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Abstract: The visibilities measured by radio astronomical interferometers include non-astronomical correlated
signals that arise from the local environment of the array. These correlated signals increase in compact arrays

such as those under development for 21 cm intensity mapping. The amplitude of the contaminated visibilities

exceeds the size of the signal expected from the 21 cm signal alone and represents a significant systematic effect.
We study two sources of such correlated signals: receiver noise radiated by each antenna that couples to the other

antennas; and thermal radiation from the ground in the vicinity of the array that couples into the antennas and

produces non-zero visibilities. We develop a model for these effects and apply it to the Tianlai Dish Pathfinder
Array, a compact array of 16, 6-m dish antennas, using electromagnetic simulations. We compare the model to

drift-scan observations with the array and set requirements on the level and stability of antenna cross-coupling
and sidelobes for future 21 cm intensity mapping instruments.

Keywords: 21 cm intensity mapping; local noise; cross-coupling; ground pickup.

1. Color Coding

red: citation
purple: wording/phrasing
orange: changes
blue: to-dos, needs attention

2. Introduction (David; Peter)

21 cm intensity mapping is a technique for measuring the large scale structure of the universe using the
redshifted 21 cm line from neutral hydrogen gas (HI) (Liu & Shaw 2020; Morales & Wyithe 2010). It
is an example of the general case of line intensity mapping (Kovetz et al. 2019), in which spectral lines
from any species, such as CO and CII, are used to make three-dimensional, “tomographic” maps of large
cosmic volumes. 21 cm intensity mapping is used to study the formation of the first objects during the
Cosmic Dawn and the Epoch of Reionization (6 ≤ z ≤ 50) and for addressing other cosmological questions
with observations in the post-reionization epoch (z ≤ 6), such as constraining inflation models (Xu et
al. 2016) and the equation of state of dark energy (Xu et al. 2015). In the latter epoch, the approach
provides an attractive alternative to galaxy redshift surveys. It measure the collcetive emission from many
haloes simultaneously, both bright and faint, rather than cataloging just the brightest objects. As a result,
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the required angular resolution is relaxed as individual galaxies do not need to be resolved. By observing
with wide-band receivers one simultaneously obtains signals over a range of redshifts and can construct
a tomographic map. The primary analysis tool for cosmological measurements is the three-dimensional
power spectrum of a natural means to compute this spectrum over a range of wave numbers, k, in which
the perturbations are in the linear regime. Of particular interest in the power spectrum are the baryon
acoustic oscillation (BAO) features, which can be used as a cosmic ruler for studying the expansion rate
of the universe as a function of redshift.

21 cm intensity mapping, however, is challenging for various reasons, with the primary concern being
that the HI signal is orders of magnitude weaker than the noise sources. This makes the calibration of the
noise particularly significant. The biggest contribution for such noises is from the galactic and extragalactic
foreground, which is difficult to remove accurately. This, on the other hand, is studied more extensively
compared to the noises due to the local environment at the observation sites. While it is important to
understand and remove the foreground noise, we recognize that understanding the local noises is crucial
for the 21 cm intensity mapping experiments to achieve the scientific goals concerning cosmology, as it may
mask the detail structure of the signals. Here, we will address the noise due to the reradiation of the signals
from the electric dipoles at the antennas, which we refer to as cross-coupling, and the noises due to the
radiation from ground among the noises due to the local environment. We attempt to simulate these noises
electromagnetically and compare it to the observational data and the other rather direct measurements of
cross-coupling from the Tianlai Dish Pathfinder Array, to provide a model and a calibration strategy for
such noises. We hope that our methods and findings are sufficiently general and efficient, that they, with
some appropriate modification, could be applied to any future line intensity mapping experiments using
the ground-based radio interferometers.

