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A brief overview

L . Ji, PRL 110 (2013), 262002

Ji, SCPMA 57 (2014), 1407-1412
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How to eliminate this leading power correction? _ _
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Outline




1. OPE and power accuracy

OPE of quark bilinear operator

m Quark bilinear operator in a large momentum hadron on lattice

- 1 _
h(z,P,) = 2—Pt<PZ|w(z>U(z, 0)yp(0)|R,)

m OPE: a double expansion in z and «

Power Log
expansion expansion
Rz P) =) Z"LZ @™ (1) Cin (v, In 222 YD (V2, 1)
k=0 =0
Perturbative Non-perturbative
UV matching IR physics at O(A’éCD)
coefficients A=zP,

m Our goal: extract the non-perturbative parton physics for k = 0



1. OPE and power accuracy

Expansion accuracy

m Quark bilinear operator in a large momentum hadron on lattice

- 1 _
h(z,P,) = z_pt“’Z"/’(Z)”(Z' 0)y“(0)|B,)

m The extraction of the parton physics h(4,u) (A = z P))
h(z,B,) = C(v,a(p), z2u*)@h(vA, u) + 0(z Agcp ) + O(ZZA%QCD) + .-
If the energy scale is high enough, e.g. u~P,~20 GeV or z~0.01 fm
a accuracy: C(v, a(u), z?u?) = 0(1) + 0(a(u)) + 0(a?(w)) + -+
~0.15 ~0.023
power accuracy: O(z Aqcp) + O(2%Aep) + -
~0.015 ~0.00023



1. OPE and power accuracy

The leading power accuracy

m Quark bilinear operator in a large momentum hadron on lattice
_ 1 _
h(z, B) = oo (P () U (2, 0)y Y (0)| ;)
t

m The extraction of the parton physics h(4,u) (A =z B,)
h(z,P) = Cv,a(w), 22u?)®h(vA, 1) + 0(z Agcp) + 0(2%Acp) + -
Under current lattice technique, u~P,~2 GeV or z~0.1 fm
a accuracy: C(v, a(u),z?u?) = 0(1) + 0(a(u)) + 0(a?(uw)) + -
~0.30 ~0.088
power accuracy: O(z Aqcp ) + O(2%Ajep) + -+
~0.15 ~0.023

m The leading power accuracy O(z AQCD) is as important as O(a(u)) accuracy



2. Renormalon divergence

A subtlety: the perturbation series Is divergent

m Expand at the physical scale 1/z

Braun, Vladimirov
. and Zhang, PRD
BoIn(z- =) 99 (2019) 1, 014013

m At high orders,

w(m = woe + o(w + ;m mm + e
_ ﬁ n - & n nlnn-n % (VAR
Cn (Zn) n: (Zn) €
from bubble chain of Wilson link self energy
n
m Truncate near the minimum term Cn@
n
d(ég—o) entlnn-nyn 2T . Schematic
i 1 =0 = n:—,b’ diagram
n a bo
. . . n

m The uncertainty of the truncation 5 : i ; ;

2T

Cra® | 2m = e @Fo=zNAgcp IN€sSame orderas the leading
a Bo power correction
Beneke, Phys.Rept. 317 (1999) 1-142



2. Renormalon divergence

Introduce a parameter my (1)

m No clear boundary between ¢, (v,Inz?u?) and 0(z Agcp)

h(z,P,) = z a™(w) ¢, (v,In Zz,uz)‘@)h(w'l, W) + 0(z Agcp)

n=0

Uncertainty in regulating this
divergent series O(z Agcp)

m A way to regulate the divergent series is called a summation scheme 7

m The leading power correction my(7)z dependson t
&p 0( ) P Ayala, Lobregat and Pineda,

h(z,P,) = z a™(u) c,,(v,Inz?u?, 1) ®h(vA, 1) + my(t)z PRD 99 (2019) 7, 074019
n=0
m Knowing h(z, P,) and c,,(v,Inz?u?, 1), one can extract m, ()
m Make predictions with m, (7). Is my(t) a universal parameter?
h'(z,P,) = 2 a™(w)c,(v,Inz?u?,v) h'(vA, u) + my(1)z

n=0



2. Renormalon divergence

Physics of the divergent series

Some low momentum modes in the perturbation
theory lead to a divergent series,

e.g. Wilson link self energy with n bubbles
~ fo d%k (=)™ In"(—k?) ~n!

