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Heavy tetra-quark states Tcc
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q̄ : light anti-quark
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Tcc(ccūd̄) observation by LHCb.
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Figure 1: Distribution of D0D0⇡+ mass. Distribution of D0D0⇡+ mass where the contri-
bution of the non-D0 background has been statistically subtracted. The result of the fit with
the two-component function described in the text is overlaid. The D⇤+D0 and D⇤0D+ thresholds
are indicated with the vertical dashed lines. The horizontal bin width is indicated on the vertical
axis legend. Inset shows a zoomed signal region with fine binning scheme, Uncertainties on
the data points are statistical only and represent one standard deviation, calculated as a sum in
quadrature of the assigned weights from the background-subtraction procedure.

To validate the presence of the signal component, several additional cross-checks are
performed. The data are categorised according to data-taking periods including the polarity

Table 1: Parameters obtained obtained from the fit to the D0D0⇡+ mass spectrum. Signal yield,
N , Breit–Wigner mass relative to D⇤+D0 mass threshold, �mBW, and width, �BW, are listed.
The uncertainties are statistical only.

Parameter Value

N 117± 16
�mBW �273± 61 keV/c2

�BW 410± 165 keV

3

genuine tetra-quark states

Aaij et al. (LHCb Collaboration),  
Nature Phys. (2022)
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(Latest) Lattice QCD results

inverse scattering length

Ikeda et al. (HALQCD)
Chen et al. (FV)

Padmanath et al. (FV)

LHCb

This study (HALQCD)

This study

significant pion mass dependence



Nambu-Bethe-Salpeter (NBS) wave function

HAL QCD method
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Non-local potential

wave function reads

ψH1+H2
W,! (r)

r→∞−−−→
[
j!(pW r)− πt!(W )h+

! (pW r)
]
P!(r̂ · p̂W ), (2)

where a magnitude of a relative momentum pW is determined from a relation W = EW1 +

EW2 =
√

p2W +m2
H1

+
√

p2W +m2
H2
, P!(z) is the Legendre polynomial, j!(z)/n!(z) is the

spherical Bessel/Neumann function, and h±
! (z) = n!(z) ± ij!(z) are spherical Hankel func-

tions. The scattering T -matrix t!(W ) in the above is related to the unitary S-matrix as

s!(W ) = 1− 2πit!(W ), and to the scattering amplitude as f!(W ) = − π
pW

t!(W ).

A hadronic 4-point correlation function in lattice QCD can be expressed in terms of NBS

wave functions as
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where J †
H1+H2

(0) is a source operator which creates two-hadron states at t = 0 with a target

quantum number I(JP ) of H1+H2, (inela) represents inelastic contributions, which become

negligible at t ≥ t(inela), W0 is the lowest eigen-energy of two hadrons, and

AJ ,n ≡
√

ZH1

√
ZH2 〈(H1 +H2);Wn| J †

H1+H2
(0) |Ω〉 . (4)

In the HAL QCD method, a non-local but energy-independent potential U(r, r′) is for-

mally defined from the NBS wave function so as to satisfy the Schrödinger equation below

inelastic threshold as

(
∇2

2µ
+

p2W
2µ

)
ψW (r) =

∫
d3r′ U(r, r′)ψW (r′), (5)

where µ is the reduced mass of two hadrons. Since QCD interactions are short-ranged,

U(r, r′) vanishes sufficiently fast as |r| increases. The potential U(r, r′) may depend on how

sink hadron operators H1 and H2 are constructed from quarks. Even though a choice of

hadron operators is fixed, however, the above equation can not determine U(r, r′) uniquely

due to a restriction of the energy below the inelastic threshold[14, 15]. Thus the above

4

derivative expansion

definition of the potential is rather formal. For concreteness, we define U(r, r′) in the

derivative expansion, which is symbolically written as

U(r, r′) = V (r,∇)δ(r− r′) =
∞∑

k=0

V (k)(r)∇kδ(r− r′), (6)

and determine coefficient functions V (k)(r) order by order. For example, the leading order

term can be approximately obtained as

V (0)(r;W ) =
1

ψW (r)

(
∇2

2µ
+

p2W
2µ

)
ψW (r), (7)

where V (0)(r;W ), obtained from the NBS wave function ψW (r), is the leading order approx-

imation of V (0)(r). Given the relationship between the hadron 4-point correlation function

and the NBS wave function, the LO potential from the ground state is extracted as

V (0)(r;W0) = lim
t→∞

1

FH1+H2
J (r, t)

(
∇2

2µ
+

p2W0

2µ

)
FH1+H2
J (r, t). (8)

In practice, we take sufficiently large t, where the lowest energy state dominates in the

4-point correlation function.

