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A brief overview
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How to eliminate this leading power correction?

Braun, Vladimirov and Zhang, 

PRD 99 (2019) 1, 014013 

Liu and Chen, PRD 104 (2021) 

9, 094501
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OPE and power accuracy

Renormalon divergence

Numerical test on Pion PDF
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OPE of quark bilinear operator
■ Quark bilinear operator in a large momentum hadron on lattice

෨ℎ 𝑧, 𝑃𝑧 =
1

2𝑃𝑡
𝑃𝑧

ത𝜓 𝑧 𝑈 𝑧, 0 𝛾𝑡𝜓 0 𝑃𝑧

■ OPE: a double expansion in 𝑧 and 𝛼

෨ℎ 𝑧, 𝑃𝑧 = ෍

𝑘=0

𝑧𝑘 ෍

𝑛=0

𝛼𝑛 𝜇  𝑐𝑘,𝑛 𝜈, ln 𝑧2𝜇2 ⨂ℎ𝑘 𝜈𝜆, 𝜇

■ Our goal: extract the non-perturbative parton physics for 𝑘 = 0
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Power 

expansion

Log 

expansion

Perturbative 

UV matching 

coefficients

Non-perturbative 

IR physics at 𝒪(ΛQCD
𝑘 )

𝜆 = 𝑧 𝑃𝑧

1. OPE and power accuracy



■ Quark bilinear operator in a large momentum hadron on lattice

෨ℎ 𝑧, 𝑃𝑧 =
1

2𝑃𝑡
𝑃𝑧

ത𝜓 𝑧 𝑈 𝑧, 0 𝛾𝑡𝜓 0 𝑃𝑧

■ The extraction of the parton physics ℎ 𝜆, 𝜇  (𝜆 = 𝑧 𝑃𝑧)

෨ℎ 𝑧, 𝑃𝑧 = 𝐶 𝜈, 𝛼 𝜇 , 𝑧2𝜇2 ⨂ℎ 𝜈𝜆, 𝜇 + 𝑂 𝑧 ΛQCD + 𝑂 𝑧2ΛQCD
2 + ⋯

 𝛼 accuracy: 𝐶 𝜈, 𝛼 𝜇 , 𝑧2𝜇2 = 𝒪(1) + 𝒪(𝛼 𝜇 ) + 𝒪(𝛼2 𝜇 ) + ⋯

 power accuracy: 𝒪 𝑧 ΛQCD + 𝒪 𝑧2ΛQCD
2 + ⋯
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Expansion accuracy

If the energy scale is high enough, e.g. 𝜇~𝑃𝑧~20 GeV or 𝑧~0.01 fm

~0.15 ~0.023

~0.015 ~0.00023

1. OPE and power accuracy



■ Quark bilinear operator in a large momentum hadron on lattice

෨ℎ 𝑧, 𝑃𝑧 =
1

2𝑃𝑡
𝑃𝑧

ത𝜓 𝑧 𝑈 𝑧, 0 𝛾𝑡𝜓 0 𝑃𝑧

■ The extraction of the parton physics ℎ 𝜆, 𝜇  (𝜆 = 𝑧 𝑃𝑧)

෨ℎ 𝑧, 𝑃𝑧 = 𝐶 𝜈, 𝛼 𝜇 , 𝑧2𝜇2 ⨂ℎ 𝜈𝜆, 𝜇 + 𝑂 𝑧 ΛQCD + 𝑂 𝑧2ΛQCD
2 + ⋯

 𝛼 accuracy: 𝐶 𝜈, 𝛼 𝜇 , 𝑧2𝜇2 = 𝒪(1) + 𝒪(𝛼 𝜇 ) + 𝒪(𝛼2 𝜇 ) + ⋯

 power accuracy: 𝒪 𝑧 ΛQCD + 𝒪 𝑧2ΛQCD
2 + ⋯

■ The leading power accuracy 𝒪 𝑧 ΛQCD  is as important as 𝒪(𝛼 𝜇 ) accuracy
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The leading power accuracy

