section of Eq. (7) are found to be

�
soft = �S + �J + �H , (24)

where (after MS renormalization,5 and including real soft-photon radiation) the hard (�H), soft (�S) and collinear
(�J) contributions are

�H = �
1

4
ln2 4E

2
⌫

µ2
+

1

2
ln

4E
2
⌫

µ2
� 1 +

19⇡
2

24
,
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,
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2
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24
. (25)

For the observable that includes energetic photon emission within angle �✓ of the charged lepton direction, radiative
corrections in Eq. (12) are given by

�
jet = �S + �J + �

0
J + �H , (26)

where the additional contribution from the radiation of the real photon is obtained from collinear photon Feynman
diagrams, and is given explicitly from Eqs. (12) and (10) by

�
0
J = �

jet
� �

soft =
9

4
+
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2
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. (27)

We see that �H contains no large logarithms when µ is of order of the hard scale, µ ⇠ E⌫ = O(⇤). Similarly,
�J contains no large logarithms when µ is of order of the collinear scale, µ ⇠ m` = O(

p
�⇤). The correction �

0
J

contains a logarithm ln(E⌫/�E), as required for cancellation of ln m` singularities [22, 23] in the limit m` ! 0.
The expected eikonal logarithms remain in �S when µ is of order of the soft scale, µ ⇠ �E = O(�⇤). We have thus
achieved a scale separation, isolating the contributions from each of the relevant hard, collinear and soft momentum
regions. Below, we state the general factorization theorem beyond the static limit. The jet and soft functions are
straightforward generalizations of the static limit quantities computed above, and reduce to �S, �J, and �

0
J in the

appropriate limits. The hard function becomes a nonperturbative quantity that we describe using phenomenological
form factors. In the formal static limit E⌫/M ! 0 (and m`/E⌫ ⇠ �✓ ⌧ 1), the hard function would reduce to �H

in Eq. (25), including the appropriate combination of Wilson coe�cients cV and cA from Eq. (3).

4.2 Factorization beyond the static limit

The above analysis of momentum regions, formalized in Soft-Collinear E↵ective Theory (SCET), does not rely on
the static limit, and can be straightforwardly generalized. The key di↵erence for E⌫ ⇠ M is that the hard function
becomes sensitive to hadronic structure and cannot be computed in perturbation theory. Including also the general
kinematic dependence in the soft and collinear factors, we have the following factorization theorem for the cross
section:6

d�

dQ2
/ H

✓
E⌫

M
,

Q
2

M2
,

µ

M

◆
J

✓
µ

m`

◆
R

✓
µ

m`
, v` · vp

◆
S

⇣
µ

�E
, v` · vp, v · v`, v · vp

⌘

+

Z 1� �E
Etree

`

0
dx j

✓
µ

m`
, x, v · v`�✓

◆
R

✓
µ

m`
, xv` · vp

◆
S

⇣
µ

�E
, x v` · vp, x v · v`, v · vp

⌘�
, (28)

valid up to power corrections in �. Here v` and vp denote the charged lepton and proton four-velocities entering
the tree-level process, Q

2 = �(k0
� k)2 = 2M

2(vn · vp � 1) is the momentum transfer between initial and final

5The bare and renormalized couplings are related as
e2bare
4⇡ (4⇡)✏e��E✏ = ↵bare = µ2✏↵(µ)[1 +O(↵)].

6Our model of Section 4.5.2 provides an explicit demonstration of the factorization theorem at one-loop order. It reproduces correctly
the soft and collinear functions, leaving a hard function independent of IR scales.
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soft function universal, depending on electric 
charge and four-velocity of external particles 

+
1

�

✓
Li2

1 � �

1 + �
�

⇡
2

6

◆�
, (31)

where � =
p

1 � 1/w2 is the final lepton velocity in the proton rest frame. In particular, the limit (31) applies for
the case of antineutrino-proton scattering with �E measured in the proton rest frame.

Large logarithms appear in the limit of small charged lepton mass. For example, in the proton rest frame,

S

✓
µ

�E
,

E`

m`
,

E`

m`
, 1

◆
�!

E`�m`

1 +
↵

⇡


� ln2 2E`

m`
+ ln

2E`

m`
+ 2

✓
1 � ln

2E`

m`

◆
ln

µ

2�E
+ 1 �

⇡
2

6

�
, (32)

with the recoil charged lepton energy in the laboratory frame E`. For GeV (anti)neutrino energies, the double-
logarithmic corrections for the electron case, ` = e, are large and higher-order contributions must be included for
percent-level accuracy. The result in Eq. (32) coincides with the one-loop soft correction �S in the static nucleon
limit with an ultrarelativistic lepton, Eq. (25).

The renormalization group evolution of the soft function is described through two-loop order by [19, 27, 28]

dS (µ)

d ln µ2
= �S (µ) S (µ) , �S (µ) =

✓
�0 + �1

↵ (µ)

⇡

◆✓
1 �

1

2�
ln

1 + �

1 � �

◆
↵ (µ)

⇡
, (33)

with �0 = 1 and �1 = �5n`/9, including n` virtual dynamical charged leptons. Exponentiating the one-loop
result, we evaluate the complete resummed soft function through O(↵) in the counting ↵ ln2(2E`/m`) = O(1) [i.e.,
ln(2E`/m`) = O(↵�1/2)]. Some expressions for the next order in ↵ can be found in [19, 29–32].

4.4 Collinear function

The collinear contributions represented by J and j(x) in Eq. (28) describe physics at energy scales of order of the
charged lepton mass. Like the soft function, these contributions are independent of hadronic structure. As discussed
in Section 2, energetic photons radiated within a cone of size �✓ around the final lepton direction can be included
in the definition of the observable depending on the lepton flavor and detector details.

Consider first the case when no energetic collinear radiation is emitted. We have derived the collinear function
both by momentum region decomposition of the virtual correction, and by exploiting Feynman rules in the collinear
sector of SCET. The one-loop result is given by

J

✓
µ

m`

◆
= 1 +

↵

4⇡

✓
ln2 µ

2

m
2
`

+ ln
µ

2

m
2
`

+ 4 +
⇡

2

6

◆
. (34)

Since the jet function is independent of hadronic structure, the result of Eq. (34) is identical to the one-loop
correction �J in the static nucleon limit with ultrarelativistic lepton, Eq. (25). Some two-loop results for collinear
functions in QED were derived in [19, 33–35].

Jet observables include energetic collinear photons. Through one loop order, the contribution to the cross section
is given by (⌘ ⌘ �✓E

tree
` /m`)

j

✓
µ

m`
, x, ⌘

◆
=

↵

⇡


1

2

1 + x
2

1 � x
ln(1 + x

2
⌘
2) �

x

1 � x

x
2
⌘
2

1 + x2⌘2

�
. (35)

The expression in Eq. (35) is obtained using SCET Feynman rules. After integrating over x, the contribution is
identical to �

0
J of Eq. (27) in the static limit (when E

tree
` = E⌫):

Z 1��E/Etree
`

0
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⌘
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⌘

⌘

�
. (36)

We remark that in the limit of small charged lepton mass,

j

✓
µ

m`
, x, ⌘

◆
�!

m`⌧�✓Etree
`

↵

⇡

✓
1 + x

2

1 � x
ln
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m`
�

x

1 � x

◆
, (37)

where the coe�cient of the logarithm is identified with the well-known splitting function [36–42].
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for proton at rest, reduces to static limit result.  
At one loop: 

k

p p
0

k
0

n

⌫

p

`
�

k

p p
0

k
0

p

⌫̄

n

`
+

n

⌫

p

`
�

n

⌫

p

`
�

L + p

L

Mv � L

Mv

p

= + +

Figure 3: Decomposition of full theory diagram into hard, soft and collinear momentum regions.

where n
µ and n̄

µ are conventional four-vectors satisfying n
2 = n̄

2 = 0 and n · n̄ = 2. For charged lepton moving in
the z direction, we choose n

µ = (1, 0, 0, 1) and n̄
µ = (1, 0, 0, �1), with the four-velocity of the initial-state nucleon

in its rest frame v
µ = (nµ + n̄

µ)/2 = (1, 0, 0, 0). The relevant momentum regions are

soft : L
µ

⇠ ⇤(�, �, �) ,

collinear : L
µ

⇠ ⇤(�, 1,

p

�) ,

hard : L
µ

⇠ ⇤(1, 1, 1) , (19)

where the hard scale is ⇤ ⇠ M ⇠ E⌫ ⇠ Q. The dimensionless expansion parameter � ⇠ �E/⇤ is determined
by experimental conditions that dictate the fraction of energy allowed in soft radiation. The lepton mass satisfies
m` .

p
�⇤, and the jet angular resolution satisfies �✓ .

p
�.

In our default factorization analysis represented by Eq. (28) below, we employ the formal power counting
m`/⇤hard ⌧ 1. For the muon, an alternative counting �E ⌧ mµ ⇠ ⇤hard would group the muon mass with
other “hard” scales, resulting in a simpler soft-hard factorization formula without collinear function. Since “large
logarithms” are not extremely large for the muon, it may seem preferable to adopt this simpler description. However,
muon power corrections are well-described by our power counting analysis, and are numerically small compared
to other uncertainties. Moreover, important phenomenological features, such as the insensitivity of flavor ratios
to hadronic and nuclear uncertainties, can be readily seen by adopting a unified description of electron and muon
observables. A more detailed e↵ective theory analysis of soft-hard versus soft-collinear-hard factorization is left to
future work.

4.1 Factorization in the static limit

In preparation for the more general case, let us examine the contributions from di↵erent momentum regions to
the cross section in the static limit. As an example, consider the one-loop virtual correction depicted in Fig. 3 (in
Feynman gauge, with photon mass regulator ��):
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1

�v · L

1
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v/
�
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�
�` ⌦ �h , (20)

where the tree-level amplitude from Eq. (3) is conveniently expressed as the product of leptonic �` and hadronic �h

Dirac structures: M
tree = �` ⌦�h. The hard contribution to the scattering amplitude, MH, is given in dimensional

regularization by setting m` = 0:
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The soft contribution, MS, is
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Finally, the remaining collinear contribution, MJ, is

MJ = ie
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It is straightforward to evaluate these integrals explicitly, and to include the soft and collinear contributions to
wave-function renormalization. The radiative corrections to the cross section of Eq. (7) are found to be

�
soft = �S + �J + �H , (24)

where (after MS renormalization,5 and including real soft-photon radiation) the hard (�H), soft (�S) and collinear
(�J) contributions are
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For the observable that includes energetic photon emission within angle �✓ of the charged lepton direction, radiative
corrections in Eq. (12) are given by

�
jet = �S + �J + �

0
J + �H , (26)

where the additional contribution from the radiation of the real photon is obtained from collinear photon Feynman
diagrams, and is given explicitly from Eqs. (12) and (10) by
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We see that �H contains no large logarithms when µ is of order of the hard scale, µ ⇠ E⌫ = O(⇤). Similarly,
�J contains no large logarithms when µ is of order of the collinear scale, µ ⇠ m` = O(

p
�⇤). The correction �

0
J

contains a logarithm ln(E⌫/�E), as required for cancellation of ln m` singularities [22, 23] in the limit m` ! 0.
The expected eikonal logarithms remain in �S when µ is of order of the soft scale, µ ⇠ �E = O(�⇤). We have thus
achieved a scale separation, isolating the contributions from each of the relevant hard, collinear and soft momentum
regions. Below, we state the general factorization theorem beyond the static limit. The jet and soft functions are
straightforward generalizations of the static limit quantities computed above, and reduce to �S, �J, and �

0
J in the

appropriate limits. The hard function becomes a nonperturbative quantity that we describe using phenomenological
form factors. In the formal static limit E⌫/M ! 0 (and m`/E⌫ ⇠ �✓ ⌧ 1), the hard function would reduce to �H

in Eq. (25), including the appropriate combination of Wilson coe�cients cV and cA from Eq. (3).

4.2 Factorization beyond the static limit

The above analysis of momentum regions, formalized in Soft-Collinear E↵ective Theory (SCET), does not rely on
the static limit, and can be straightforwardly generalized. The key di↵erence for E⌫ ⇠ M is that the hard function
becomes sensitive to hadronic structure and cannot be computed in perturbation theory. Including also the general
kinematic dependence in the soft and collinear factors, we have the following factorization theorem for the cross
section:6

d�

dQ2
/ H

✓
E⌫

M
,

Q
2

M2
,

µ

M

◆
J

✓
µ

m`

◆
R

✓
µ

m`
, v` · vp

◆
S

⇣
µ

�E
, v` · vp, v · v`, v · vp

⌘

+

Z 1� �E
Etree

`

0
dx j

✓
µ

m`
, x, v · v`�✓

◆
R

✓
µ

m`
, xv` · vp

◆
S

⇣
µ

�E
, x v` · vp, x v · v`, v · vp

⌘�
, (28)

valid up to power corrections in �. Here v` and vp denote the charged lepton and proton four-velocities entering
the tree-level process, Q

2 = �(k0
� k)2 = 2M

2(vn · vp � 1) is the momentum transfer between initial and final

5The bare and renormalized couplings are related as
e2bare
4⇡ (4⇡)✏e��E✏ = ↵bare = µ2✏↵(µ)[1 +O(↵)].

6Our model of Section 4.5.2 provides an explicit demonstration of the factorization theorem at one-loop order. It reproduces correctly
the soft and collinear functions, leaving a hard function independent of IR scales.
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virtual jet function (J) indep. of hadronic 
structure and identical to the static limit result.  


At one loop:

+
1

�

✓
Li2

1 � �

1 + �
�

⇡
2

6

◆�
, (31)

where � =
p

1 � 1/w2 is the final lepton velocity in the proton rest frame. In particular, the limit (31) applies for
the case of antineutrino-proton scattering with �E measured in the proton rest frame.

Large logarithms appear in the limit of small charged lepton mass. For example, in the proton rest frame,

S

✓
µ

�E
,

E`

m`
,

E`

m`
, 1

◆
�!

E`�m`

1 +
↵

⇡


� ln2 2E`

m`
+ ln

2E`

m`
+ 2

✓
1 � ln

2E`

m`

◆
ln

µ

2�E
+ 1 �

⇡
2

6

�
, (32)

with the recoil charged lepton energy in the laboratory frame E`. For GeV (anti)neutrino energies, the double-
logarithmic corrections for the electron case, ` = e, are large and higher-order contributions must be included for
percent-level accuracy. The result in Eq. (32) coincides with the one-loop soft correction �S in the static nucleon
limit with an ultrarelativistic lepton, Eq. (25).

The renormalization group evolution of the soft function is described through two-loop order by [19, 27, 28]

dS (µ)

d ln µ2
= �S (µ) S (µ) , �S (µ) =

✓
�0 + �1

↵ (µ)

⇡

◆✓
1 �

1

2�
ln

1 + �

1 � �

◆
↵ (µ)

⇡
, (33)

with �0 = 1 and �1 = �5n`/9, including n` virtual dynamical charged leptons. Exponentiating the one-loop
result, we evaluate the complete resummed soft function through O(↵) in the counting ↵ ln2(2E`/m`) = O(1) [i.e.,
ln(2E`/m`) = O(↵�1/2)]. Some expressions for the next order in ↵ can be found in [19, 29–32].

4.4 Collinear function

The collinear contributions represented by J and j(x) in Eq. (28) describe physics at energy scales of order of the
charged lepton mass. Like the soft function, these contributions are independent of hadronic structure. As discussed
in Section 2, energetic photons radiated within a cone of size �✓ around the final lepton direction can be included
in the definition of the observable depending on the lepton flavor and detector details.

Consider first the case when no energetic collinear radiation is emitted. We have derived the collinear function
both by momentum region decomposition of the virtual correction, and by exploiting Feynman rules in the collinear
sector of SCET. The one-loop result is given by

J

✓
µ

m`

◆
= 1 +

↵

4⇡

✓
ln2 µ

2

m
2
`

+ ln
µ

2

m
2
`

+ 4 +
⇡

2

6

◆
. (34)

Since the jet function is independent of hadronic structure, the result of Eq. (34) is identical to the one-loop
correction �J in the static nucleon limit with ultrarelativistic lepton, Eq. (25). Some two-loop results for collinear
functions in QED were derived in [19, 33–35].