B. Time-Dependent Method

Since large statistical fluctuations make it difficult to obtain the NBS wave function

for the ground state from the corresponding 4-point function at large t, the extraction of

the potential given in eq. (8) becomes unreliable, in particular for two baryon systems.

An improved method of extracting the potential that does not require the ground state

saturation has been proposed in Ref. [16], and is employed in this study.

In the improved method, we define a normalized 4-point correlation function, called a

R-correlator, as
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J (r, t)

e−mH1 te−mH2 t
$
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n
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H1+H2
Wn

(r) e−∆Wnt, (9)

which is assumed to be dominated by elastic states at t > t(inela)threshold as indicated in the

right-hand side, where ∆Wn ≡ Wn −mH1 −mH2 satisfies

p2n
2µ

= ∆Wn +
1 + 3δ2

8µ
(∆Wn)

2 +O((∆Wn)
3), δ ≡ |mH1 −mH2 |

mH1 +mH2

. (10)
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+ Some improvements
time-dependent HAL QCD method
partial wave decomposition

higher order terms in the derivative expansion

N. Ishii, S. Aoki, T. Hatsuda, PRL99(2007) 022001.

Ishii et al. (HAL QCD), PLB712(2012)437.

Miyamoto et al. (HAL QCD), PRD101(2020)074514.

Iritani et al. (HAL QCD), PRD99(2019)014514.



Lattice setup

2+1 flavor gauge configuration on  lattice  
with Iwasaki gauge + NP  improved clover quark 

 (near physical point) 

964

O(a)

a ≃ 0.0846 fm, mπ ≃ 146 MeV, mK ≃ 525 MeV

La ≃ 8.1 fm

2

where �Wn = 2
q

m2
⌦ccc

+ k2
n
� 2m⌦ccc with the baryon

mass m⌦ccc and the relative momentum kn. O(e�(�E
⇤)t)

denotes the contributions from the inelastic scattering
states with �E⇤ being the inelastic threshold, which are
exponentially suppressed when t � (�E⇤)�1

⇠ ⇤�1
QCD

with ⇤QCD ⇠ 300 MeV. J (0) is a source operator which
creates two-baryon states with the charm number C = 6
at Euclidean time t = 0 and An = hn|J (0)|0i with |ni
representing the QCD eigenstates in a finite volume with
�Wn < �E⇤. In this study, we take a local interpolating
operator, ⌦ccc(x) ⌘ ✏lmn[cT

l
(x)C�kcm(x)]cn,↵(x), where

l, m, and n stand for color indices, �k being the Dirac
matrix, ↵ being the spinor index, and C ⌘ �4�2 being the
charge conjugation matrix.

When contributions from the inelastic scattering states
are negligible (t � (�E⇤)�1), the R-correlator satis-
fies [23]

✓
1

4m⌦ccc

@2

@t2
�

@

@t
�H0

◆
R(r, t) =

Z
dr0U(r, r0)R(r0, t),

(2)
where H0 = �r

2/m⌦ccc . By using the derivative ex-
pansion at low energies, U(r, r0) = V (r)�(r � r0) +P
n=1

V2n(r)r2n�(r�r0), the central potential V (r) in the

leading order (LO) is given as

V (r) = R�1(r, t)

✓
1

4m⌦ccc

@2

@t2
�

@

@t
�H0

◆
R(r, t). (3)

The spatial and temporal derivatives of R(r, t) on the
lattice are calculated in central di↵erence scheme by
using the nearest neighbor points. To extract the
total spin s = 0, the following interpolating opera-
tors for the ⌦ccc⌦ccc system is adopted, [⌦ccc⌦ccc]0 =
1
2 (⌦

3/2
ccc⌦

�3/2
ccc � ⌦1/2

ccc⌦
�1/2
ccc + ⌦�1/2

ccc ⌦1/2
ccc � ⌦�3/2

ccc ⌦3/2
ccc ).