Truncating the divergent series is to regulate the
these low momentum modes

Coordinate space picture: long distance physics
leads to a divergent series

Truncating the divergent series is to regulate the
long distance physics

Ambiguity in choosing 7. No ambiguity in the full
physics up to O(z Agcep)

~ NN\
JO‘N = Towe + W oW+ momom ot
% VoY

Coordinate Space

my (1)

Braun, Vladimirov
v and Zhang, PRD
99 (2019) 1, 014013

T is the summation
scheme, intuitively
understood as “the
boundary” between
UV and IR



2. Renormalon divergence

Perturbative universality

m A universality class of the perturbative T dependence

Linear divergence series: §m(a) = %Zf{’zocna"“(l/a)

Pole mass series: mgs — Myps = Yoo Hattt

LaMET pert for 1D objects: hfere = 1+ a5c; + alcy + ades + -
m Leading renormalon series Beneke, PLB 344 (1995) 341-347

.y Bo\ T[n+1+b] . b ; b(b—1) ;
T = m“(m) [[L + b] ( A b Tt @+ b-1D) 2+"'>

m N, determination Bali, Bauer and Pineda, PRD 87 (2013) 094517

| | NSPT, O[a*°], ny = 0 < nlatey
Linear divergence Nlatt = 19.0(16), NMS = AT‘“ 0.660(56

MS

_ Ana, O[a®], ns = 0 5
Pole mass series Npy> =€0.622(23) >— Consistent
ne =3 NMS = 0.575(13) Pineda, JHEP 06 (2001) 022
LaMET pert 4 ” Apply?
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3. Numerical test on Pion PDF

The leading power correction

Ishikawa, Ma, Qiu and Yoshida, arXiv:1609.02018
Chen, Ji and Zhang, NPB 915, 1 (2017)

= AmbigUity during the Mass renormalization Constantinou and Panagopoulos, arXiv:1705.11193
hR (AL P), ~ hB (4, Pz)e(dm(a)+m0(r))z Alexandrou et al., NPB 923 (2017)
Chen et al., PRD 97 (2018)
ﬂ Fourier transform Musch, Hagler, Negele and Schafer, PRD 83 (2011)
Ji, Zhang and Zhao, PRL 120 (2018)
~ ~ Am,
fO,P)e~f(x,P)u +0 < - ) Ji et al., NPB 964 (2021)
Z

m  Ambiguity of perturbative matching kernel

u U Aqcp
Clé,,— | ~CL €& — O
<€ xPZ) <€ xPZ) T ( xP, )
T T/

m Under the same scheme T, the leading power correction vamshes

dy QCD AQcep
feahde= ]y, <y xP)Tf(y'””O”( P2’ (1 - x)ZP;)

11



3. Numerical test on Pion PDF

Lattice data and renormalization

m Pion valence PDF matrix element from BNL/ANL collaboration: Gao et al., PRD (2020)

h'3t (z,a,B,) = (r* (B)|a(2)y U (2, 0)u(0) — d(2)y*U(z,0)d(0)|z*(B,)) Gao et al., PRD (2021)

: : . G tal., PRL (2022
m Hybrid renormalized matrix element: ao €t a ( )

_ h'at (z,a, P,) h'at(z, a, P,)
hR(2,P) =50z — |zD + — ——————0(|z| — z,)
h'at(z,a,0) ZR(z,a, W)hM>(z, 1, 0)
where ZR(z, a, ) ~ e~ (0m@+mo)z,
lat
my(7) is determined through requiring 2 gjz“f;) D — AMS(z, 4, P, = 0) for a < z < 1/Aqcp
mo(GeV) o
s o NLO  NNLO
7 NNLO
0.5 NLO+RGR
m NLO+RGR+LRR
04 a NNLO+RGR+LRR
0.3"
02l 7 NLO LRR: RGR
B Asymptotic Form to 0[1/n?]

