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QCD at Colliders: Jet Substructure

• Internal structure of jets reveals details of the microscopic collisions.
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Figure 2: The observed and fitted mSD distributions for the passing (left) and failing (right) re-
gions, combining all pT categories, and three data taking years. The fit is performed under the
signal-plus-background hypothesis with a single inclusive H(cc) signal strength parameter.
The QCD yields and shapes and the tt yields are estimated from data. The dashed line repre-
sents the H ! cc expectation, amplified by a factor of 200. The step-like features at 166 and
180 GeV occur due to excluded mSD bins, outside of the � acceptance region. The lower panel
shows the residual difference between the model and data, scaled by the statistical uncertainty
in the data, effectively showing an approximate significance.
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From the QCD Lagrangian to Jet Substructure

LQCD = �1
4G

a
µ⌫G

µ⌫a +
P
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q̄f (i /D � mf )qf
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The QCD Lagrangian and its Emergent Behavior
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The QCD Lagrangian

• Microscopic degrees of freedom of Quantum Chromodynamics (QCD)
are quarks and gluons:

LQCD = �1
4G

a
µ⌫G

µ⌫a +
P
f

q̄f (i /D � mf )qf + ✓
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QCD as a Classical Field Theory

• Setting the quark masses to zero, mf ! 0, classical QCD is a scale
invariant theory.

LQCD = �1
4G

a
µ⌫G

µ⌫a +
P
f

q̄f (i /D � mf )qf + ✓

16⇡2 ✏
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a
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a
µ⌫

• It exhibits a spectrum of (non-linear) waves of arbitrary wave length.

• No length gap (in classical theory don’t have h, but through E = h!

would correspond to a mass gap.)
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QCD as a Quantum Field Theory

• At the quantum level, QCD exhibits a gapped spectra of hadronic
(SU(3) neutral) states.

LQCD = �1
4G
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FIG. 22 Prediction of the light hadron spectrum in full
Nf = 2 + 1 QCD according to (Durr et al., 2008). Open
circles are input quantities while filled circles are predictions.
Experimental masses of hadrons that are stable in QCD are
given with a vertical bar while for resonant states the box
indicates the decay width. Experimental numbers are from
(Amsler et al., 2008).

the fit quality. The ground state light hadron spectrum
was reproduced at the percent level (cf. fig. 22).

The QCDSF-UKQCD collaboration has recently pro-
posed a di�erent approach to the physical point start-
ing from an SU(3) symmetric theory and systematically
expanding in the SU(3) breaking parameter while keep-
ing 2M

2
K + M

2
� constant (Bietenholz et al., 2010a,b,

2011). Preliminary results at a single lattice spacing a �
0.076 fm and a spatial lattice extent of L � 1.2 � 2.5 fm
are displayed in fig. 23. They show a linear depen-
dence of the octet and decuplet masses considered and a
good agreement with the experimentally observed hadron
spectrum. An Nf = 2 + 1 nonperturbatively improved
single step stout smeared clover action on a tree level
Symanzik improved gauge action was used for this study.
Finite size corrections are not yet applied.

There is also an ongoing e�ort to compute ground
state baryons with twisted mass fermions including a
dynamical strange quark. As the twisted mass formal-
ism necessitates an even number of fermion flavors (cf.
sect. II.D.3), these calculations also include a charm
quark (Nf = 2 + 1 + 1). First preliminary results of
this e�ort are reported in (Drach et al., 2010).

The RBC-UKQCD collaboration has recently per-
formed a pioneering calculation of the � and �

� masses
using Nf = 2 + 1 flavor domain wall ensembles on an
Iwasaki gauge action (Christ et al., 2010). Three pion
masses in the range 400 � 700 MeV with a single lat-
tice spacing a � 0.11 fm on latices with a spatial extent
of L � 1.8 fm were used. A two operator basis with
gauge fixed wall sources was used to extract the corre-
lation functions. A mixing angle of � = �9.2(4.7)� and
masses M� = 583(15) MeV and M�� = 853(123) MeV
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FIG. 23 Chiral behavior of the ratio of individ-
ual octet masses over the average octet mass XN =
1
3 (MN + M� + M�) vs. the ratio of the square of the pion
mass over the square average of pseudoscalar meson masses
X2

� = 1
3

�
2M2

K + M2
�

�
as obtained by the QCDSF-UKQCD

collaboration. The plot is reproduced from (Bietenholz et al.,
2010a) with friendly permission of the QCDSF-UKQCD col-
laboration.

were found.
The Hadron Spectrum Collaboration is using

anisotropic lattices in order to obtain a fine time reso-
lution of the propagators. These ensembles are mainly
used to extract the highly excited baryon spectrum.
The lattice spacing in time direction is tuned to be
smaller by a factor of � � 3.5 than the lattice spacing
in the spatial directions (Edwards et al., 2008). In
their excited state spectroscopy studies (Bulava et al.,
2010; Dudek et al., 2011; Lin et al., 2009) they employ
Nf = 2 + 1 anisotropic clover fermions on a tree level
tadpole improved Symanzik gauge action. A single
spatial lattice spacing as � 0.12 fm and three pion
masses in the range 390 � 530 MeV are used. The
scale is set with M�. A variational method based on a
large number (6-10) of specifically tailored interpolating
operators are used to extract the tower of excited states
in the di�erent channels. Results are reported at three
di�erent pion masses and show a nice overall qualitative
agreement with the experimentally observed excited
hadron spectrum (see fig. 24). The authors emphasize
the need for multi hadron interpolating operators in or-
der to reliably identify scattering states. More recently,
also the spins of nucleon and � excitations up to spin
7/2 have been identified by (Edwards et al., 2011).

Ground and excited state meson spectra are also be-
ing studied with overlap valence on dynamical domain
wall fermions. Some preliminary results can be found in
(Mathur et al., 2010)
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Emergent Behavior of QCD
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• Microscopic degrees of freedom of Quantum Chromodynamics (QCD)
are quarks and gluons:

LQCD = �1
4G

a
µ⌫G

µ⌫a +
P
f

q̄f (i /D � mf )qf

• QCD exhibits a variety of complicated emergent behavior:

Quantum Field Theory

The standard model is a quantum field theory.

              Special Relativity (Lorentz Invariance),
               Quantum Mechanics, Unitarity

eg.  Strong Force  =  QCD
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Doubly Emergent Behavior

4. Obtain a description of Nuclei from QCD in a 
     systematically improvable fashion.

Introduction More Introduction Fixed Order Resummation Monte Carlo Summary

Particle Physics: Physics at Shortest Distances
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8.  What are the dynamics of matter in a neutron star?

equation of state impacts:
   neutron star cooling rates, mass vs. radius,
   thickness of crust, tidal deformability     ,…

3
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FIG. 2: The dimensionless tidal deformabilites � for stars
of mass M = 1.4M� as functions of the corresponding ra-
dius. The color coding is the same as in Fig. 1, while the
orange line � = 0.84 � 10�6(R/km)8 has been included just
to guide the eye. The inset shows the correlation between �1

and �(1.4M�).

a point-like mass, it is natural to expect that for stars
with larger radii, the deformability should also be larger.
In Fig. 2, we indeed see a tight correlation between the
radii R and tidal deformabilities ⇤ for our ensemble of
EoSs, each determined for stars of mass M = 1.4M�.
To a rather good accuracy, all tidal deformabilities are
furthermore observed to follow the empirical function
⇤(R) = 0.84⇥10�6(R/km)8, shown as the orange dashed
line in this figure. Upon closer inspection, we also notice
that the width of the cloud of allowed {⇤, R} values is
mostly determined by the low-density EoSs, i.e., nuclear
physics. Most EoSs with a hard (soft) hadronic com-
ponent fall on an almost degenerate line in the figure,
corresponding to the upper (lower) edge of the cloud of
allowed {⇤, R} values. Note that this implies that the
function ⇤(R) is nearly independent of the polytropic in-
terpolation.

Due to the observed correlation between R and ⇤, the
LIGO/Virgo measurement of tidal deformabilities leads
to a strong constraint on the possible radii of NSs. In
particular, the 90% limit of ⇤(1.4M�) < 800 [10] directly
translates into an upper limit for the radius of a 1.4M�
star: R(1.4M�) < 13.4 km. Should this bound be tight-
ened to ⇤(1.4M�) < 400 in the future (as roughly sug-
gested by the 50% contours of Fig. 5 of [10]), the radius
constraint would further tighten to R(1.4M�) < 12.3 km.
At the same time however, an accurate combined mea-
surement of the tidal deformability and radius of a given
star would at best constrain physics at low densities.