Jet observables include energetic collinear photons. Through one loop order, the contribution to the cross section
is given by (⌘ ⌘ �✓E

tree
` /m`)

j

✓
µ

m`
, x, ⌘

◆
=

↵

⇡


1

2

1 + x
2

1 � x
ln(1 + x

2
⌘
2) �

x

1 � x

x
2
⌘
2

1 + x2⌘2

�
. (35)

The expression in Eq. (35) is obtained using SCET Feynman rules. After integrating over x, the contribution is
identical to �

0
J of Eq. (27) in the static limit (when E

tree
` = E⌫):

Z 1��E/Etree
`

0
dx j

✓
µ

m`
, x, ⌘

◆
=

↵

⇡


1

2
Li2

�
�⌘

2
�

+
1

4
ln2 �1 + ⌘

2
�

+
1

4

✓
2

1 + ⌘2
�

1

⌘2
� 3

◆
ln

�
1 + ⌘

2
�

+
9

4

+

✓
ln

�
1 + ⌘

2
�

�
⌘
2

1 + ⌘2

◆
ln

E
tree
`

�E
�

�
tan�1

⌘
�2

�

✓
1 +

1

1 + ⌘2

◆
tan�1

⌘

⌘

�
. (36)

We remark that in the limit of small charged lepton mass,

j

✓
µ

m`
, x, ⌘

◆
�!

m`⌧�✓Etree
`

↵

⇡

✓
1 + x

2

1 � x
ln

xE
tree
` �✓

m`
�

x

1 � x

◆
, (37)

where the coe�cient of the logarithm is identified with the well-known splitting function [36–42].
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Figure 3: Decomposition of full theory diagram into hard, soft and collinear momentum regions.

where n
µ and n̄

µ are conventional four-vectors satisfying n
2 = n̄

2 = 0 and n · n̄ = 2. For charged lepton moving in
the z direction, we choose n

µ = (1, 0, 0, 1) and n̄
µ = (1, 0, 0, �1), with the four-velocity of the initial-state nucleon

in its rest frame v
µ = (nµ + n̄

µ)/2 = (1, 0, 0, 0). The relevant momentum regions are

soft : L
µ

⇠ ⇤(�, �, �) ,

collinear : L
µ

⇠ ⇤(�, 1,

p

�) ,

hard : L
µ

⇠ ⇤(1, 1, 1) , (19)

where the hard scale is ⇤ ⇠ M ⇠ E⌫ ⇠ Q. The dimensionless expansion parameter � ⇠ �E/⇤ is determined
by experimental conditions that dictate the fraction of energy allowed in soft radiation. The lepton mass satisfies
m` .

p
�⇤, and the jet angular resolution satisfies �✓ .

p
�.

In our default factorization analysis represented by Eq. (28) below, we employ the formal power counting
m`/⇤hard ⌧ 1. For the muon, an alternative counting �E ⌧ mµ ⇠ ⇤hard would group the muon mass with
other “hard” scales, resulting in a simpler soft-hard factorization formula without collinear function. Since “large
logarithms” are not extremely large for the muon, it may seem preferable to adopt this simpler description. However,
muon power corrections are well-described by our power counting analysis, and are numerically small compared
to other uncertainties. Moreover, important phenomenological features, such as the insensitivity of flavor ratios
to hadronic and nuclear uncertainties, can be readily seen by adopting a unified description of electron and muon
observables. A more detailed e↵ective theory analysis of soft-hard versus soft-collinear-hard factorization is left to
future work.

4.1 Factorization in the static limit

In preparation for the more general case, let us examine the contributions from di↵erent momentum regions to
the cross section in the static limit. As an example, consider the one-loop virtual correction depicted in Fig. 3 (in
Feynman gauge, with photon mass regulator ��):

M = ie
2

Z
d
d
L

(2⇡)d
1

L2 + 2L · p

1

�v · L

1

L2 � �2
�

v/
�
L/ + p/ + m`

�
�` ⌦ �h , (20)

where the tree-level amplitude from Eq. (3) is conveniently expressed as the product of leptonic �` and hadronic �h

Dirac structures: M
tree = �` ⌦�h. The hard contribution to the scattering amplitude, MH, is given in dimensional

regularization by setting m` = 0:

MH = ie
2

Z
d
d
L

(2⇡)d
1

L2 + 2L · p

1

�v · L

1

L2
v/
�
L/ + p/

�
�` ⌦ �h

����
p2=0

. (21)

The soft contribution, MS, is

MS = ie
2

Z
d
d
L

(2⇡)d
1

2L · p

1

�v · L

1

L2 � �2
v/
�
p/ + m`

�
�` ⌦ �h

����
p2=m2

`

. (22)

Finally, the remaining collinear contribution, MJ, is

MJ = ie
2

Z
d
d
L

(2⇡)d
1

L2 + 2L · p

1

�v · L�

1

L2
v/
�
L/ + p/ + m`

�
�` ⌦ �h

����
p2=m2

`

. (23)
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Higher orders can be systematically included

Remainder (R) function starts at two loop 
order, translates between MS-bar for QED 
with and without the charged lepton 
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It is straightforward to evaluate these integrals explicitly, and to include the soft and collinear contributions to
wave-function renormalization. The radiative corrections to the cross section of Eq. (7) are found to be

�
soft = �S + �J + �H , (24)

where (after MS renormalization,5 and including real soft-photon radiation) the hard (�H), soft (�S) and collinear
(�J) contributions are

�H = �
1

4
ln2 4E

2
⌫

µ2
+

1

2
ln

4E
2
⌫

µ2
� 1 +

19⇡
2

24
,

�S =

✓
1 � ln

2E⌫

m`

◆ 
ln

µ
2

(�E)2
+ ln

2E⌫

m`

!
+ 1 �

⇡
2

6
,

�J =
1

4
ln2 µ

2

m
2
`

+
1

4
ln

µ
2

m
2
`

+ 1 +
⇡

2

24
. (25)

For the observable that includes energetic photon emission within angle �✓ of the charged lepton direction, radiative
corrections in Eq. (12) are given by

�
jet = �S + �J + �

0
J + �H , (26)

where the additional contribution from the radiation of the real photon is obtained from collinear photon Feynman
diagrams, and is given explicitly from Eqs. (12) and (10) by

�
0
J = �

jet
� �

soft =
9

4
+

✓
ln
�
1 + ⌘

2
�

�
⌘
2

1 + ⌘2

◆
ln

E⌫

�E
�
�
tan�1

⌘
�2

�

✓
1 +

1

1 + ⌘2

◆
tan�1

⌘

⌘

+
1

2
Li2
�
�⌘

2
�

+
1

4
ln2 �1 + ⌘

2
�

+
1

4

✓
2

1 + ⌘2
�

1

⌘2
� 3

◆
ln
�
1 + ⌘

2
�

. (27)

We see that �H contains no large logarithms when µ is of order of the hard scale, µ ⇠ E⌫ = O(⇤). Similarly,
�J contains no large logarithms when µ is of order of the collinear scale, µ ⇠ m` = O(

p
�⇤). The correction �

0
J

contains a logarithm ln(E⌫/�E), as required for cancellation of ln m` singularities [22, 23] in the limit m` ! 0.
The expected eikonal logarithms remain in �S when µ is of order of the soft scale, µ ⇠ �E = O(�⇤). We have thus
achieved a scale separation, isolating the contributions from each of the relevant hard, collinear and soft momentum
regions. Below, we state the general factorization theorem beyond the static limit. The jet and soft functions are
straightforward generalizations of the static limit quantities computed above, and reduce to �S, �J, and �

0
J in the

appropriate limits. The hard function becomes a nonperturbative quantity that we describe using phenomenological
form factors. In the formal static limit E⌫/M ! 0 (and m`/E⌫ ⇠ �✓ ⌧ 1), the hard function would reduce to �H

in Eq. (25), including the appropriate combination of Wilson coe�cients cV and cA from Eq. (3).

4.2 Factorization beyond the static limit

The above analysis of momentum regions, formalized in Soft-Collinear E↵ective Theory (SCET), does not rely on
the static limit, and can be straightforwardly generalized. The key di↵erence for E⌫ ⇠ M is that the hard function
becomes sensitive to hadronic structure and cannot be computed in perturbation theory. Including also the general
kinematic dependence in the soft and collinear factors, we have the following factorization theorem for the cross
section:6

d�

dQ2
/ H

✓
E⌫

M
,

Q
2

M2
,

µ

M

◆
J

✓
µ

m`

◆
R

✓
µ

m`
, v` · vp

◆
S

⇣
µ

�E
, v` · vp, v · v`, v · vp

⌘

+

Z 1� �E
Etree

`

0
dx j

✓
µ

m`
, x, v · v`�✓

◆
R

✓
µ

m`
, xv` · vp

◆
S

⇣
µ

�E
, x v` · vp, x v · v`, v · vp

⌘�
, (28)

valid up to power corrections in �. Here v` and vp denote the charged lepton and proton four-velocities entering
the tree-level process, Q

2 = �(k0
� k)2 = 2M

2(vn · vp � 1) is the momentum transfer between initial and final

5The bare and renormalized couplings are related as
e2bare
4⇡ (4⇡)✏e��E✏ = ↵bare = µ2✏↵(µ)[1 +O(↵)].

6Our model of Section 4.5.2 provides an explicit demonstration of the factorization theorem at one-loop order. It reproduces correctly
the soft and collinear functions, leaving a hard function independent of IR scales.
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real radiation jet function (j) also indep. of 
hadronic structure

+
1

�

✓
Li2

1 � �

1 + �
�

⇡
2

6

◆�
, (31)

where � =
p

1 � 1/w2 is the final lepton velocity in the proton rest frame. In particular, the limit (31) applies for
the case of antineutrino-proton scattering with �E measured in the proton rest frame.

Large logarithms appear in the limit of small charged lepton mass. For example, in the proton rest frame,

S

✓
µ

�E
,

E`

m`
,

E`

m`
, 1

◆
�!

E`�m`

1 +
↵

⇡


� ln2 2E`

m`
+ ln

2E`

m`
+ 2

✓
1 � ln

2E`

m`

◆
ln

µ

2�E
+ 1 �

⇡
2

6

�
, (32)

with the recoil charged lepton energy in the laboratory frame E`. For GeV (anti)neutrino energies, the double-
logarithmic corrections for the electron case, ` = e, are large and higher-order contributions must be included for
percent-level accuracy. The result in Eq. (32) coincides with the one-loop soft correction �S in the static nucleon
limit with an ultrarelativistic lepton, Eq. (25).

The renormalization group evolution of the soft function is described through two-loop order by [19, 27, 28]

dS (µ)

d ln µ2
= �S (µ) S (µ) , �S (µ) =

✓
�0 + �1

↵ (µ)

⇡

◆✓
1 �

1

2�
ln

1 + �

1 � �

◆
↵ (µ)

⇡
, (33)

with �0 = 1 and �1 = �5n`/9, including n` virtual dynamical charged leptons. Exponentiating the one-loop
result, we evaluate the complete resummed soft function through O(↵) in the counting ↵ ln2(2E`/m`) = O(1) [i.e.,
ln(2E`/m`) = O(↵�1/2)]. Some expressions for the next order in ↵ can be found in [19, 29–32].

4.4 Collinear function

The collinear contributions represented by J and j(x) in Eq. (28) describe physics at energy scales of order of the
charged lepton mass. Like the soft function, these contributions are independent of hadronic structure. As discussed
in Section 2, energetic photons radiated within a cone of size �✓ around the final lepton direction can be included
in the definition of the observable depending on the lepton flavor and detector details.

Consider first the case when no energetic collinear radiation is emitted. We have derived the collinear function
both by momentum region decomposition of the virtual correction, and by exploiting Feynman rules in the collinear
sector of SCET. The one-loop result is given by

J

✓
µ

m`

◆
= 1 +

↵

4⇡

✓
ln2 µ

2

m
2
`

+ ln
µ

2

m
2
`

+ 4 +
⇡

2

6

◆
. (34)

Since the jet function is independent of hadronic structure, the result of Eq. (34) is identical to the one-loop
correction �J in the static nucleon limit with ultrarelativistic lepton, Eq. (25). Some two-loop results for collinear
functions in QED were derived in [19, 33–35].

Jet observables include energetic collinear photons. Through one loop order, the contribution to the cross section
is given by (⌘ ⌘ �✓E

tree
` /m`)

j

✓
µ

m`
, x, ⌘

◆
=

↵

⇡


1

2

1 + x
2

1 � x
ln(1 + x

2
⌘
2) �

x

1 � x

x
2
⌘
2

1 + x2⌘2

�
. (35)

The expression in Eq. (35) is obtained using SCET Feynman rules. After integrating over x, the contribution is
identical to �

0
J of Eq. (27) in the static limit (when E

tree
` = E⌫):

Z 1��E/Etree
`

0
dx j

✓
µ

m`
, x, ⌘

◆
=

↵

⇡


1

2
Li2

�
�⌘

2
�

+
1

4
ln2 �1 + ⌘

2
�

+
1

4

✓
2

1 + ⌘2
�

1

⌘2
� 3

◆
ln

�
1 + ⌘

2
�

+
9

4

+

✓
ln

�
1 + ⌘

2
�

�
⌘
2

1 + ⌘2

◆
ln

E
tree
`

�E
�

�
tan�1

⌘
�2

�

✓
1 +

1

1 + ⌘2

◆
tan�1

⌘

⌘

�
. (36)

We remark that in the limit of small charged lepton mass,

j

✓
µ

m`
, x, ⌘

◆
�!

m`⌧�✓Etree
`

↵

⇡

✓
1 + x

2

1 � x
ln

xE
tree
` �✓

m`
�

x

1 � x

◆
, (37)

where the coe�cient of the logarithm is identified with the well-known splitting function [36–42].
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Figure 4: Di↵erential cross section d�
� for one radiated photon of energy above �E = 20 MeV within the angle �✓

to the lepton direction, divided by the tree-level charged-current elastic cross section d�LO. The ratio d�
�
/d�LO is

computed using Eq. (36) for the scattering of electron (anti)neutrinos (left plot) and muon (anti)neutrinos (right
plot). The bottom, middle, and top curves correspond to electromagnetic jet energy 0.6 GeV, 2 GeV, and 6 GeV,
respectively.
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Figure 5: Derivative of d�
� in Fig. 4 with respect to �✓, divided by the tree-level charged-current elastic cross

section d�LO.

Muon and electron jets for accelerator neutrino energies are quite di↵erent objects. Photon radiation is highly
collimated in the direction of the outgoing lepton for charged-current processes with electron flavor, but only a
relatively small contribution is contained within a 1� 2� cone for the muon flavor. We illustrate this dependence of
radiated events on the jet angle by plotting Eq. (36), and the derivative of Eq. (36) with respect to �✓, in Figs. 4
and 5, respectively.

Two limiting cases are of interest. The limit of very small charged lepton mass gives (recall ⌘ = �✓E
tree
` /m`)

Z 1��E/Etree
`

0
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✓
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◆
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↵
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+

9

4
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⇡
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+ O

✓
1

⌘2

◆�
. (38)

Adding the virtual soft and collinear corrections, the jet angular size regulates the collinear singularity when m` ⌧

�✓ (E` + E�), as observed for the static limit case in Eq. (13). For example, ⌘ & 10 is realized for E
tree
` & 30 MeV

for electrons and E
tree
` & 6 GeV for muons when the cone angle is �✓ = 10�. In the opposite limit of very narrow

jet, the collinear radiation is suppressed by phase space and vanishes as

Z 1��E/Etree
`
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4
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+ O

�
⌘
6
��

. (39)

The two-loop renormalization group evolution of the collinear function is given by [19, 43, 44]

dJ (µ)

d ln µ2
= �J (µ) J (µ) ,
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� for one radiated photon of energy above �E = 20 MeV within the angle �✓

to the lepton direction, divided by the tree-level charged-current elastic cross section d�LO. The ratio d�
�
/d�LO is

computed using Eq. (36) for the scattering of electron (anti)neutrinos (left plot) and muon (anti)neutrinos (right
plot). The bottom, middle, and top curves correspond to electromagnetic jet energy 0.6 GeV, 2 GeV, and 6 GeV,
respectively.
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Figure 5: Derivative of d�
� in Fig. 4 with respect to �✓, divided by the tree-level charged-current elastic cross

section d�LO.

Muon and electron jets for accelerator neutrino energies are quite di↵erent objects. Photon radiation is highly
collimated in the direction of the outgoing lepton for charged-current processes with electron flavor, but only a
relatively small contribution is contained within a 1� 2� cone for the muon flavor. We illustrate this dependence of
radiated events on the jet angle by plotting Eq. (36), and the derivative of Eq. (36) with respect to �✓, in Figs. 4
and 5, respectively.