In a conventional radio interferometer, the effect of cross-coupling is negligible as each of the telescope
is sufficiently far apart from the others, motivated by the increased resolution that scales as the baseline
length. In contrast, in the case of the interferometer built for 21 cm intensity mapping, the array is much
more compact. This is because we are not so interested in the detailed structure of the power spectrum,
but the relatively faint signals from large structures, which require a high sensitivity. Consequently, the
correlated noise has a much bigger impact to the observations with a 21 cm intensity mapping array like
Tianlai. This is difficult to calibrate as its level is similar to the signals of interests in general, which not only
is high in magnitude but also adds structures to the spectrum. Naturally, understanding cross-coupling is
crucial to the calibration of the data and thus understanding the signals of interests. Our analysis suggests
that this is particularly important in extracting the cosmological information from the data such as the
power spectrum, which may be used as a probe of inflation. Preceding works on this topic exist, but are
somewhat limited in terms of both scope and depth. The contributions primarily come from the Hydrogen
Epoch of Reionization Array (HERA) collaboration. HERA collaboration has addressed the correlated
noise with a finite impulse response high-pass filter (Kern et al., 2019) and with the combination of Fourier
techniques and matrix analysis (Kern et al., 2020) as a part of a more general attempt to remove the noise.
Although they successfully remove some features in the signals that are considered noise, they have not
provided satisfying insights into where the noises could have come from. Later, they attempt to further
their analysis on correlated noise through CST simulations (Fagnoni et al., 2021). Still, the main focus of
the paper laid on the sky signals that are received at the feed after bouncing off the elements of the other
dishes in the array. See also (Josaitis et al., 2022) for an analysis of cross-coupling in HERA.

Introduce ground pickup effects here (Peter will attempt to summarize Albert’s analysis.).
This paper is organized as follows: in Sect. 3, we summarizes the characteristics of the Tianlai Dish

Pathfinder Array and further motivate our analysis by referring to our preceding works. In Sect. 4, we
describe our models for noises due to cross-coupling and ground pickup. In Sect. 5, we introduce the prop-
erties of CST Studio Suite, an electromagnetic simulation software that we use, and how we performed our
simulations. In Sect. 6, we presents our results from the cross-coupling simulations with our analysis and
interpretation. In Sect. 7, results from the ground pickup simulation is presented. Then, in Sect. 8, we com-
bine all our simulations together along with the sky simulation that simulates the noise contribution from
the astronomical sources and compare it with the nightly mean visibility, which we believe is dominated
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by noise. After these, we present methods to mitigate the effect of such noises in Sect. 9 and conclude with
conclusions in Sect. 10. There are also two appendices that elaborate on the model for emissivity (App. 1)
which is important in investigating the ground pickup and the model for the receiver noise (App. B).

3. Tianlai Dish Array (David)

Review ‘correlated noise’ results from (Wu et al., 2021) for 10 nights, comparison to expected signal.
Tianlai program aims to make a 21 cm intensity mapping survey of the northen sky. At present the

Tianlai program is in its Pathfinder stage to test the technology for making 21 cm intensity mapping ob-
servations with an interferometer array. The Pathfinder comprises of two arrays, one with 16 dish antennas
and the other with cylinder reflectors antennas, located next to each other at a radio quiet site (44◦9’N,
91◦48’E) in Hongliuxia, Balikun County, Xinjiang Autonomous Region, in northwest China. We summarize
below the design of the dish array for the present purposes. More details about the instruments can be
found in (Wu et al., 2021).