Here the spin and its z component of the interpolat-
ing operator ⌦sz

ccc
are 3/2 and sz = ±3/2,±1/2, re-

spectively, and ⌦sz
ccc

is constructed by spin projection
as shown in Ref. [28]. To obtain the orbital angular
momentum L = 0 on the lattice, the projection to A1

representation of the cubic group SO(3,Z) is employed;
PA1R(r, t) = 1

24

P
Ri2SO(3,Z)

R(Ri[r], t). Note that V (r)

in Eq. (3) contains the channel coupling e↵ect such as
1S0-5D0 mixing and should be considered as an “e↵ec-
tive” potential projected onto the S-wave state [29].

Lattice setup.� (2+1)-flavor gauge configurations are
generated on the L4 = 964 lattice with the Iwasaki gauge
action at � = 1.82 and nonperturbatively O(a)-improved
Wilson quark action combined with stout smearing at
nearly physical quark masses (m⇡ ' 146 MeV and mK '

525 MeV) [30]. The lattice cuto↵ is a�1
' 2.333 GeV

(a ' 0.0846 fm), corresponding to La ' 8.1 fm, which
is su�ciently large to accommodate two heavy baryons.
For the charm quark, we employ the relativistic heavy

quark (RHQ) action in order to remove the leading or-
der and the next-to-leading order cuto↵ errors associated
with the charm quark mass [31]. We use two sets (set 1
and set 2) of RHQ parameters determined in Ref. [32] so
as to interpolate the physical charm quark mass and re-
produce the dispersion relation for the spin-averaged 1S
charmonium, i.e. a weighted average of the spin-singlet
state ⌘c and the spin-triplet state J/ .
For the source operator J (0), we use the wall type

with the Coulomb gauge fixing. We employ the peri-
odic (Drichlet) boundary condition for spatial (tempo-
ral) direction. We use 112 gauge configurations which
are picked up one per ten trajectories. In order to re-
duce statistical fluctuations, forward and backward prop-
agations are averaged, and four times measurements are
performed by shifting source position along the temporal
direction for each configuration. Then, the total mea-
surements amount to 896 for each set. The statistical
errors are estimated by the jackknife method with a bin
size of 14 configurations. A comparison with a bin size
of 7 configurations shows that the bin size dependence
is small. The quark propagators are calculated by the
Bridge++ code [33], and the unified contraction algo-
rithm is utilized to obtain the correlation functions [34].

TABLE I. Spin-averaged 1S charmonium mass ((m⌘c +
3mJ/ )/4) and the ⌦ccc mass (m⌦ccc) calculated in set 1 and
set 2 with the statistical errors. The third row shows the in-
terpolated values obtained from set 1 and set 2. Experimental
value of (m⌘c + 3mJ/ )/4 is shown in the last row.

(m⌘c + 3mJ/ )/4 [MeV] m⌦ccc [MeV]
set 1 3096.6(0.3) 4837.3(0.7)
set 2 3051.4(0.3) 4770.2(0.7)

Interpolation 3068.5(0.3) 4795.6(0.7)
Exp. 3068.5(0.1) -

Masses for spin-averaged 1S charmonium ((m⌘c +
3mJ/ )/4) and ⌦ccc baryon (m⌦ccc) calculated in set
1 and set 2 by utilizing the single exponential fitting
from the interval t/a = 25 � 35 are listed in Ta-
ble. I, together with the values from linear interpolation
(0.3786 ⇥ set 1 + 0.6214 ⇥ set 2) as well as the exper-
imental value. Our result for m⌦ccc is consistent with
4789(6)(21) MeV obtained by the (2+1)-flavor PACS-CS
configurations [35]. We have checked that our results for
hadron masses are unchanged within errors by the fitting
interval t/a = 30� 35.
Numerical results.� The ⌦ccc⌦ccc potential V (r) in the