Two limiting cases are of interest. The limit of very small charged lepton mass gives (recall ⌘ = �✓E
tree
` /m`)

Z 1��E/Etree
`

0
dx j

✓
µ

m`
, x, ⌘

◆
�!
⌘�1

↵

⇡


(2 ln ⌘ � 1) ln

E
tree
`

�E
�

3

2
ln ⌘ �

⇡
2

3
+

9

4
+

⇡

2⌘
+ O

✓
1

⌘2

◆�
. (38)

Adding the virtual soft and collinear corrections, the jet angular size regulates the collinear singularity when m` ⌧

�✓ (E` + E�), as observed for the static limit case in Eq. (13). For example, ⌘ & 10 is realized for E
tree
` & 30 MeV

for electrons and E
tree
` & 6 GeV for muons when the cone angle is �✓ = 10�. In the opposite limit of very narrow

jet, the collinear radiation is suppressed by phase space and vanishes as

Z 1��E/Etree
`

0
dx j

✓
µ

m`
, x, ⌘

◆
�!
⌘⌧1

↵

⇡


⌘
2

24
+

✓
ln

E
tree
`

�E
�

23

10

◆
⌘
4

2
+ O

�
⌘
6
��

. (39)

The two-loop renormalization group evolution of the collinear function is given by [19, 43, 44]

dJ (µ)

d ln µ2
= �J (µ) J (µ) ,

12

combined with J and S, replaces  as collinear 
regulator

me → Δθ

vanishes smoothly as Δθ → 0
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It is straightforward to evaluate these integrals explicitly, and to include the soft and collinear contributions to
wave-function renormalization. The radiative corrections to the cross section of Eq. (7) are found to be

�
soft = �S + �J + �H , (24)

where (after MS renormalization,5 and including real soft-photon radiation) the hard (�H), soft (�S) and collinear
(�J) contributions are

�H = �
1

4
ln2 4E

2
⌫

µ2
+

1

2
ln

4E
2
⌫

µ2
� 1 +

19⇡
2

24
,

�S =

✓
1 � ln

2E⌫

m`

◆ 
ln

µ
2

(�E)2
+ ln

2E⌫

m`

!
+ 1 �

⇡
2

6
,

�J =
1

4
ln2 µ

2

m
2
`

+
1

4
ln

µ
2

m
2
`

+ 1 +
⇡

2

24
. (25)

For the observable that includes energetic photon emission within angle �✓ of the charged lepton direction, radiative
corrections in Eq. (12) are given by

�
jet = �S + �J + �

0
J + �H , (26)

where the additional contribution from the radiation of the real photon is obtained from collinear photon Feynman
diagrams, and is given explicitly from Eqs. (12) and (10) by

�
0
J = �

jet
� �

soft =
9

4
+

✓
ln
�
1 + ⌘

2
�

�
⌘
2

1 + ⌘2

◆
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E⌫

�E
�
�
tan�1
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�2

�

✓
1 +

1

1 + ⌘2

◆
tan�1

⌘
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+
1

2
Li2
�
�⌘

2
�

+
1

4
ln2 �1 + ⌘
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�

+
1

4

✓
2

1 + ⌘2
�

1

⌘2
� 3

◆
ln
�
1 + ⌘

2
�

. (27)

We see that �H contains no large logarithms when µ is of order of the hard scale, µ ⇠ E⌫ = O(⇤). Similarly,
�J contains no large logarithms when µ is of order of the collinear scale, µ ⇠ m` = O(

p
�⇤). The correction �

0
J

contains a logarithm ln(E⌫/�E), as required for cancellation of ln m` singularities [22, 23] in the limit m` ! 0.
The expected eikonal logarithms remain in �S when µ is of order of the soft scale, µ ⇠ �E = O(�⇤). We have thus
achieved a scale separation, isolating the contributions from each of the relevant hard, collinear and soft momentum
regions. Below, we state the general factorization theorem beyond the static limit. The jet and soft functions are
straightforward generalizations of the static limit quantities computed above, and reduce to �S, �J, and �

0
J in the

appropriate limits. The hard function becomes a nonperturbative quantity that we describe using phenomenological
form factors. In the formal static limit E⌫/M ! 0 (and m`/E⌫ ⇠ �✓ ⌧ 1), the hard function would reduce to �H

in Eq. (25), including the appropriate combination of Wilson coe�cients cV and cA from Eq. (3).

4.2 Factorization beyond the static limit

The above analysis of momentum regions, formalized in Soft-Collinear E↵ective Theory (SCET), does not rely on
the static limit, and can be straightforwardly generalized. The key di↵erence for E⌫ ⇠ M is that the hard function
becomes sensitive to hadronic structure and cannot be computed in perturbation theory. Including also the general
kinematic dependence in the soft and collinear factors, we have the following factorization theorem for the cross
section:6

d�

dQ2
/ H

✓
E⌫

M
,

Q
2

M2
,

µ

M

◆
J

✓
µ

m`

◆
R

✓
µ

m`
, v` · vp

◆
S

⇣
µ

�E
, v` · vp, v · v`, v · vp

⌘

+

Z 1� �E
Etree

`

0
dx j

✓
µ

m`
, x, v · v`�✓

◆
R

✓
µ

m`
, xv` · vp

◆
S

⇣
µ

�E
, x v` · vp, x v · v`, v · vp

⌘�
, (28)

valid up to power corrections in �. Here v` and vp denote the charged lepton and proton four-velocities entering
the tree-level process, Q

2 = �(k0
� k)2 = 2M

2(vn · vp � 1) is the momentum transfer between initial and final

5The bare and renormalized couplings are related as
e2bare
4⇡ (4⇡)✏e��E✏ = ↵bare = µ2✏↵(µ)[1 +O(↵)].

6Our model of Section 4.5.2 provides an explicit demonstration of the factorization theorem at one-loop order. It reproduces correctly
the soft and collinear functions, leaving a hard function independent of IR scales.
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hard function is nonperturbative but universal 
for electron and muon flavor 

�J (µ) =

✓
2 ln

µ
2

m
2
`

+ 1

◆✓
�0 + �1

↵ (µ)

⇡

◆
↵ (µ)

4⇡
+ �2

✓
↵ (µ)

4⇡

◆2

, (40)

where �2 = 3
2 + 50n`

27 � 2
�
1 + n`

3

�
⇡

2 + 24⇣3 with the number of dynamical charged leptons in the theory n`.
In the factorization theorem of Eq. (28), the soft and jet functions appear as

JR(1)S(1) +

Z
dx j(x)R(x)S(x) , (41)

where the x integration limits depend on the observable. In place of Eq. (41), we use the simplified form
JR(1)S(1) exp

⇥ R
dy j1(y)

⇤
in the phenomenological analysis, where j1(x) denotes the one-loop contribution. This

exponentiation of the one-photon collinear correction accounts for the potentially enhanced leading phase-space

double logarithms
⇣

2↵
⇡ ln �E

E`
ln �✓E`

m`

⌘nc

arising from the radiation of two or more (nc) collinear photons.

4.5 Hard function

The hard function H appearing in Eq. (28) represents a matching coe�cient when the full theory including hadronic
physics8 is matched onto soft-collinear e↵ective theory (where hadronic physics is integrated out). The matching
is performed by equating the amplitudes displayed in Fig. 1, computed in both full theory and e↵ective theory,
accounting for tree-level and one-loop corrections. We begin in Section 4.5.1 by parameterizing the hard function
by invariant amplitudes. In Section 4.5.2, we then introduce a default model for the non-perturbative matching
condition. Finally, we consider the renormalization group evolution for the hard matching coe�cient within the
e↵ective theory in Section 4.5.3.

4.5.1 Invariant amplitudes

At leading power, charged lepton masses may be ignored in the hard matching condition. The matrix element of
the charged-current elastic process with massless charged lepton can then be expressed as9

T⌫`n!`�p =
p

2GFVud
¯̀��

µPL⌫` p̄

✓
f1�µ + f2

i�µ⇢q
⇢

2M
+ fA�µ�5 � f

3
A

Kµ

M
�5

◆
n ,

T⌫̄`p!`+n =
p

2GFV
⇤
ud ⌫̄`�

µPL`
+

n̄

✓
f̄1�µ + f̄2

i�µ⇢q
⇢

2M
+ f̄A�µ�5 + f̄

3
A

Kµ

M
�5

◆
p . (42)

Here q = p � p
0 = k

0
� k, K = (k + k

0)/2, GF is the Fermi constant, Vud is a CKM matrix element and M =
(Mp+Mn)/2 is the average nucleon mass. The four independent invariant amplitudes are functions of two kinematic
variables: Q

2 = �t = �q
2 and ⌫ = (s � u) /4 = ME⌫ �

�
Q

2 + m
2
`

�
/4, where s, t, and u are the usual Mandelstam

invariants. For the antineutrino case, the invariant amplitudes are given by f̄i

�
⌫ + i0, Q

2
�

= fi

�
�⌫ � i0, Q

2
�⇤

,
where fi stands for one of f1, f2, fA, and f

3
A. The quantities fi are ultraviolet (UV) finite and IR divergent when

virtual QED corrections are included. These IR divergences cancel in the matching between full theory and e↵ective
theory.

Using the representation of Eq. (42), the charged-current elastic cross section (without radiation) in the
laboratory frame is expressed in terms of invariant amplitudes as [46]10

d�

dQ2
(E⌫ , Q

2) =
G2

F|Vud|
2

2⇡

M
2

E2
⌫

�
⌧ + r

2
�
A(⌫, Q

2) �
⌫

M2
B(⌫, Q

2) +
⌫

2

M4

C(⌫, Q
2)

1 + ⌧

�
, (43)

where ⌧ = Q
2
/(4M

2) and r = m`/(2M). The quantities A, B, and C are given by11

A = ⌧ |gM |
2

� |gE |
2 + (1 + ⌧)|fA|

2
� ⌧(1 + ⌧)|f3

A|
2

� r
2
�
|gM |

2 + |fA + 2FP |
2

� 4 (1 + ⌧) F
2
P

�
,

B = Re[±4⌧f
⇤
AgM � 2r

2 (fA � 2⌧FP )⇤
f

3
A] ,

8For definiteness, we consider the full theory as nf = 3 flavor quantum chromodynamics (QCD) in the presence of four-fermion
electroweak operators [45], i.e., the Standard Model after integrating out electroweak vector bosons, W±, Z0, Higgs field, h, and heavy
quarks t, b, c.

9We use the shorthand notation ¯̀�(. . . )⌫` = ū(`)(p0)(. . . )u(⌫)(p) and ⌫̄`(. . . )`+ = v̄(⌫)(p0)(. . . )v(`)(p) for the usual Dirac spinors
with momentum assignment in Fig. 1.

10We neglect the relative di↵erence in nucleon masses, (mn �mp)/(mn +mp), and electroweak power corrections suppressed by the
W -boson mass, Q2/M2

W ; these e↵ects contribute at the permille level.
11The sign in front of f3

A in B di↵ers from Ref. [46] for antineutrino scattering, as noted in Ref. [47].
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Four invariant amplitudes at leading power

T
v
⌫̄`p!`+n = e

2

Z
dd

L

(2⇡)d
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`
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¯̀⇧µ⌫ (L) n̄
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(47)

Here

⇧µ⌫ (L) =
i

L2 � �2
�

✓
�g

µ⌫ + (1 � ⇠�)
L
µ
L
⌫

L2 � a⇠��2
�

◆
, (48)

is the momentum-space photon propagator with the photon mass regulator �� , the gauge-fixing parameter ⇠� , and
an arbitrary constant a, and

�N
⌫ = �⌫F

N
1

�
�L

2
�

+
i�⌫⇢L

⇢

2M
F

N
2

�
�L

2
�

(49)

is the electromagnetic vertex, where N denotes proton (p) or neutron (n), while F
N
1 and F

N
2 are Dirac and Pauli

electromagnetic form factors, respectively. The charged-current weak vertex is

�� = ��FV 1

�
Q

2
�

+
i��⇢q

⇢

2M
FV 2

�
Q

2
�

+ ���5FA

�
Q

2
�

+
q�

M
�5FP

�
Q

2
�

. (50)

We remark that a naive implementation of the form-factor insertion ansatz would involve form factors evaluated at
momentum transfer (q ± L)2 rather than q

2, as in Eq. (50). Such an ansatz would violate electromagnetic gauge
invariance, giving rise to spurious collinear singularities.13 We thus adopt Eq. (50) as our default model. For this
model calculation of virtual diagrams with Eq. (47), exploiting the onshell vertex of Eq. (49), we express the Dirac
and Pauli form factors as [recall M = (Mp + Mn)/2 is the average nucleon mass and ⌧ = Q

2
/(4M

2)]

F
p,n
1

�
Q

2
�
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G
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E + ⌧G

p,n
M

1 + ⌧
, F

p,n
2

�
Q

2
�

=
G

p,n
M � G

p,n
E

1 + ⌧
, (51)

and employ a simple dipole form for the proton electric, proton magnetic, and neutron magnetic form factors, and
an ansatz for the neutron electric form factor constrained by its charge radius [120, 121] at low Q

2 and by ⇠ Q
�4

perturbative QCD behavior at high Q
2 [146–148]:

G
p
E

�
Q

2
�

=
G

p
M

�
Q

2
�

µp
=

G
n
M

�
Q

2
�
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1
⇣
1 + Q2
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⌘2 , G
n
E

�
Q

2
�

=
� < r

2
E > Q

2

6 (1 + b⌧)
G

p
E

�
Q

2
�

, (52)

with < r
2
E >= �0.1161 fm2, µp = 2.7928, µn = �1.9130, ⇤2 = 0.71 GeV2, and b = 4.6. We have performed the

evaluation of the UV-finite amplitudes from Eqs. (47) in d = 4 and cross-checked imaginary parts of all terms
in Eqs. (47) by independent calculation exploiting unitarity.14 This Section represents a model for the real part
of the nucleon contribution, and a discussion of uncertainties owing to parametric inputs and neglected inelastic
contributions.

The amplitudes in the hadronic model can be represented as

f1(⌫, Q
2) =

q
Z`Z

(p)
h

�
FV 1(Q

2) + f
v
1 (⌫, Q

2)
�

,

f2(⌫, Q
2) =

q
Z`Z

(p)
h

�
FV 2(Q

2) + f
v
2 (⌫, Q

2)
�

,

fA(⌫, Q
2) =

q
Z`Z

(p)
h

�
FA(Q2) + f

v
A(⌫, Q

2)
�

,

f
3
A(⌫, Q

2) =
q

Z`Z
(p)
h

�
f

3
A

�v
(⌫, Q

2) , (53)

13For example, current conservation requires a cancellation between amplitudes for photon emission from the charged lepton line
and from the proton line. The former contribution would involve Fi(�q2), but the latter would involve Fi(�(q ± L)2), spoiling the
cancellation.

14In contrast to elastic charged lepton-proton scattering, the high-energy behavior of imaginary parts in the charged-current elastic
process does not allow us to write down unsubtracted dispersion relations for any of the invariant amplitudes. Performing crossing
and charge conjugation, the amplitudes of neutrino-nucleon elastic scattering ⌫`n ! `�p are not related to amplitudes of a neutrino
scattering reaction. Thus, we cannot use crossing relations for amplitudes in the same channel to suppress the high-energy behavior
and obtain convergence of dispersive integrals.
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Figure 3: Decomposition of full theory diagram into hard, soft and collinear momentum regions.

where n
µ and n̄

µ are conventional four-vectors satisfying n
2 = n̄

2 = 0 and n · n̄ = 2. For charged lepton moving in
the z direction, we choose n

µ = (1, 0, 0, 1) and n̄
µ = (1, 0, 0, �1), with the four-velocity of the initial-state nucleon

in its rest frame v
µ = (nµ + n̄

µ)/2 = (1, 0, 0, 0). The relevant momentum regions are

soft : L
µ

⇠ ⇤(�, �, �) ,

collinear : L
µ

⇠ ⇤(�, 1,

p

�) ,

hard : L
µ

⇠ ⇤(1, 1, 1) , (19)

where the hard scale is ⇤ ⇠ M ⇠ E⌫ ⇠ Q. The dimensionless expansion parameter � ⇠ �E/⇤ is determined
by experimental conditions that dictate the fraction of energy allowed in soft radiation. The lepton mass satisfies
m` .

p
�⇤, and the jet angular resolution satisfies �✓ .

p
�.

In our default factorization analysis represented by Eq. (28) below, we employ the formal power counting
m`/⇤hard ⌧ 1. For the muon, an alternative counting �E ⌧ mµ ⇠ ⇤hard would group the muon mass with
other “hard” scales, resulting in a simpler soft-hard factorization formula without collinear function. Since “large
logarithms” are not extremely large for the muon, it may seem preferable to adopt this simpler description. However,
muon power corrections are well-described by our power counting analysis, and are numerically small compared
to other uncertainties. Moreover, important phenomenological features, such as the insensitivity of flavor ratios
to hadronic and nuclear uncertainties, can be readily seen by adopting a unified description of electron and muon
observables. A more detailed e↵ective theory analysis of soft-hard versus soft-collinear-hard factorization is left to
future work.