The feed antennas, amplifiers, and reflectors are designed to operate from 400 MHz to 1430 MHz,
corresponding to HI at the redshift of 2.55 ≥ z ≥ −0.01. The instrument can be tuned to operate in
an RF bandwidth of 100 MHz, centered at any frequency in this range by adjusting the local oscillator
frequency in the receivers and replacing the band pass filters. Currently, the Pathfinder operates at 700 -
800 MHz, corresponding to 1.03 ≥ z ≥ 0.78. Future observations are planned in the 1330 - 1430 MHz band
(0.07 ≥ z ≥ −0.01) to facilitate cross correlation with low-z galaxy redshift surveys and other low-z HI
surveys. The dish array consists of 16 on-axis dishes. Each has an aperture of 6 m. The design parameters
of the dishes are presented in Table ??. The dishes are equipped with dual, linear-polarization receivers,
and are mounted on Alt-Azimuth mounts. One polarization axis is oriented parallel to the altitude axis
(horizontal, H, parallel to the ground) and the other is orthogonal to that axis (vertical, V) (Zhang et al.
2020). Motors are used to control the dishes electronically. The motors can steer the dishes to any direction
in the sky above the horizon. The drivers are not specially designed for tracking celestial targets with high
precision. Instead, in the normal observation mode, we point the dishes at a fixed direction and perform
drift scan observations. The Alt-Azimuth drive provides flexibility during commissioning for testing and
calibration. The dish array was fabricated by CASIC-23.

The dishes are currently arranged in a circular cluster. The array is roughly close-packed, with center-
to-center spacings between neighboring dishes of approximately 8.8 m. The spacing is chosen to allow the
dishes to point down to elevation angles as low as 35◦ without “shadowing” each other. ONe antenna is
positioned at the center and the remaining 15 antennas are arranged in two concentric circles around it.
It is well known that the baselines of circular array configurations are quite independent and have wide
coverage of the (u, v) plane. A comparison of the different configurations considered for the Tianlai Dish
Array and the performance of the adopted configuration can be found in (Zhang et al. 2016b). The Tianlai
dishes are lightweight and the mounts are detachable, which enables the rearrangement of the antennas if
needed. This paper describes observations with the current configuration.

4. Models (David; Albert)

Thermal noise, S21. See cylinder cross-coupling paper (Sun et al., 2022) for an electrical model for receiver
noise. See also (Padin et al., 2000, 2002) model for the CBI instrument.

4.1. Coupling model
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Fig. 1. Caption

Then, a specific element of the scattering matrix can be found by

Sij =
V −i
V +
j

∣∣∣
V +
k =0 for k 6=j

(2)

4.2. Albert’s model for ground pickup (Albert)

See Fig. 2.
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Fig. 2. Simulated and measured ground pickup from baseline 1V-2V. Dark blue and light blue curves are the real and
imaginary parts of the ground signal, respectively. Cyan is the simulated ground signal, assuming...

5. Electromagnetic Simulations (David)

5.1. CST simulations of S-parameters

To simulate the effect of cross-coupling, we use CST Studio Suite. CST is an electromagnetic simulation
software capable of running different simulations involving many electromagnetic devices including anten-
nae. We simulate the response of a port of interest to the signal radiated from one of the other ports of the
antennae in the array. Users can access two different types of cross-coupling data in CST, namely amplitude
coupling and power coupling. The amplitude coupling is the ratio of the amplitudes of the emitted and
received voltage signal while the power coupling is the ratio of powers between the emitted and received
signal. Therefore, the amplitude coupling and power coupling are related as follow. Suppose the amplitude
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coupling for a given frequency is A = a+ bi. Then, the power coupling for the given frequency is

P = 20 log10

(√
a2 + b2

)
(3)

CST simulates the amplitude coupling and convert the result to power coupling to present it in decibel as
default. The users can still access the amplitude coupling data by choosing the real/imaginary options in
the 1D result tap.

In order to simulate the cross-coupling with all elements of the array present, we include all dishes and
ports in the array. On the other hand, only the port of interests, namely 2V and 10V, are selected to be
excited. This is to minimize the simulation time without sacrificing the results necessary to investigate the
S-parameter symmetry, distance dependency and the direction vector dependency of the cross-coupling.
The particular ports are chosen since the result presented in Fig.26 of (cite first result paper) is from the
2V-10V baseline. In this paper, the correlated noise of 10Vx2V, 15Vx2V and 8Vx2V are analyzed in detail
as highlighted by Fig. 3. These results should be sufficient to investigate the cross-coupling dependence on
the separation between the pair of dishes.

Fig. 3. Baselines whose cross-coupling is analyzed in detail in this paper. V, stands for vertical, represents the North-South
polarization of the port, or the E-plane.