While the LIGO/Virgo limit on tidal deformabilities
favors soft EoSs, the 2M� constraint requires the EoS
to be sti�, thus setting a very restrictive bound for the
quantity. This can be seen in the mass-radius plot of

FIG. 3: Our ensemble of EoSs shown in the form of � vs. p.
The color coding follows that of the previous figures.

Fig. 1, where the cyan cloud corresponds to EoSs that
do not fulfill the 2M� condition. For those EoSs that do
support a 2M� star, the tidal deformabilities are found to
take values in the range ⇤(1.4M�) � [224, 1340], imply-
ing that values smaller than 224 can be firmly ruled out.
A further investigation shows that the minimal allowed
values of ⇤ depend strongly on the low-density EoS: those
interpolated EoSs that are built with a soft hadronic com-
ponent correspond to ⇤ � [224, 1140], while those with a
hard low-density part to ⇤ � [300, 1340]. Similarly, the
2M� constraint is seen to lead to a stringent limit for the
radius of a 1.4M� star, R(1.4M�) > 11.1 km, agreeing
with the findings of [6].

B. Constraints on the Equation of State

In addition to the macroscopic observables discussed
above, we may also study the e�ects of the astrophysi-
cal constraints on the EoS itself. This is done in Fig. 3,
where we display our family of EoSs in the energy den-
sity vs. pressure plane. Here, we observe a clear pattern
of the tidal-deformability constraint excluding EoSs that
are very sti� at low densities. This is of course only natu-
ral, considering that these EoSs are exactly the ones that
produce stars with large radii and thereby also large tidal
deformabilities.

The EoS bounds obtained can be quantified by inspect-
ing the e�ects of the astrophysical observations on the
EoS parameters, summarized in Tables I and II below.
Restricting ourselves to EoSs with µ1 > 1.125 GeV (cor-
responding to densities larger than 1.5 � 5.3ns), so that
the first polytropic interval is large enough for �1 to carry
a physical meaning, we indeed find that the initial range
of 2.1 < �1 < 9.4 is significantly reduced. Imposing the
2M� condition first leads to the lower limit increasing to
�1 > 2.8. Due to the tight correlation between �1 and

⇤

QCD Chiral 
  Potentials
  at 

pQCD

T.Annala et al, 1711.02644 N3LO

• All of nuclear physics emerges from this simple Lagrangian.

• An extremely rich theory that continues to be at the forefront of
research.
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QCD Feynman Rules

• Despite this wealth of complex behaviors, we can just look at the
perturbative Feynman rules and see where we can get:

LQCD = �1
4G

a
µ⌫G

µ⌫a +
P
f

q̄f (i /D � mf )qf + ✓

16⇡2 ✏
µ⌫↵�
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↵�
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a
µ⌫
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QCD Feynman Rules

• Despite this wealth of complex behaviors, we can just look at the
perturbative Feynman rules and see where we can get:

LQCD = �1
4G
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Example Gluon Emission
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The QCD Beta Function
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The QCD Beta Function

Therefore, QCD is asymptotically free: the coupling constant decreases with the scale

Higher-order computations (up to four loops) do not change this behavior: QCD becomes a free theory in the 
asymptotic limit

Running of the QCD coupling has been verified in a wide variety of experiments, from low to high energy

Particle Data Group 2013

Juan Rojo                                                                                                           University of Oxford, 05/05/2014

The result that the QCD coupling 
becomes large at low scales hints 
towards confinement, which is 
however a purely perturbative 
phenomenon

• For determining the structure of collider physics, the single most
important feature of QCD is the beta function.
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SB/F/402–11 UCLA/11/TEP/111 SLAC–PUB–14837 IPPP/11/82 CERN–PH–TH/2011/304

Four-Jet Production at the Large Hadron Collider at Next-to-Leading Order in QCD

Z. Berna, G. Dianab, L. J. Dixonc, F. Febres Corderod, S. Höchec,
D. A. Kosowerb, H. Itaa,e, D. Mâıtref,g and K. Ozerena

aDepartment of Physics and Astronomy, UCLA, Los Angeles, CA 90095-1547, USA
bInstitut de Physique Théorique, CEA–Saclay, F–91191 Gif-sur-Yvette cedex, France

cSLAC National Accelerator Laboratory, Stanford University, Stanford, CA 94309, USA
dDepartamento de F́ısica, Universidad Simón Boĺıvar, Caracas 1080A, Venezuela

eNiels Bohr International Academy and Discovery Center, NBI, DK-2100 Copenhagen, DK
fDepartment of Physics, University of Durham, Durham DH1 3LE, UK

gPH Department, TH Unit, CERN, CH-1211 Geneva 23, Switzerland

We present the cross sections for production of up to four jets at the Large Hadron Collider,
at next-to-leading order in the QCD coupling. We use the BlackHat library in conjunction with
SHERPA and a recently developed algorithm for assembling primitive amplitudes into color-dressed
amplitudes. We adopt the cuts used by ATLAS in their study of multi-jet events in pp collisions
at

�
s = 7 TeV. We include estimates of nonperturbative corrections and compare to ATLAS data.

We store intermediate results in a framework that allows the inexpensive computation of additional
results for di�erent choices of scale or parton distributions.

PACS numbers: 12.38.-t, 12.38.Bx, 13.87.-a, 14.70.Hp

Pure-jet events are abundant at the Large Hadron Col-
lider (LHC), providing a window onto new strongly inter-
acting physics [1]. The wealth of data being accumulated
by the LHC experiments motivates comparisons with pre-
cise theoretical predictions from first principles, based on
a perturbative expansion in quantum chromodynamics
(QCD) within the QCD-improved parton model. The
leading order (LO) contribution in the QCD coupling,
↵s, does not su�ce for quantitatively precise predictions,
which require at least next-to-leading-order (NLO) accu-
racy in the QCD coupling.

The ATLAS [2] and CMS [3] collaborations have re-
cently measured multijet cross sections in pp collisions at
7 TeV. In this Letter, we provide NLO QCD predictions
for the production of up to four jets, and compare them to
ATLAS data. Our study agrees with the earlier two- and
three-jet studies performed by ATLAS collaboration [2]
using NLOJET++ [4]; the four-jet computation is new.

NLO QCD predictions of jet production at hadron col-
liders have a 20-year history, going back to the original
computations of single-jet inclusive and two-jet produc-
tion [5, 6]. These were followed by results for three-jet
production [4, 7]. A longstanding bottleneck to obtain-
ing NLO predictions for a larger number of jets at hadron
colliders, the evaluation of the one-loop (virtual) correc-
tions, has been broken by on-shell methods [8–10], whose
e�ciency scales well as the number of external legs in-
creases. Recent years have witnessed calculations with
up to five final-state objects [11], among many other new
processes [12–14].

g

g g

g

g

g

Q̄�
Q�

qq

Q̄ Q̄

FIG. 1: Sample diagrams for the six-parton one-loop ampli-
tudes for gg � gggg and qQ̄ � qQ�Q̄�Q̄.

We illustrate the virtual contributions to four-jet pro-
duction in fig. 1. To evaluate them we have made a num-
ber of significant improvements to the BlackHat pack-
age [15]. In particular, assembly of the color-summed
cross sections for subprocesses from primitive ampli-
tudes [16] has been automated [17], and the recomputa-
tion needed upon detection of numerical instabilities has
been reduced [18]. The pure-glue contributions dominate
the total cross section, yet would be the most complex
to compute in a traditional Feynman–diagram approach
because of their high tensor rank. We include all subpro-
cesses and the full color dependence in QCD in all terms.
We treat the five light-flavor quarks as massless and drop
the small (percent-level) e�ects of top quark loops.

We use AMEGIC++ [19], part of SHERPA [20],
to evaluate the remaining NLO ingredients: the
real-emission amplitudes and the dipole-subtraction
terms used to cancel their infrared divergences [21].
AMEGIC++ was cross-checked with the COMIX pack-
age [22]. The phase-space integrator exploits QCD an-
tenna structures [23, 24].
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The QED Beta Function

where the permittivity � = �0(1 + �e) with �e the electrical susceptibility. For all

materials, �e > 0. This ensures that the e�ect of the polarisation is always to reduce

the electric field, never to enhance it. You can read more about this in Section 7 of the

lecture notes on Electromagnetism.

(As an aside: In a metal, with mobile electrons, there is a much stronger screening

e�ect which turns the Coulomb force into an exponentially suppressed Debye-Hückel, or

Yukawa, force. This was described in the final section of the notes on Electromagnetism,

but is not the relevant e�ect here.)

