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Conventional, hadronic matter consists of baryons and 
mesons made of three quarks and a quark–antiquark pair, 
respectively1,2. Here, we report the observation of a hadronic 
state containing four quarks in the Large Hadron Collider 
beauty experiment. This so-called tetraquark contains two 
charm quarks, a u  and a d  quark. This exotic state has a mass 
of approximately 3,875!MeV and manifests as a narrow peak 
in the mass spectrum of D0D0π+ mesons just below the D*+D0 
mass threshold. The near-threshold mass together with the 
narrow width reveals the resonance nature of the state.

Quantum chromodynamics, the theory of the strong force, 
describes the interactions of coloured quarks and gluons and the 
formation of hadronic matter, that is, mesons and baryons. While 
quantum chromodynamics makes precise predictions at high ener-
gies, the theory has difficulties describing the interactions of quarks 
in hadrons from first principles due to the highly nonperturba-
tive regime at the corresponding energy scale. Hence, the field of 
hadron spectroscopy is driven by experimental discoveries that are 
sometimes unexpected, which could lead to changes in the research 
landscape. Along with conventional mesons and baryons, made of a 
quark–antiquark pair (q

1

q

2

) and three quarks (q1q2q3), respectively, 
particles with an alternative quark content, known as exotic states, 
have been actively discussed since the birth of the constituent quark 
model1–8. This discussion has been revived by recent observations 
of numerous tetraquark q
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 and pentaquark q
1

q

2

q

3

q

4

q

5

 candi-
dates9–36. Due to the closeness of their masses to known particle-pair 
thresholds37,38, many of these states are likely to be hadronic mol-
ecules39–42 where colour-singlet hadrons are bound by residual 
nuclear forces similar to the electromagnetic van der Waals forces 
attracting electrically neutral atoms and molecules. An ordinary 
example of a hadronic molecule is the deuteron formed by a proton 
and a neutron. On the other hand, an interpretation of exotic states 
as compact multiquark structures is also possible43.

All exotic hadrons observed so far predominantly decay via 
the strong interaction, and their decay widths vary from a few to 
a few hundred MeV. A discovery of a long-lived exotic state, sta-
ble with respect to the strong interaction, would be intriguing.  
A hadron with two heavy quarks Q and two light antiquarks q , that 
is, Q

1

Q

2

q

1

q

2

, is a prime candidate to form such a state44–49. In the 
limit of a large heavy-quark mass, the two heavy quarks Q1Q2 form 
a point-like, heavy, colour-antitriplet object that behaves similarly 
to an antiquark, and the corresponding state should be bound. It is 
expected that the b quark is heavy enough to sustain the existence 
of a stable bbud  state with a binding energy of about 200 MeV with 
respect to the sum of the masses of the pseudoscalar, B− or B0, and 
vector, B*− or B∗0, beauty mesons, which defines the minimal mass 
for the strong decay to be allowed. In the case of the bcud  and ccud  
systems, there is currently no consensus regarding whether such 
states exist and are narrow enough to be detected experimentally. 

The similarity of the ccud  tetraquark state and the Ξ++
cc

 baryon con-
taining two c quarks and a u quark leads to a relationship between 
the properties of the two states. In particular, the measured mass of 
the Ξ

++
cc

 baryon with quark content ccu50–52 implies that the mass 
of the ccud  tetraquark is close to the sum of the masses of the D0 
and D*+ mesons with quark content of cu  and cd , respectively, as 
suggested in ref. 53. Theoretical predictions for the mass of the ccud  
ground state with spin-parity quantum numbers JP = 1+ and isospin 
I = 0, denoted hereafter as T+

cc

, relative to the D*+D0 mass threshold

δm ≡ m

T

+
cc

− (m
D

∗+ +m

D

0

) (1)

lie in the range of −300 < δm < 300 MeV (refs. 53–84), where m
D

∗+ 
and m

D

0

 denote the known masses of the D*+ and D0 mesons38. 
Lattice quantum chromodynamics calculations also do not provide 
a definite conclusion on the existence of the T+

cc

 state or its binding 
energy73,85–87. The observation of the Ξ++

cc

 baryon50,51 and of a new 
exotic resonance decaying to a pair of J/ψ mesons29 by the LHCb 
experiment motivates the search for the T+