1S0 channel from the interpolation between set 1 and
set 2 is shown in Fig. 1 for t/a = 25, 26 and 27 (see
Supplemental Material [36] for the t-dependence of V (r)
in a wide range of t). Since the potentials from set 1
and set 2 are found to be consistent within statistical
errors, the uncertainty in the interpolation is negligible.
Our choice t/a = 26 corresponds to t ' 2.2 fm; this is
large enough in comparison to the typical length scale

relativistic heavy quark action (Tsukuba-type) for quenched charm quark

charm quark mass from a spin-averaged mass of charmonium 

S. Aoki, Y. Kuramashi, S-i. Tominaga, PTEP 109(2003) 383.

c.f. Y. Namekawa,(PACS), PoS Lattice2016(2017) 125.

calculate  potentialD*D isospin-symmetric, single channel

Ishikawa et al. (PACS), PoS Lattice2015(2016) 075.
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Scattering phase shift
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k cot �0(k)

<latexit sha1_base64="39IE8tw1qjU9LsBei1A4nZf7X1A="></latexit>

m⇡ ' 146 MeV

one shallow “virtual” state
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1

a0
[fm�1] = 0.05(5)(+2

�2)
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pole = �8(8)
�
+3
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�
MeV
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k cot �0(k) =
1

a0
+

1

2
re↵k

2 +O(k4)

ERE (effective Range Expansion)
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�
keV



2-Gauss + Yukawa^2

“chiral” correction to the potential
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Vfit(r;m⇡) =
X

i=1,2

aie
�(r/bi)

2

+ a3(1� e�(r/b3)
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)2
✓
e�m⇡r
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k cot �0(k) =
1

a0
+

1

2
re↵k

2 +O(k4)ERE
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and are given in the 2nd column of Table I. The central
values and the statistical errors in the first parentheses
are obtained at t/a = 22 with V B

fit , while the systematic
errors in the second parentheses are obtained by compar-
ing results from di↵erent t/a = 21� 23 with V A,B

fit .

The scattering length obtained in this way is shown
by the magenta circle in Fig. 1 together with the previ-
ous lattice results and the LHCb experimental data. As
mentioned in the Introduction, there is a clear tendency
that 1/a0 from lattice data approaches to the unitary
regime (1/a0 ⇠ 0) as the pion mass decreases. Also,
our result at m⇡ = 146.4 MeV produces a virtual state,
which implies that a marginal modification of the in-
teraction (e.g. by reducing the quark mass) may bring
such a near-threshold virtual state to a loosely bound
state. An typical example of virtual/bound state sen-
sitive to the quark mass is dineutron/deuteron in nu-
clear physics [54–56]. A bound (virtual) state is char-
acterized by a pole of the scattering amplitude f(k)
on the positive (negative) side of the imaginary axis at
k = ipole. Since f�1(k) is proportional to k cot �0, vir-
tual and bound poles near threshold can be inferred from
the intersection between 1

a0
+ 1

2re↵k
2 and ±

p
�k2. As

shown in Fig. 3, we indeed find a near-threshold virtual
state pole. The actual value of the pole position in the
complex k-plane for the present pion mass is shown in
the 2nd column of Table I, together with the pole energy,

Epole =
q
m2

D⇤ � 2
pole +

q
m2

D � 2
pole � (mD⇤ + mD).

The e↵ect on Epole from slightly unphysical charm quark
mass is found to be about �30 keV.

To estimate how the scattering parameters change and
the pole evolves towards the physical point, we modify
the potential by taking m⇡ = 135.0 MeV (⇠ the physi-
cal pion mass without the QED contribution [57]) with
the other parameters (a1,2,3, b1,2,3) of V B

fit at t/a = 22
kept fixed. Using such a potential together with phys-
ical mD⇤+,D0 [58] we find a loosely bound state with
the scattering parameters and pole positions given in
the 3rd column of Table I. This indicates the existence
of a bound T+

cc at physical point, though there is still

TABLE I. Results for 1/a0, the e↵ective range re↵ , the
pole position pole, and Epole. Numbers in the 2nd col-
umn with statistical error (first parenthesis) and systematic
error (second parenthesis) are obtained from V A,B

fit (r) with
t/a = 21� 23 at m⇡ = 146.4 MeV. The 3rd column shows es-
timated values from V B

fit (r;m⇡) with t/a = 22 andm⇡ = 135.0
MeV. The asymmetric statistical error for Epole is due to its
non-normal distribution (see Fig. S4 in [32]).