What does this have to do with quantum field theory? In quantum field theory, the

vacuum is not a passive boring object. It contains quantum fields which can respond

to any external perturbation. In this way, quantum field theories are very much like

condensed matter systems. A good example comes from QED. There the one-loop

beta function is positive and, at distances smaller than the Compton wavelength of the

electron, the gauge coupling runs as
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Figure 11:
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This tells us that the charge of the electron gets e�ectively

smaller as we look at larger distance scales. This can be

understood in very much the same spirit as condensed

matter systems. In the presence of an external charge,

electron-positron pairs will polarize the vacuum, as shown

in the figure, with the positive charges clustering closer

to the external charge. This cloud of electron-positron pairs shields the original charge,

so that it appears reduced to someone sitting far away.

The screening story above makes sense for QED. But what about QCD? The negative

beta function tells us that the e�ective charge is now getting larger at long distances,

rather than smaller. In other words, the Yang-Mills vacuum does not screen charge: it

anti-screens. From a condensed matter perspective, this is unusual. As we mentioned

above, materials always have �e > 0 ensuring that the electric field is screened, rather

than anti-screened.

However, there’s another way to view the underlying physics. We can instead think

about magnetic screening. Recall that in a material, an applied magnetic field in-

duces dipole moments and these, in turn, give rise to a magnetisation. The resulting

– 66 –

µ
d

dµ
↵e = �QED(↵e) � 0

• Recall that in QED, fluctuating qq̄ pairs screen electric charge.

• Electromagnetic charge becomes weaker at long distances.
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The QCD Beta Function

• Interacting gluons anti-screen:

gluons have spin, carry color charge
behave like a paramagnet
anti-screen the charge

< 0

Vacuum polarization is very important

�(↵s) = µ
d

dµ
↵s(µ) = �↵s(µ)2

2�

�
11 � 2

3
nf

�

In QCD            gets weaker at high energy↵s(µ)

Becomes strong at low energy quarks and gluons
are confined

to hadrons like proton

µ
d

dµ
↵s = �(↵s)

�(↵s) = �2↵s

�
↵s
4⇡

� �
11
3 CA � 4

3TF nf

�
 0

• This is unique to non-abelian gauge theories.
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Dimensional Transmutation

• Solving this equation leads to the form of the running coupling:

↵s(µ) = ↵s(Q)
1+↵s(Q)b0 log(µ/Q)

• This necessitates the introduction of a scale. Take it to be the scale,
⇤, at which the coupling becomes strong.

↵s(µ) = 1
b0 log(µ/⇤)

• This is referred to as Dimensional Transmutation: a mass scale has
appeared in quantizing the scale invariant theory.
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The QCD Beta Function

Therefore, QCD is asymptotically free: the coupling constant decreases with the scale

Higher-order computations (up to four loops) do not change this behavior: QCD becomes a free theory in the 
asymptotic limit

Running of the QCD coupling has been verified in a wide variety of experiments, from low to high energy

Particle Data Group 2013

Juan Rojo                                                                                                           University of Oxford, 05/05/2014

The result that the QCD coupling 
becomes large at low scales hints 
towards confinement, which is 
however a purely perturbative 
phenomenon

• Asymptotic freedom allows us to compute perturbatively in terms of
quark/gluon degrees of freedom at high energies.
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Four-Jet Production at the Large Hadron Collider at Next-to-Leading Order in QCD

Z. Berna, G. Dianab, L. J. Dixonc, F. Febres Corderod, S. Höchec,
D. A. Kosowerb, H. Itaa,e, D. Mâıtref,g and K. Ozerena

aDepartment of Physics and Astronomy, UCLA, Los Angeles, CA 90095-1547, USA
bInstitut de Physique Théorique, CEA–Saclay, F–91191 Gif-sur-Yvette cedex, France

cSLAC National Accelerator Laboratory, Stanford University, Stanford, CA 94309, USA
dDepartamento de F́ısica, Universidad Simón Boĺıvar, Caracas 1080A, Venezuela

eNiels Bohr International Academy and Discovery Center, NBI, DK-2100 Copenhagen, DK
fDepartment of Physics, University of Durham, Durham DH1 3LE, UK

gPH Department, TH Unit, CERN, CH-1211 Geneva 23, Switzerland

We present the cross sections for production of up to four jets at the Large Hadron Collider,
at next-to-leading order in the QCD coupling. We use the BlackHat library in conjunction with
SHERPA and a recently developed algorithm for assembling primitive amplitudes into color-dressed
amplitudes. We adopt the cuts used by ATLAS in their study of multi-jet events in pp collisions
at

�
s = 7 TeV. We include estimates of nonperturbative corrections and compare to ATLAS data.

We store intermediate results in a framework that allows the inexpensive computation of additional
results for di�erent choices of scale or parton distributions.

PACS numbers: 12.38.-t, 12.38.Bx, 13.87.-a, 14.70.Hp

Pure-jet events are abundant at the Large Hadron Col-
lider (LHC), providing a window onto new strongly inter-
acting physics [1]. The wealth of data being accumulated
by the LHC experiments motivates comparisons with pre-
cise theoretical predictions from first principles, based on
a perturbative expansion in quantum chromodynamics
(QCD) within the QCD-improved parton model. The
leading order (LO) contribution in the QCD coupling,
↵s, does not su�ce for quantitatively precise predictions,
which require at least next-to-leading-order (NLO) accu-
racy in the QCD coupling.

The ATLAS [2] and CMS [3] collaborations have re-
cently measured multijet cross sections in pp collisions at
7 TeV. In this Letter, we provide NLO QCD predictions
for the production of up to four jets, and compare them to
ATLAS data. Our study agrees with the earlier two- and
three-jet studies performed by ATLAS collaboration [2]
using NLOJET++ [4]; the four-jet computation is new.

NLO QCD predictions of jet production at hadron col-
liders have a 20-year history, going back to the original
computations of single-jet inclusive and two-jet produc-
tion [5, 6]. These were followed by results for three-jet
production [4, 7]. A longstanding bottleneck to obtain-
ing NLO predictions for a larger number of jets at hadron
colliders, the evaluation of the one-loop (virtual) correc-
tions, has been broken by on-shell methods [8–10], whose
e�ciency scales well as the number of external legs in-
creases. Recent years have witnessed calculations with
up to five final-state objects [11], among many other new
processes [12–14].

g

g g

g

g

g

Q̄�
Q�

qq

Q̄ Q̄

FIG. 1: Sample diagrams for the six-parton one-loop ampli-
tudes for gg � gggg and qQ̄ � qQ�Q̄�Q̄.

We illustrate the virtual contributions to four-jet pro-
duction in fig. 1. To evaluate them we have made a num-
ber of significant improvements to the BlackHat pack-
age [15]. In particular, assembly of the color-summed
cross sections for subprocesses from primitive ampli-
tudes [16] has been automated [17], and the recomputa-
tion needed upon detection of numerical instabilities has
been reduced [18]. The pure-glue contributions dominate
the total cross section, yet would be the most complex
to compute in a traditional Feynman–diagram approach
because of their high tensor rank. We include all subpro-
cesses and the full color dependence in QCD in all terms.
We treat the five light-flavor quarks as massless and drop
the small (percent-level) e�ects of top quark loops.

We use AMEGIC++ [19], part of SHERPA [20],
to evaluate the remaining NLO ingredients: the
real-emission amplitudes and the dipole-subtraction
terms used to cancel their infrared divergences [21].
AMEGIC++ was cross-checked with the COMIX pack-
age [22]. The phase-space integrator exploits QCD an-
tenna structures [23, 24].