cc

 state.
In this Letter, the observation of a narrow state in the D0D0π+ 

mass spectrum near the D*+D0 mass threshold compatible with 
being a T+

cc

 tetraquark state is reported. Throughout this Letter, 
charge conjugate decays are implied. The study is based on proton–
proton (pp) collision data collected by the LHCb detector at the 
Large Hadron Collider at the European Organization for Nuclear 
Research at centre-of-mass energies of 7, 8 and 13 TeV, correspond-
ing to integrated luminosity of 9 fb−1. The LHCb detector88,89 is a 
single-arm forward spectrometer covering the pseudorapidity range 
of 2 < η < 5, designed to study particles containing b or c quarks and 
is further described in Methods. The pseudorapidity η is defined 
as − log

(

tan

θ

2

)

, where θ is a polar angle of the track relative to the 
proton beam line.

The D0D0π+ final state is reconstructed by selecting events with 
two D0 mesons and a positively charged pion, all produced at the 
same pp interaction point. Both D0 mesons are reconstructed in the 
D0→K−π+ decay channel. The selection criteria are similar to those 
used in ref. 90. To subtract the background not originating from two 
D0 candidates, an extended, unbinned maximum-likelihood fit to 
the two-dimensional distribution of the masses of the two D0 can-
didates is performed. The corresponding procedure, together with 
the selection criteria, is described in detail in Methods. To improve 
the δm mass resolution and to make the determination insensitive 
to the precision of the D0 meson mass, the mass of the D0D0π+ com-
binations is calculated with the mass of each D0 meson constrained 
to the known value38. The resulting D0D0π+ mass distribution for 
selected D0D0π+ combinations is shown in Fig. 1. A narrow peak 
near the D*+D0 mass threshold is clearly visible.

An extended, unbinned, maximum-likelihood fit to the D0D0π+ 
mass distribution is performed using a model consisting of the signal 
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and background components. The signal component is described 
by the convolution of the detector resolution with a resonant shape, 
which is modelled by a relativistic P-wave two-body Breit–Wigner 
(BW) function modified by a Blatt–Weisskopf form factor with a 
meson radius parameter of 3.5 GeV−1. The use of a P-wave reso-
nance is motivated by the expected JP = 1+ quantum numbers for 
the T+

cc

 state. A two-body decay structure T+
cc

→ AB is assumed with 
m

A

= 2m

D

0

 and m
B

= m

π

+, where m
π

+ stands for the known mass 
of the π+ meson. Several alternative prescriptions are used for the 
evaluation of the systematic uncertainties. Despite its simplicity, the 
model serves well to quantify the existence of the T+

cc

 state and to 
measure its properties, such as the position and the width of the 
resonance. A follow-up study91 investigates the underlying nature 
of the T+

cc

 state, expanding on the modelling of the signal shape and 
the determination of its physical properties. The detector resolution 
is modelled by the sum of two Gaussian functions with a common 
mean, where the additional parameters are taken from simulation 
(Methods) with corrections applied32,92,93. The root mean square of 
the resolution function is around 400 keV c−2. A study of the D0π+ 
mass distribution for D0D0π+ combinations in the region above the 
D*0D+ mass threshold but below 3.9 GeV c−2 shows that approxi-
mately 90% of all random D0D0π+ combinations contain a genuine 
D*+ meson. On the basis of this observation, the background com-
ponent is parameterized by the product of a two-body phase space 
function and a positive second-order polynomial. The resulting 
function is convolved with the detector resolution.

The fit results are shown in Fig. 1, and the parameters of interest, 
namely the signal yield, N, the mass parameter of the BW function rel-
ative to the D*+D0 mass threshold, δm

BW

≡ m

BW

− (m
D

∗+ +m

D

0), 
and the width parameter, ΓBW, are listed in Table 1. The statistical 
significance of the observed T+

cc

D

0

D

0

π

+ signal is estimated using 
Wilks’ theorem to be 22 s.d. The fit suggests that the mass param-
eter of the BW shape is slightly below the D*+D0 mass threshold.  
The statistical significance of the hypothesis δmBW < 0 is estimated 
to be 4.3 s.d.