There are two different types of ports available in CST studio for excitation signal, namely waveguide
port and discrete port. For the simulation of the cross-coupling effect, the use of waveguide port is ap-
propriate since the reflection from the dishes can be reduced greatly. This is because the waveguide port
extend through the dish model and to the infinity of the direction to which it is set up, whereas discrete
port has finite length, which results in reflections of the signals from the structures under the lower end
of the port. There are various types of solvers that solve problems with different techniques in CST. We
experiment with two of them: the Transient Solver and Integral Equation Solver (IES). This is to check
whether the results of the simulations are sensible and match each other. In addition, we can decide which
solver is more efficient in solving the problem of interest.

The Transient Solver is based on the Finite Integration Technique. It applies numerical methods like
the Perfect Boundary Approximation and the Thin Sheet Technique. These techniques allow for robust
meshing in return for efficient memory usage. The use of the Transient Solver is motivated by (cite Fagnoni)
as it is used for the analysis of reflections from the HERA array. Yet, the method was not suitable for
simulating cross-coupling of the Tianlai dish array since the array is radially symmetric instead of being
symmetric to a line of reference. Moreover, the difference in observing frequencies, namely 50 MHz ∼ 250
MHz for HERA citation? and 700 MHz ∼ 800 MHz for Tianlai for the observation presented in (cite first
result paper), results in much more mesh cells for our simulations as the general meshing properties is
determined by maximum number of cells per wavelength, and higher frequency corresponds to shorter
wavelength, ultimately resulting in denser meshing.

In comparison, IES is based on Multilevel Fast Multipole Method. It uses surface meshing to analyze
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the frequency domain. The results of this solver contain information about the coupling between pairs
of surface mesh elements. This process requires a lot of time and memory, but uses a MultiLevel Fast
Multipole Method, which is advantageous for problems involving large structures. Otherwise stated, IES is
particularly useful for simulations with big structures such as radio telescopes. Through tests with different
set up, it was shown that IES is much more efficient for our purposes compared to the transient solver,
especially when the dishes are rotated around the East-West axis to point at the NCP.

Due to the difference in approaches the Transient solver and the IES takes to solve the same problem,
the Transient solver requires all the ports in the simulation to be excited to yield a correct result whereas
IES does not. This is another reason why IES is more efficient for our simulation since there are 32 ports
involved. Moreover, the presence of the horizontal-polarization ports matters to the simulation of the cross-
coupling between the vertical-polarization ports. While all the other variables are controlled, the power
cross-coupling simulated from the model with both the horizontal and vertical polarization ports present
is about 15 to 20 decibel higher than the result from the simulation with the vertical polarization only.
Consequently, we decide to use IES for our analysis of this problem, with a list of selected port excited.

Simulations of cross-coupling using CST can be time-consuming. The simulation time depends on
different factors including the number of mesh cells. The size of our array is a circle of radius ∼ 20 m
with 16 dishes. We use up to 15 cells per wavelength on the geometry and five in free space as our mesh
setting, which results in roughly five million cells for the entire array (check the numbers). With the medium
accuracy setting, 10−3 which is the default for the IES, this requires ∼ 300 Gb of RAM. Memory is typically
the limiting factor for the computation while using the IES. In our case, this is beyond the capacity of
our lab computers that we collaborate with the Center for High Throughput Computing (CHTC) at the
University of Wisconsin - Madison to perform the simulations. The advantage of using computing clusters
like CHTC is that, in addition to gaining access to computers with higher RAM, one can run many jobs
simultaneously, as licenses allow. In our case, we break down a simulation with 101 frequency samples to
101 simulations with a single frequency sample and run 10 ∼ 15 of them in parallel. The parallelization
has helped us to reduce the total simulation time required to less than half of what would have taken if we
used a single computer.