01 . 7 scheme: Borel sum with P.V.
O%%00 005 010 045 020 o025 0.a3gm (M

Fit range: [Zmin, Zmin + 0.08fm] 12



3. Numerical test on Pion PDF

LRR: Matching with leading power correction
20—\
15 NLO )

‘ NNLO -
NLO+RGR

s NLO+RGR+LRR
s NNLO+RGR+LRR -

13



Take home messages

Under current lattice technique (scale ~2 GeV), the leading power
accuracy 0(z Aqcp) is as important as O (a(y))

The definition of the leading power correction depends on the
summation scheme t of the lead twist perturbation series

After the leading power accuracy is controlled, the precisions of PDF
are dramatically improved. The methods in our paper can be
generalized to other LaMET 1D objects, such as GPD and DA.

14



Appendix
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Renormalon divergence

Renormalon divergence

— n+1

m At high orders,
T~ nl,

series is divergent for any a,

m Borel transformation, B[t] = an—"t"

Renormalon divergences correspond to
singularity poles on Borel Plane

M. Beneke, Phys.Rept. 317 (1999) 1-142

0.20

0.5 ° At minimum term:
_ ' n~ 1/ag, which
B0 comes from
0.05 dn'a'n"'l =0
..... dn

0.00

Nth order

Data from Bali, et al. PRD(2013)
A

2r Am 8 127 16w t

Bo Bo Bo Bo Bo
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Renormalon and Power Accuracy

Summation Schemes and Renormalon Ambiguity

m Borel Sum

t

R=["dte a BJt]

which depends on the integral path

m TJo regularize the renormalon
divergence, just choose an integral
path that leads to a finite result

m Each integral path in Borel sum
corresponds to a summation scheme t

M. Beneke, Phys.Rept. 317 (1999) 1-142

m The resulting difference between summation
schemes is called renormalon ambiguity,
which can be estimated as the residues of the

poles on Borel plane.
m e.g. the leading pole:

A[5m(a)] =z O(AQCD)
AlZ (v, z%u?)] ~ 0(zAgcp)

olefss)] o

QCD
xP,

)

17



Renormalon divergence

Physical observables are renormalon free 5. ocio’ omors

m The QCD physical observables (Suppose we measure
them in a hadron state) should be independent of
summation scheme Momentum Space

(01(Q2)> — Cl(QZIT) + < 2)2( ) ’ C1

Pert Nonpert

m The universality of summation scheme dependence

(0:(0D)) = (02, 7) + 22D
(0,(0%) = (0%, 1) + 2 ‘;2)2( )
(03(0%)) = C5(02,7) + 2 (j;()

18



Renormalon and Power Accuracy

The origin of the leading renormalon in LaMET

m The non-local quark bilinear operator with
a Wilson link

O(Z) = &1 (2)U(z, 0)I'P,(0)

m The leading renormalon comes from the
self energy of the Wilson link (or as a
subdiagram)

m During the renormalization
HR(2, B,) ~ HB (2, B,)e®m=mo)z

where m, is a nonperturbative mass which
may be mixed with the leading renormalon

~

ambiguity of §m and Hfo
Além(a)] ~ O(Aqcp)

AlHfere] ~ 0(zAqcp)
G. Bali et al., PRD 87 (2013) 094517

()

m |n the matching kernel

A
o(esm)e(e5m) o ()

A
where 0 ( ;;D) denotes the leading

renormalon azmbiguity of the matching kernel

V. Braun et al., PRD 99 (2019) 1, 014013
19



Renormalon and Power Accuracy

Twist-three accuracy

The bare matrix element H(z, B,, a) = (B,|¥(2)U(z, 0)y(0)|B,)