Under current lattice technique, 𝜇~𝑃𝑧~2 GeV or 𝑧~0.1 fm

~0.30 ~0.088

~0.15 ~0.023

1. OPE and power accuracy



■ Expand at the physical scale 1/𝑧

𝐶 = 1 + ෍

𝑛=1

𝑐𝑛 𝛼𝑛 1/𝑧

       where 𝛼 𝜇 =
2𝜋

𝛽0 ln
𝜇

ΛQCD

■ At high orders, 

      𝑐𝑛 ~
𝛽0

2𝜋 

𝑛
𝑛! ~

𝛽0

2𝜋 

𝑛
𝑒𝑛 ln 𝑛−𝑛 

      from bubble chain of Wilson link self energy

■ Truncate near the minimum term

d
𝛽0
2𝜋 

𝑛

𝑒𝑛 ln 𝑛−𝑛𝛼𝑛

d 𝑛
= 0 ⇒  𝑛 =

2𝜋

𝛼 𝛽0

■ The uncertainty of the truncation

 c𝑛𝛼𝑛|
𝑛 →

2𝜋

𝛼 𝛽0

= 𝑒
−

2𝜋

𝛼 𝛽0 = 𝑧 ΛQCD

7

A subtlety: the perturbation series is divergent

2. Renormalon divergence

Braun, Vladimirov 

and Zhang, PRD 

99 (2019) 1, 014013 

Schematic 

diagram

The same order as the leading 

power correction
Beneke, Phys.Rept. 317 (1999) 1-142

𝑐𝑛𝛼𝑛

𝑛



Introduce a parameter 𝑚0 𝜏
■ No clear boundary between 𝑐𝑛 𝜈, ln 𝑧2𝜇2  and 𝑂 𝑧 ΛQCD

෨ℎ 𝑧, 𝑃𝑧 = ෍

𝑛=0

𝛼𝑛 𝜇  𝑐𝑛 𝜈, ln 𝑧2𝜇2 ⨂ℎ 𝜈𝜆, 𝜇 + 𝑂 𝑧 ΛQCD

■ A way to regulate the divergent series is called a summation scheme 𝜏

■ The leading power correction 𝑚0 𝜏 𝑧 depends on 𝜏 

෨ℎ 𝑧, 𝑃𝑧 = ෍

𝑛=0

𝛼𝑛 𝜇  𝑐𝑛 𝜈, ln 𝑧2𝜇2 , 𝜏 ⨂ℎ 𝜈𝜆, 𝜇 + 𝑚0 𝜏 𝑧

■ Knowing ෨ℎ 𝑧, 𝑃𝑧  and 𝑐𝑛 𝜈, ln 𝑧2𝜇2 , 𝜏 , one can extract 𝑚0 𝜏

■ Make predictions with 𝑚0 𝜏 . Is 𝐦𝟎 𝛕  a universal parameter?

෨ℎ′ 𝑧, 𝑃𝑧 = ෍

𝑛=0

𝛼𝑛 𝜇 𝑐𝑛
′ 𝜈, ln 𝑧2𝜇2 , 𝜏 ⨂ℎ′ 𝜈𝜆, 𝜇 + 𝑚0 𝜏 𝑧
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2. Renormalon divergence

Uncertainty in regulating this 

divergent series 𝒪 𝑧 ΛQCD

Ayala, Lobregat and Pineda, 

PRD 99 (2019) 7, 074019 



Physics of the divergent series
■ Some low momentum modes in the perturbation 

theory lead to a divergent series, 

 e.g. Wilson link self energy with 𝑛 bubbles

 ~ 0׬
𝑑𝑑𝑘 −1 𝑛 ln𝑛 −𝑘2  ~ 𝑛!

■ Truncating the divergent series is to regulate the 

these low momentum modes

■ Coordinate space picture: long distance physics 

leads to a divergent series

■ Truncating the divergent series is to regulate the 

long distance physics

■ Ambiguity in choosing 𝜏. No ambiguity in the full 

physics up to 𝒪 𝑧 ΛQCD
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2. Renormalon divergence

𝑘

𝑚0 𝜏

Coordinate Space

𝐶(𝜏) 𝜏

Braun, Vladimirov 

and Zhang, PRD 

99 (2019) 1, 014013 

𝜏 is the summation 

scheme, intuitively 

understood as “the 

boundary” between 

UV and IR



■ A universality class of the perturbative 𝜏 dependence

 Linear divergence series: 𝛿𝑚(𝑎) =
1

𝑎
∑𝑛=0

∞ 𝑐𝑛𝛼𝑛+1(1/𝑎)

 Pole mass series: 𝑚OS − 𝑚𝑀𝑆 = ∑𝑛=0
∞ 𝑟𝑛𝛼𝑠

𝑛+1

 LaMET pert for 1D objects: ෨ℎpert
𝑅 = 1 + 𝛼𝑠𝑐1 + 𝛼𝑠

2𝑐2 + 𝛼𝑠
3𝑐3 + ⋯

■ Leading renormalon series

𝑟𝑛 = 𝑁𝑚𝜇
𝛽0

2𝜋 

𝑛
Γ 𝑛 + 1 + 𝑏

Γ 1 + 𝑏
1 +

𝑏

𝑛 + 𝑏
𝑏1 +

𝑏 𝑏 − 1

𝑛 + 𝑏 𝑛 + 𝑏 − 1
𝑏2 + ⋯

■ 𝑁𝑚 determination

Linear divergence             𝑁𝑚
latt = 19.0 16 , 𝑁𝑚

MS =
𝑁𝑚

lattΛlatt

ΛMS
= 0.660(56)