To validate the presence of the signal component, several addi-
tional cross-checks are performed. The data are categorized accord-
ing to data-taking periods, including the polarity of the LHCb 
dipole magnet and the charge of the T+

cc

 candidates. Instead of 
statistically subtracting the non-D0 background, the mass of each 
D → K−π+ candidate is required to be within a narrow region around 
the known mass of the D0 meson38. The results are found to be con-
sistent among all samples and analysis techniques. Furthermore, 
dedicated studies are performed to ensure that the observed 
signal is not caused by kaon or pion misidentification, doubly 
Cabibbo-suppressed D0 → K+π− decays or D0

D

0 oscillations, decays 
of charm hadrons originating from beauty hadrons or artefacts due 
to the track reconstruction creating duplicate tracks.

Systematic uncertainties for the δmBW and ΓBW parameters are 
summarized in Table 2 and described below. The largest systematic 
uncertainty is related to the fit model and is studied using pseudo-
experiments with alternative parameterizations of the D0D0π+ mass 
shape. Several variations in the fit model are considered: changes 
in the signal model due to the imperfect knowledge of the detector 
resolution, an uncertainty in the correction factor for the resolution 
taken from control channels, parameterization of the background 
component and the additional model parameters of the BW func-
tion. The model uncertainty related to the assumption of JP = 1+ 
quantum numbers of the state is estimated and listed separately. 
The results are affected by the overall detector momentum scale, 
which is known to a relative precision of δα = 3 × 10−4 (ref. 94). The 
corresponding uncertainty is estimated using simulated samples 
where the momentum scale is modified by factors of (1± δα). In 
the reconstruction, the momenta of charged tracks are corrected 
for energy loss in the detector material, the amount of which is 
known with a relative uncertainty of 10%. The resulting uncertainty 
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Fig. 1 | The distribution of the D0D0π+ mass. The distribution of the 
D0D0π+ mass after statistical subtraction of the contribution of the non-D0 
background, with the result of the fit with the two-component function 
described in the text. The horizontal bin width is indicated on the vertical 
axis legend. The inset shows a zoomed signal region with a fine binning 
scheme. Uncertainties on the data points are statistical only and represent 
one standard deviation, calculated as a sum in quadrature of the assigned 
weights from the background subtraction procedure.

Table 1 | Parameters obtained from the fit to the D0D0π+ mass 
spectrum: signal yield, N, BW mass relative to the D*+D0 
mass threshold, δmBW, and width, ΓBW. The uncertainties are 
statistical only

Parameter Value

N 117!±!16
δmBW −273!±!61!keV!c−2

ΓBW 410!±!165!keV

Table 2 | Systematic uncertainties for the δmBW and ΓBW 
parameters. The total uncertainty is calculated as the sum 
in quadrature of all components except for those related to 
the assignment of JP quantum numbers, which are handled 
separately

Source σ

δm

BW

(

keV c

−2

)

σΓ
BW

(keV)

Fit model
Resolution model 2 7
Resolution correction factor 1 30
Background model 3 30
Model parameters <1 <1
Momentum scale 3 —
Energy loss corrections 1 —
D*+!−!D0 mass difference 2 —
Total 5 43

JP quantum numbers +11

−14

+18

−38
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Conventional, hadronic matter consists of baryons and 
mesons made of three quarks and a quark–antiquark pair, 
respectively1,2. Here, we report the observation of a hadronic 
state containing four quarks in the Large Hadron Collider 
beauty experiment. This so-called tetraquark contains two 
charm quarks, a u  and a d  quark. This exotic state has a mass 
of approximately 3,875!MeV and manifests as a narrow peak 
in the mass spectrum of D0D0π+ mesons just below the D*+D0 
mass threshold. The near-threshold mass together with the 
narrow width reveals the resonance nature of the state.