4.1 Factorization in the static limit

In preparation for the more general case, let us examine the contributions from di↵erent momentum regions to
the cross section in the static limit. As an example, consider the one-loop virtual correction depicted in Fig. 3 (in
Feynman gauge, with photon mass regulator ��):

M = ie
2

Z
d
d
L

(2⇡)d
1

L2 + 2L · p

1

�v · L

1

L2 � �2
�

v/
�
L/ + p/ + m`

�
�` ⌦ �h , (20)

where the tree-level amplitude from Eq. (3) is conveniently expressed as the product of leptonic �` and hadronic �h

Dirac structures: M
tree = �` ⌦�h. The hard contribution to the scattering amplitude, MH, is given in dimensional

regularization by setting m` = 0:

MH = ie
2

Z
d
d
L

(2⇡)d
1

L2 + 2L · p

1

�v · L

1

L2
v/
�
L/ + p/

�
�` ⌦ �h

����
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. (21)

The soft contribution, MS, is

MS = ie
2

Z
d
d
L

(2⇡)d
1

2L · p

1

�v · L

1

L2 � �2
v/
�
p/ + m`

�
�` ⌦ �h

����
p2=m2

`

. (22)

Finally, the remaining collinear contribution, MJ, is

MJ = ie
2

Z
d
d
L

(2⇡)d
1

L2 + 2L · p

1

�v · L�

1

L2
v/
�
L/ + p/ + m`

�
�` ⌦ �h

����
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`

. (23)
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It is straightforward to evaluate these integrals explicitly, and to include the soft and collinear contributions to
wave-function renormalization. The radiative corrections to the cross section of Eq. (7) are found to be

�
soft = �S + �J + �H , (24)

where (after MS renormalization,5 and including real soft-photon radiation) the hard (�H), soft (�S) and collinear
(�J) contributions are

�H = �
1

4
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2

24
. (25)

For the observable that includes energetic photon emission within angle �✓ of the charged lepton direction, radiative
corrections in Eq. (12) are given by

�
jet = �S + �J + �

0
J + �H , (26)

where the additional contribution from the radiation of the real photon is obtained from collinear photon Feynman
diagrams, and is given explicitly from Eqs. (12) and (10) by

�
0
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. (27)

We see that �H contains no large logarithms when µ is of order of the hard scale, µ ⇠ E⌫ = O(⇤). Similarly,
�J contains no large logarithms when µ is of order of the collinear scale, µ ⇠ m` = O(

p
�⇤). The correction �

0
J

contains a logarithm ln(E⌫/�E), as required for cancellation of ln m` singularities [22, 23] in the limit m` ! 0.
The expected eikonal logarithms remain in �S when µ is of order of the soft scale, µ ⇠ �E = O(�⇤). We have thus
achieved a scale separation, isolating the contributions from each of the relevant hard, collinear and soft momentum
regions. Below, we state the general factorization theorem beyond the static limit. The jet and soft functions are
straightforward generalizations of the static limit quantities computed above, and reduce to �S, �J, and �

0
J in the

appropriate limits. The hard function becomes a nonperturbative quantity that we describe using phenomenological
form factors. In the formal static limit E⌫/M ! 0 (and m`/E⌫ ⇠ �✓ ⌧ 1), the hard function would reduce to �H

in Eq. (25), including the appropriate combination of Wilson coe�cients cV and cA from Eq. (3).

4.2 Factorization beyond the static limit

The above analysis of momentum regions, formalized in Soft-Collinear E↵ective Theory (SCET), does not rely on
the static limit, and can be straightforwardly generalized. The key di↵erence for E⌫ ⇠ M is that the hard function
becomes sensitive to hadronic structure and cannot be computed in perturbation theory. Including also the general
kinematic dependence in the soft and collinear factors, we have the following factorization theorem for the cross
section:6

d�

dQ2
/ H

✓
E⌫

M
,

Q
2

M2
,

µ

M

◆
J

✓
µ

m`

◆
R

✓
µ

m`
, v` · vp

◆
S

⇣
µ

�E
, v` · vp, v · v`, v · vp

⌘

+

Z 1� �E
Etree

`

0
dx j

✓
µ

m`
, x, v · v`�✓

◆
R

✓
µ

m`
, xv` · vp

◆
S

⇣
µ

�E
, x v` · vp, x v · v`, v · vp

⌘�
, (28)

valid up to power corrections in �. Here v` and vp denote the charged lepton and proton four-velocities entering
the tree-level process, Q

2 = �(k0
� k)2 = 2M

2(vn · vp � 1) is the momentum transfer between initial and final

5The bare and renormalized couplings are related as
e2bare
4⇡ (4⇡)✏e��E✏ = ↵bare = µ2✏↵(µ)[1 +O(↵)].

6Our model of Section 4.5.2 provides an explicit demonstration of the factorization theorem at one-loop order. It reproduces correctly
the soft and collinear functions, leaving a hard function independent of IR scales.
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Figure 6: Hadronic model for hard matching at one-loop level. The photon is exchanged between the charged lepton
and nucleon lines.

C = ⌧ |gM |
2 + |gE |

2 + (1 + ⌧)|fA|
2 + ⌧(1 + ⌧)|f3

A|
2
. (44)

For numerical results in this paper, we include all mass corrections within the hadronic model of Section 4.5.2.12

At tree level, these corrections are accounted for by including the pseudoscalar form factor in the expressions for
A, B and C, and retaining the lepton mass dependence in kinematic prefactors. We will use a standard ansatz
(partially conserved axial current and the assumption of pion pole dominance) for the pseudoscalar form factor:
FP (Q2) = 2M2

FA(Q2)/
�
m

2
⇡ + Q

2
�
. Electric and magnetic amplitudes gE and gM are defined from f1 and f2 as

gE = f1 � ⌧f2, gM = f1 + f2. (45)

For antineutrino-proton scattering, the sign in the first term of B is negative.
When one-loop radiative corrections are included, the full-theory cross section in Eq. (43) receives contributions

originating from soft, collinear, and hard regions of virtual photon momentum. The soft and collinear region
contributions are reproduced by the e↵ective theory and cancel in the matching; in the computation of observables,
these contributions are replaced by the complete soft and collinear functions computed within the e↵ective theory,
incorporating real photon radiation and perturbative resummation. The hard region contribution determines the
hard function appearing in the factorization formula of Eq. (28).

4.5.2 Hadronic model

The matching condition depends on the non-perturbative quantities f1, f2, fA, and f
3
A appearing in Eq. (42). At

the leading order in ↵, these invariant amplitudes are determined by quark current operators taken between nucleon
states. They can be expressed in terms of isovector electromagnetic form factors, FV 1,V 2 = F

p
1,2 � F

n
1,2, extracted

from electron scattering data with constraints from atomic spectroscopy [48–122], and the axial form factor FA

as [46]

f1(⌫, Q
2) ! FV 1(Q

2) , f2(⌫, Q
2) ! FV 2(Q

2) , fA(⌫, Q
2) ! FA(Q2) , f

3
A(⌫, Q

2) ! 0. (46)

Radiative corrections modify each of the four invariant amplitudes and introduce non-perturbative information
beyond the form factors F1,2,A(Q2). In principle, su�ciently precise (anti)neutrino-nucleon scattering measurements
could be used to extract this information [47, 123–133]. Alternatively, future lattice QCD calculations could perform
a first-principles evaluation starting from the quark-level Lagrangian [134–141]. Since neither of these options is
currently available, we use a simple hadronic model to represent the O(↵) corrections to the invariant amplitudes in
the matching condition for purposes of illustration. The model is based on a form-factor insertion ansatz whereby
point-particle Feynman diagrams are dressed with onshell form factors at the hadronic vertices. This procedure is
illustrated in Fig. 6. This hadronic model generalizes a commonly used estimate of two-photon exchange corrections
in elastic lepton-proton scattering [142–145].

The resulting vertex correction to the tree-level charged-current elastic process on nucleons is given by
[suppressing the prefactor

p
2GFVud common with the tree-level expression in Eq. (42)]

T
v
⌫`n!`�p = e

2

Z
dd

L

(2⇡)d
¯̀�µ

�p/
0
� L/

(L + p0)2 � m
2
`

�
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µ⌫ (L) p̄

 
�p
⌫

k/
0
� L/ + M

(L � k0)2 � M2
�� + ��

k/ + L/ + M

(L + k)2 � M2
�n
⌫

!
n ,

12In terms of Eq. (28), the matching calculation includes power-suppressed terms in the hard function. This procedure does not
achieve a complete scale separation beyond the leading power (both hard and collinear momentum regions contribute power-suppressed
terms), but the complete lepton-mass dependence in the hadronic model is retained through O(↵).
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Figure 3: Decomposition of full theory diagram into hard, soft and collinear momentum regions.

where n
µ and n̄

µ are conventional four-vectors satisfying n
2 = n̄

2 = 0 and n · n̄ = 2. For charged lepton moving in
the z direction, we choose n

µ = (1, 0, 0, 1) and n̄
µ = (1, 0, 0, �1), with the four-velocity of the initial-state nucleon

in its rest frame v
µ = (nµ + n̄

µ)/2 = (1, 0, 0, 0). The relevant momentum regions are

soft : L
µ

⇠ ⇤(�, �, �) ,

collinear : L
µ

⇠ ⇤(�, 1,

p

�) ,

hard : L
µ

⇠ ⇤(1, 1, 1) , (19)

where the hard scale is ⇤ ⇠ M ⇠ E⌫ ⇠ Q. The dimensionless expansion parameter � ⇠ �E/⇤ is determined
by experimental conditions that dictate the fraction of energy allowed in soft radiation. The lepton mass satisfies
m` .

p
�⇤, and the jet angular resolution satisfies �✓ .

p
�.

In our default factorization analysis represented by Eq. (28) below, we employ the formal power counting
m`/⇤hard ⌧ 1. For the muon, an alternative counting �E ⌧ mµ ⇠ ⇤hard would group the muon mass with
other “hard” scales, resulting in a simpler soft-hard factorization formula without collinear function. Since “large
logarithms” are not extremely large for the muon, it may seem preferable to adopt this simpler description. However,
muon power corrections are well-described by our power counting analysis, and are numerically small compared
to other uncertainties. Moreover, important phenomenological features, such as the insensitivity of flavor ratios
to hadronic and nuclear uncertainties, can be readily seen by adopting a unified description of electron and muon
observables. A more detailed e↵ective theory analysis of soft-hard versus soft-collinear-hard factorization is left to
future work.

4.1 Factorization in the static limit

In preparation for the more general case, let us examine the contributions from di↵erent momentum regions to
the cross section in the static limit. As an example, consider the one-loop virtual correction depicted in Fig. 3 (in
Feynman gauge, with photon mass regulator ��):

M = ie
2

Z
d
d
L

(2⇡)d
1

L2 + 2L · p

1

�v · L

1

L2 � �2
�

v/
�
L/ + p/ + m`

�
�` ⌦ �h , (20)

where the tree-level amplitude from Eq. (3) is conveniently expressed as the product of leptonic �` and hadronic �h

Dirac structures: M
tree = �` ⌦�h. The hard contribution to the scattering amplitude, MH, is given in dimensional

regularization by setting m` = 0:

MH = ie
2

Z
d
d
L

(2⇡)d
1

L2 + 2L · p

1

�v · L

1

L2
v/
�
L/ + p/

�
�` ⌦ �h

����
p2=0

. (21)

The soft contribution, MS, is

MS = ie
2

Z
d
d
L

(2⇡)d
1

2L · p

1

�v · L

1

L2 � �2
v/
�
p/ + m`

�
�` ⌦ �h

����
p2=m2

`

. (22)

Finally, the remaining collinear contribution, MJ, is

MJ = ie
2

Z
d
d
L

(2⇡)d
1

L2 + 2L · p

1

�v · L�

1

L2
v/
�
L/ + p/ + m`

�
�` ⌦ �h

����
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`

. (23)
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Figure 9: Ratio of the di↵erential cross section, with only soft-photon radiation, to the tree-level result in ⌫en ! e
�

p

(left plots) and ⌫̄ep ! e
+
n (right plots). For incident (anti)neutrino energies E⌫ = 600 MeV (upper plots) and

E⌫ = 2 GeV (lower plots), the soft-photon energy cuto↵ is �E = 25 MeV and �E = 10 MeV, respectively. The
resummed result including all corrections of O (↵) is shown by the blue solid lines. It is compared to the resummation
result including only the leading logarithms, shown by the green dotted lines, and to the result including subleading
logarithms of order O (

p
↵), shown by the red dashed lines. To illustrate the net e↵ect of resummation, we also

present the fixed-order result using the same hadronic model by the black dash-dotted lines. Hadronic uncertainty,
described in Section 4.5.2, is displayed for the fixed-order calculation. Only perturbative uncertainty, estimated by
scale variation as described in the text, is presented for the first three lines.

5.1 Hadronic model for hard real photon emission

Let us consider the process ⌫`n ! `
�

p(�) [or the analogous antineutrino process ⌫̄`p ! `
+
n(�)] including arbitrary

photon kinematics. To describe the radiation of non-collinear hard photons, we exploit the same hadronic model as
in Section 4.5.2. Recall that our prescription is equivalent to employing free-particle propagators for intermediate
states, with the electroweak vertex evaluated using external-leg kinematics, as in Eq. (50). This ansatz ensures
electromagnetic gauge invariance and avoids spurious collinear singularities of a naive form-factor insertion model.
In the phenomenological analysis, we demonstrate how such spurious singularities would impact cross-section
predictions for near-collinear kinematics (Fig. 13). For generic, non-collinear, kinematics, the di↵erence between
our “default” gauge invariant and a “local” non-gauge invariant model, where the electroweak vertex is evaluated
in kinematics of a local field theory, can be interpreted as a simple measure of hadronic model dependence. This
di↵erence is illustrated in Figs. 14 and 15.

5.2 Expansion in small lepton mass

We have observed previously that su�ciently inclusive observables have a finite limit at vanishing lepton mass
m` ! 0. In the static limit, this behavior is seen explicitly in the jet observable at fixed �✓, cf. Eq. (13), and in
the inclusive cross section, cf. Eq. (16). In general, the m` ! 0 limit must be finite for any observable including
real photon radiation that is kinematically degenerate with the charged lepton in the absence of radiation [20–23].

The finiteness of the m` ! 0 limit has important implications for flavor ratios of charged-current (anti)neutrino
cross sections. Consider e.g. the total inclusive cross section for ⌫`n ! `

�
p(�) as a function of the lepton mass:

�(m`) = A + B0
m

2
`

⇤2
+ B1

m
2
`

⇤2
ln

m
2
`

⇤2
+ . . . , (59)

where ⇤ denotes a conventional hard scale and the ellipsis denotes terms of order m
4
` and terms containing m

2
` ln2(m`)
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result including only the leading logarithms, shown by the green dotted lines, and to the result including subleading
logarithms of order O (

p
↵), shown by the red dashed lines. To illustrate the net e↵ect of resummation, we also

present the fixed-order result using the same hadronic model by the black dash-dotted lines. Hadronic uncertainty,
described in Section 4.5.2, is displayed for the fixed-order calculation. Only perturbative uncertainty, estimated by
scale variation as described in the text, is presented for the first three lines.
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n(�)] including arbitrary

photon kinematics. To describe the radiation of non-collinear hard photons, we exploit the same hadronic model as
in Section 4.5.2. Recall that our prescription is equivalent to employing free-particle propagators for intermediate
states, with the electroweak vertex evaluated using external-leg kinematics, as in Eq. (50). This ansatz ensures
electromagnetic gauge invariance and avoids spurious collinear singularities of a naive form-factor insertion model.
In the phenomenological analysis, we demonstrate how such spurious singularities would impact cross-section
predictions for near-collinear kinematics (Fig. 13). For generic, non-collinear, kinematics, the di↵erence between
our “default” gauge invariant and a “local” non-gauge invariant model, where the electroweak vertex is evaluated
in kinematics of a local field theory, can be interpreted as a simple measure of hadronic model dependence. This
di↵erence is illustrated in Figs. 14 and 15.

5.2 Expansion in small lepton mass

We have observed previously that su�ciently inclusive observables have a finite limit at vanishing lepton mass
m` ! 0. In the static limit, this behavior is seen explicitly in the jet observable at fixed �✓, cf. Eq. (13), and in
the inclusive cross section, cf. Eq. (16). In general, the m` ! 0 limit must be finite for any observable including
real photon radiation that is kinematically degenerate with the charged lepton in the absence of radiation [20–23].