5.2. Tests of S2,1 and S1,2 Symmetry

One sanity check that one can perform to gain confidence on the CST simulation is the check of S2,1 and
S1,2 symmetry. By symmetry, the response to port 2 to a signal from port 1 should be the same as the
response of port 1 to the identical signal from port 2. Fig. 4 shows the result from our simulation, with a
pair of dishes pointing at the zenith. From this, we concluded that CST simulation is quite reliable with
our simulation settings. David: add numerical values for the accuracy.

Fig. 4. Simulated S2,1 and S1,2 with a zenith-pointing pair of dishes.

We also simulate S2,1 and S1,2 with the full array of dishes pointing at the North Celestial Pole (Fig.
5), which is the configuration for the data taken. Here we see some disparities between curves. We think
that this is due to the complexity of the geometry and the interactions between different elements of the
array.
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Fig. 5. caption

5.3. Beam pattern simulations

David: Do we need this here?

6. Correlated noise from cross-coupling of receiver noise (David)

6.1. Noise model of receivers

Rogers and Bowman (Rogers & Bowman, 2012) use the noise wave model of Meys (Meys, 1978) to estimate
the noise emitted by the receiver toward the antenna in the EDGES global 21 cm spectrum instrument. We
follow their approach closely and reproduce the analysis in App. B. Each LNA, labelled i, is characterized
by three noise temperatures, Tui, Tcorri, and T0i. Tui is uncorrelated with the output of amplifier i. T0i
is uncorrelated with the input of amplifier i. Only Tcorri introduces a correlation between the input and
output of amplifier i.

6.2. Cross-coupling model

Figure 6 shows a schematic of the noise coupling model for the case of 3 antennas. The visibility for
baseline 1-2 includes a cross-correlation between the Tcorr1 and itself as well as between Tcorr2 and itself.
The visibility for baseline 2-3 contains similar terms from Tcorr2 and Tcorr3, as well as an additional cross-
correlation from the portions of Tu1 and Tcorr1 that couple into antennas 2 and 3. Peter: Indicate that we
are working only to first order in S.
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Zl1
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Fig. 6. Schematic of cross-coupling model for a pair of antennas. Independent noise temperatures Tu, Tcorr, and T0 are
generated in the LNAs. Coupling between antenna 1 and antenna 2 is quantified by the (voltage) scattering parameter S12.
The visibility formed by correlating the pair of signals is V12.
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6.3. Calculations S21 vs frequency for pairs of dishes embedded in 16TDPA

Fig. 7. Simulated S-parameters for the corresponding baselines. For the comparison of S21 and S12 of these baselines, see
Fig. 5.

6.4. Cross-Coupling Dependence on Baseline Length

Simulations for pair of zenith-pointing Dish Array antennas; pairs of NCP-pointing antennas within Dish
Array.

Fig. 8. Right: Superposition of all S-parameters in Fig. 7. When the entire array is present, the S-parameters do not show
clear dependence on the baseline length. Left: Distance dependence of the S-parameters from a zenith-pointing pair

6.5. Delay Spectrum Analysis (David & John)

Delay spectrum analysis on the simulated crosstalk to check if we see the features that we expect
Attempt to calibrate crosstalk by comparing the simulated crosstalk in the delay spectrum with the signal
in the delay spectrum and potentially subtracting the crosstalk from the signal

Fig. 9. Comparison of delay spectra of the nightly mean and that of the simulated crosstalk. Only half of the delay space
is shown because the Fourier transform of real data is taken, which results in delays symmetric to the center. We suggest
that the delays for the same baseline has similar structure; however, the frequency sample (101 bins over 700-800 MHz) is
insufficient to compare the detail structure of one to the other.
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Fig. 10. Same delays with Blackman-Harris window applied twice

Fig. 11. Right: Delay of the 2V-10V pair with higher frequency sampling rate (401 bins over 700-800 MHz) superposed on
the delay spectrum of the nightly mean for the baseline (410 bins over 700-800 MHz). Note that Fig. 10 is the simulation with
the entire array present where as this is from the simulation with only a pair of dishes. Left: Same delays with Blackman-Harris
window applied twice.