m⇡ [MeV] 146.4 135.0
1/a0 [fm�1] 0.05(5)

�
+2
�2

�
�0.03(4)

re↵ [fm] 1.12(3)
�
+3
�8

�
1.12(3)

pole [MeV] �8(8)
�
+3
�5

�
+5(8)

Epole [keV] �59
�
+53
�99

� �
+2
�67

�
�45

�
+41
�78

�

a quantitative di↵erence from the experimental value
Epole = �360(40)

�
+4
�0

�
keV reported by LHCb [10].

Since the above estimate do not account for the isospin-
breaking e↵ect nor the open three-body-channel e↵ect,
future works should directly perform (1 + 1 + 1)-flavor
or (1+ 1+ 1+ 1)-flavor lattice QCD + QED simulations
with physical quark masses and the three-body channels
(D0D0⇡+ and D0D+⇡0) considered.

Let us make an alternative estimate of a0 at the physi-
cal point by taking the present and previous lattice data
shown in Fig. 1 (note that these data are from di↵erent
calculations and possess di↵erent lattice systematics): By
using the simplest fit function 1/a0(m⇡) = c + dm2

⇡, we
find 1/a0 = �0.01(9) fm�1 form⇡ = 135.0 MeV (Fig. S5
in [32]). This result is consistent with 1/a0 = �0.03(4)
fm�1 obtained by V B

fit with the same pion mass in Table
I, supporting the validity of our modification procedure
for V B

fit .

FIG. 4. The D0D0⇡+ mass spectrum. Theoretical results
with V B

fit (r;m⇡) for m⇡ = 146.4 MeV (m⇡ = 135.0 MeV)
is shown by the black (red) band. The black points are
LHCb data [10]. The inset shows diagrams contributing to
the D0D0⇡+ mass spectrum, where the black filled circle,
blue cross circle, green filled circle, and red square denote
production amplitude U , constant vertex P , D⇤+ ! D0⇡+

vertex, and scattering T matrix, respectively.

D0D0⇡+
mass spectrum.� In order to make a further

connection to the LHCb experimental data, let us now
construct D0D0⇡+ mass spectrum based on the above
interaction by considering the rescattering between D⇤+

and D0 along the line with Refs. [18, 59]. Within a sin-
gle channel framework, we first construct a production
amplitude U(M,p) for D⇤+D0 pair with invariant mass
M and relative momentum p in the I = 0 and S-wave
channel generated from a constant vertex P . Then the
amplitude consisting of a direct production process and a

one shallow “bound” state appears at “physical” pion mass
<latexit sha1_base64="uphHLMryZ9Z42qgaJMBIuyRQobw="></latexit>

Epole = �45
�
+41
�78

�
keV
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m⇡ : 146.4MeV ! 135MeV



LHCb
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1

a0
[fm�1] = �0.01(9) extrapolation in 1/a0

extrapolation in potential
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1

a0
[fm�1] = �0.03(4)

chiral extrapolation of  linear in 1/a0 m2
π

Two chiral “extrapolations” are consistent.
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Our potential at “physical” pion mass explains LHCb data better.



• We employ the HAL QCD method to investigate a doubly charmed tetra-
quark   at almost physical pion  MeV . 

•  potential  is attractive at all distances. 

• The system appears very close to unitarity, so that a small change in 
pion mass from 146 MeV to 135 MeV leads to significant changes in 
physical observables. 

• from a virtual state to a bound state 
• better agreement in the mass spectrum with LHCb

T+
cc mπ = 146

D*D

Summary & Outlook

• A more reliable chiral extrapolation is required. 
• This may be a challenge for the finite volume method, since energy shift 
is very small. 

• configurations at a “physical” pion mass (  MeV) are generated on 
Fugaku. Stay tuned. 

• (Challenge) Inclusion of iso-spin breaking effect (quark mass and QED) 
might be required. Then a coupled channel analysis is mandatory. 

mπ ≃ 135

Thank you !

E. Itou (HALQCD), poster. T.M. Doi (HALQCD), Thu 03/08 17:00@Hadron and Nucelar Spectrum and interactions