Pole mass series                                        𝑁𝑚
MS = 0.622(23)

LaMET pert
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Perturbative universality

Bali, Bauer and Pineda, PRD 87 (2013) 094517

NSPT, 𝑂[𝛼20], 𝑛𝑓 = 0 

Ana, 𝑂[𝛼3], 𝑛𝑓 = 0 

Pineda, JHEP 06 (2001) 022𝑛𝑓 = 3 𝑁𝑚
MS = 0.575(13)

Apply?

Consistent

2. Renormalon divergence

𝜏

Beneke, PLB 344 (1995) 341-347



The leading power correction

■ Ambiguity during the Mass renormalization
෨ℎ𝑅 𝜆, 𝑃𝑧 𝜏 ~ ෨ℎ𝐵 𝜆, 𝑃𝑧 𝑒 𝛿𝑚(𝑎)+𝑚0(𝜏) 𝑧

ƿ𝑓 𝑥, 𝑃𝑧 𝜏 ~ ƿ𝑓 𝑥, 𝑃𝑧 𝜏′ + 𝒪
Δ𝑚0

𝑥𝑃𝑧

■ Ambiguity of perturbative matching kernel

𝒞 𝜉,
𝜇

𝑥𝑃𝑧 𝜏

 ~ 𝒞 𝜉,
𝜇

𝑥𝑃𝑧 𝜏′

+ 𝒪
ΛQCD

𝑥𝑃𝑧

■ Under the same scheme 𝛕, the leading power correction vanishes

ƿ𝑓 𝑥, 𝑃𝑧 𝜏 = න
𝑑𝑦

|𝑦|
𝒞

𝑥

𝑦
,

𝜇

𝑥𝑃𝑧 𝜏

𝑓(𝑦, 𝜇) + 𝒪
Λ𝑄𝐶𝐷

𝑥𝑃𝑧
+ 𝒪

ΛQCD
2

𝑥2𝑃𝑧
2

,
ΛQCD

2

(1 − 𝑥)2𝑃𝑧
2
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Fourier transform

Ji et al., NPB 964 (2021)

3. Numerical test on Pion PDF

Ishikawa, Ma, Qiu and Yoshida, arXiv:1609.02018

Chen, Ji and Zhang, NPB 915, 1 (2017)

Constantinou and Panagopoulos, arXiv:1705.11193

Alexandrou et al., NPB 923 (2017)

Chen et al., PRD 97 (2018)

Musch, Hagler, Negele and Schafer, PRD 83 (2011)

Ji, Zhang and Zhao, PRL 120 (2018)



Lattice data and renormalization
■ Pion valence PDF matrix element from BNL/ANL collaboration:

ℎlat 𝑧, 𝑎, 𝑃𝑧 = 𝜋+ 𝑃𝑧 ത𝑢(𝑧)𝛾𝑡𝑈(𝑧, 0)𝑢(0) − ҧ𝑑(𝑧)𝛾𝑡𝑈(𝑧, 0)𝑑(0) 𝜋+ 𝑃𝑧

■ Hybrid renormalized matrix element:

෨ℎ𝑅 𝑧, 𝑃𝑧 =
෨ℎlat 𝑧, 𝑎, 𝑃𝑧

෨ℎlat (𝑧, 𝑎, 0)
𝜃 𝑧𝑠 − |𝑧| +

෨ℎlat 𝑧, 𝑎, 𝑃𝑧

𝑍𝑅(𝑧, 𝑎, 𝜇) ෨ℎMS 𝑧𝑠, 𝜇, 0
𝜃 |𝑧| − 𝑧𝑠

where 𝑍𝑅 𝑧, 𝑎, 𝜇  ~ 𝑒− 𝛿𝑚(𝑎)+𝑚0 𝑧. 

𝑚0(𝜏) is determined through requiring 
෨ℎlat 𝑧,𝑎,𝑃𝑧=0

𝑍𝑅(𝑧,𝑎,𝜇)
= ෨ℎMS 𝑧, 𝜇, 𝑃𝑧 = 0  for 𝑎 < 𝑧 ≪ 1/ΛQCD
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3. Numerical test on Pion PDF

Gao et al., PRD (2020)

Gao et al., PRD (2021)

Gao et al., PRL (2022)

෨ℎMS = (1 + 𝛼𝑠𝑐1
𝑐 + 𝛼𝑠

2𝑐2
𝑐 + 𝛼𝑠

3𝑐3
𝑐 + ⋯

              + 𝛼𝑠𝑐1
LR + 𝛼𝑠

2𝑐2
LR + 𝛼𝑠

3𝑐3
LR + ⋯ )Exp[׬ 𝑑𝛼𝑠

𝛾

𝛽
] 

NLO NNLONLO RGR

NLO

LRR:

Asymptotic Form to 𝑂[1/𝑛2]
𝜏 scheme: Borel sum with P.V.