6.6. Effect of ground on cross-coupling?

Need to check this, but hopefully it’s negligible. Haotian could do a wider range of frequencies with a pair
of dishes and explore a range of ground models.

7. Correlated noise from thermal emission from the ground (Albert; Peter & David)

7.1. Model for thermal emission from ground

Haotian will insert a table of the complex permittivity (ε and ε′) for a ‘typical’ soil with several different
values of moisture content near 750 MHz, and two plots: ?? of emissivity vs angle of incidence for these
different cases, one plot for each polarization. The latter plot is based on the Fresnel coefficients ε which
should be defined in Appendix 1. (Sutinjo et al., 2015) (Juswardy, 2022)

Fig. 12. Ground Emissivity for at 750 MHz from the MRO material; left: perpendicular polarized; right: parallel polarized
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7.2. Beam simulations

To model the ground pickup for particular baselines accurately we need to simulate the beam patterns of
the dish antennas that form a baseline as a function of frequency. 1 MHz sampling. Ideally, the simulations
would include the full, 16 dish array because dishes interact with each other. In particular, some dishes
block the beams of other dishes. Further, the beams are affected by reflections from the ground. Computing
these effects for all pairs of antennas in the array would be costly, so we compute the beams for just a few
pairs of antennas.

7.2.1. Isolated dishes, pairs of dishes, dishes embedded in T16DPA

To assess the tradeoffs of including the above effects, we evaluate beam patterns for a single antenna, a
pair of antennas, and a pair of antennas embedded in the full array at a few frequencies (start with a single
frequency, 750 MHz). In all cases, we consider two pointings of the antennas: toward the NCP and toward
the zenith.

Fig. 13. Comparison of the beam patterns at 750 MHz of 15V by itself (blue), in pair (with dish 2; red), and with all the
other dishes in the array (yellow). This is E-plane pattern.

7.2.2. Effect of the ground on beam patterns

For each of the cases in the previous section, we compare the case of no ground (antennas in free space)
and with the ground.

Haotian is planning to co-plot a cut through the beams at 750 MHz for the case of the single dish and
a pair of dishes, including the 4 ground permittivity models used in making Figs. A.1 and ??.

8. Combined cross-coupling and ground emission model (David; Peter)

Waiting for ground results

8.1. Expected visibilities from astronomical sources

These are included in Figure 15. Peter will describe how Reza computed these.

8.2. Comparison to measured correlated noise

Plots from (Wu et al., 2021).
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Fig. 14. Simulated directivity gain Peter: check this for a pair of dishes (top row) and a single (bottom row) dish for the
φ = 0◦ cut (E plane, first column) and the φ = 90◦ cut (H plane, second column).

Fig. 15. Comparison of nightly mean, simulated sky, and simulated crosstalk for three different baselines.

8.3. Delay spectrum?

8.4. Stability with time

9. How to control these effects (John; David)

Improved antennas: simulated dish array with optimized feed and dish
David: blend this into conclusion?

10. Conclusion

future works: test with direct measurements
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Appendices

Appendix A Emissivity

below mostly copied from the optics textbook; needs revision later Emissivity of the surface of a material
is usually referred to as the effectiveness in emitting energy as thermal radiation. Quantitatively, emissivity
is the ratio of the thermal radiation from a surface to the radiation from an ideal black body at the same
temperature as given by the Stefan-Boltzmann law, and the ratio is between 0 and 1 (Peatross et al, 2015).

Here, we study the emissivity of the ground area under the Tianlai dish array and see how much impact
it has on the beam pattern received by the antennas.

Define θi as the incident angle and θt as the refracted angle, and n1 as the incident index and n2 as the
refracted index (Peatross et al, 2015). Consider a planar boundary between two materials with different
indices. When a plane wave traveling in the direction kt is incident on the boundary from the left, it
gives rise to a reflected plane wave traveling in the direction kr and a transmitted plane wave traveling in
the direction kt. The incident and reflected waves exist only to the left of the material interface, and the
transmitted wave exists only to the right of the interface. The angles θi, θr, and θt give the angles that each
respective wave vector (ki, kr, and kr) makes with the normal to the interface (Peatross & Ware, 2020).