Quantum chromodynamics, the theory of the strong force, 
describes the interactions of coloured quarks and gluons and the 
formation of hadronic matter, that is, mesons and baryons. While 
quantum chromodynamics makes precise predictions at high ener-
gies, the theory has difficulties describing the interactions of quarks 
in hadrons from first principles due to the highly nonperturba-
tive regime at the corresponding energy scale. Hence, the field of 
hadron spectroscopy is driven by experimental discoveries that are 
sometimes unexpected, which could lead to changes in the research 
landscape. Along with conventional mesons and baryons, made of a 
quark–antiquark pair (q
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) and three quarks (q1q2q3), respectively, 
particles with an alternative quark content, known as exotic states, 
have been actively discussed since the birth of the constituent quark 
model1–8. This discussion has been revived by recent observations 
of numerous tetraquark q
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dates9–36. Due to the closeness of their masses to known particle-pair 
thresholds37,38, many of these states are likely to be hadronic mol-
ecules39–42 where colour-singlet hadrons are bound by residual 
nuclear forces similar to the electromagnetic van der Waals forces 
attracting electrically neutral atoms and molecules. An ordinary 
example of a hadronic molecule is the deuteron formed by a proton 
and a neutron. On the other hand, an interpretation of exotic states 
as compact multiquark structures is also possible43.

All exotic hadrons observed so far predominantly decay via 
the strong interaction, and their decay widths vary from a few to 
a few hundred MeV. A discovery of a long-lived exotic state, sta-
ble with respect to the strong interaction, would be intriguing.  
A hadron with two heavy quarks Q and two light antiquarks q , that 
is, Q
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, is a prime candidate to form such a state44–49. In the 
limit of a large heavy-quark mass, the two heavy quarks Q1Q2 form 
a point-like, heavy, colour-antitriplet object that behaves similarly 
to an antiquark, and the corresponding state should be bound. It is 
expected that the b quark is heavy enough to sustain the existence 
of a stable bbud  state with a binding energy of about 200 MeV with 
respect to the sum of the masses of the pseudoscalar, B− or B0, and 
vector, B*− or B∗0, beauty mesons, which defines the minimal mass 
for the strong decay to be allowed. In the case of the bcud  and ccud  
systems, there is currently no consensus regarding whether such 
states exist and are narrow enough to be detected experimentally. 

The similarity of the ccud  tetraquark state and the Ξ++
cc

 baryon con-
taining two c quarks and a u quark leads to a relationship between 
the properties of the two states. In particular, the measured mass of 
the Ξ

++
cc

 baryon with quark content ccu50–52 implies that the mass 
of the ccud  tetraquark is close to the sum of the masses of the D0 
and D*+ mesons with quark content of cu  and cd , respectively, as 
suggested in ref. 53. Theoretical predictions for the mass of the ccud  
ground state with spin-parity quantum numbers JP = 1+ and isospin 
I = 0, denoted hereafter as T+
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lie in the range of −300 < δm < 300 MeV (refs. 53–84), where m
D
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and m
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0 denote the known masses of the D*+ and D0 mesons38. 
Lattice quantum chromodynamics calculations also do not provide 
a definite conclusion on the existence of the T+

cc

 state or its binding 
energy73,85–87. The observation of the Ξ++

cc

 baryon50,51 and of a new 
exotic resonance decaying to a pair of J/ψ mesons29 by the LHCb 
experiment motivates the search for the T+

cc

 state.
In this Letter, the observation of a narrow state in the D0D0π+ 

mass spectrum near the D*+D0 mass threshold compatible with 
being a T+

cc

 tetraquark state is reported. Throughout this Letter, 
charge conjugate decays are implied. The study is based on proton–
proton (pp) collision data collected by the LHCb detector at the 
Large Hadron Collider at the European Organization for Nuclear 
Research at centre-of-mass energies of 7, 8 and 13 TeV, correspond-
ing to integrated luminosity of 9 fb−1. The LHCb detector88,89 is a 
single-arm forward spectrometer covering the pseudorapidity range 
of 2 < η < 5, designed to study particles containing b or c quarks and 
is further described in Methods. The pseudorapidity η is defined 
as − log

(

tan

θ

2

)

, where θ is a polar angle of the track relative to the 
proton beam line.