Hadron Collider Physics Summer School August 16, 2022 18 / 39



• However, experimentalists detect, and collide hadrons, not
quarks/gluons.
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Factorization and the Anatomy of a Collider Event

p

p

b

W
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Jets at Colliders

• Jets play a central role in colliders as proxies for quarks and gluons
=) long distance manifestation of the microscopic interaction.
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Jets at the Large Hadron Collider

• This continues at the LHC.

pT = 3.2 TeV 9 Jet Event

• How can we make this connection precise: Factorization!
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Factorization

p

p

b

W

Q � TeV

⇤QCD � 100 MeV

pTJ � 500 GeV

mJ � 100 GeV

m
2
J/pTJ � 20 GeV

mb � 4 GeV

E
n
ergy

S
cale

• A collision involves interactions at many hierarchical energy scales.
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Factorization

p

p

b

W

Q � TeV

⇤QCD � 100 MeV

pTJ � 500 GeV

mJ � 100 GeV

m
2
J/pTJ � 20 GeV

mb � 4 GeV

E
n
ergy

S
cale

• Tractable due to factorization:
d�

dM1 · · · =
X

{}

trHJi ⌦ · · · ⌦ Jj ⌦ fp/ifp/j ⌦ fk!H ⌦ · · · ⌦ fl!H

• d�

dM1··· written as a convolution of single scale objects.
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Factorization

p

p

b

W

Q � TeV

⇤QCD � 100 MeV

pTJ � 500 GeV

mJ � 100 GeV

m
2
J/pTJ � 20 GeV

mb � 4 GeV

E
n
ergy

S
cale

d�

dM1 · · · =
X

{}

trHJi ⌦ · · · ⌦ Jj ⌦ fp/ifp/j ⌦ fk!H ⌦ · · · ⌦ fl!H

• H: Describes underlying hard process. e.g. qq̄
0 ! W+ jet.

q

q̄
0

W

g
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Factorization

p

p

b

W

Q � TeV

⇤QCD � 100 MeV

pTJ � 500 GeV

mJ � 100 GeV

m
2
J/pTJ � 20 GeV

mb � 4 GeV

E
n
ergy

S
cale

d�

dM1 · · · =
X

{}

trHJi ⌦ · · · ⌦ Jj ⌦ fp/ifp/j ⌦ fk!H ⌦ · · · ⌦ fl!H

• Ji ⇥ · · · ⇥ Jj : Describe dynamics of jets.
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Factorization

p

p

b

W

Q � TeV

⇤QCD � 100 MeV

pTJ � 500 GeV

mJ � 100 GeV

m
2
J/pTJ � 20 GeV

mb � 4 GeV

E
n
ergy

S
cale

�xB� � 0.7

xB

1/
N

d
N

/
d
x

B

b-Fragmentation

d�

dM1 · · · =
X

{}

trHJi ⌦ · · · ⌦ Jj ⌦ fp/ifp/j ⌦ fk!H ⌦ · · · ⌦ fl!H

• fk!H : Describe fragmentation to identified hadrons.
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Factorization

p

p

b

W

Q � TeV

⇤QCD � 100 MeV

pTJ � 500 GeV

mJ � 100 GeV

m
2
J/pTJ � 20 GeV

mb � 4 GeV

E
n
ergy

S
cale

x
10�3 10�2 10�1 110�4

0.2

0.4

0.6

xf
1

Q
2 = 10GeV2

0.8

u

d

(⇥0.05)

(⇥0.05)

g

s

PDFs

d�

dM1 · · · =
X

{}

trHJi ⌦ · · · ⌦ Jj ⌦ fp/ifp/j ⌦ fk!H ⌦ · · · ⌦ fl!H

• fp/i, fp/j : PDFs describing incoming protons.

Probability for pp collision 
to produce these hadrons

= ⇥
⇥ ⇥

Unfortunately this is not as simple as just multiplying numbers.  Typically 
we have probability densities that must be integrated against each other.

probability of finding a quark of 
momentum “x” in the proton

analogy:  Bragg scattering of 
X-rays on a crystal, for this

time scale the atoms are at rest

eg.

Prob
�
q(�p ) in p

�

Prob(qq̄ ! tt̄) Prob

�
tt̄ to produce

hadrons

�

Prob
�
q̄(�p � ) in p

�

�hadrons =

�
dx

�
dy fq/p(x) fq̄/p(y) �qq̄�tt̄(x, y) · · ·
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Jet Cross Sections
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Jets Cross Sections

• Factorization allows robust separation of physics at di↵erent scales.

• How can we ask questions that we can answer in perturbation theory?

e
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q̄

q

e
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q

g

2-Jet Event 3-Jet Event
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Jets Cross Sections

• In standard QFT courses, one learns how to compute scattering cross
sections from the underlying Feynman rules.

• This is made more complicated since quarks and gluons are not
asymptotic states.
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Sterman-Weinberg

• The understanding of this from first principles field theory was first
spelled out by Sterman and Weinberg

VOLUME 39, NUMBER 23 PHYSICAL REVIEW LETTERS 5 DECEMBER 1977

Jets from Quantum Chromodynamics

George Sterman
Institute for Theoreticat Physics, State University of New York at Stony Brook, Stony Brook, New York 11790

Steven Weinberg
Lyman Laboratory of Physics, Harvard University, Cambridge, Massachusetts 02138

(Received 26 July 1977)

I'he properties of hadronic jets in e e annihilation are examined in quantum chromo-
dynamics, without using the assumptions of the parton model. We find that two-jet events
dominate the cross section at high energy, and have the experimentally observed angular
distribution. Estimates are given for the jet angular radius and its energy dependence.
%e argue that the detailed results of perturbation theory for production of arbitrary num-
bers of quarks and gluons can be reinterpreted in quantum chromodynamics as predic-
tions for the production of jets.

The observation' of hadronic jets in e'e anni-
hilation provides one of the most striking con-
firmations of the parton picture. ~ In particular,
the distribution of events in the angle 8 between
the jet axis and the e'-e beam line is observed
to be very close to the form 1+cos'8 that would
be expected for the production of a pair of rela-
tivistic charged pointlike particles of spin ~.
We shall argue here that the existence, angular
distribution, and some aspects of the structure
of these jets follow as consequences of the per-
turbation expansion' of quantum chromodynam-
ics' (QCD), without assuming the parton picture
(in particular, the transverse-momentum cutoff)
in advance. Thus, the observed features of jets
provide evidence for an underlying asymptotical-
ly free gauge field theory with elementary spin- —,

'
quarks. We also wish here to demonstrate a gen-
eral approach, which may be applicable to a wide
range of high-energy phenomena.
Our procedure is to define a partial cross sec-

tion for jet production, which in asymptotically
free theories like QCD can be calculated perturba-
tively at high energy. By ordinary dimensional
analysis, any sort of total or partial cross sec-
tion in QCD can be written in the form

c=E-'f(m/E, qs, x),
where E is the energy; x stands for all other di-
mensionless variables characterizing the final
state; m stands for all mass variables; and gE
is the gauge coupling constant, defined at a re-
normalization point with four-momenta of order
E. [We express the cross section in terms of gs,
rather than a coupling g, defined at a renormal-
ization point with momenta of arbitrary scale e,

in order to avoid factors of In(E/x). Physical
quantities are of course independent of the choice
of renormaliza. tion point. ] Even in asymptotica. l-
ly free theories, where g~-0 as E -~, it is gen-
erally not possible to calculate the cross section
perturbatively for large E, because the cross
section will exhibit singularities for m/E -0. It
is of course for this reason that asymptotic free-
dom has as a rule been used directly to justify
perturbative calculations of Green's functions and
Wilson coefficient functions, rather than cross
sections themselves.
However, by performing various sums over

states, it is possible to define a wide range of
cross sections which are free of m -0 singulari-
ties. To learn what they are, we observe that
quantum field theories of massless particles have
always been found (in the absence of superre
nor malizable couplings) to be physically sensible,
i, e., that any cross section which would actually
be measurable in such a massless theory is free
of infrared divergences in each order of perturba-
tion theory. ' Hence in the real world with m &0,
any sort of partial cross section which wouM be
measurable for m =0 is expected to be free of
singularities in m as m —0, and can therefore be
calculated perturbatively' in QCD for E -~.
For instance, the cross section for production

of a definite number of particles does have singu-
larities for m -0, because for m =0 we could
not expect to be able to tell the difference between
one particle or several particles moving in the
same direction. At the opposite extreme, the
total cross section for e+e -hadrons would
clearly be measurable even for 'zero quark mass,
and hence must be free of singularities in m (to
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Jets from Quantum Chromodynamics

George Sterman
Institute for Theoreticat Physics, State University of New York at Stony Brook, Stony Brook, New York 11790

Steven Weinberg
Lyman Laboratory of Physics, Harvard University, Cambridge, Massachusetts 02138

(Received 26 July 1977)

I'he properties of hadronic jets in e e annihilation are examined in quantum chromo-
dynamics, without using the assumptions of the parton model. We find that two-jet events
dominate the cross section at high energy, and have the experimentally observed angular
distribution. Estimates are given for the jet angular radius and its energy dependence.
%e argue that the detailed results of perturbation theory for production of arbitrary num-
bers of quarks and gluons can be reinterpreted in quantum chromodynamics as predic-
tions for the production of jets.