The finiteness of the m` ! 0 limit has important implications for flavor ratios of charged-current (anti)neutrino
cross sections. Consider e.g. the total inclusive cross section for ⌫`n ! `
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E⌫ , GeV
⇣

�e
�µ

� 1
⌘

LO

, % �e
�µ

� 1, %

T2K/HyperK 0.6
⌫

⌫̄

2.47 ± 0.06

2.04 ± 0.08

2.84 ± 0.06 ± 0.37

1.84 ± 0.08 ± 0.20

NOvA/DUNE 2.0
⌫

⌫̄

0.322 ± 0.006

0.394 ± 0.003

0.54 ± 0.01 ± 0.22

0.20 ± 0.01 ± 0.19

TABLE I: Inclusive electron-to-muon cross-section ratios for neutrinos and antineutrinos without kinematic cuts. Uncertainties
at leading order are from vector and axial nucleon form factors. For the final result, we include an additional hadronic
uncertainty from the one-loop correction to the first uncertainty, and provide a second uncertainty as the magnitude of the
radiative correction.
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FIG. 3: Radiatively corrected cross-section ratio to the tree-level result and corresponding uncertainty in neutrino scattering
for exclusive observables. The legend corresponds to left plots in Fig. 2. The tree-level uncertainty is represented by the green
dotted line as a deviation of the ratio from unity. The left plot is for electron flavor and the right plot is for muon flavor.

lepton energy (E` spectrum), and when both are reconstructed using all electromagnetic energy (E` + E� spectrum).
Integrating over kinematics, we present the ratio of the total electron-to-muon cross sections for two kinematic setups
without cuts on the lepton energy in Table I.

Exclusive jet observables and the impact of collinear photons

The cross-section ratios for exclusive observables displayed in Fig. 2 depend on whether collinear photons are in-
cluded in the observable. Recall that while this specification depends in detail on detector capabilities and analysis
strategies, our default observables are determined as follows: (1) soft radiation below �E is unobserved (but con-
tributes to the cross section), independent of angle with respect to charged lepton direction; (2) collinear radiation
accompanying electrons (within an angle �✓ of the electron direction) is included as part of the same electromagnetic
shower; (3) collinear radiation accompanying muons is excluded.

Fig. 3 displays the ratio of the cross section to the leading-order (LO) result d�⌫`/d�LO, for default values �E =
10 MeV and �✓ = 10�, as a function of nucleon momentum transfer Q

2. In the electron case, we compare our default
jet observable (including energetic radiation within 10� cone) to the soft-photon-only observable; the large correction
⇠ 15% in this case results from a logarithmic enhancement ⇠ ln(E⌫/me) ln(E⌫/�E). The factorization theorem of
equation (1) enforces a cancellation of hadronic uncertainty in the ratio of the corrected cross section to tree level, up
to O(↵), resulting in the small uncertainty for the cross sections in Fig. 3 (after the next-to-leading order resummation
analysis, perturbative uncertainty is at or below permille level). For comparison, the plots also show the tree-level
uncertainty on the cross section due to uncertain (dominantly axial-vector) nucleon form factors. This uncertainty
cancels in the flavor ratios.

We remark that the “soft photons only”, dash-dotted curves in Fig. 3, are dramatically di↵erent for electrons and
muons. It is only after modifying the electron-neutrino cross section (by including also collinear photon radiation,
the dashed curve on the left of Fig. 3) that it becomes similar to the muon-neutrino cross section (the dash-dotted
curve on the right of Fig. 3). There is a further accidental coincidence of the ⇠ 5% corrections for the �✓-dependent
electron-neutrino curve and for the mµ-dependent muon-neutrino curve. This coincidence results in a ratio close to
unity for the exclusive plots in Fig. 3.
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without cuts on the lepton energy in Table I.
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The cross-section ratios for exclusive observables displayed in Fig. 2 depend on whether collinear photons are in-
cluded in the observable. Recall that while this specification depends in detail on detector capabilities and analysis
strategies, our default observables are determined as follows: (1) soft radiation below �E is unobserved (but con-
tributes to the cross section), independent of angle with respect to charged lepton direction; (2) collinear radiation
accompanying electrons (within an angle �✓ of the electron direction) is included as part of the same electromagnetic
shower; (3) collinear radiation accompanying muons is excluded.

Fig. 3 displays the ratio of the cross section to the leading-order (LO) result d�⌫`/d�LO, for default values �E =
10 MeV and �✓ = 10�, as a function of nucleon momentum transfer Q

2. In the electron case, we compare our default
jet observable (including energetic radiation within 10� cone) to the soft-photon-only observable; the large correction
⇠ 15% in this case results from a logarithmic enhancement ⇠ ln(E⌫/me) ln(E⌫/�E). The factorization theorem of
equation (1) enforces a cancellation of hadronic uncertainty in the ratio of the corrected cross section to tree level, up
to O(↵), resulting in the small uncertainty for the cross sections in Fig. 3 (after the next-to-leading order resummation
analysis, perturbative uncertainty is at or below permille level). For comparison, the plots also show the tree-level
uncertainty on the cross section due to uncertain (dominantly axial-vector) nucleon form factors. This uncertainty
cancels in the flavor ratios.

We remark that the “soft photons only”, dash-dotted curves in Fig. 3, are dramatically di↵erent for electrons and
muons. It is only after modifying the electron-neutrino cross section (by including also collinear photon radiation,
the dashed curve on the left of Fig. 3) that it becomes similar to the muon-neutrino cross section (the dash-dotted
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unity for the exclusive plots in Fig. 3.
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FIG. 5: Same as Fig. 4 but for antineutrino scattering.

Inclusive observables and the impact of non-collinear photons

The above “exclusive” observables incorporate real photon radiation that is either unobservable by the detector
(photon below �E in energy) or indistinguishable from the charged lepton (photon above �E in energy but within
angle �✓ of the electron) [37, 43–45]. Other hard photons are excluded from the cross section. However, oscillation
experiments such as NOvA and DUNE that attempt to identify all neutrino charged-current interactions and determine
neutrino energy by measuring the sum of lepton and recoil energy are likely to include such hard photon events.

To illustrate the impact of hard non-collinear photons on kinematic reconstruction, we compute the spectrum with
respect to several di↵erent choices for independent variable (“reconstructed Q

2”):

Q
2
rec = 2M (E⌫ � E` � EX) , (2)

where, for events without energetic photons, we have EX = 0; and, for events with an energetic photon of energy E� ,
we take (i) EX = 0 (“E` spectrum”); (ii) EX = E� , when the photon is within �✓ = 10� of the electron, and EX = 0
otherwise (“energy in cone”); or (iii) EX = E� (“E` + E� spectrum”).

The results are displayed in Fig. 4 for neutrino scattering and in Fig. 5 for antineutrino scattering. There are several
notable features of these curves. First, let us compare to the exclusive case displayed in Fig. 3. For electrons, the red
dashed curves in the figures both represent spectra with respect to hadronic momentum transfer; the ⇠ few % larger
cross section in Fig. 4 corresponds to the additional contribution from non-collinear energetic photons. Similarly
for muons, the dash-dotted black curve in Fig. 3 and the red dashed curve in Fig. 4 both represent spectra with
respect to hadronic momentum transfer, and their di↵erence is identified with the contribution of energetic photons
(of any angle). Second, although the three curves for ⌫e in Figs. 4 and 5 (or two curves for ⌫µ) integrate to the same
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Inclusive observables and the impact of non-collinear photons

The above “exclusive” observables incorporate real photon radiation that is either unobservable by the detector
(photon below �E in energy) or indistinguishable from the charged lepton (photon above �E in energy but within
angle �✓ of the electron) [37, 43–45]. Other hard photons are excluded from the cross section. However, oscillation
experiments such as NOvA and DUNE that attempt to identify all neutrino charged-current interactions and determine
neutrino energy by measuring the sum of lepton and recoil energy are likely to include such hard photon events.

To illustrate the impact of hard non-collinear photons on kinematic reconstruction, we compute the spectrum with
respect to several di↵erent choices for independent variable (“reconstructed Q
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where, for events without energetic photons, we have EX = 0; and, for events with an energetic photon of energy E� ,
we take (i) EX = 0 (“E` spectrum”); (ii) EX = E� , when the photon is within �✓ = 10� of the electron, and EX = 0
otherwise (“energy in cone”); or (iii) EX = E� (“E` + E� spectrum”).

The results are displayed in Fig. 4 for neutrino scattering and in Fig. 5 for antineutrino scattering. There are several
notable features of these curves. First, let us compare to the exclusive case displayed in Fig. 3. For electrons, the red
dashed curves in the figures both represent spectra with respect to hadronic momentum transfer; the ⇠ few % larger
cross section in Fig. 4 corresponds to the additional contribution from non-collinear energetic photons. Similarly
for muons, the dash-dotted black curve in Fig. 3 and the red dashed curve in Fig. 4 both represent spectra with
respect to hadronic momentum transfer, and their di↵erence is identified with the contribution of energetic photons
(of any angle). Second, although the three curves for ⌫e in Figs. 4 and 5 (or two curves for ⌫µ) integrate to the same
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Hadronic uncertainty cancels in flavor ratio
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FIG. 2: Radiatively corrected ratio of ⌫e versus ⌫µ cross sections and corresponding uncertainty for exclusive observables
(left plots) and inclusive observables (right plots). The top plots are for neutrino scattering and the bottom for antineutrino
scattering. For exclusive observables, the ratio of cross sections with soft photons of energy below �E = 10 MeV is represented
by the black dash-dotted lines. The tree-level ratio is shown by the blue solid lines. The red dashed lines with a legend “soft and
collinear photons” represent the ratio of jet observable (including photons in �✓ = 10� cone for ⌫e scattering) to the observable
that excludes collinear photons for ⌫µ scattering. For inclusive observables, we display the E` spectrum (green dotted lines),
E` + E� spectrum (red dashed lines), and “energy in cone” spectrum (blue dash-double-dotted lines and filled band). For the
“energy in cone” spectrum, Q2 is reconstructed from the energy in the �✓ = 10� cone for electron flavor and from the lepton
energy for muon flavor.

Results for Flavor Ratios

Neutrino oscillation experiments aim to determine the relative flux of ⌫e at a far detector originating from a primarily
⌫µ beam; this flux is interpreted as a ⌫µ ! ⌫e oscillation probability, and provides access to fundamental neutrino
properties. The ⌫e cross section is required to infer the flux of ⌫e from observed event rates. Precise (anti)neutrino
cross sections with electron flavor can be obtained from precise measurements of muon (anti)neutrino interactions at
near detectors, combined with precise constraints on the ratio of electron and muon cross sections. Consequently, the
electron-to-muon cross-section ratio is a critical ingredient in neutrino oscillation analyses [7, 41, 42].

We display this ratio in Fig. 2. For the exclusive case, we focus on our default observables with electron plus
collinear and soft radiation, and muon plus soft-only radiation. For comparison, we also display the result when only
soft radiation is included for the electron. In either case, dependence on hadronic physics is identical for e and µ at the
same value of hadronic momentum transfer, according to equation (1), leaving only a small perturbative uncertainty
on the ratio.

As explained in more detail below, in addition to the exclusive case we consider inclusive observables that include
all photon events in the cross section. For this case, we focus on the blue dash-double-dotted curve with the filled
band in Fig. 2, corresponding to our default inclusive observables, i.e. including all photon events in the cross section,
but reconstructing Q

2 using only collinear and soft radiation for the electron, and no radiation for the muon. For
comparison, in Fig. 2 we also display the results when both electron and muon events are reconstructed using only
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FIG. 2: Radiatively corrected ratio of ⌫e versus ⌫µ cross sections and corresponding uncertainty for exclusive observables
(left plots) and inclusive observables (right plots). The top plots are for neutrino scattering and the bottom for antineutrino
scattering. For exclusive observables, the ratio of cross sections with soft photons of energy below �E = 10 MeV is represented
by the black dash-dotted lines. The tree-level ratio is shown by the blue solid lines. The red dashed lines with a legend “soft and
collinear photons” represent the ratio of jet observable (including photons in �✓ = 10� cone for ⌫e scattering) to the observable
that excludes collinear photons for ⌫µ scattering. For inclusive observables, we display the E` spectrum (green dotted lines),
E` + E� spectrum (red dashed lines), and “energy in cone” spectrum (blue dash-double-dotted lines and filled band). For the
“energy in cone” spectrum, Q2 is reconstructed from the energy in the �✓ = 10� cone for electron flavor and from the lepton
energy for muon flavor.

Results for Flavor Ratios

Neutrino oscillation experiments aim to determine the relative flux of ⌫e at a far detector originating from a primarily
⌫µ beam; this flux is interpreted as a ⌫µ ! ⌫e oscillation probability, and provides access to fundamental neutrino
properties. The ⌫e cross section is required to infer the flux of ⌫e from observed event rates. Precise (anti)neutrino
cross sections with electron flavor can be obtained from precise measurements of muon (anti)neutrino interactions at
near detectors, combined with precise constraints on the ratio of electron and muon cross sections. Consequently, the
electron-to-muon cross-section ratio is a critical ingredient in neutrino oscillation analyses [7, 41, 42].

We display this ratio in Fig. 2. For the exclusive case, we focus on our default observables with electron plus
collinear and soft radiation, and muon plus soft-only radiation. For comparison, we also display the result when only
soft radiation is included for the electron. In either case, dependence on hadronic physics is identical for e and µ at the
same value of hadronic momentum transfer, according to equation (1), leaving only a small perturbative uncertainty
on the ratio.

As explained in more detail below, in addition to the exclusive case we consider inclusive observables that include
all photon events in the cross section. For this case, we focus on the blue dash-double-dotted curve with the filled
band in Fig. 2, corresponding to our default inclusive observables, i.e. including all photon events in the cross section,
but reconstructing Q

2 using only collinear and soft radiation for the electron, and no radiation for the muon. For
comparison, in Fig. 2 we also display the results when both electron and muon events are reconstructed using only
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Figure 9: Ratio of the di↵erential cross section, with only soft-photon radiation, to the tree-level result in ⌫en ! e
�

p

(left plots) and ⌫̄ep ! e
+
n (right plots). For incident (anti)neutrino energies E⌫ = 600 MeV (upper plots) and

E⌫ = 2 GeV (lower plots), the soft-photon energy cuto↵ is �E = 25 MeV and �E = 10 MeV, respectively. The
resummed result including all corrections of O (↵) is shown by the blue solid lines. It is compared to the resummation
result including only the leading logarithms, shown by the green dotted lines, and to the result including subleading
logarithms of order O (

p
↵), shown by the red dashed lines. To illustrate the net e↵ect of resummation, we also

present the fixed-order result using the same hadronic model by the black dash-dotted lines. Hadronic uncertainty,
described in Section 4.5.2, is displayed for the fixed-order calculation. Only perturbative uncertainty, estimated by
scale variation as described in the text, is presented for the first three lines.

5.1 Hadronic model for hard real photon emission

Let us consider the process ⌫`n ! `
�

p(�) [or the analogous antineutrino process ⌫̄`p ! `
+
n(�)] including arbitrary

photon kinematics. To describe the radiation of non-collinear hard photons, we exploit the same hadronic model as
in Section 4.5.2. Recall that our prescription is equivalent to employing free-particle propagators for intermediate
states, with the electroweak vertex evaluated using external-leg kinematics, as in Eq. (50). This ansatz ensures
electromagnetic gauge invariance and avoids spurious collinear singularities of a naive form-factor insertion model.
In the phenomenological analysis, we demonstrate how such spurious singularities would impact cross-section
predictions for near-collinear kinematics (Fig. 13). For generic, non-collinear, kinematics, the di↵erence between
our “default” gauge invariant and a “local” non-gauge invariant model, where the electroweak vertex is evaluated
in kinematics of a local field theory, can be interpreted as a simple measure of hadronic model dependence. This
di↵erence is illustrated in Figs. 14 and 15.

5.2 Expansion in small lepton mass

We have observed previously that su�ciently inclusive observables have a finite limit at vanishing lepton mass
m` ! 0. In the static limit, this behavior is seen explicitly in the jet observable at fixed �✓, cf. Eq. (13), and in
the inclusive cross section, cf. Eq. (16). In general, the m` ! 0 limit must be finite for any observable including
real photon radiation that is kinematically degenerate with the charged lepton in the absence of radiation [20–23].

The finiteness of the m` ! 0 limit has important implications for flavor ratios of charged-current (anti)neutrino
cross sections. Consider e.g. the total inclusive cross section for ⌫`n ! `

�
p(�) as a function of the lepton mass:
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where ⇤ denotes a conventional hard scale and the ellipsis denotes terms of order m
4
` and terms containing m

2
` ln2(m`)
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that arise from two-loop QED corrections; such terms are negligibly small in the numerical analysis. Here A, B0,
and B1 are independent of m`, but depend on the neutrino energy and hadronic parameters. The ratio of muon to
electron cross sections is then
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where we have written B0 = B0/A, B1 = B1/A.
As an explicit example, the static-limit cross section through one-loop order is
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Choosing ⇤ = 2E⌫ and accounting for the m` dependence of �LO, we find
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The general case, beyond the static limit, is treated similarly, but with di↵erent numerical values of B0 and
B1. For example, at an illustrative neutrino energy E⌫ = 2 GeV, and setting ⇤ = 1GeV, integrating the total
charged-current elastic cross section of Eq. (43) yields

B0(E⌫ = 2GeV) = �0.28 + O(↵, ✏nuc) , B1(E⌫ = 2GeV) = O(↵, ✏nuc) , (63)

where ✏nuc denotes a possible nuclear correction for applications to bound nucleons. We will compute the O(↵)
corrections within our hadronic model as part of the phenomenological analysis in Section 6.5. We also consider
O(✏nuc) corrections in a standard nuclear model in Section 6.7.