RGR

NNLO

LRR:

Asymptotic Form to 𝑂[1/𝑛2]
𝜏 scheme: Borel sum with P.V.

RGR

Fit range: [𝑧min, 𝑧min + 0.08fm]
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LRR: Matching with leading power correction

3. Numerical test on Pion PDF



Take home messages

■ Under current lattice technique (scale ~2 GeV), the leading power 

accuracy 𝒪 𝑧 ΛQCD  is as important as 𝒪(𝛼 𝜇 )

■ The definition of the leading power correction depends on the 

summation scheme 𝜏 of the lead twist perturbation series

■ After the leading power accuracy is controlled, the precisions of PDF 

are dramatically improved. The methods in our paper can be 

generalized to other LaMET 1D objects, such as GPD and DA.
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Summary



Appendix

15



■ 𝑅 = ∑𝑛=0 𝑟𝑛 𝛼𝑠
𝑛+1

■ At high orders, 

 𝑟𝑛~ 𝑛!, 

 series is divergent for any 𝛼𝑠

■ Borel transformation, 𝐵 𝑡 = ∑𝑛
𝑟𝑛

𝑛!
𝑡𝑛

      Renormalon divergences correspond to 
singularity poles on Borel Plane
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Renormalon divergence

Data from Bali, et al. PRD(2013)

M. Beneke, Phys.Rept. 317 (1999) 1-142

At minimum term: 

n ~ 1/𝛼𝑠, which 

comes from 
d 𝑛!𝛼𝑠

𝑛+1

d 𝑛
= 0

𝑡

Renormalon divergence



■ Borel Sum

 ෨𝑅 = 0׬

+∞
𝑑𝑡 𝑒

−
𝑡

𝛼𝑠  𝐵[𝑡] 

      which depends on the integral path

■ To regularize the renormalon 

divergence,  just choose an integral 

path that leads to a finite result

■ Each integral path in Borel sum 

corresponds to a summation scheme 𝜏

17

Renormalon and Power Accuracy

Summation Schemes and Renormalon Ambiguity

■ The resulting difference between summation 
schemes is called renormalon ambiguity, 
which can be estimated as the residues of the 
poles on Borel plane.

■ e.g. the leading pole:

        Δ 𝛿𝑚 𝑎  ~ 𝒪 ΛQCD

Δ 𝑍 𝑣, 𝑧2𝜇2  ~ 𝒪 𝑧ΛQCD

Δ 𝒞 𝜉,
𝜇

𝑥𝑃𝑧
 ~ 𝒪

ΛQCD

𝑥𝑃𝑧M. Beneke, Phys.Rept. 317 (1999) 1-142

𝜏1

𝜏2

𝜏3

𝑡



18

Physical observables are renormalon free

■ The QCD physical observables (Suppose we measure 

them in a hadron state) should be independent of 

summation scheme 𝜏

𝑂1(𝑄2) = 𝐶1 𝑄2, 𝜏 +
𝑂𝐺 (𝜏)

𝑄2
+ ⋯

■ The universality of summation scheme dependence

𝑂1(𝑄2) = 𝐶1 𝑄2, 𝜏 +
𝑂𝐺 (𝜏)

𝑄2
+ ⋯

𝑂2(𝑄2) = 𝐶2 𝑄2, 𝜏 +
𝑂𝐺 (𝜏)

𝑄2
+ ⋯

𝑂3(𝑄2) = 𝐶3 𝑄2, 𝜏 +
𝑂𝐺 (𝜏)

𝑄2
+ ⋯

…

Ayala et al., PRD 

99 (2019) 7, 074019 

Pert Nonpert

𝐶1

𝜏

Momentum Space

𝑂𝐺

Renormalon divergence
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Renormalon and Power Accuracy

The origin of the leading renormalon in LaMET

■ The non-local quark bilinear operator with 

a Wilson link
෠𝑂 𝑧 = ത𝜓1 𝑧 𝑈 𝑧, 0 Γ𝜓2(0)

■ The leading renormalon comes from the 

self energy of the Wilson link (or as a 

subdiagram)