The electric field vector for each plane wave is confined to a plane perpendicular to its wave vector.
We are free to decompose the field vector into arbitrary components as long as they are perpendicular to
the wave vector. It is customary to choose one of the electric field vector components to be that which lies
within the plane of incidence. We call this p-polarized light, where p stands for parallel to the plane of
incidence. The remaining electric field vector component is directed normal to the plane of incidence and
is called s-polarized light. The s stands for senkrecht, a German word meaning perpendicular.

Fig. A.1. Incident, reflected, and transmitted plane wave fields at a material interface.

We first use the Fresnel coefficients for reflections with parallel rs and perpendicular rp polarization.

rs =
sin θt cos θi − sin θi cos θt
sin θt cos θi + sin θi cos θt

(A.1)
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rp =
sin θt cos θt − sin θi cos θi
sin θt cos θt + sin θi cos θi

(A.2)

By Snell’s law n1 sin θ1 = n2 sin θ2, we could reduce (A.1) to the following:

rs =
1
n2

sin θi cos θi − α sin θi cos θi
1
n2

sin θi cos θi + α sin θi cos θi
(A.3)

rs =
sin θi cos θi − n2α sin θi cos θi
sin θi cos θi + n2α sin θi cos θi

(A.4)

where α comes from the Fresnel equations:

α =
cos t

cos i
(A.5)

α =

√
1− [(n1

n2
sin θi)]2

cos θi
(A.6)

Given the relation between incident and refracted index and dielectric constant n =
√
εr, we could reduce

the formula to the following:

rs =
sin θi cos θi −

√
εrα sin θi cos θi

sin θi cos θi +
√
εrα sin θi cos θi

(A.7)

Also, the parallel polarization case gives:

rp =
α sin θi cos θi −

√
εr sin θi cos θi

α sin θi cos θi +
√
εr sin θi cos θi

(A.8)

Now, we want to know the fraction of power that reflects from or transmits through an interface.
Energy conservation requires the incident power to balance the reflected and transmitted power:

Pi = Pr + Pt (A.9)

We assume that transmittance is negligible. Moreover, the power separates cleanly into power associated
with s-and p-polarized fields:

P
(s)
i = P (s)

r , P
(p)
i = P (p)

r (A.10)

Since the power is proportional to intensity and intensity is proportional to the square of the field amplitude.
We could write the fraction of reflected power, reflectance, in terms of our previously defined Fresnel
coefficients:

Rs ≡
P

(s)
r

P
(s)
i

=
I

(s)
r

I
(s)
i

=
|E(s)

r |2

|E(s)
i |2

= |rs|2 (A.11)

Rp ≡
P

(p)
r

P
(p)
i

=
I

(p)
r

I
(p)
i

=
|E(p)

r |2

|E(p)
i |2

= |rp|2 (A.12)

The sum of reflectance and emissivity should be equal to 1, hence the emissivity can be expressed:

εs = 1−Rs (A.13)

εp = 1−Rp (A.14)

Appendix B Noise emitted by receivers
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Tu
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Zl

Tcorr

Fig. B.1. Schematic of noise model for a single antenna and low noise amplifier.

Rogers and Bowman(Rogers & Bowman, 2012) use the noise wave model of Meys(Meys, 1978) to
estimate the noise emitted by the receiver toward the antenna in the EDGES global 21 cm spectrum
instrument. We follow their approach closely here.

Fig. B.1 shows the circuit model for an antenna connected to a receiver. There is an impedance
mismatch between the antenna and receiver. The antenna has impedance Za and collects a signal from the
sky with a temperature, Tsky. The output of the antenna connects directly to the input of the receiver,
which is modeled and a low noise amplifier (LNA) with an input impedance Zl.