6 Phenomenological applications

In this Section, we examine in detail several variations of the observables introduced above. The observables are
representative of typical event classes for charged-current elastic (anti)neutrino scattering with final-state electron
or muon, with choices for real photons determined by typical detector capabilities, as discussed in Section 2. In the
following Section 6.1, we consider a “minimal” observable containing just the charged lepton and soft radiation. This
type of observable is di�cult to realize with typical neutrino detectors that cannot cleanly separate electrons from
energetic photons; however, it provides a contrast with more inclusive observables, and also is similar to well-studied
observables in elastic electron-proton scattering. Section 6.2 considers the default observable for electron-like jet
events. Section 6.3 discusses observables for muon flavor, and studies events with energetic photons, where muon
(anti)neutrino events can be misidentified as electron flavor. Section 6.4 considers the emission of non-collinear hard
photons. Section 6.5 includes such non-collinear hard-photon emission in the evaluation of inclusive observables.
Section 6.6 considers the ratio of electron versus muon cross sections, and discusses the extent to which hadronic
uncertainties cancel in the ratio. Leading nuclear e↵ects are considered in Section 6.7. Finally, we compare the size
of radiative corrections with existing experimental ⌫µ and ⌫µ data in Section 6.8.

6.1 Cross section with charged lepton and soft photons

In all observables that involve only soft or collinear radiation, the cross section is given by Eq. (28). The soft
function S is given by Eq. (29). The hard function at the hard renormalization scale is computed as in Section 4.5,
and the running between hard and soft renormalization scales is determined as in Section 4.5.3. The collinear
function depends on the specification of jet observable. For measurements that separate charged leptons from the
accompanying collinear radiation, only soft real radiation is relevant and the collinear function is given by J in
Eq. (34). Precisely this observable has been used in Section 4.5 to illustrate the impact of hadronic uncertainties
in Figs. 7 and 8, and to illustrate the convergence of resummed perturbation theory in Fig. 9. The ratio of this
cross section to the tree-level result in the non-relativistic limit was shown as a function of (anti)neutrino energy
by the solid blue curve in Fig. 2, where a default soft-photon energy cuto↵ �E = 20MeV was used. The complete
relativistic case, for a range of �E values, is shown for neutrino-neutron and antineutrino-proton scattering with
electron flavor in Fig. 10 and with muon flavor in Fig. 11. Results are displayed for typical accelerator (anti)neutrino
energies E⌫ = 600 MeV and E⌫ = 2 GeV. In these figures, Q

2 can be identified as the momentum transfer between
nucleons: Q

2 = �(k � k
0)2.

20

that arise from two-loop QED corrections; such terms are negligibly small in the numerical analysis. Here A, B0,
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where ✏nuc denotes a possible nuclear correction for applications to bound nucleons. We will compute the O(↵)
corrections within our hadronic model as part of the phenomenological analysis in Section 6.5. We also consider
O(✏nuc) corrections in a standard nuclear model in Section 6.7.

6 Phenomenological applications

In this Section, we examine in detail several variations of the observables introduced above. The observables are
representative of typical event classes for charged-current elastic (anti)neutrino scattering with final-state electron
or muon, with choices for real photons determined by typical detector capabilities, as discussed in Section 2. In the
following Section 6.1, we consider a “minimal” observable containing just the charged lepton and soft radiation. This
type of observable is di�cult to realize with typical neutrino detectors that cannot cleanly separate electrons from
energetic photons; however, it provides a contrast with more inclusive observables, and also is similar to well-studied
observables in elastic electron-proton scattering. Section 6.2 considers the default observable for electron-like jet
events. Section 6.3 discusses observables for muon flavor, and studies events with energetic photons, where muon
(anti)neutrino events can be misidentified as electron flavor. Section 6.4 considers the emission of non-collinear hard
photons. Section 6.5 includes such non-collinear hard-photon emission in the evaluation of inclusive observables.
Section 6.6 considers the ratio of electron versus muon cross sections, and discusses the extent to which hadronic
uncertainties cancel in the ratio. Leading nuclear e↵ects are considered in Section 6.7. Finally, we compare the size
of radiative corrections with existing experimental ⌫µ and ⌫µ data in Section 6.8.

6.1 Cross section with charged lepton and soft photons

In all observables that involve only soft or collinear radiation, the cross section is given by Eq. (28). The soft
function S is given by Eq. (29). The hard function at the hard renormalization scale is computed as in Section 4.5,
and the running between hard and soft renormalization scales is determined as in Section 4.5.3. The collinear
function depends on the specification of jet observable. For measurements that separate charged leptons from the
accompanying collinear radiation, only soft real radiation is relevant and the collinear function is given by J in
Eq. (34). Precisely this observable has been used in Section 4.5 to illustrate the impact of hadronic uncertainties
in Figs. 7 and 8, and to illustrate the convergence of resummed perturbation theory in Fig. 9. The ratio of this
cross section to the tree-level result in the non-relativistic limit was shown as a function of (anti)neutrino energy
by the solid blue curve in Fig. 2, where a default soft-photon energy cuto↵ �E = 20MeV was used. The complete
relativistic case, for a range of �E values, is shown for neutrino-neutron and antineutrino-proton scattering with
electron flavor in Fig. 10 and with muon flavor in Fig. 11. Results are displayed for typical accelerator (anti)neutrino
energies E⌫ = 600 MeV and E⌫ = 2 GeV. In these figures, Q
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that arise from two-loop QED corrections; such terms are negligibly small in the numerical analysis. Here A, B0,
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where we have written B0 = B0/A, B1 = B1/A.
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The general case, beyond the static limit, is treated similarly, but with di↵erent numerical values of B0 and
B1. For example, at an illustrative neutrino energy E⌫ = 2 GeV, and setting ⇤ = 1GeV, integrating the total
charged-current elastic cross section of Eq. (43) yields

B0(E⌫ = 2GeV) = �0.28 + O(↵, ✏nuc) , B1(E⌫ = 2GeV) = O(↵, ✏nuc) , (63)

where ✏nuc denotes a possible nuclear correction for applications to bound nucleons. We will compute the O(↵)
corrections within our hadronic model as part of the phenomenological analysis in Section 6.5. We also consider
O(✏nuc) corrections in a standard nuclear model in Section 6.7.

6 Phenomenological applications

In this Section, we examine in detail several variations of the observables introduced above. The observables are
representative of typical event classes for charged-current elastic (anti)neutrino scattering with final-state electron
or muon, with choices for real photons determined by typical detector capabilities, as discussed in Section 2. In the
following Section 6.1, we consider a “minimal” observable containing just the charged lepton and soft radiation. This
type of observable is di�cult to realize with typical neutrino detectors that cannot cleanly separate electrons from
energetic photons; however, it provides a contrast with more inclusive observables, and also is similar to well-studied
observables in elastic electron-proton scattering. Section 6.2 considers the default observable for electron-like jet
events. Section 6.3 discusses observables for muon flavor, and studies events with energetic photons, where muon
(anti)neutrino events can be misidentified as electron flavor. Section 6.4 considers the emission of non-collinear hard
photons. Section 6.5 includes such non-collinear hard-photon emission in the evaluation of inclusive observables.
Section 6.6 considers the ratio of electron versus muon cross sections, and discusses the extent to which hadronic
uncertainties cancel in the ratio. Leading nuclear e↵ects are considered in Section 6.7. Finally, we compare the size
of radiative corrections with existing experimental ⌫µ and ⌫µ data in Section 6.8.

6.1 Cross section with charged lepton and soft photons

In all observables that involve only soft or collinear radiation, the cross section is given by Eq. (28). The soft
function S is given by Eq. (29). The hard function at the hard renormalization scale is computed as in Section 4.5,
and the running between hard and soft renormalization scales is determined as in Section 4.5.3. The collinear
function depends on the specification of jet observable. For measurements that separate charged leptons from the
accompanying collinear radiation, only soft real radiation is relevant and the collinear function is given by J in
Eq. (34). Precisely this observable has been used in Section 4.5 to illustrate the impact of hadronic uncertainties
in Figs. 7 and 8, and to illustrate the convergence of resummed perturbation theory in Fig. 9. The ratio of this
cross section to the tree-level result in the non-relativistic limit was shown as a function of (anti)neutrino energy
by the solid blue curve in Fig. 2, where a default soft-photon energy cuto↵ �E = 20MeV was used. The complete
relativistic case, for a range of �E values, is shown for neutrino-neutron and antineutrino-proton scattering with
electron flavor in Fig. 10 and with muon flavor in Fig. 11. Results are displayed for typical accelerator (anti)neutrino
energies E⌫ = 600 MeV and E⌫ = 2 GeV. In these figures, Q
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where we have written B0 = B0/A, B1 = B1/A.
As an explicit example, the static-limit cross section through one-loop order is
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The general case, beyond the static limit, is treated similarly, but with di↵erent numerical values of B0 and
B1. For example, at an illustrative neutrino energy E⌫ = 2 GeV, and setting ⇤ = 1GeV, integrating the total
charged-current elastic cross section of Eq. (43) yields

B0(E⌫ = 2GeV) = �0.28 + O(↵, ✏nuc) , B1(E⌫ = 2GeV) = O(↵, ✏nuc) , (63)

where ✏nuc denotes a possible nuclear correction for applications to bound nucleons. We will compute the O(↵)
corrections within our hadronic model as part of the phenomenological analysis in Section 6.5. We also consider
O(✏nuc) corrections in a standard nuclear model in Section 6.7.

6 Phenomenological applications

In this Section, we examine in detail several variations of the observables introduced above. The observables are
representative of typical event classes for charged-current elastic (anti)neutrino scattering with final-state electron
or muon, with choices for real photons determined by typical detector capabilities, as discussed in Section 2. In the
following Section 6.1, we consider a “minimal” observable containing just the charged lepton and soft radiation. This
type of observable is di�cult to realize with typical neutrino detectors that cannot cleanly separate electrons from
energetic photons; however, it provides a contrast with more inclusive observables, and also is similar to well-studied
observables in elastic electron-proton scattering. Section 6.2 considers the default observable for electron-like jet
events. Section 6.3 discusses observables for muon flavor, and studies events with energetic photons, where muon
(anti)neutrino events can be misidentified as electron flavor. Section 6.4 considers the emission of non-collinear hard
photons. Section 6.5 includes such non-collinear hard-photon emission in the evaluation of inclusive observables.
Section 6.6 considers the ratio of electron versus muon cross sections, and discusses the extent to which hadronic
uncertainties cancel in the ratio. Leading nuclear e↵ects are considered in Section 6.7. Finally, we compare the size
of radiative corrections with existing experimental ⌫µ and ⌫µ data in Section 6.8.

6.1 Cross section with charged lepton and soft photons

In all observables that involve only soft or collinear radiation, the cross section is given by Eq. (28). The soft
function S is given by Eq. (29). The hard function at the hard renormalization scale is computed as in Section 4.5,
and the running between hard and soft renormalization scales is determined as in Section 4.5.3. The collinear
function depends on the specification of jet observable. For measurements that separate charged leptons from the
accompanying collinear radiation, only soft real radiation is relevant and the collinear function is given by J in
Eq. (34). Precisely this observable has been used in Section 4.5 to illustrate the impact of hadronic uncertainties
in Figs. 7 and 8, and to illustrate the convergence of resummed perturbation theory in Fig. 9. The ratio of this
cross section to the tree-level result in the non-relativistic limit was shown as a function of (anti)neutrino energy
by the solid blue curve in Fig. 2, where a default soft-photon energy cuto↵ �E = 20MeV was used. The complete
relativistic case, for a range of �E values, is shown for neutrino-neutron and antineutrino-proton scattering with
electron flavor in Fig. 10 and with muon flavor in Fig. 11. Results are displayed for typical accelerator (anti)neutrino
energies E⌫ = 600 MeV and E⌫ = 2 GeV. In these figures, Q
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E⌫ , GeV
⇣

�e
�µ

� 1
⌘

LO

, % �e
�µ

� 1, %

T2K/HyperK 0.6
⌫

⌫̄

2.47 ± 0.06

2.04 ± 0.08

2.84 ± 0.06 ± 0.37

1.84 ± 0.08 ± 0.20

NOvA/DUNE 2.0
⌫

⌫̄

0.322 ± 0.006

0.394 ± 0.003

0.54 ± 0.01 ± 0.22

0.20 ± 0.01 ± 0.19

TABLE I: Inclusive electron-to-muon cross-section ratios for neutrinos and antineutrinos without kinematic cuts. Uncertainties
at leading order are from vector and axial nucleon form factors. For the final result, we include an additional hadronic
uncertainty from the one-loop correction to the first uncertainty, and provide a second uncertainty as the magnitude of the
radiative correction.
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FIG. 3: Radiatively corrected cross-section ratio to the tree-level result and corresponding uncertainty in neutrino scattering
for exclusive observables. The legend corresponds to left plots in Fig. 2. The tree-level uncertainty is represented by the green
dotted line as a deviation of the ratio from unity. The left plot is for electron flavor and the right plot is for muon flavor.

lepton energy (E` spectrum), and when both are reconstructed using all electromagnetic energy (E` + E� spectrum).
Integrating over kinematics, we present the ratio of the total electron-to-muon cross sections for two kinematic setups
without cuts on the lepton energy in Table I.

Exclusive jet observables and the impact of collinear photons

The cross-section ratios for exclusive observables displayed in Fig. 2 depend on whether collinear photons are in-
cluded in the observable. Recall that while this specification depends in detail on detector capabilities and analysis
strategies, our default observables are determined as follows: (1) soft radiation below �E is unobserved (but con-
tributes to the cross section), independent of angle with respect to charged lepton direction; (2) collinear radiation
accompanying electrons (within an angle �✓ of the electron direction) is included as part of the same electromagnetic
shower; (3) collinear radiation accompanying muons is excluded.

Fig. 3 displays the ratio of the cross section to the leading-order (LO) result d�⌫`/d�LO, for default values �E =
10 MeV and �✓ = 10�, as a function of nucleon momentum transfer Q

2. In the electron case, we compare our default
jet observable (including energetic radiation within 10� cone) to the soft-photon-only observable; the large correction
⇠ 15% in this case results from a logarithmic enhancement ⇠ ln(E⌫/me) ln(E⌫/�E). The factorization theorem of
equation (1) enforces a cancellation of hadronic uncertainty in the ratio of the corrected cross section to tree level, up
to O(↵), resulting in the small uncertainty for the cross sections in Fig. 3 (after the next-to-leading order resummation
analysis, perturbative uncertainty is at or below permille level). For comparison, the plots also show the tree-level
uncertainty on the cross section due to uncertain (dominantly axial-vector) nucleon form factors. This uncertainty
cancels in the flavor ratios.

We remark that the “soft photons only”, dash-dotted curves in Fig. 3, are dramatically di↵erent for electrons and
muons. It is only after modifying the electron-neutrino cross section (by including also collinear photon radiation,
the dashed curve on the left of Fig. 3) that it becomes similar to the muon-neutrino cross section (the dash-dotted
curve on the right of Fig. 3). There is a further accidental coincidence of the ⇠ 5% corrections for the �✓-dependent
electron-neutrino curve and for the mµ-dependent muon-neutrino curve. This coincidence results in a ratio close to
unity for the exclusive plots in Fig. 3.

Collinear singularity (KLN) theorem at :mℓ → 0

⟹

Explicit evaluation in our hadronic model: 
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that arise from two-loop QED corrections; such terms are negligibly small in the numerical analysis. Here A, B0,
and B1 are independent of m`, but depend on the neutrino energy and hadronic parameters. The ratio of muon to
electron cross sections is then
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where we have written B0 = B0/A, B1 = B1/A.
As an explicit example, the static-limit cross section through one-loop order is
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The general case, beyond the static limit, is treated similarly, but with di↵erent numerical values of B0 and
B1. For example, at an illustrative neutrino energy E⌫ = 2 GeV, and setting ⇤ = 1GeV, integrating the total
charged-current elastic cross section of Eq. (43) yields

B0(E⌫ = 2GeV) = �0.28 + O(↵, ✏nuc) , B1(E⌫ = 2GeV) = O(↵, ✏nuc) , (63)

where ✏nuc denotes a possible nuclear correction for applications to bound nucleons. We will compute the O(↵)
corrections within our hadronic model as part of the phenomenological analysis in Section 6.5. We also consider
O(✏nuc) corrections in a standard nuclear model in Section 6.7.