■ During the renormalization

෩𝐻𝑅 𝜆, 𝑃𝑧  ~ ෩𝐻𝐵 𝜆, 𝑃𝑧 𝑒 𝛿𝑚−𝑚0 𝑧

where 𝑚0 is a nonperturbative mass which 

may be mixed with the leading renormalon 

ambiguity of 𝛿𝑚 and ෩𝐻pert
𝑅

Δ 𝛿𝑚 𝑎  ~ 𝒪(ΛQCD)

Δ ෩𝐻pert
𝑅  ~ 𝒪 𝑧ΛQCD

■ In the matching kernel

𝒞 𝜉,
𝜇

𝑥𝑃𝑧
~ 𝒞 𝜉,

𝜇

𝑥𝑃𝑧 𝜏

+ 𝒪
ΛQCD

𝑥𝑃𝑧

where 𝒪
ΛQCD

𝑥𝑃𝑧
 denotes the leading 

renormalon ambiguity of the matching kernel

G. Bali et al., PRD 87 (2013) 094517  V. Braun et al., PRD 99 (2019) 1, 014013 



Twist-three accuracy

■ The bare matrix element ෩𝐻𝐵 𝑧, 𝑃𝑧, 𝑎 = 𝑃𝑧
ത𝜓(𝑧)𝑈 𝑧, 0 𝛾𝑡𝜓(0) 𝑃𝑧

■ The renormalized matrix element

෩𝐻𝑅 𝑧, 𝑃𝑧, 𝜇, 𝜏 = 𝑒−𝑚0 𝜏  𝑧 ෍

𝑘=0

𝐶𝑘 𝛼 𝜇 , 𝑧2𝜇2, 𝜏
𝜆𝑘

𝑘!
𝑥𝑘 (𝜇) + 𝑂 𝑧2ΛQCD

2

= ෍

𝑘=0

𝐶𝑘 𝛼 𝜇 , 𝑧2𝜇2, 𝜏 − 𝑚0 𝜏  𝑧
𝜆𝑘

𝑘!
𝑥𝑘 (𝜇) + 𝑂 𝑧ΛQCD𝛼 𝜇 , 𝑧2ΛQCD

2

■ 𝑚0 𝜏  is a twist-three non-perturbative parameter during the renormalization

      The leading renormalon ambiguity in the 𝐶𝑘 𝛼 𝜇 , 𝑧2𝜇2, 𝜏  is independent of 𝑘

20

Renormalon and Power Accuracy
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Renormalon and Power Accuracy

The Leading Power Accuracy
Regularize the leading renormalon under the 

same summation scheme 𝜏 for:

Perturbative Matrix Element: ෩𝐻pert
𝑅 𝜆, 𝑃𝑧 𝜏

Perturbative Matching Kernel:𝒞 𝜉,
𝜇

𝑥𝑃𝑧 𝜏

Renormalization:
෩𝐻𝑅 𝜆, 𝑃𝑧 𝜏 ~ ෩𝐻𝐵 𝜆, 𝑃𝑧 𝑒 𝛿𝑚+𝑚0 𝑧

Determine 𝑚0 through requiring 
෩𝐻𝑅 𝜆, 𝑃𝑧 𝜏 = ෩𝐻pert

𝑅 𝜆, 𝑃𝑧 𝜏 for 

𝑎 < 𝑧 ≪ 1/ΛQCD

F. T. [ ෩𝐻pert
𝑅 𝜆, 𝑃𝑧 𝜏]

𝒞 𝜉,
𝜇

𝑥𝑃𝑧 𝜏

~𝒪
Λ𝑄𝐶𝐷

𝑥𝑃𝑧

Matching:
ƿ𝑓 𝑥, 𝑃𝑧 𝜏

= න
𝑑𝑦

|𝑦|
𝒞

𝑥

𝑦
,

𝜇

𝑥𝑃𝑧 𝜏

𝑓(𝑦, 𝜇)

Use the matching kernel under 

summation scheme 𝜏

F. T. [ ෩𝐻𝑅 𝜆, 𝑃𝑧 𝜏]

𝒞 𝜉,
𝜇

𝑥𝑃𝑧 𝜏

~𝒪
Λ𝑄𝐶𝐷

𝑥𝑃𝑧

In our strategy, 𝜏 

dependence is perturbative



Decomposition of LaMET perturbation series
■ The LaMET perturbation series (e.g. Wilson coefficient and Matching kernel)

 ෩𝐻pert
𝑅 = 1 + 𝛼𝑠𝑐1 + 𝛼𝑠

2𝑐2 + 𝛼𝑠
3𝑐3 + ⋯

              = 1 + 𝛼𝑠𝑐1
𝑐 + 𝛼𝑠

2𝑐2
𝑐 + 𝛼𝑠

3𝑐3
𝑐 + ⋯

              + 𝛼𝑠𝑐1
LR + 𝛼𝑠

2𝑐2
LR + 𝛼𝑠

3𝑐3
LR + ⋯

              + 𝛼𝑠𝑐1
NLR + 𝛼𝑠

2𝑐2
NLR + 𝛼𝑠

3𝑐3
NLR + ⋯

■ Conjecture I: the leading renormalon is important at the initial several orders in LaMET 

perturbation series. We expect good convergence after Borel suming the leading 

renormalon series.