The D0D0π+ final state is reconstructed by selecting events with 
two D0 mesons and a positively charged pion, all produced at the 
same pp interaction point. Both D0 mesons are reconstructed in the 
D0→K−π+ decay channel. The selection criteria are similar to those 
used in ref. 90. To subtract the background not originating from two 
D0 candidates, an extended, unbinned maximum-likelihood fit to 
the two-dimensional distribution of the masses of the two D0 can-
didates is performed. The corresponding procedure, together with 
the selection criteria, is described in detail in Methods. To improve 
the δm mass resolution and to make the determination insensitive 
to the precision of the D0 meson mass, the mass of the D0D0π+ com-
binations is calculated with the mass of each D0 meson constrained 
to the known value38. The resulting D0D0π+ mass distribution for 
selected D0D0π+ combinations is shown in Fig. 1. A narrow peak 
near the D*+D0 mass threshold is clearly visible.

An extended, unbinned, maximum-likelihood fit to the D0D0π+ 
mass distribution is performed using a model consisting of the signal 
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Conventional, hadronic matter consists of baryons and 
mesons made of three quarks and a quark–antiquark pair, 
respectively1,2. Here, we report the observation of a hadronic 
state containing four quarks in the Large Hadron Collider 
beauty experiment. This so-called tetraquark contains two 
charm quarks, a u  and a d  quark. This exotic state has a mass 
of approximately 3,875!MeV and manifests as a narrow peak 
in the mass spectrum of D0D0π+ mesons just below the D*+D0 
mass threshold. The near-threshold mass together with the 
narrow width reveals the resonance nature of the state.

Quantum chromodynamics, the theory of the strong force, 
describes the interactions of coloured quarks and gluons and the 
formation of hadronic matter, that is, mesons and baryons. While 
quantum chromodynamics makes precise predictions at high ener-
gies, the theory has difficulties describing the interactions of quarks 
in hadrons from first principles due to the highly nonperturba-
tive regime at the corresponding energy scale. Hence, the field of 
hadron spectroscopy is driven by experimental discoveries that are 
sometimes unexpected, which could lead to changes in the research 
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thresholds37,38, many of these states are likely to be hadronic mol-
ecules39–42 where colour-singlet hadrons are bound by residual 
nuclear forces similar to the electromagnetic van der Waals forces 
attracting electrically neutral atoms and molecules. An ordinary 
example of a hadronic molecule is the deuteron formed by a proton 
and a neutron. On the other hand, an interpretation of exotic states 
as compact multiquark structures is also possible43.

All exotic hadrons observed so far predominantly decay via 
the strong interaction, and their decay widths vary from a few to 
a few hundred MeV. A discovery of a long-lived exotic state, sta-
ble with respect to the strong interaction, would be intriguing.  
A hadron with two heavy quarks Q and two light antiquarks q , that 
is, Q
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limit of a large heavy-quark mass, the two heavy quarks Q1Q2 form 
a point-like, heavy, colour-antitriplet object that behaves similarly 
to an antiquark, and the corresponding state should be bound. It is 
expected that the b quark is heavy enough to sustain the existence 
of a stable bbud  state with a binding energy of about 200 MeV with 
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vector, B*− or B∗0, beauty mesons, which defines the minimal mass 
for the strong decay to be allowed. In the case of the bcud  and ccud  
systems, there is currently no consensus regarding whether such 
states exist and are narrow enough to be detected experimentally. 
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the properties of the two states. In particular, the measured mass of 
the Ξ
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a definite conclusion on the existence of the T+
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 state or its binding 
energy73,85–87. The observation of the Ξ++
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 baryon50,51 and of a new 
exotic resonance decaying to a pair of J/ψ mesons29 by the LHCb 
experiment motivates the search for the T+
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 state.
In this Letter, the observation of a narrow state in the D0D0π+ 

mass spectrum near the D*+D0 mass threshold compatible with 
being a T+
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 tetraquark state is reported. Throughout this Letter, 
charge conjugate decays are implied. The study is based on proton–
proton (pp) collision data collected by the LHCb detector at the 
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Research at centre-of-mass energies of 7, 8 and 13 TeV, correspond-
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two D0 mesons and a positively charged pion, all produced at the 
same pp interaction point. Both D0 mesons are reconstructed in the 
D0→K−π+ decay channel. The selection criteria are similar to those 
used in ref. 90. To subtract the background not originating from two 
D0 candidates, an extended, unbinned maximum-likelihood fit to 
the two-dimensional distribution of the masses of the two D0 can-
didates is performed. The corresponding procedure, together with 
the selection criteria, is described in detail in Methods. To improve 
the δm mass resolution and to make the determination insensitive 
to the precision of the D0 meson mass, the mass of the D0D0π+ com-
binations is calculated with the mass of each D0 meson constrained 
to the known value38. The resulting D0D0π+ mass distribution for 
selected D0D0π+ combinations is shown in Fig. 1. A narrow peak 
near the D*+D0 mass threshold is clearly visible.
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and background components. The signal component is described 
by the convolution of the detector resolution with a resonant shape, 
which is modelled by a relativistic P-wave two-body Breit–Wigner 
(BW) function modified by a Blatt–Weisskopf form factor with a 
meson radius parameter of 3.5 GeV−1. The use of a P-wave reso-
nance is motivated by the expected JP = 1+ quantum numbers for 
the T+