6 Phenomenological applications

In this Section, we examine in detail several variations of the observables introduced above. The observables are
representative of typical event classes for charged-current elastic (anti)neutrino scattering with final-state electron
or muon, with choices for real photons determined by typical detector capabilities, as discussed in Section 2. In the
following Section 6.1, we consider a “minimal” observable containing just the charged lepton and soft radiation. This
type of observable is di�cult to realize with typical neutrino detectors that cannot cleanly separate electrons from
energetic photons; however, it provides a contrast with more inclusive observables, and also is similar to well-studied
observables in elastic electron-proton scattering. Section 6.2 considers the default observable for electron-like jet
events. Section 6.3 discusses observables for muon flavor, and studies events with energetic photons, where muon
(anti)neutrino events can be misidentified as electron flavor. Section 6.4 considers the emission of non-collinear hard
photons. Section 6.5 includes such non-collinear hard-photon emission in the evaluation of inclusive observables.
Section 6.6 considers the ratio of electron versus muon cross sections, and discusses the extent to which hadronic
uncertainties cancel in the ratio. Leading nuclear e↵ects are considered in Section 6.7. Finally, we compare the size
of radiative corrections with existing experimental ⌫µ and ⌫µ data in Section 6.8.

6.1 Cross section with charged lepton and soft photons

In all observables that involve only soft or collinear radiation, the cross section is given by Eq. (28). The soft
function S is given by Eq. (29). The hard function at the hard renormalization scale is computed as in Section 4.5,
and the running between hard and soft renormalization scales is determined as in Section 4.5.3. The collinear
function depends on the specification of jet observable. For measurements that separate charged leptons from the
accompanying collinear radiation, only soft real radiation is relevant and the collinear function is given by J in
Eq. (34). Precisely this observable has been used in Section 4.5 to illustrate the impact of hadronic uncertainties
in Figs. 7 and 8, and to illustrate the convergence of resummed perturbation theory in Fig. 9. The ratio of this
cross section to the tree-level result in the non-relativistic limit was shown as a function of (anti)neutrino energy
by the solid blue curve in Fig. 2, where a default soft-photon energy cuto↵ �E = 20MeV was used. The complete
relativistic case, for a range of �E values, is shown for neutrino-neutron and antineutrino-proton scattering with
electron flavor in Fig. 10 and with muon flavor in Fig. 11. Results are displayed for typical accelerator (anti)neutrino
energies E⌫ = 600 MeV and E⌫ = 2 GeV. In these figures, Q
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that arise from two-loop QED corrections; such terms are negligibly small in the numerical analysis. Here A, B0,
and B1 are independent of m`, but depend on the neutrino energy and hadronic parameters. The ratio of muon to
electron cross sections is then
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where we have written B0 = B0/A, B1 = B1/A.
As an explicit example, the static-limit cross section through one-loop order is
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The general case, beyond the static limit, is treated similarly, but with di↵erent numerical values of B0 and
B1. For example, at an illustrative neutrino energy E⌫ = 2 GeV, and setting ⇤ = 1GeV, integrating the total
charged-current elastic cross section of Eq. (43) yields

B0(E⌫ = 2GeV) = �0.28 + O(↵, ✏nuc) , B1(E⌫ = 2GeV) = O(↵, ✏nuc) , (63)

where ✏nuc denotes a possible nuclear correction for applications to bound nucleons. We will compute the O(↵)
corrections within our hadronic model as part of the phenomenological analysis in Section 6.5. We also consider
O(✏nuc) corrections in a standard nuclear model in Section 6.7.

6 Phenomenological applications

In this Section, we examine in detail several variations of the observables introduced above. The observables are
representative of typical event classes for charged-current elastic (anti)neutrino scattering with final-state electron
or muon, with choices for real photons determined by typical detector capabilities, as discussed in Section 2. In the
following Section 6.1, we consider a “minimal” observable containing just the charged lepton and soft radiation. This
type of observable is di�cult to realize with typical neutrino detectors that cannot cleanly separate electrons from
energetic photons; however, it provides a contrast with more inclusive observables, and also is similar to well-studied
observables in elastic electron-proton scattering. Section 6.2 considers the default observable for electron-like jet
events. Section 6.3 discusses observables for muon flavor, and studies events with energetic photons, where muon
(anti)neutrino events can be misidentified as electron flavor. Section 6.4 considers the emission of non-collinear hard
photons. Section 6.5 includes such non-collinear hard-photon emission in the evaluation of inclusive observables.
Section 6.6 considers the ratio of electron versus muon cross sections, and discusses the extent to which hadronic
uncertainties cancel in the ratio. Leading nuclear e↵ects are considered in Section 6.7. Finally, we compare the size
of radiative corrections with existing experimental ⌫µ and ⌫µ data in Section 6.8.

6.1 Cross section with charged lepton and soft photons

In all observables that involve only soft or collinear radiation, the cross section is given by Eq. (28). The soft
function S is given by Eq. (29). The hard function at the hard renormalization scale is computed as in Section 4.5,
and the running between hard and soft renormalization scales is determined as in Section 4.5.3. The collinear
function depends on the specification of jet observable. For measurements that separate charged leptons from the
accompanying collinear radiation, only soft real radiation is relevant and the collinear function is given by J in
Eq. (34). Precisely this observable has been used in Section 4.5 to illustrate the impact of hadronic uncertainties
in Figs. 7 and 8, and to illustrate the convergence of resummed perturbation theory in Fig. 9. The ratio of this
cross section to the tree-level result in the non-relativistic limit was shown as a function of (anti)neutrino energy
by the solid blue curve in Fig. 2, where a default soft-photon energy cuto↵ �E = 20MeV was used. The complete
relativistic case, for a range of �E values, is shown for neutrino-neutron and antineutrino-proton scattering with
electron flavor in Fig. 10 and with muon flavor in Fig. 11. Results are displayed for typical accelerator (anti)neutrino
energies E⌫ = 600 MeV and E⌫ = 2 GeV. In these figures, Q
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that arise from two-loop QED corrections; such terms are negligibly small in the numerical analysis. Here A, B0,
and B1 are independent of m`, but depend on the neutrino energy and hadronic parameters. The ratio of muon to
electron cross sections is then
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where we have written B0 = B0/A, B1 = B1/A.
As an explicit example, the static-limit cross section through one-loop order is
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The general case, beyond the static limit, is treated similarly, but with di↵erent numerical values of B0 and
B1. For example, at an illustrative neutrino energy E⌫ = 2 GeV, and setting ⇤ = 1GeV, integrating the total
charged-current elastic cross section of Eq. (43) yields

B0(E⌫ = 2GeV) = �0.28 + O(↵, ✏nuc) , B1(E⌫ = 2GeV) = O(↵, ✏nuc) , (63)

where ✏nuc denotes a possible nuclear correction for applications to bound nucleons. We will compute the O(↵)
corrections within our hadronic model as part of the phenomenological analysis in Section 6.5. We also consider
O(✏nuc) corrections in a standard nuclear model in Section 6.7.

6 Phenomenological applications

In this Section, we examine in detail several variations of the observables introduced above. The observables are
representative of typical event classes for charged-current elastic (anti)neutrino scattering with final-state electron
or muon, with choices for real photons determined by typical detector capabilities, as discussed in Section 2. In the
following Section 6.1, we consider a “minimal” observable containing just the charged lepton and soft radiation. This
type of observable is di�cult to realize with typical neutrino detectors that cannot cleanly separate electrons from
energetic photons; however, it provides a contrast with more inclusive observables, and also is similar to well-studied
observables in elastic electron-proton scattering. Section 6.2 considers the default observable for electron-like jet
events. Section 6.3 discusses observables for muon flavor, and studies events with energetic photons, where muon
(anti)neutrino events can be misidentified as electron flavor. Section 6.4 considers the emission of non-collinear hard
photons. Section 6.5 includes such non-collinear hard-photon emission in the evaluation of inclusive observables.
Section 6.6 considers the ratio of electron versus muon cross sections, and discusses the extent to which hadronic
uncertainties cancel in the ratio. Leading nuclear e↵ects are considered in Section 6.7. Finally, we compare the size
of radiative corrections with existing experimental ⌫µ and ⌫µ data in Section 6.8.

6.1 Cross section with charged lepton and soft photons

In all observables that involve only soft or collinear radiation, the cross section is given by Eq. (28). The soft
function S is given by Eq. (29). The hard function at the hard renormalization scale is computed as in Section 4.5,
and the running between hard and soft renormalization scales is determined as in Section 4.5.3. The collinear
function depends on the specification of jet observable. For measurements that separate charged leptons from the
accompanying collinear radiation, only soft real radiation is relevant and the collinear function is given by J in
Eq. (34). Precisely this observable has been used in Section 4.5 to illustrate the impact of hadronic uncertainties
in Figs. 7 and 8, and to illustrate the convergence of resummed perturbation theory in Fig. 9. The ratio of this
cross section to the tree-level result in the non-relativistic limit was shown as a function of (anti)neutrino energy
by the solid blue curve in Fig. 2, where a default soft-photon energy cuto↵ �E = 20MeV was used. The complete
relativistic case, for a range of �E values, is shown for neutrino-neutron and antineutrino-proton scattering with
electron flavor in Fig. 10 and with muon flavor in Fig. 11. Results are displayed for typical accelerator (anti)neutrino
energies E⌫ = 600 MeV and E⌫ = 2 GeV. In these figures, Q

2 can be identified as the momentum transfer between
nucleons: Q

2 = �(k � k
0)2.
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Λ ≡ 1 GeV

ϵnuc ∼ ϵb /Λ ∼ k2
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Figure 19: Electron over muon flavor ratios of unpolarized di↵erential cross section in neutrino-neutron (left plots)
and antineutrino-proton (right plots). Blue solid lines and blue band: tree level; black dash-dotted lines and light
blue band: including radiation of soft photons with energy below �E; red dashed lines and pink band: including
radiation of soft photons with energy below �E, and including radiation of collinear photons for the electron
flavor as described in Section 6.2 but not for the muon flavor. For (anti)neutrino beam energies E⌫ = 600 MeV
(upper plots) and E⌫ = 2 GeV (lower plots), the soft-photon energy cuto↵ is �E = 25 MeV and �E = 10 MeV,
respectively.

E⌫ , GeV ��
� , %

⇣
�(�e/�µ)
�e/�µ

⌘

LO
, %

�����

⇣
�(�e/�µ)
�e/�µ

⌘

NLO

�����, %

0.6
⌫

⌫̄

�12
�33

0.13
0.17

. 0.15

. 0.15

2.0
⌫

⌫̄

�10
�16

�0.002
0.007

. 0.01

. 0.01

Table 2: Relative e↵ects of Pauli blocking on the total unpolarized cross sections and flavor ratios for (anti)neutrino
beam energies 600 MeV and 2 GeV.

statement remains true in the presence of radiative corrections, following from the discussion in Section 6.5.
Returning to the discussion of Section 5.2, we may summarize the impact of nuclear corrections on the flavor
ratio as a shift in B0(E⌫ = 2GeV) = �0.28 ! �0.32 [130], for the combined e↵ects of binding energy, Fermi motion
and Pauli blocking.

6.8 Comparison to neutrino-nucleus quasielastic data

Our results predict significant radiative corrections to the charged-current elastic scattering process. These
corrections are especially important in ⌫e versus ⌫µ flavor ratios owing to the sparsity of ⌫e cross-section
measurements, the potentially larger corrections for ⌫e versus ⌫µ, and the direct impact of corrections on ⌫µ ! ⌫e

oscillation analyses [4]. However, radiative corrections are also present in the more-abundant ⌫µ scattering data.
The elastic scattering process has been studied with muon flavor neutrinos and antineutrinos scattering o↵ free
protons [171], weakly bound light nuclei [123, 124, 126, 127, 131, 172–174], and tightly bound medium-sized
nuclei [175–193]. Here, we examine how radiative corrections a↵ect the interpretation of these measurements,
which were analyzed using tree-level cross-section models.

We consider radiative corrections in several large datasets, all of which have been collected using hydrocarbon
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e.g. in RFG nuclear model

4

E⌫ , GeV
⇣

�e
�µ

� 1
⌘

LO

, % �e
�µ

� 1, %

T2K/HyperK 0.6
⌫

⌫̄

2.47 ± 0.06

2.04 ± 0.08

2.84 ± 0.06 ± 0.37

1.84 ± 0.08 ± 0.20

NOvA/DUNE 2.0
⌫

⌫̄

0.322 ± 0.006

0.394 ± 0.003

0.54 ± 0.01 ± 0.22

0.20 ± 0.01 ± 0.19

TABLE I: Inclusive electron-to-muon cross-section ratios for neutrinos and antineutrinos without kinematic cuts. Uncertainties
at leading order are from vector and axial nucleon form factors. For the final result, we include an additional hadronic
uncertainty from the one-loop correction to the first uncertainty, and provide a second uncertainty as the magnitude of the
radiative correction.
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FIG. 3: Radiatively corrected cross-section ratio to the tree-level result and corresponding uncertainty in neutrino scattering
for exclusive observables. The legend corresponds to left plots in Fig. 2. The tree-level uncertainty is represented by the green
dotted line as a deviation of the ratio from unity. The left plot is for electron flavor and the right plot is for muon flavor.

lepton energy (E` spectrum), and when both are reconstructed using all electromagnetic energy (E` + E� spectrum).
Integrating over kinematics, we present the ratio of the total electron-to-muon cross sections for two kinematic setups
without cuts on the lepton energy in Table I.

Exclusive jet observables and the impact of collinear photons

The cross-section ratios for exclusive observables displayed in Fig. 2 depend on whether collinear photons are in-
cluded in the observable. Recall that while this specification depends in detail on detector capabilities and analysis
strategies, our default observables are determined as follows: (1) soft radiation below �E is unobserved (but con-
tributes to the cross section), independent of angle with respect to charged lepton direction; (2) collinear radiation
accompanying electrons (within an angle �✓ of the electron direction) is included as part of the same electromagnetic
shower; (3) collinear radiation accompanying muons is excluded.

Fig. 3 displays the ratio of the cross section to the leading-order (LO) result d�⌫`/d�LO, for default values �E =
10 MeV and �✓ = 10�, as a function of nucleon momentum transfer Q

2. In the electron case, we compare our default
jet observable (including energetic radiation within 10� cone) to the soft-photon-only observable; the large correction
⇠ 15% in this case results from a logarithmic enhancement ⇠ ln(E⌫/me) ln(E⌫/�E). The factorization theorem of
equation (1) enforces a cancellation of hadronic uncertainty in the ratio of the corrected cross section to tree level, up
to O(↵), resulting in the small uncertainty for the cross sections in Fig. 3 (after the next-to-leading order resummation
analysis, perturbative uncertainty is at or below permille level). For comparison, the plots also show the tree-level
uncertainty on the cross section due to uncertain (dominantly axial-vector) nucleon form factors. This uncertainty
cancels in the flavor ratios.

We remark that the “soft photons only”, dash-dotted curves in Fig. 3, are dramatically di↵erent for electrons and
muons. It is only after modifying the electron-neutrino cross section (by including also collinear photon radiation,
the dashed curve on the left of Fig. 3) that it becomes similar to the muon-neutrino cross section (the dash-dotted
curve on the right of Fig. 3). There is a further accidental coincidence of the ⇠ 5% corrections for the �✓-dependent
electron-neutrino curve and for the mµ-dependent muon-neutrino curve. This coincidence results in a ratio close to
unity for the exclusive plots in Fig. 3.

Nuclear corrections enter as  and are 
contained in the nucleon-level error budget

(m2
μ /Λ2) × ϵnuc
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Photon backgrounds can be systematically 
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E.g., how often does a hard photon accompany a muon 
and cause it to look like an electron at T2K/HyperK? 
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Figure 13: Ratio of unpolarized radiative charged-current-elastic-like ⌫µ and ⌫̄µ di↵erential cross sections to the
tree-level result with collinear photon energy above the threshold for final muon to be misidentified as electron, as
described in the text. Reference scenarios with E� > Eµ � mµ and E� > 200 MeV are shown for comparison. Plots
are for (anti)neutrino beam energies E⌫ = 600 MeV (upper plots) and E⌫ = 2 GeV (lower plots). The calculation
based on our default electroweak vertex is labeled as “default model”. The calculation when the electroweak vertex
is taken as in diagrams with local interactions is labeled as “local model”.