The renormalized matrix element

- Ak
HR(z, P, u,17) = e Mo(D 2 z Ck(a(ﬂ),ZZMZ,T)E<xk>(H) + O(ZZA%)CD)
k=0
/1k
= Z [Cre (), %%, 1) = mo (1) 2] 1 (x*) (W) + O(2Bqepa (), 2°Agcp)

k=0
my(7) is a twist-three non-perturbative parameter during the renormalization

The leading renormalon ambiguity in the Ci(a(w), z*u?, ) is independent of k

20



Renormalon and Power Accuracy

e N F.T. [Hfert(4, P
X""<g;;;; """"""""""" ;; """ 7 Regularize the leading renormalon under the 6( L)
\Q<>9 same summation scheme T for: $ xP; ),
Perturbative Matrix Element: e (4, P,); In our strategy, 7
(d) Perturbative Matching Kernel:C (E T) ﬂ\dependence is perturbative
z T o
ET.[A*A,B)
e (¢5%)
§ xP; ),
/ .. \ ( Matching: \
Renormalization: (x, P,)
R (/1, Pz)r ~ HB (/1, PZ)e(6m+m0)z f X, T
: iy dy (x
Determine my 1 through requiring = | = < ) fly, )
AR (A, P,)y = HE (4, B,), for vl \y'xF,
a<z<K1/Aqcp Use the matching kernel under

\ summation scheme t

J

21



The leading renormalon series

Decomposition of LaMET perturbation series

m The LaMET perturbation series (e.g. Wilson coefficient and Matching kernel)

Hfore =1+ age; + ade, + ades + -

1+ agcf + az_czc + a_?_c?f + .- Convergent Series keep

+ acN + aZeg® +adcerR 4 -

Leading Renormalon Series Borel sum t

+ a e N 4+ aZcp R + adcd R 4 - Higher Power Renormalon Series  ignore

m Conjecture |: the leading renormalon is important at the initial several orders in LaMET
perturbation series. We expect good convergence after Borel suming the leading
renormalon series.

Hint 1: the minimum term of the leading renormalon - NLO,

. < NNLO
is at the order n ~ ~2
Boas[u=2GeV]

Hint 2: the pole mass series mgg = Mys + Do Tt t!

has the similar scales (m, = 1.2GeV, my, = 4.2GeV) as LaMET

P = W] Wiy To ™ T A. Pineda, JHEP 06 (2001) 022
exact (ny = 3) 0.424413 1.04556 3.75086 | Full Series
Eq. (12) (nf = 3) 0.617148 | 0.977493 | 3.76832 | Leading Renormalon Series 22



The leading renormalon series - Large [, approximation

Large [, Approximation

m To Borel sum the leading renormalon series, QQ)?X
we need to know it up to all orders O V. Braun et al., PRD
o 99 (2019) 1, 014013
m Inlarge [, approximation, only the bubble

chain diagram of self energy contributes to the

leading renormalon mQmw = e + mw + @ mm 4 -
mg from fitting lattice data to m Pion PDF under LaMET with different
perturbation series at short distance perturbation series
mé“{eew 20— ————
By NLO
NNLO
0.5¢ NLO+RGR 1.5¢ o
= NLO+RGR+LRR < NLO+RGR
0.4 = NNLO+RGR+LRR o = NLO+RGR+LRR
G 1.0 = NNLO+RGR+LRR
0.3- 3
0.2] 0.5}
0.1}
00 | | | , , 2 (fm) 8% 02 04 06 0.8 1.0
0.00 005 010 015 020 025 0.30™ X

Data from BNL/ANL collaboration 5



Appendix

How to go beyond large (57

Large [, approximation  How to improve Higher Order corrections: f;,

the accuracy?
Bubble Chain of one [ >

B2, Ps -

loop [ function

@:Z:Z;::::::::.'.::Z:::.'.Z::Z:I::::::I:::IC::Z:./>.<> U nSO Ived I n
) ;} [ literature

Studied in
literature.

Applied to
LaMET.

Method I:

Calculate high loop Feynman
diagrams. Find a class of
diagrams that contribute to the
leading renormalon.

Method II:

Guess the renormalon series
based on physics requirements.
Verify the guess with data.