cc

 state. A two-body decay structure T+
cc

→ AB is assumed with 
m

A

= 2m

D

0

 and m
B

= m

π

+, where m
π

+ stands for the known mass 
of the π+ meson. Several alternative prescriptions are used for the 
evaluation of the systematic uncertainties. Despite its simplicity, the 
model serves well to quantify the existence of the T+

cc

 state and to 
measure its properties, such as the position and the width of the 
resonance. A follow-up study91 investigates the underlying nature 
of the T+

cc

 state, expanding on the modelling of the signal shape and 
the determination of its physical properties. The detector resolution 
is modelled by the sum of two Gaussian functions with a common 
mean, where the additional parameters are taken from simulation 
(Methods) with corrections applied32,92,93. The root mean square of 
the resolution function is around 400 keV c−2. A study of the D0π+ 
mass distribution for D0D0π+ combinations in the region above the 
D*0D+ mass threshold but below 3.9 GeV c−2 shows that approxi-
mately 90% of all random D0D0π+ combinations contain a genuine 
D*+ meson. On the basis of this observation, the background com-
ponent is parameterized by the product of a two-body phase space 
function and a positive second-order polynomial. The resulting 
function is convolved with the detector resolution.

The fit results are shown in Fig. 1, and the parameters of interest, 
namely the signal yield, N, the mass parameter of the BW function rel-
ative to the D*+D0 mass threshold, δm

BW

≡ m

BW

− (m
D

∗+ +m

D

0), 
and the width parameter, ΓBW, are listed in Table 1. The statistical 
significance of the observed T+

cc

D

0

D

0

π

+ signal is estimated using 
Wilks’ theorem to be 22 s.d. The fit suggests that the mass param-
eter of the BW shape is slightly below the D*+D0 mass threshold.  
The statistical significance of the hypothesis δmBW < 0 is estimated 
to be 4.3 s.d.

To validate the presence of the signal component, several addi-
tional cross-checks are performed. The data are categorized accord-
ing to data-taking periods, including the polarity of the LHCb 
dipole magnet and the charge of the T+

cc

 candidates. Instead of 
statistically subtracting the non-D0 background, the mass of each 
D → K−π+ candidate is required to be within a narrow region around 
the known mass of the D0 meson38. The results are found to be con-
sistent among all samples and analysis techniques. Furthermore, 
dedicated studies are performed to ensure that the observed 
signal is not caused by kaon or pion misidentification, doubly 
Cabibbo-suppressed D0 → K+π− decays or D0

D

0 oscillations, decays 
of charm hadrons originating from beauty hadrons or artefacts due 
to the track reconstruction creating duplicate tracks.

Systematic uncertainties for the δmBW and ΓBW parameters are 
summarized in Table 2 and described below. The largest systematic 
uncertainty is related to the fit model and is studied using pseudo-
experiments with alternative parameterizations of the D0D0π+ mass 
shape. Several variations in the fit model are considered: changes 
in the signal model due to the imperfect knowledge of the detector 
resolution, an uncertainty in the correction factor for the resolution 
taken from control channels, parameterization of the background 
component and the additional model parameters of the BW func-
tion. The model uncertainty related to the assumption of JP = 1+ 
quantum numbers of the state is estimated and listed separately. 
The results are affected by the overall detector momentum scale, 
which is known to a relative precision of δα = 3 × 10−4 (ref. 94). The 
corresponding uncertainty is estimated using simulated samples 
where the momentum scale is modified by factors of (1± δα). In 
the reconstruction, the momenta of charged tracks are corrected 
for energy loss in the detector material, the amount of which is 
known with a relative uncertainty of 10%. The resulting uncertainty 
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Fig. 1 | The distribution of the D0D0π+ mass. The distribution of the 
D0D0π+ mass after statistical subtraction of the contribution of the non-D0 
background, with the result of the fit with the two-component function 
described in the text. The horizontal bin width is indicated on the vertical 
axis legend. The inset shows a zoomed signal region with a fine binning 
scheme. Uncertainties on the data points are statistical only and represent 
one standard deviation, calculated as a sum in quadrature of the assigned 
weights from the background subtraction procedure.