The observation' of hadronic jets in e'e anni-
hilation provides one of the most striking con-
firmations of the parton picture. ~ In particular,
the distribution of events in the angle 8 between
the jet axis and the e'-e beam line is observed
to be very close to the form 1+cos'8 that would
be expected for the production of a pair of rela-
tivistic charged pointlike particles of spin ~.
We shall argue here that the existence, angular
distribution, and some aspects of the structure
of these jets follow as consequences of the per-
turbation expansion' of quantum chromodynam-
ics' (QCD), without assuming the parton picture
(in particular, the transverse-momentum cutoff)
in advance. Thus, the observed features of jets
provide evidence for an underlying asymptotical-
ly free gauge field theory with elementary spin- —,

'
quarks. We also wish here to demonstrate a gen-
eral approach, which may be applicable to a wide
range of high-energy phenomena.
Our procedure is to define a partial cross sec-

tion for jet production, which in asymptotically
free theories like QCD can be calculated perturba-
tively at high energy. By ordinary dimensional
analysis, any sort of total or partial cross sec-
tion in QCD can be written in the form

c=E-'f(m/E, qs, x),
where E is the energy; x stands for all other di-
mensionless variables characterizing the final
state; m stands for all mass variables; and gE
is the gauge coupling constant, defined at a re-
normalization point with four-momenta of order
E. [We express the cross section in terms of gs,
rather than a coupling g, defined at a renormal-
ization point with momenta of arbitrary scale e,

in order to avoid factors of In(E/x). Physical
quantities are of course independent of the choice
of renormaliza. tion point. ] Even in asymptotica. l-
ly free theories, where g~-0 as E -~, it is gen-
erally not possible to calculate the cross section
perturbatively for large E, because the cross
section will exhibit singularities for m/E -0. It
is of course for this reason that asymptotic free-
dom has as a rule been used directly to justify
perturbative calculations of Green's functions and
Wilson coefficient functions, rather than cross
sections themselves.
However, by performing various sums over

states, it is possible to define a wide range of
cross sections which are free of m -0 singulari-
ties. To learn what they are, we observe that
quantum field theories of massless particles have
always been found (in the absence of superre
nor malizable couplings) to be physically sensible,
i, e., that any cross section which would actually
be measurable in such a massless theory is free
of infrared divergences in each order of perturba-
tion theory. ' Hence in the real world with m &0,
any sort of partial cross section which wouM be
measurable for m =0 is expected to be free of
singularities in m as m —0, and can therefore be
calculated perturbatively' in QCD for E -~.
For instance, the cross section for production

of a definite number of particles does have singu-
larities for m -0, because for m =0 we could
not expect to be able to tell the difference between
one particle or several particles moving in the
same direction. At the opposite extreme, the
total cross section for e+e -hadrons would
clearly be measurable even for 'zero quark mass,
and hence must be free of singularities in m (to
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Infrared and Collinear Safety

• Sterman-Weinberg Jets and IRC Safety

VOLUME 39, NUMBER 23 PHYSICAL REVIEW LETTERS 5 DECEMBER 1977

lowest order in o.) for m -0. Indeed, although
the original application of asymptotic freedom to
this process was by way of the vacuum-polariza-
tion Green's function at Euclidean momentum, '
it is easier to justify the use of QCD perturba-
tion theory' here directly, by working with the
cross section itself.
To study jets, we consider the partial cross

section o(E, 8, Q, e, 6) for e+e hadron production
events, in which all but a fraction e «1 of the
total e'e energy E is emitted within some pair
of oppositely directed cones of half-angle 6«1,
lying within two fixed cones of solid angle Q (with
nb'«Q «1) at an angle 8 to the e'e beam line.
We expect this to be measurable for m=0, be-
cause the only quarks or gluons which are likely
to be diffracted or radiated away from a calorim-
eter at 8 have very long wavelength, and so
carry negligible energy. Thus o should be free
of mass singularities for m -0, and calculable

by a perturbation expression in g~ for F. -~.
We have calculated o(E, 8, Q, c, 6) to order ge'.

It proved algebraically convenient to set the
quark masses equal to zero from the beginning,
but to use a finite gluon mass p. «eE as an in-
frared cutoff in intermediate stages of the calcu-
lation. To order g~', 0 receives contributions
from three distinct kinds of final state'. (a) One
jet may consist of a quark or antiquark plus a
hard (energy ~eE) gluon, the other jet of just an
antiquark or quark; (b) there may be a quark in
one jet, an antiquark in the other, and a soft (en-
ergy - eE) gluon which may or may not be in one
of the jets; (c) there may be just a quark and anti-
quark, one in each of the jets. Working to order
g~', we evaluate the contributions of (a) and (b)
using only tree graphs, while for (c) we include
the tree graph and its interference with one-loop
graphs. The respective contributions to 0 are
then

o, = (do/dQ) 0 Q(g~'/3 v') [—3 ln(E 6/ p) —2 ln'2e —4 ln(E 5/ p) ln(2e) + —", —m'/3 J,
v, = (do/dQ), Q(g~'/Sv') [2 ln'(2eE/ p) —~'/6],
o, = (do/dQ), Q(1+ (ge'/Sm') [-21n'(E/p) + 3 ln(E/p) —+ +~'/6]],

where (do/dQ), is the cross section for e e —qq in Born approximation:
(4)

dQ 4E'0 fl avors
(5)

As expected, each separate contribution is singular for p, -0, but cancellations occur in the sum, and
the final result is free of mass singularities:

a(E, 8, Q, e, 5) = (dv/dQ)0 Q[1—(g~'/3&') (3 ln5+41nb ln 2m+ v'/3 ——,')]. (6)

This formula immediately demonstrates the
dominance of two-jet final states at very high
energy where gz'/Sm' is small. By summing Eq.
(6) over a, set of cones of solid angle Q that fill
the 4m steradians around the e+e collision, and
comparing the result with the QCD expression'
(1+g~'/4m') v, for the total cross section, we see
that the fraction of all events which have all but
a fraction ~ of their energy in some pair of oppo-
site cones of half-angle 6 is

f= I —(g~'/Sw')(3 1n6+41n51n2e+ z2/3 ——,') . (7)
If gz'/3&' «I, then even if we take e and 5 to be
moderately small, the two-jet probability f will
be close to unity. To be quantitative, suppose we
define a, jet angular radius 5(E), by requiring that
70% of all events have at least 80/p of their energy
emitted within two cones of half-angle 6(E). Set-

ting f=0.7 and e =0.2 in Eq. (7), and using the
asymptotic QCD formula9 g~' = 24m'/25 ln(E/A)
with A= 500 MeV, we find that 6(E) is about 13'
at the energy E =7.4 GeV of current experiments, '
and decreases as E '" at higher energies. In
contrast, with a fixed transverse-momentum cut-
off P~, we would expect a. jet angular radius y(E)
which would decrease much faster, like I/E or
(lnE)/E. At relatively low energy q(E) will be
greater than 6(E), so that our calculation of the
jet radius is probably invalidated by the nonper-
turbative effects' associated with I'~. However,
at sufficiently high energy 5(E) becomes greater
than y(E), and perturbation theory becomes valid
for angular radii down to 5(E). The angle 6(E)
then defines the outermost angular distance from
the jet axis at which any appreciable hadron en-
ergy is to be found. Even at such high energies,
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I'he properties of hadronic jets in e e annihilation are examined in quantum chromo-
dynamics, without using the assumptions of the parton model. We find that two-jet events
dominate the cross section at high energy, and have the experimentally observed angular
distribution. Estimates are given for the jet angular radius and its energy dependence.
%e argue that the detailed results of perturbation theory for production of arbitrary num-
bers of quarks and gluons can be reinterpreted in quantum chromodynamics as predic-
tions for the production of jets.