The reflection coefficient at the connection between the antenna and receiver, looking toward the
antenna, is

Γ =
Za − Z∗l
Za + Zl

. (B.1)

The LNA is modeled as a noiseless amplifier with power gain g and three “noise power wave” terms
(Meys, 1978), all referred to the LNA input. T0 is the noise temperature of a noise power wave traveling into
the input of the LNA and is independent of the LNA input. Tu is the noise temperature of a noise power
wave emitted by the LNA input and traveling to the left (“backwards”) in the figure. Tu is uncorrelated
with the noise at the output of the amplifier. In addition, Tcorr represents two noise power waves that are
correlated with each other; one travels to the left and one travels to the right.

A fraction of the uncorrelated and correlated noise waves is reflected at the interface with the antenna,
with reflection coefficient Γ, back into the input of the LNA. The amount of Tu radiated by the antenna is
Tu(1− |Γ|2). We measured Tcorr � Tu, so we neglect it for now.

Measuring the noise terms

In order to determine Γ, it is convenient to include in the circuit model a coaxial line of impedance Z0 = 50 Ω
and zero length because the impedances and scattering parameters of the antenna and LNA are measured
(with a VNA) and simulated (as described in section 5) with respect to a reference impedance of 50 Ω. See
Fig. B.2. In terms of the given impedances, the reflection coefficients Γa (looking into the antenna output)
and Γl (looking into the LNA input) and a (complex) factor F are:

Γa =
Za − 50

Za + 50
, (B.2)

Γl =
Zl − 50

Zl + 50
, (B.3)

and

F =
(1− |Γl|2)1/2

1− ΓaΓl
. (B.4)
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The receiver noise temperature, Trec, for this system is given by Equation 8 of (Rogers & Bowman,
2012).

Trec = Tsky(1− |Γa|2)|F |2 + Tu|Γa|2|F |2 + (Tc cosφ+ Ts sinφ)|Γa||F |+ T0 (B.5)

The first term on the RHS represents the antenna temperature, Ta, at the input to the gain block after
accounting for the impedance mismatch between the antenna and the LNA. Specifically,

Ta = Tsky(1− |Γ|2) = Tsky((1− |Γa|2)|F |2. (B.6)

Similarly, the second term on the RHS of Eq. B.5 is the fraction of the uncorrelated LNA noise that
enters the LNA input after reflecting from the impedance mismatch between the LNA and the antenna.
The third term is the corresponding reflected contribution from the correlated portion of the LNA noise.
The reflected correlated noise interferes with correlated noise in the LNA with a relative phase angle φ.
Tc and Ts are the coefficients of the cosine and sine parts, respectively, of the correlated wave. The noise
temperature at the output of the LNA is then gTrec.

These various LNA noise temperatures, Tu, Tc, Ts, and T0, can be measured by measuring the power
output of the LNA while terminating its input with 4 different loads: a 50 Ω load at two different tempera-
tures, an open, and a short. These measurements are equivalent to replacing Za with different impedances.
Specifically, the outputs are:

gTopen =

{
g(Tu + Tc + T0) (φ = 0)

g(Tu − Tc + T0) (φ = π)
, (B.7)

gT50Ω,Hot = g(THot + T0), (B.8)

and

gT50Ω,Cold = g(TCold + T0). (B.9)

These equations can be solved for Tu, Tc, and T0. Ts can be solved for by adding a line of length λ/8 to
the open and short terminations.

Laboratory measurements

For the case of a Minicircuits ZFL-1000LN amplifier, using THot = 300 K and TCold = 77 K we find
Tu = 129 K, Tc = 8.1 K, and T0 = 664 K. The expected noise temperature for this amplifier is 275 K.

Peter: Show simulated and measured Za for Tianlai dish feed and feed/dish. Can get this from S11.

g

LNA

Za

Z0 = 50 W

T0

Tsky

Tu

Ga Gl

Zl

Tcorr

Fig. B.2. Schematic of noise model for a single antenna and low noise amplifier connected by a 50Ω coaxial line of zero length.
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