      Hint 1: the minimum term of the leading renormalon 

      is at the order n ~
1

𝛽0𝛼𝑠[𝜇=2GeV]
~2

      Hint 2: the pole mass series 𝑚OS = 𝑚𝑀𝑆 + ∑𝑛=0
∞ 𝑟𝑛𝛼𝑠

𝑛+1 

      has the similar scales (𝑚𝑐 = 1.2GeV, 𝑚𝑏 = 4.2GeV) as LaMET
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Convergent Series

Leading Renormalon Series

Higher Power Renormalon Series

NLO, 

NNLO

Leading Renormalon Series

Full Series

A. Pineda, JHEP 06 (2001) 022

keep

Borel sum 𝜏 

ignore

The leading renormalon series



Large 𝛽0 Approximation
■ To Borel sum the leading renormalon series, 

we need to know it up to all orders

■ In large 𝛽0 approximation, only the bubble 

chain diagram of self energy contributes to the 

leading renormalon
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V. Braun et al., PRD 

99 (2019) 1, 014013 

Data from BNL/ANL collaboration 

■ 𝑚0 from fitting lattice data to 

perturbation series at short distance 

■ Pion PDF under LaMET with different 

perturbation series

The leading renormalon series – Large 𝛽0 approximation
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Large 𝛽0 approximation

Bubble Chain of one 

loop 𝛽 function

Higher Order corrections: 𝛽1,
𝛽2,  𝛽3 …

Method I:

Calculate high loop Feynman 

diagrams. Find a class of 

diagrams that contribute to the 

leading renormalon.

Method II:

Guess the renormalon series 

based on physics requirements. 

Verify the guess with data.

How to go beyond large 𝛽0? 
How to improve 

the accuracy?

Studied in 

literature.

Applied to 

LaMET.

Unsolved in 

literature

Appendix



Beyond Large 𝛽0
■ Conjecture II: the asymptotic form of the leading renormalon should satisfy the 

following conditions:

1) It contains a pole at t = 2π/β0 on Borel plane;

2) The leading renormalon ambiguity is renormalization scale independent;

3) The leading renormalon ambiguity is renormalization scheme independent

■ These conditions determine a unique asymptotic form except for an overall 
normalization factor in Borel plane 𝐵 𝑡 = ∑𝑛=0

𝑟𝑛

𝑛!
𝑡𝑛

𝐵 𝑢 = 𝑁𝑚𝜇
1

1 − 2𝑢 1+𝑏
(1 + 𝑐1 1 − 2𝑢 + 𝑐2 1 − 2𝑢 2 + ⋯ )

      where 𝑢 =
𝛽0𝑡

4𝜋
, b =

β1

2 β0
2, c1 =

1

4 b β0
3

β1
2

β0
− β2  …

■ The asymptotic form for the coefficients of the renormalon series 𝑅 = ∑𝑛=0 𝑟𝑛 𝛼𝑠
𝑛+1

𝑟𝑛 = 𝑁𝑚𝜇
𝛽0

2𝜋 

𝑛
Γ 𝑛 + 1 + 𝑏

Γ 1 + 𝑏
1 +

𝑏

𝑛 + 𝑏
𝑐1 +

𝑏 𝑏 − 1

𝑛 + 𝑏 𝑛 + 𝑏 − 1
𝑐2 + ⋯

Verified in the linear divergence perturbation series 𝛿𝑚 =
1

𝑎
∑𝑛=0

∞ 𝑐𝑛𝛼𝑛+1(1/𝑎) to 
𝑂[𝛼20] in lattice scheme for 𝑛𝑓 = 0 
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M. Beneke, PLB 

344 (1995) 341-347

The leading renormalon series – beyond Large 𝛽0 

G. Bali et al., PRD 87 (2013) 094517



The asymptotic form with the leading pole
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■ 1) It contains a pole at 𝐭 = 𝟐𝛑/𝛃𝟎 on Borel plane (𝐮 =
𝛃𝟎𝐭

𝟒𝛑
):

𝐵 𝑢 = 𝑁𝑚𝜇
1

1 − 2𝑢 1+𝑏
(1 + 𝑐1 1 − 2𝑢 + 𝑐2 1 − 2𝑢 2 + ⋯ )

where 𝑁𝑚, b, 𝑐1, 𝑐2 … are parameters to be determined

M. Beneke, PLB 344 (1995) 341-347

G. Cvetic, PRD 67 (2003) 074022

𝑡

The renormalon ambiguity: Im ෨𝑅 = Im
4𝜋

𝛽0
0׬

+∞
𝑑𝑢 𝑒

−
4𝜋

𝛽0

𝑢

𝛼𝑠  𝐵 𝑢 + 𝑖𝜖

Appendix
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The renormalization scale independence

■ 2)  The leading renormalon ambiguity is renormalization scale independent.