24




The leading renormalon series - beyond Large 5,

Beyond Large [,

m Conjecture ll: the asymptotic form of the leading renormalon should satisfy the
following conditions:

1) It contains a pole at t = 21/, on Borel plane;

2) The leading renormalon ambiguity is renormalization scale independent;

3) The leading renormalon ambiguity is renormalization scheme independent
m [hese conditions determine a unique asymptotlc form except for an overall

normalization factor in Borel plane B[t] = ).,,- 0—|t"
M. Beneke, PLB

1
Blu] = Npu (1= 2u)i+b A+ —-2w)+c(1—2u)*+-) 344 (1995) 341-347

where u =22 = P ¢ : ( Bz)

4T 2821 T 4bgd
m The asymptotic form for the coefficients of the renormalon series R = Y,,,_, 1, a1
n
n+1+b b b(b—1
R A (). (b= .
27 I'[1+ b] n+b’ (n+b)(n+b—1)

Verlfled in the linear divergence perturbation series 6m = Zn ocna™t(1/a) to
O[a?°] in lattice scheme for ng=0

G. Bali et al., PRD 87 (2013) 094517
25



Appendix

The asymptotic form with the leading pole

m 1)Itcontainsa poleatt = 2mt/fB, on Borel plane (u = i—‘: :

Blu] = Npu

(1 — 2u)1+b (1+c(1—2u) +c,(1— 2u)2 + )

where N,,, b, ¢4, ¢, ... are parameters to be determined

4T U
The renormalon ambiguity: Im[R] = Im 2—”f0+°° du e Boas Blu + ie]]
0

M. Beneke, PLB 344 (1995) 341-347
G. Cvetic, PRD 67 (2003) 074022

26



Appendix

The renormalization scale independence

1
Blu] = N,,u 201 (14 c¢;(1—2u) +c,(1 —2u)? + -+)
m 2) The leading renormalon ambiguity is renormalization scale independent.
The renormalon ambiguity (set M = ;’; )
5 4 (T ’ _54”_”
Im[R] = Im 2 due Po% Blu + ie]
0vJ0
2 I'[1 — b]Sin[mh] Iy cib c,b(b—1)
— ~Mpb [
N Be 2 ue + Y + YE +
The RG invariant scale (b, c;, c; are known) F. Karbstein, JHEP09(2014)114
T2 da' , c,'b" ¢,'b'(b' —1)
Aocn = u Ex j =ue M02M)P <1+ + + .-
QCD U p [ o] ﬁ[al] U M M?2

If we choose b =b’', ¢; =1, ¢, =c; .., the renormalon ambiguity is scale independent:
2 '[1 — b]Sin|[mh]

fo  b2b P

And we only have one choice for {b, c, ¢, ...} since they are coefficients for different
kinds of scale dependences

Im[R] = N,,

27



Appendix
The renormalization scheme independence

Blu] = Npu

1
(1 — 2u)L+b (14 c¢;(1—2u) +c,(1 —2u)? + -+)

m 3) The leading renormalon ambiguity is renormalization scheme
independent.

The renormalon ambiguity
- 2n I'[1 — b]Sin|[mh]
Im[R] = N,, 3 T Aqcp

where p = £L

288
Since p,, p; are renormalization scheme independent, N,,Aqcp iS
renormalization scheme independent.

Aqcp is different for different schemes (e.g. Aj;;~10MeV, Ays~300MeV). So the

overall normalization factor is scheme dependent:
Nn)gAX = N#LAR

28



Appendix

Verify the asymptotic form

B Bo\ Tn+1+b] b b(b—1)
r”_Nm<2n> [[1 + b] <1+n+bC1+(n+b)(n+b—1)C2+"'>

m The linear divergence perturbation m Determine the N,
series dm = %Z,‘f:o c,a™1(1/a) to
O[a*°] in lattice scheme for ny = 0

195 - T T T T T T ] T
(350) —
ﬁﬁ (3(;/83 — 20
1.90 ] o
- @.1/6) 5|
o 1.85 NINIe . £
%c H# NNNLO - < 107}
180 | O
Yingpasaass o - |
175 ®
| | ] | ! ! 0 o =) ] ] 1
8 10 12 14 16 18 0 S} 10 15
n n