The observation' of hadronic jets in e'e anni-
hilation provides one of the most striking con-
firmations of the parton picture. ~ In particular,
the distribution of events in the angle 8 between
the jet axis and the e'-e beam line is observed
to be very close to the form 1+cos'8 that would
be expected for the production of a pair of rela-
tivistic charged pointlike particles of spin ~.
We shall argue here that the existence, angular
distribution, and some aspects of the structure
of these jets follow as consequences of the per-
turbation expansion' of quantum chromodynam-
ics' (QCD), without assuming the parton picture
(in particular, the transverse-momentum cutoff)
in advance. Thus, the observed features of jets
provide evidence for an underlying asymptotical-
ly free gauge field theory with elementary spin- —,

'
quarks. We also wish here to demonstrate a gen-
eral approach, which may be applicable to a wide
range of high-energy phenomena.
Our procedure is to define a partial cross sec-

tion for jet production, which in asymptotically
free theories like QCD can be calculated perturba-
tively at high energy. By ordinary dimensional
analysis, any sort of total or partial cross sec-
tion in QCD can be written in the form

c=E-'f(m/E, qs, x),
where E is the energy; x stands for all other di-
mensionless variables characterizing the final
state; m stands for all mass variables; and gE
is the gauge coupling constant, defined at a re-
normalization point with four-momenta of order
E. [We express the cross section in terms of gs,
rather than a coupling g, defined at a renormal-
ization point with momenta of arbitrary scale e,

in order to avoid factors of In(E/x). Physical
quantities are of course independent of the choice
of renormaliza. tion point. ] Even in asymptotica. l-
ly free theories, where g~-0 as E -~, it is gen-
erally not possible to calculate the cross section
perturbatively for large E, because the cross
section will exhibit singularities for m/E -0. It
is of course for this reason that asymptotic free-
dom has as a rule been used directly to justify
perturbative calculations of Green's functions and
Wilson coefficient functions, rather than cross
sections themselves.
However, by performing various sums over

states, it is possible to define a wide range of
cross sections which are free of m -0 singulari-
ties. To learn what they are, we observe that
quantum field theories of massless particles have
always been found (in the absence of superre
nor malizable couplings) to be physically sensible,
i, e., that any cross section which would actually
be measurable in such a massless theory is free
of infrared divergences in each order of perturba-
tion theory. ' Hence in the real world with m &0,
any sort of partial cross section which wouM be
measurable for m =0 is expected to be free of
singularities in m as m —0, and can therefore be
calculated perturbatively' in QCD for E -~.
For instance, the cross section for production

of a definite number of particles does have singu-
larities for m -0, because for m =0 we could
not expect to be able to tell the difference between
one particle or several particles moving in the
same direction. At the opposite extreme, the
total cross section for e+e -hadrons would
clearly be measurable even for 'zero quark mass,
and hence must be free of singularities in m (to
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lowest order in o.) for m -0. Indeed, although
the original application of asymptotic freedom to
this process was by way of the vacuum-polariza-
tion Green's function at Euclidean momentum, '
it is easier to justify the use of QCD perturba-
tion theory' here directly, by working with the
cross section itself.
To study jets, we consider the partial cross

section o(E, 8, Q, e, 6) for e+e hadron production
events, in which all but a fraction e «1 of the
total e'e energy E is emitted within some pair
of oppositely directed cones of half-angle 6«1,
lying within two fixed cones of solid angle Q (with
nb'«Q «1) at an angle 8 to the e'e beam line.
We expect this to be measurable for m=0, be-
cause the only quarks or gluons which are likely
to be diffracted or radiated away from a calorim-
eter at 8 have very long wavelength, and so
carry negligible energy. Thus o should be free
of mass singularities for m -0, and calculable

by a perturbation expression in g~ for F. -~.
We have calculated o(E, 8, Q, c, 6) to order ge'.

It proved algebraically convenient to set the
quark masses equal to zero from the beginning,
but to use a finite gluon mass p. «eE as an in-
frared cutoff in intermediate stages of the calcu-
lation. To order g~', 0 receives contributions
from three distinct kinds of final state'. (a) One
jet may consist of a quark or antiquark plus a
hard (energy ~eE) gluon, the other jet of just an
antiquark or quark; (b) there may be a quark in
one jet, an antiquark in the other, and a soft (en-
ergy - eE) gluon which may or may not be in one
of the jets; (c) there may be just a quark and anti-
quark, one in each of the jets. Working to order
g~', we evaluate the contributions of (a) and (b)
using only tree graphs, while for (c) we include
the tree graph and its interference with one-loop
graphs. The respective contributions to 0 are
then

o, = (do/dQ) 0 Q(g~'/3 v') [—3 ln(E 6/ p) —2 ln'2e —4 ln(E 5/ p) ln(2e) + —", —m'/3 J,
v, = (do/dQ), Q(g~'/Sv') [2 ln'(2eE/ p) —~'/6],
o, = (do/dQ), Q(1+ (ge'/Sm') [-21n'(E/p) + 3 ln(E/p) —+ +~'/6]],

where (do/dQ), is the cross section for e e —qq in Born approximation:
(4)

dQ 4E'0 fl avors
(5)

As expected, each separate contribution is singular for p, -0, but cancellations occur in the sum, and
the final result is free of mass singularities:

a(E, 8, Q, e, 5) = (dv/dQ)0 Q[1—(g~'/3&') (3 ln5+41nb ln 2m+ v'/3 ——,')]. (6)

This formula immediately demonstrates the
dominance of two-jet final states at very high
energy where gz'/Sm' is small. By summing Eq.
(6) over a, set of cones of solid angle Q that fill
the 4m steradians around the e+e collision, and
comparing the result with the QCD expression'
(1+g~'/4m') v, for the total cross section, we see
that the fraction of all events which have all but
a fraction ~ of their energy in some pair of oppo-
site cones of half-angle 6 is

f= I —(g~'/Sw')(3 1n6+41n51n2e+ z2/3 ——,') . (7)
If gz'/3&' «I, then even if we take e and 5 to be
moderately small, the two-jet probability f will
be close to unity. To be quantitative, suppose we
define a, jet angular radius 5(E), by requiring that
70% of all events have at least 80/p of their energy
emitted within two cones of half-angle 6(E). Set-

ting f=0.7 and e =0.2 in Eq. (7), and using the
asymptotic QCD formula9 g~' = 24m'/25 ln(E/A)
with A= 500 MeV, we find that 6(E) is about 13'
at the energy E =7.4 GeV of current experiments, '
and decreases as E '" at higher energies. In
contrast, with a fixed transverse-momentum cut-
off P~, we would expect a. jet angular radius y(E)
which would decrease much faster, like I/E or
(lnE)/E. At relatively low energy q(E) will be
greater than 6(E), so that our calculation of the
jet radius is probably invalidated by the nonper-
turbative effects' associated with I'~. However,
at sufficiently high energy 5(E) becomes greater
than y(E), and perturbation theory becomes valid
for angular radii down to 5(E). The angle 6(E)
then defines the outermost angular distance from
the jet axis at which any appreciable hadron en-
ergy is to be found. Even at such high energies,
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Jet Charge

• As an application, is the charge of a jet IRC safe?

VOLUME 39, NUMBER 23 PHYSICAL RKVIKW LKTTKRS 5 DECEMBER 1977

it is possible that the fixed-transverse-momen-
tum jet of the parton model will survive deep
within the cone of half-angle 6(E), beyond the
reach of perturbative methods, but the angle q(E)
becomes so small for sufficiently high energy
that the jet angular distribution is in any case
constrained to have the 1+cos'6 form of QCD
perturbation theory.
Our definition of two-jet events has an obvious

generalization to arbitrary numbers of jets, To
order gs', the fraction f of hadronic e'e events
that (by definition) are not of the two-jet type
consists entirely of three-jet events. " However,
in order to determine the angular radius of the
jets in three-jet events, it would be necessary to
carry our calculations to order g~4, where four-
jet events are beginning to enter. Continuing in
this way, it should be possible to test the detailed
predictions of QCD for production of any numbers
of quarks and gluons, but always reinterpreting
these particles in terms of jets."
We can also conclude from Eq. (6) that the two-

jet events have just the same 1 +cos'6 angular
distribution as in the Born approximation for e'e
—qq. This result is expected to persist for mass-
less quarks to all orders in g~', because for e+e
-qq the conservation of current and chirality
limit the matrix element (qqi J"i 0) to just a y"
term, while the effect of adding more gluons or
quarks to these jets is merely to convert ln(E/tJ)
factors to factors of inc or ln6. The dominant
corrections to this angular dependence come
from the finite quark mass and from the ambigu-
ity between three-jet and two-jet events; the
former gives an angular distribution 1+a cos'6I,
with 1 —a = 4(m')/E~
It might be thought that the partial jet cross

section v(E, 6, 0, e, 6) should be measurable for
massless theories, and hence free of mass singu-
larities in the limit of zero mass, even if we
specify the charge in each jet. If this were the
case (and if there are no failures of perturbation
theory' in QCD when jet charges are measured)
then our calculation would not account for real jets
with integer total charge, since to order g~ it is
only possible to produce jets of third-integral
charge. " However, direct calculation to order
g~4 shows that the cross section for final states
with a definite value for the charge emitted in a
given solid angle will have singularities in the
limit that the quark mass vanishes, As far as
we can tell, the reason that cross sections for
the emission of massless particles with a definite
total charge into a definite solid angle cannot be