6.3 Electron-like muon-jet events

Compared to the case of electrons, bremsstrahlung from muons is a rarer process because of the larger muon mass.
It is precisely this di↵erence between muons, which slowly lose energy by ionization and collision processes, and
electrons, which lose energy by bremsstrahlung, that is used as the primary way to distinguish electron and muon
(anti)neutrino interactions from each other in neutrino oscillation experiments. Therefore, events with muons and
energetic collinear photons can be misidentified as electron events. For this confusion to happen, the photon must
carry a significant fraction of the primary muon energy because low-energy collinear photons are consistent with
collisional processes where muons create �-rays in the detector. To accurately predict this confusion, a detailed
detector simulation is required. However, we may estimate the e↵ect in a simplistic model in which a collinear muon
and photon will only be confused with an electron if the range of the muon in the detector is less than the range of an
electron with energy equal to the sum of the photon energy and muon kinetic energy. Because the electron shower
range at high energies grows only logarithmically with electron energy, but muon range grows nearly linearly, the
fraction of the energy that must be carried by the collinear photon will grow with muon energy. By comparing the
average length of electron showers [7, 164] to muon range [165], we have developed an empirical parameterization

of the collinear photon energies that would not cause this confusion: E� . Ẽ

n
0.95 � 0.75/[(Ẽ/1 GeV) + 0.85]

o
,

where Ẽ = E⌫ �Q
2
/2M �mµ. This parameterization is independent of the choice of detector materials considered

in this work – scintillator, water, and argon – and is valid for Ec ⌧ Ẽ . 5 GeV, where Ec is the electron critical
energy in the target medium, i.e., the energy above which electron energy loss is dominated by bremsstrahlung [166].
Ec is approximately 90 MeV in polystyrene scintillator, 75 MeV in water, and 32 MeV in liquid argon.

A quantity of interest is the cross section for muon neutrino and antineutrino events with collinear photon
energies large enough so that the final-state muon could be mistaken for an electron and therefore lead to flavor
misidentification. This is a potential concern, especially since electron (anti)neutrino events are much less common
than muon (anti)neutrino events in the relevant (anti)neutrino beams. The ratio of this cross section to the tree-
level charged-current elastic cross section is shown as the solid curve in Fig. 13, using our default hadronic model
(“default model” in the figure). As the figure illustrates, the probability for such misidentification is small, of order
one part in 104, and this is a subleading e↵ect in the current generation of experiments. This e↵ect is potentially
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tree-level result with collinear photon energy above the threshold for final muon to be misidentified as electron, as
described in the text. Reference scenarios with E� > Eµ � mµ and E� > 200 MeV are shown for comparison. Plots
are for (anti)neutrino beam energies E⌫ = 600 MeV (upper plots) and E⌫ = 2 GeV (lower plots). The calculation
based on our default electroweak vertex is labeled as “default model”. The calculation when the electroweak vertex
is taken as in diagrams with local interactions is labeled as “local model”.
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Compared to the case of electrons, bremsstrahlung from muons is a rarer process because of the larger muon mass.
It is precisely this di↵erence between muons, which slowly lose energy by ionization and collision processes, and
electrons, which lose energy by bremsstrahlung, that is used as the primary way to distinguish electron and muon
(anti)neutrino interactions from each other in neutrino oscillation experiments. Therefore, events with muons and
energetic collinear photons can be misidentified as electron events. For this confusion to happen, the photon must
carry a significant fraction of the primary muon energy because low-energy collinear photons are consistent with
collisional processes where muons create �-rays in the detector. To accurately predict this confusion, a detailed
detector simulation is required. However, we may estimate the e↵ect in a simplistic model in which a collinear muon
and photon will only be confused with an electron if the range of the muon in the detector is less than the range of an
electron with energy equal to the sum of the photon energy and muon kinetic energy. Because the electron shower
range at high energies grows only logarithmically with electron energy, but muon range grows nearly linearly, the
fraction of the energy that must be carried by the collinear photon will grow with muon energy. By comparing the
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energy in the target medium, i.e., the energy above which electron energy loss is dominated by bremsstrahlung [166].
Ec is approximately 90 MeV in polystyrene scintillator, 75 MeV in water, and 32 MeV in liquid argon.

A quantity of interest is the cross section for muon neutrino and antineutrino events with collinear photon
energies large enough so that the final-state muon could be mistaken for an electron and therefore lead to flavor
misidentification. This is a potential concern, especially since electron (anti)neutrino events are much less common
than muon (anti)neutrino events in the relevant (anti)neutrino beams. The ratio of this cross section to the tree-
level charged-current elastic cross section is shown as the solid curve in Fig. 13, using our default hadronic model
(“default model” in the figure). As the figure illustrates, the probability for such misidentification is small, of order
one part in 104, and this is a subleading e↵ect in the current generation of experiments. This e↵ect is potentially
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tree-level result with collinear photon energy above the threshold for final muon to be misidentified as electron, as
described in the text. Reference scenarios with E� > Eµ � mµ and E� > 200 MeV are shown for comparison. Plots
are for (anti)neutrino beam energies E⌫ = 600 MeV (upper plots) and E⌫ = 2 GeV (lower plots). The calculation
based on our default electroweak vertex is labeled as “default model”. The calculation when the electroweak vertex
is taken as in diagrams with local interactions is labeled as “local model”.

6.3 Electron-like muon-jet events

Compared to the case of electrons, bremsstrahlung from muons is a rarer process because of the larger muon mass.
It is precisely this di↵erence between muons, which slowly lose energy by ionization and collision processes, and
electrons, which lose energy by bremsstrahlung, that is used as the primary way to distinguish electron and muon
(anti)neutrino interactions from each other in neutrino oscillation experiments. Therefore, events with muons and
energetic collinear photons can be misidentified as electron events. For this confusion to happen, the photon must
carry a significant fraction of the primary muon energy because low-energy collinear photons are consistent with
collisional processes where muons create �-rays in the detector. To accurately predict this confusion, a detailed
detector simulation is required. However, we may estimate the e↵ect in a simplistic model in which a collinear muon
and photon will only be confused with an electron if the range of the muon in the detector is less than the range of an
electron with energy equal to the sum of the photon energy and muon kinetic energy. Because the electron shower
range at high energies grows only logarithmically with electron energy, but muon range grows nearly linearly, the
fraction of the energy that must be carried by the collinear photon will grow with muon energy. By comparing the
average length of electron showers [7, 164] to muon range [165], we have developed an empirical parameterization
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in this work – scintillator, water, and argon – and is valid for Ec ⌧ Ẽ . 5 GeV, where Ec is the electron critical
energy in the target medium, i.e., the energy above which electron energy loss is dominated by bremsstrahlung [166].
Ec is approximately 90 MeV in polystyrene scintillator, 75 MeV in water, and 32 MeV in liquid argon.

A quantity of interest is the cross section for muon neutrino and antineutrino events with collinear photon
energies large enough so that the final-state muon could be mistaken for an electron and therefore lead to flavor
misidentification. This is a potential concern, especially since electron (anti)neutrino events are much less common
than muon (anti)neutrino events in the relevant (anti)neutrino beams. The ratio of this cross section to the tree-
level charged-current elastic cross section is shown as the solid curve in Fig. 13, using our default hadronic model
(“default model” in the figure). As the figure illustrates, the probability for such misidentification is small, of order
one part in 104, and this is a subleading e↵ect in the current generation of experiments. This e↵ect is potentially
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Figure 22: (Inclusive) Same as Fig. 20 but for inclusive observables as specified in the caption to Fig. 21.

7 Summary and outlook

In this paper, we have developed the framework for radiative corrections in charged-current (anti)neutrino-nucleon
elastic scattering at GeV (anti)neutrino energies. Exploiting e↵ective field theories, we have shown that scattering
cross sections factorize into soft, collinear, and hard functions. The soft and collinear functions contain flavor-
dependent large logarithm enhancements and depend on detailed experimental conditions, but can be computed
perturbatively. The hard function is subject to hadronic uncertainty, but is independent of the charged lepton mass
and cancels in ratios of cross sections for di↵erent lepton flavors involving the same hadronic kinematics.

We have provided analytic expressions for the soft function and its small lepton-mass limit. We have performed
the first calculations of the collinear function separately for virtual corrections and for the radiation of one collinear
photon, and have provided small-angle and small lepton-mass limits. We have illustrated the factorization theorem
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Figure 23: Estimated cross-section ratio to the tree-level result for the CC0⇡ process in T2K, NOvA, DUNE, and
MINERvA (LE and ME flux configurations) experiments after averaging over the corresponding neutrino flux, as
a function of Q
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• Current data on (anti)neutrino interactions do not have 
the precision to validate or challenge our precise 
calculations of  because of the sparse data on 
electron-neutrino and antineutrino scattering

σ(e)/σ(μ)

Comparison to data

• Corrections to muon flavor cross sections are of order 
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Figure 27: The e↵ect of radiative corrections to the tree-level prediction for the same slice of the MINERvA ME
⌫µ [189] (left) and ⌫̄µ [199, 200] (right) CCQE-like data is shown for the cross section per nucleon of the CH target.

in an exactly-calculable model corresponding to a non-relativistic nucleon and ultrarelativistic lepton.
We have expressed the hard function for arbitrary kinematics in terms of a model-independent amplitude

decomposition for charged-current (anti)neutrino-nucleon elastic scattering. We have determined the invariant
amplitudes in a gauge-invariant hadronic model that reproduces soft and collinear regions of the one-loop charged-
current elastic process. We have performed detailed error analysis including hadronic and perturbative uncertainties
within this model. The tree-level hard function is the main source of uncertainty in absolute cross sections. However,
this uncertainty largely cancels in important cross-section ratios, in particular the ratio of electron to muon cross
sections. Remaining uncertainties are at permille level.

Our results confirm a naive estimate of radiative corrections by powers of leading logarithms. Exclusive cross
sections at GeV neutrino energies with electron flavor can change by ⇠10-20 % when only soft photons are included
in the observable and up to ⇠5 % when both soft and collinear radiation are included. The corresponding changes in
muon (anti)neutrino cross sections are typically smaller and can reach up to ⇠5 %. Inclusive cross sections at fixed
hadronic momentum transfer are subject to smaller radiative corrections, due to the cancellation between virtual
and real contributions after the inclusion of hard photons. However, inclusive results vary by ⇠10-20 % (5-10 %)
for electron (muon) flavor depending on the way that kinematics is reconstructed from leptons and photons.

An important result from our studies for precision accelerator neutrino oscillation program is that the total
cross section as a function of (anti)neutrino energy, inclusive of real photon emission, is very similar for electron
and muon (anti)neutrino events, as Figs. 16, 17, and 21 illustrate. However this simple result is achieved only
after summing inclusively over distinct kinematical configurations. Electron-flavor and muon-flavor cross sections
receive significant, and di↵erent, corrections as a function of kinematics that must be carefully accounted for when
experimental cuts and e�ciency corrections are applied in a practical experiment. It is also important to carefully
match the theoretical calculation of radiative corrections to experimental conditions since radiative corrections
depend strongly on the treatment of real photon radiation.

The double ratio of the neutrino over antineutrino cross sections to the tree-level result is very close to unity for
exclusive observables, and for inclusive observables corresponding to the same value of hadronic momentum transfer.
This situation can be traced to the fact that the collinear function is the same in neutrino and antineutrino scattering,
and that enhanced perturbative contributions to the soft function are similarly the same. However, di↵erences in
the kinematic reconstruction of electron-flavor and muon-flavor events in practical detectors lead to significant
deviations of this double ratio from the unity.

Our studies have shown that the probability for a muon (anti)neutrino event to be misidentified as an electron
(anti)neutrino event due to the presence of energetic collinear photons is of order 10�4 or below. Radiative
cross sections with non-collinear hard photons have typically percent level and should be accounted for in precise
measurements with accelerator (anti)neutrino beams.

Our work can be directly applied to analyze (anti)neutrino-nucleon scattering processes, accounting for QED
radiative corrections for the first time. An important application is the extraction of the nucleon axial form factor
and corresponding axial radius from neutrino scattering data at GeV energies.

A primary motivation for our work is the analysis of neutrino oscillation signals using nuclear targets. Although
the study was performed with neutrino-nucleon scattering, important cross-section ratios are insensitive to the
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Figure 27: The e↵ect of radiative corrections to the tree-level prediction for the same slice of the MINERvA ME
⌫µ [189] (left) and ⌫̄µ [199, 200] (right) CCQE-like data is shown for the cross section per nucleon of the CH target.

in an exactly-calculable model corresponding to a non-relativistic nucleon and ultrarelativistic lepton.
We have expressed the hard function for arbitrary kinematics in terms of a model-independent amplitude

decomposition for charged-current (anti)neutrino-nucleon elastic scattering. We have determined the invariant
amplitudes in a gauge-invariant hadronic model that reproduces soft and collinear regions of the one-loop charged-
current elastic process. We have performed detailed error analysis including hadronic and perturbative uncertainties
within this model. The tree-level hard function is the main source of uncertainty in absolute cross sections. However,
this uncertainty largely cancels in important cross-section ratios, in particular the ratio of electron to muon cross
sections. Remaining uncertainties are at permille level.

Our results confirm a naive estimate of radiative corrections by powers of leading logarithms. Exclusive cross
sections at GeV neutrino energies with electron flavor can change by ⇠10-20 % when only soft photons are included
in the observable and up to ⇠5 % when both soft and collinear radiation are included. The corresponding changes in
muon (anti)neutrino cross sections are typically smaller and can reach up to ⇠5 %. Inclusive cross sections at fixed
hadronic momentum transfer are subject to smaller radiative corrections, due to the cancellation between virtual
and real contributions after the inclusion of hard photons. However, inclusive results vary by ⇠10-20 % (5-10 %)
for electron (muon) flavor depending on the way that kinematics is reconstructed from leptons and photons.

An important result from our studies for precision accelerator neutrino oscillation program is that the total
cross section as a function of (anti)neutrino energy, inclusive of real photon emission, is very similar for electron
and muon (anti)neutrino events, as Figs. 16, 17, and 21 illustrate. However this simple result is achieved only
after summing inclusively over distinct kinematical configurations. Electron-flavor and muon-flavor cross sections
receive significant, and di↵erent, corrections as a function of kinematics that must be carefully accounted for when
experimental cuts and e�ciency corrections are applied in a practical experiment. It is also important to carefully
match the theoretical calculation of radiative corrections to experimental conditions since radiative corrections
depend strongly on the treatment of real photon radiation.

The double ratio of the neutrino over antineutrino cross sections to the tree-level result is very close to unity for
exclusive observables, and for inclusive observables corresponding to the same value of hadronic momentum transfer.
This situation can be traced to the fact that the collinear function is the same in neutrino and antineutrino scattering,
and that enhanced perturbative contributions to the soft function are similarly the same. However, di↵erences in
the kinematic reconstruction of electron-flavor and muon-flavor events in practical detectors lead to significant
deviations of this double ratio from the unity.

Our studies have shown that the probability for a muon (anti)neutrino event to be misidentified as an electron
(anti)neutrino event due to the presence of energetic collinear photons is of order 10�4 or below. Radiative
cross sections with non-collinear hard photons have typically percent level and should be accounted for in precise
measurements with accelerator (anti)neutrino beams.

Our work can be directly applied to analyze (anti)neutrino-nucleon scattering processes, accounting for QED
radiative corrections for the first time. An important application is the extraction of the nucleon axial form factor
and corresponding axial radius from neutrino scattering data at GeV energies.

A primary motivation for our work is the analysis of neutrino oscillation signals using nuclear targets. Although
the study was performed with neutrino-nucleon scattering, important cross-section ratios are insensitive to the
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• Current data on (anti)neutrino interactions do not have 
the precision to validate or challenge our precise 
calculations of  because of the sparse data on 
electron-neutrino and antineutrino scattering

σ(e)/σ(μ)

• Corrections to muon flavor cross sections are of order 
current experimental precision

MINERvA ME νμ MINERvA ME ν̄μ
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• perturbative uncertainty is controlled 

• corrections are large and depend on flavor 
and on experimental parameters 

• hadronic uncertainty cancels in flavor ratio

• nuclear corrections are small in flavor ratio of 
total cross sections

• photon backgrounds can be systematically 
studied, e.g. muon mis-id from collinear photon

• framework in place for comparison and 
application to data
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• QED radiative corrections are an important 
theoretical input to oscillation experiments  

- electron flavor cross section not 
determined by high-statistics muon flavor 
data.  Happily this ratio is relatively 
insensitive to hadronic and nuclear 
uncertainties

• radiative corrections involve cancellations 
that are impacted by analysis choices and 
detector corrections. 

- cancellation in flavor ratio between 
functions of  (electron) and  (muon) Δθ mμ

• precision cross sections should provide 
explicit definitions of electron and muon 
observables
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