G. Bali et al., PRD 87 (2013) 094517
29



Appendix

Verify the asymptotic form

rn:Nm</>’0> F[n+1+b]<1+nL b(b—1) +>

27 ) " T[1+b] b T b 1)
m Calculate the linear divergence 195 F— . , . ] .
perturbation series up to O[a?°] in {H 3 ?/8%
lattice scheme through numerical { (8,0) —e—
stochastic perturbation theory (NSPT) 1.90 (8,1/6) —e— |
for Tlf = 0: ’-"‘T LO —
o185 F ¥  NNIOA .
om = = Tiocs P a™i(1/a) (fundamental) £ H# WNNES
o
Smg =2 ¥ ciP a™*1(1/a) (adjoint) 1.80 F Hﬁﬂﬁ ‘%‘ﬁ%ﬁ%ﬁ@@
m Verify the asymptotic form through the } } H%
ratio 175 . | | . | |
‘n __m 8 10 12 14 16 18
NCh_1 MNTy_q n
NSPT Asymp G. Bali et al., PRD 87 (2013) 094517

30



Appendix

Determine the overall factor N,

Bo\" T[n+1+b] b b(b—1)
’"":Nm<2n> [+ b] <1+n+bcl+(n+b)(n+b—1)C2+”'>

m Determine the N,, .
: Cn NSPT 20
N,, = lim
n-o 1, /Ny, Asymp

15

m N, isthe same for HYP smeared and ~ _F ol

unsmeared cases for ng = 0:
Nlatt(p = 0) = 19.1(15) .
NJatt(, = 1/6) = 18.9(15) S ‘

0 Eﬁm I I I

0 5 10 15

G. Bali et al., PRD 87 (2013) 094517
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The leading renormalon series - beyond Large 5,

A universality class for the leading renomalon

m Conjecture lll: the following perturbation series share the same leading renormalon
series (even the same overall factor N,,):

Linear divergence series: ém = %Z,"{’:Ocna"“(l/a)
Pole mass series: mgs — Mygs = Yoo Tttt
LaMET pert for 1D objects: Hfore = 1 + a5c; + adc, + adcz + -

N rmination .
- A el G. Bali et al., PRD 87 (2013) 094517

NSPT, O[a?°], n = 0 _ latt
Linear divergence 2}y N1t — 19.0(16), NMS = MA—fatt =0.660(56
MS
Ana, O[a3],nf = 0 —
Pole mass series L, NMS =0.622(23)— Consistent

ne =3 NMS = 0.575(13) A. Pineda, JHEP 06 (2001) 022

LaMET pert < ” Apply?

32



Renormalon divergence

Non-perturbative universality

m my(7r) may depend on the hadron species mq (7)

e.g. pion and proton have different long distance physics

Thus they may have different m(t) (P| t |P)

m my(7) is momentum P independent
n, = (0,0,0,1) the direction of the gauge link
OPE with n,. z

h(n,.z, z. P1 = z a™(w) c,,(v,In[(n,.2)*u?],7) @(vA, 1) + mo(r*

n=0
Lorentz Lorentz Lorentz
invariant invariant invariant

n,. 2+ -

33



Numerical Test on Pion PDF

Review

Large [, approximation Asymptotic form

No control on renormalon Fine-Tuning beyond large 3,
mg“(eev_n mE"(GeV) me"(GeV)
NNLO
0.5 NLO+RGR 0.5¢ NLO+RGR 0.5 NLO+RGR
= NLO+RGR+LRR « NLO+RGR+LRR

0.4 0.4 = NNLO+RGR+LRR 0.4 = NNLO+RGR+LRR

0.3} 0.3} 0.3

0.2} 0.2} 0.2

0.1 0.1} 0.1}

0.0 : : 0.0 : ] 0.0 : frn)
0.00 005 010 015 020 025 0.00 005 010 015 020 025 0.00 020 025 (fm)
2.0 : : : 2.0 : 2.0 : :
1.5t 1.5t NLO 1.5¢ NLO 1

. NLO N NNLO . NNLO

S NNLO S NLO+RGR S NLO+RGR

® NLO+RGR o = NLO+RGR+LRR o = NLO+RGR+LRR

o 101 o 1.0r = NNLO+RGR+LRR o 1.0 = NNLO+RGR+LRR ]

2 3 3

X X X
0.5} 0.5} 0.5/

085 02 04 06 08 0g 02 04 06 08 g 06 08 1.0
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Appendix

20— pg—————————————————
| h NLO

NNLO
| N NLO+RGR -
1.5¢ N s NLO+RGR+LRR ]
\ « NNLO+RGR+LRR

35
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