measured is that any attempt to stop these par-
ticles would result in the emission of soft charged
massless particles in all directions. " Fortunate-
ly, as long as we define jets in terms of energy
but not charge, we must sum over final states in
which soft quarks are emitted in arbitrary direc-
tions, and the mass singularities are expected
to cancel.
The methods of this paper can be applied to

any field theory, not just QCD. However only in
an asymptotically free field theory like QCD can
we deduce the simple behavior whi. ch seems to be
observed experimentally: a total cross section
dominated at high energy by two-jet events, with
an angular distribution characteristic of the low-
est-order production of elementary particles.
This work grew out of extensive discussions of

one of us (G.S.) at the University of Illinois with
Shau-Jin Chang and Jeremiah Sullivan, and out of
the stimulus provided to the other (S.W.) from a
seminar given at Stanford Linear Accelerator
Center by Nathan Weiss. In addition, we would
like to thank James Bjorken, Howard Georgi,
Gail Hanson, Tom Kinoshita, Benjamin Lee,
T. D, Lee, Michael Nauenberg, David Politzer,
Helen Quinn, John Stack, Roberto Suaya, Frank
Wilczek, and Edward Witten for helpful comments,
One of us (S.W.) wishes also to thank the Physics
Department of Stanford University for their kind
hospitality. This work was supported in part by
the National Science Foundation Grants No, PHY-
76-15328 and No. PHY 75-20427,

'G. Hanson et al. , Phys. Rev. Lett. 35, 1609 (1975);
H. F. Schwitters, in Proceedings of the?nternational
Symposium on Leptons and Photon Interactions at High
Energy, Stanford, California, 1975, edited by W. T,
Kirk (Stanford Linear Accelerator Center, Stanford,
Calif„1975),p, 5; G. Hanson, SLAC Report No.
SLAC-PUB-1814, September 1976 (unpublished).
~For early theoretical predictions of jets in parton

models, see S. D. Drell, D. J. Levy, and T. M. Yan,
Phys. Rev. 187, 2159 (1969), and Phys. Rev. D 1, 1617
(1970); N. Cabibbo, G. Parisi, and M. Testa, Lett.
Nuovo Cimento 4, 35 (1970); J. D. Bjorken and S. D.
Brodsky, Phys, Rev. D 1, 1416 (1970); R. P. Feynman,
Photon -Hadron Interactions (Benjamin, New York,
1972), p. 166.

.3we will not attempt to deal here with the nonpertur-
bative effects which in @CD presumably account for the
trapping of quarks and gluons. Instead, we adopt the
rule of thumb, that when colored particles are not
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explicitly isolated, these effects become negligible at
sufficiently high energy. t This is the case for instance
if these effects behave like exp(—const. /gz ), where gz
is the gauge coupling defined at a renormalization point
with momenta of order E.] We can offer no proof of
this assumption, and we cannot predict in advance at
what energy the nonperturbative effects become negli-
gible, but we note that a rule of this sort has had to be
assumed in every application of QCD to physical prob-
lems, including the calculation of the e+e total cross
section itself.
4H. Fritzsch, M. Gell-Mann, and H. Leutwyler, Phys.

Lett. 478, 365 (1973); D. J. Gross and F.Wilczek,
Phys. Bev, D 8, 3633 (1973); S. Weinberg, Phys. Bev.
Lett. 31, 494 (1973).
5We know of no rigorous proof of this principle in the

form stated here. It is supported by arguments of
T. Kinoshita, J. Math. Phys. (¹Y.) 3, 650 (1962),
especially Appendix A; and T, D. Lee and M. Nauenberg,
Phys. Bev. 133, 81549 (1964). Recent work indicates
that no special problems arise in non-Abelian gauge
theories: see Y.-P. Yao, Phys. Rev. Lett. 36, 653
(1976); T. Appelquist, J. Carazzone, H. Kluberg-Stern,
and M. Both, Phys. Bev. Lett. 36, 768 (1976);
L. Tyburski, Phys. Rev. Lett. 37, 319 (1976); E. C.
Poggio and H. B, Quinn, Phys. Bev. D 14, 578 (1976);
G. Sterman, Phys. Rev. D 14, 2123 (1976); F. G.
Krausz, Phys. Lett. 66B, 251 (1977). We hope to prove
the cancellation of mass singularities described here
to all orders in a future publication.
6T. Appelquist and H, Georgi, Phys. Rev. D 8, 4000

(1973); A. Zee, Phys. Bev. D 8, 4038 (1973). For a
discussion closer in spirit to that of the present paper,
see T. Appelquist and H. D. Politzer, Phys. Bev. D 12,
1404 (1975).
~We are dropping terms here which vanish for p —0,

and in the remaining expression we drop finite terms
of order q or g or D. In consequence, there is no con-
tribution to order gz from final states with a soft
quark or antiquark outside the jets, or with both quark
and antiquark in the same jet.
BTo the order studied here, this cancellation can be

derived from the theorem of Lee and Nauenberg, Ref.

5 {see especially Appendix D and Sec. II, remark 3),
using the fact that the only state which is degenerate
with a specific physical quark-antiquark state and
which can be produced from it by a single action of
the interaction Hamiltonian consists of a quark, an
antiquark, and a soft or collinear gluon.
D. J. Gross and F.Wilczek, Phys. Bev. Lett. 30, 1343

(1973); H. D. Politzer, Phys. Bev. Lett. 30, 1346 (1973).
A perturbative analysis of three-jet events in order

gz is given by J. Ellis, M. K. Gaillard, and G. G.
Ross, Nucl. Phys. B111, 258 (1976).
It has been widely conjectured that QCD predictions

for the production of quarks and gluons can be taken
seriously at sufficiently high energy if reinterpreted
in terms of jets. For instance, this is the guiding as-
sumption of Ellis et a/. , Ref. 10. Our aim here is to
show that this hypothesis can actually be debased in
QCD, by using the absence of mass singularities in
suitably defined jet cross sections. The suggestion
that the QCD result for the total two-jet probability
can be derived in this way was first made in 1975
by one of us (G.S.) in an unpublished University of Ill-
inois preprint. {This paper explicitly exhibited the
cancellation of mass singularities to order gz in the
jet probability, but did not give the correct results
for the finite part. ) Later, the other author (S.W.)
independently suggested that QCD results for jet total
probabilities can be justified in this manner, and ex-
tended this reasoning to jet distributions as well. The
present paper is intended to incorporate this earlier
unpublished work of both authors, but goes beyond it
in various respects, including the calculations leading
to Eqs. (2)—(7).
For dj, scussions of this point in the context of parton

models, see R. P. Feynman& in Neutrino '72-I'xoceed-
ings, edited by A. Frenkel and G. Marx (OMDK- Tech-
noinform, Budapest, 1972), Vol. II, p. 75; G. R. Far-.
rar and J. L. Rosner, Phys. Rev. D 7, 2747 (1978);
R. N. Cahn and E. W. Colglazier, Phys. Rev. D 9,
2658 (1974); S. J. Brodsky and N. Weiss, SLAG Report
No. SLAC-PUB-1926 {to be published).
3This was independently suggested to one of us (S.W.)