The renormalon ambiguity (set 𝑀 =
2𝜋

𝛽0𝛼𝑠
)

Im ෨𝑅 = Im
4𝜋

𝛽0
න

0

+∞

𝑑𝑢 𝑒
−

4𝜋
𝛽0

𝑢
𝛼𝑠  𝐵 𝑢 + 𝑖𝜖

= 𝑁𝑚

2𝜋

𝛽0

Γ 1 − 𝑏 Sin 𝜋𝑏

𝑏
𝜇 𝑒−𝑀𝑀𝑏 1 +

𝑐1𝑏

𝑀
+

𝑐2𝑏 𝑏 − 1

𝑀2
+ ⋯

The RG invariant scale (𝑏′, 𝑐1
′ , 𝑐2

′  are known)

ΛQCD = 𝜇 Exp න
𝛼𝑠 𝜇

+∞ 𝑑𝛼′

𝛽 𝛼′
= 𝜇 𝑒−𝑀 2𝑀 𝑏′

1 +
𝑐1′𝑏′

𝑀
+

𝑐2′𝑏′ 𝑏′ − 1

𝑀2
+ ⋯

If we choose 𝑏 = 𝑏′, 𝑐1 = 𝑐1
′ , 𝑐2 = 𝑐2

′ …, the renormalon ambiguity is scale independent:

Im ෨𝑅 = 𝑁𝑚

2𝜋

𝛽0

Γ 1 − 𝑏 Sin 𝜋𝑏

𝑏 2𝑏
ΛQCD

And we only have one choice for {𝑏, 𝑐1, 𝑐2 …} since they are coefficients for different 
kinds of scale dependences

F. Karbstein, JHEP09(2014)114

𝐵 𝑢 = 𝑁𝑚𝜇
1

1 − 2𝑢 1+𝑏
(1 + 𝑐1 1 − 2𝑢 + 𝑐2 1 − 2𝑢 2 + ⋯ )

Appendix
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The renormalization scheme independence

■ 3) The leading renormalon ambiguity is renormalization scheme 

independent.

The renormalon ambiguity

Im ෨𝑅 = 𝑁𝑚

2𝜋

𝛽0

Γ 1 − 𝑏 Sin 𝜋𝑏

𝑏 2𝑏
ΛQCD

where 𝑏 =
𝛽1

2𝛽0
2.

Since 𝛽0, 𝛽1 are renormalization scheme independent, 𝑁𝑚ΛQCD is 

renormalization scheme independent. 

ΛQCD is different for different schemes (e.g. Λlat~10MeV, ΛMS~300MeV). So the 

overall normalization factor is scheme dependent:
𝑁𝑚

𝑋ΛX = 𝑁𝑚
𝑅 Λ𝑅

𝐵 𝑢 = 𝑁𝑚𝜇
1

1 − 2𝑢 1+𝑏
(1 + 𝑐1 1 − 2𝑢 + 𝑐2 1 − 2𝑢 2 + ⋯ )

Appendix



Verify the asymptotic form

■ The linear divergence perturbation 

series 𝛿𝑚 =
1

𝑎
∑𝑛=0

∞ 𝑐𝑛𝛼𝑛+1(1/𝑎) to 

𝑂[𝛼20] in lattice scheme for 𝑛𝑓 = 0 
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G. Bali et al., PRD 87 (2013) 094517

𝑟𝑛 = 𝑁𝑚

𝛽0

2𝜋 

𝑛
Γ 𝑛 + 1 + 𝑏

Γ 1 + 𝑏
1 +

𝑏

𝑛 + 𝑏
𝑐1 +

𝑏 𝑏 − 1

𝑛 + 𝑏 𝑛 + 𝑏 − 1
𝑐2 + ⋯

■ Determine the 𝑁𝑚

𝑁𝑚 = lim
𝑛→∞

𝑐𝑛

𝑟𝑛/𝑁𝑚

 

NSPT

Asymp

Appendix



Verify the asymptotic form

■ Calculate the linear divergence 

perturbation series up to 𝑂[𝛼20] in 

lattice scheme through numerical 

stochastic perturbation theory (NSPT) 

for 𝑛𝑓 = 0:

𝛿𝑚 =
1

𝑎
∑𝑛=0

∞ 𝑐𝑛
(3,𝜌)

𝛼𝑛+1(1/𝑎) (fundamental)

𝛿𝑚 ƿ𝑔 =
1

𝑎
∑𝑛=0

∞ 𝑐𝑛
(8,𝜌)𝛼𝑛+1(1/𝑎) (adjoint)

■ Verify the asymptotic form through the 

ratio
𝑐𝑛

𝑛 𝑐𝑛−1
=

𝑟𝑛

𝑛 𝑟𝑛−1
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G. Bali et al., PRD 87 (2013) 094517

𝑟𝑛 = 𝑁𝑚

𝛽0

2𝜋 

𝑛
Γ 𝑛 + 1 + 𝑏

Γ 1 + 𝑏
1 +

𝑏

𝑛 + 𝑏
𝑐1 +

𝑏 𝑏 − 1

𝑛 + 𝑏 𝑛 + 𝑏 − 1
𝑐2 + ⋯

NSPT Asymp

Appendix



■ Determine the 𝑁𝑚

𝑁𝑚 = lim
𝑛→∞

𝑐𝑛

𝑟𝑛/𝑁𝑚

■ 𝑁𝑚 is the same for HYP smeared and 

unsmeared cases for 𝑛𝑓 = 0:

𝑁𝑚
latt 𝜌 = 0 = 19.1 15

𝑁𝑚
latt 𝜌 = 1/6 = 18.9 15
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Determine the overall factor 𝑁𝑚 

𝑟𝑛 = 𝑁𝑚

𝛽0

2𝜋 

𝑛
Γ 𝑛 + 1 + 𝑏

Γ 1 + 𝑏
1 +

𝑏

𝑛 + 𝑏
𝑐1 +

𝑏 𝑏 − 1

𝑛 + 𝑏 𝑛 + 𝑏 − 1
𝑐2 + ⋯

G. Bali et al., PRD 87 (2013) 094517

NSPT

Asymp

Appendix



■ Conjecture III: the following perturbation series share the same leading renormalon 

series (even the same overall factor 𝑁𝑚):

 Linear divergence series: 𝛿𝑚 =
1

𝑎
∑𝑛=0

∞ 𝑐𝑛𝛼𝑛+1(1/𝑎)

 Pole mass series: 𝑚OS − 𝑚𝑀𝑆 = ∑𝑛=0
∞ 𝑟𝑛𝛼𝑠

𝑛+1

 LaMET pert for 1D objects: ෩𝐻pert
𝑅 = 1 + 𝛼𝑠𝑐1 + 𝛼𝑠

2𝑐2 + 𝛼𝑠
3𝑐3 + ⋯

■ 𝑁𝑚 determination

Linear divergence            𝑁𝑚
latt = 19.0 16 , 𝑁𝑚

MS =
𝑁𝑚

lattΛlatt

ΛMS
= 0.660(56)

Pole mass series                                        𝑁𝑚
MS = 0.622(23)

LaMET pert

32

A universality class for the leading renomalon

G. Bali et al., PRD 87 (2013) 094517
NSPT, 𝑂[𝛼20], 𝑛𝑓 = 0 

Ana, 𝑂[𝛼3], 𝑛𝑓 = 0 

A. Pineda, JHEP 06 (2001) 022𝑛𝑓 = 3 𝑁𝑚
MS = 0.575(13)

Apply?

Consistent

The leading renormalon series – beyond Large 𝛽0 



Non-perturbative universality

■ 𝑚0 𝜏  may depend on the hadron species

      e.g. pion and proton have different long distance physics

 Thus they may have different 𝑚0 𝜏

■ 𝑚0 𝜏  is momentum 𝑃 independent

      𝑛𝑧 = (0,0,0,1) the direction of the gauge link

      OPE with 𝑛𝑧. 𝑧

෨ℎ 𝑛𝑧. 𝑧, 𝑧. 𝑃 = ෍

𝑛=0

𝛼𝑛 𝜇  𝑐𝑛 𝜈, ln 𝑛𝑧. 𝑧 2𝜇2 , 𝜏 ⨂ℎ 𝜈𝜆, 𝜇 + 𝑚0 𝜏  𝑛𝑧. 𝑧 + ⋯

33

Renormalon divergence

𝑚0 𝜏

𝐶(𝜏) 𝜏ۦ𝑃| | ۧ𝑃

Lorentz 

invariant

Lorentz 

invariant

Lorentz 

invariant



Review

34

Numerical Test on Pion PDF

No control on renormalon
Large 𝛽0 approximation

Fine-Tuning

Asymptotic form 

beyond large 𝛽0
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Appendix
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