by E. Witten.
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it is possible that the fixed-transverse-momen-
tum jet of the parton model will survive deep
within the cone of half-angle 6(E), beyond the
reach of perturbative methods, but the angle q(E)
becomes so small for sufficiently high energy
that the jet angular distribution is in any case
constrained to have the 1+cos'6 form of QCD
perturbation theory.
Our definition of two-jet events has an obvious

generalization to arbitrary numbers of jets, To
order gs', the fraction f of hadronic e'e events
that (by definition) are not of the two-jet type
consists entirely of three-jet events. " However,
in order to determine the angular radius of the
jets in three-jet events, it would be necessary to
carry our calculations to order g~4, where four-
jet events are beginning to enter. Continuing in
this way, it should be possible to test the detailed
predictions of QCD for production of any numbers
of quarks and gluons, but always reinterpreting
these particles in terms of jets."
We can also conclude from Eq. (6) that the two-

jet events have just the same 1 +cos'6 angular
distribution as in the Born approximation for e'e
—qq. This result is expected to persist for mass-
less quarks to all orders in g~', because for e+e
-qq the conservation of current and chirality
limit the matrix element (qqi J"i 0) to just a y"
term, while the effect of adding more gluons or
quarks to these jets is merely to convert ln(E/tJ)
factors to factors of inc or ln6. The dominant
corrections to this angular dependence come
from the finite quark mass and from the ambigu-
ity between three-jet and two-jet events; the
former gives an angular distribution 1+a cos'6I,
with 1 —a = 4(m')/E~
It might be thought that the partial jet cross

section v(E, 6, 0, e, 6) should be measurable for
massless theories, and hence free of mass singu-
larities in the limit of zero mass, even if we
specify the charge in each jet. If this were the
case (and if there are no failures of perturbation
theory' in QCD when jet charges are measured)
then our calculation would not account for real jets
with integer total charge, since to order g~ it is
only possible to produce jets of third-integral
charge. " However, direct calculation to order
g~4 shows that the cross section for final states
with a definite value for the charge emitted in a
given solid angle will have singularities in the
limit that the quark mass vanishes, As far as
we can tell, the reason that cross sections for
the emission of massless particles with a definite
total charge into a definite solid angle cannot be

measured is that any attempt to stop these par-
ticles would result in the emission of soft charged
massless particles in all directions. " Fortunate-
ly, as long as we define jets in terms of energy
but not charge, we must sum over final states in
which soft quarks are emitted in arbitrary direc-
tions, and the mass singularities are expected
to cancel.
The methods of this paper can be applied to

any field theory, not just QCD. However only in
an asymptotically free field theory like QCD can
we deduce the simple behavior whi. ch seems to be
observed experimentally: a total cross section
dominated at high energy by two-jet events, with
an angular distribution characteristic of the low-
est-order production of elementary particles.
This work grew out of extensive discussions of

one of us (G.S.) at the University of Illinois with
Shau-Jin Chang and Jeremiah Sullivan, and out of
the stimulus provided to the other (S.W.) from a
seminar given at Stanford Linear Accelerator
Center by Nathan Weiss. In addition, we would
like to thank James Bjorken, Howard Georgi,
Gail Hanson, Tom Kinoshita, Benjamin Lee,
T. D, Lee, Michael Nauenberg, David Politzer,
Helen Quinn, John Stack, Roberto Suaya, Frank
Wilczek, and Edward Witten for helpful comments,
One of us (S.W.) wishes also to thank the Physics
Department of Stanford University for their kind
hospitality. This work was supported in part by
the National Science Foundation Grants No, PHY-
76-15328 and No. PHY 75-20427,

'G. Hanson et al. , Phys. Rev. Lett. 35, 1609 (1975);
H. F. Schwitters, in Proceedings of the?nternational
Symposium on Leptons and Photon Interactions at High
Energy, Stanford, California, 1975, edited by W. T,
Kirk (Stanford Linear Accelerator Center, Stanford,
Calif„1975),p, 5; G. Hanson, SLAC Report No.
SLAC-PUB-1814, September 1976 (unpublished).
~For early theoretical predictions of jets in parton

models, see S. D. Drell, D. J. Levy, and T. M. Yan,
Phys. Rev. 187, 2159 (1969), and Phys. Rev. D 1, 1617
(1970); N. Cabibbo, G. Parisi, and M. Testa, Lett.
Nuovo Cimento 4, 35 (1970); J. D. Bjorken and S. D.
Brodsky, Phys, Rev. D 1, 1416 (1970); R. P. Feynman,
Photon -Hadron Interactions (Benjamin, New York,
1972), p. 166.

.3we will not attempt to deal here with the nonpertur-
bative effects which in @CD presumably account for the
trapping of quarks and gluons. Instead, we adopt the
rule of thumb, that when colored particles are not
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it is possible that the fixed-transverse-momen-
tum jet of the parton model will survive deep
within the cone of half-angle 6(E), beyond the
reach of perturbative methods, but the angle q(E)
becomes so small for sufficiently high energy
that the jet angular distribution is in any case
constrained to have the 1+cos'6 form of QCD
perturbation theory.
Our definition of two-jet events has an obvious

generalization to arbitrary numbers of jets, To
order gs', the fraction f of hadronic e'e events
that (by definition) are not of the two-jet type
consists entirely of three-jet events. " However,
in order to determine the angular radius of the
jets in three-jet events, it would be necessary to
carry our calculations to order g~4, where four-
jet events are beginning to enter. Continuing in
this way, it should be possible to test the detailed
predictions of QCD for production of any numbers
of quarks and gluons, but always reinterpreting
these particles in terms of jets."
We can also conclude from Eq. (6) that the two-

jet events have just the same 1 +cos'6 angular
distribution as in the Born approximation for e'e
—qq. This result is expected to persist for mass-
less quarks to all orders in g~', because for e+e
-qq the conservation of current and chirality
limit the matrix element (qqi J"i 0) to just a y"
term, while the effect of adding more gluons or
quarks to these jets is merely to convert ln(E/tJ)
factors to factors of inc or ln6. The dominant
corrections to this angular dependence come
from the finite quark mass and from the ambigu-
ity between three-jet and two-jet events; the
former gives an angular distribution 1+a cos'6I,
with 1 —a = 4(m')/E~
It might be thought that the partial jet cross

section v(E, 6, 0, e, 6) should be measurable for
massless theories, and hence free of mass singu-
larities in the limit of zero mass, even if we
specify the charge in each jet. If this were the
case (and if there are no failures of perturbation
theory' in QCD when jet charges are measured)
then our calculation would not account for real jets
with integer total charge, since to order g~ it is
only possible to produce jets of third-integral
charge. " However, direct calculation to order
g~4 shows that the cross section for final states
with a definite value for the charge emitted in a
given solid angle will have singularities in the
limit that the quark mass vanishes, As far as
we can tell, the reason that cross sections for
the emission of massless particles with a definite
total charge into a definite solid angle cannot be

measured is that any attempt to stop these par-
ticles would result in the emission of soft charged
massless particles in all directions. " Fortunate-
ly, as long as we define jets in terms of energy
but not charge, we must sum over final states in
which soft quarks are emitted in arbitrary direc-
tions, and the mass singularities are expected
to cancel.
The methods of this paper can be applied to

any field theory, not just QCD. However only in
an asymptotically free field theory like QCD can
we deduce the simple behavior whi. ch seems to be
observed experimentally: a total cross section
dominated at high energy by two-jet events, with
an angular distribution characteristic of the low-
est-order production of elementary particles.
This work grew out of extensive discussions of

one of us (G.S.) at the University of Illinois with
Shau-Jin Chang and Jeremiah Sullivan, and out of
the stimulus provided to the other (S.W.) from a
seminar given at Stanford Linear Accelerator
Center by Nathan Weiss. In addition, we would
like to thank James Bjorken, Howard Georgi,
Gail Hanson, Tom Kinoshita, Benjamin Lee,
T. D, Lee, Michael Nauenberg, David Politzer,
Helen Quinn, John Stack, Roberto Suaya, Frank
Wilczek, and Edward Witten for helpful comments,
One of us (S.W.) wishes also to thank the Physics
Department of Stanford University for their kind
hospitality. This work was supported in part by
the National Science Foundation Grants No, PHY-
76-15328 and No. PHY 75-20427,

'G. Hanson et al. , Phys. Rev. Lett. 35, 1609 (1975);
H. F. Schwitters, in Proceedings of the?nternational
Symposium on Leptons and Photon Interactions at High
Energy, Stanford, California, 1975, edited by W. T,
Kirk (Stanford Linear Accelerator Center, Stanford,
Calif„1975),p, 5; G. Hanson, SLAC Report No.
SLAC-PUB-1814, September 1976 (unpublished).
~For early theoretical predictions of jets in parton

models, see S. D. Drell, D. J. Levy, and T. M. Yan,
Phys. Rev. 187, 2159 (1969), and Phys. Rev. D 1, 1617
(1970); N. Cabibbo, G. Parisi, and M. Testa, Lett.
Nuovo Cimento 4, 35 (1970); J. D. Bjorken and S. D.
Brodsky, Phys, Rev. D 1, 1416 (1970); R. P. Feynman,
Photon -Hadron Interactions (Benjamin, New York,
1972), p. 166.

.3we will not attempt to deal here with the nonpertur-
bative effects which in @CD presumably account for the
trapping of quarks and gluons. Instead, we adopt the
rule of thumb, that when colored particles are not
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Jets at the LHC

• Obtaining a precise description of jet cross sections has been a
significant driver of theory developments in Quantum Field Theory.

• Enables precision tests of QCD and searches for new physics.

Jet Kinematic Distributions Dijet Mass
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Next Lecture: Jet Substructure!

Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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Thanks!
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