Table 1 | Parameters obtained from the fit to the D0D0π+ mass 
spectrum: signal yield, N, BW mass relative to the D*+D0 
mass threshold, δmBW, and width, ΓBW. The uncertainties are 
statistical only

Parameter Value

N 117!±!16
δmBW −273!±!61!keV!c−2

ΓBW 410!±!165!keV

Table 2 | Systematic uncertainties for the δmBW and ΓBW 
parameters. The total uncertainty is calculated as the sum 
in quadrature of all components except for those related to 
the assignment of JP quantum numbers, which are handled 
separately

Source σ

δm

BW

(

keV c

−2

)

σΓ
BW

(keV)

Fit model
Resolution model 2 7
Resolution correction factor 1 30
Background model 3 30
Model parameters <1 <1
Momentum scale 3 —
Energy loss corrections 1 —
D*+!−!D0 mass difference 2 —
Total 5 43

JP quantum numbers +11

−14

+18

−38
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Conventional, hadronic matter consists of baryons and 
mesons made of three quarks and a quark–antiquark pair, 
respectively1,2. Here, we report the observation of a hadronic 
state containing four quarks in the Large Hadron Collider 
beauty experiment. This so-called tetraquark contains two 
charm quarks, a u  and a d  quark. This exotic state has a mass 
of approximately 3,875!MeV and manifests as a narrow peak 
in the mass spectrum of D0D0π+ mesons just below the D*+D0 
mass threshold. The near-threshold mass together with the 
narrow width reveals the resonance nature of the state.

Quantum chromodynamics, the theory of the strong force, 
describes the interactions of coloured quarks and gluons and the 
formation of hadronic matter, that is, mesons and baryons. While 
quantum chromodynamics makes precise predictions at high ener-
gies, the theory has difficulties describing the interactions of quarks 
in hadrons from first principles due to the highly nonperturba-
tive regime at the corresponding energy scale. Hence, the field of 
hadron spectroscopy is driven by experimental discoveries that are 
sometimes unexpected, which could lead to changes in the research 
landscape. Along with conventional mesons and baryons, made of a 
quark–antiquark pair (q

1

q

2

) and three quarks (q1q2q3), respectively, 
particles with an alternative quark content, known as exotic states, 
have been actively discussed since the birth of the constituent quark 
model1–8. This discussion has been revived by recent observations 
of numerous tetraquark q

1

q

2

q

3

q

4

 and pentaquark q
1

q

2

q

3

q

4

q

5

 candi-
dates9–36. Due to the closeness of their masses to known particle-pair 
thresholds37,38, many of these states are likely to be hadronic mol-
ecules39–42 where colour-singlet hadrons are bound by residual 
nuclear forces similar to the electromagnetic van der Waals forces 
attracting electrically neutral atoms and molecules. An ordinary 
example of a hadronic molecule is the deuteron formed by a proton 
and a neutron. On the other hand, an interpretation of exotic states 
as compact multiquark structures is also possible43.

All exotic hadrons observed so far predominantly decay via 
the strong interaction, and their decay widths vary from a few to 
a few hundred MeV. A discovery of a long-lived exotic state, sta-
ble with respect to the strong interaction, would be intriguing.  
A hadron with two heavy quarks Q and two light antiquarks q , that 
is, Q

1

Q

2

q

1

q

2

, is a prime candidate to form such a state44–49. In the 
limit of a large heavy-quark mass, the two heavy quarks Q1Q2 form 
a point-like, heavy, colour-antitriplet object that behaves similarly 
to an antiquark, and the corresponding state should be bound. It is 
expected that the b quark is heavy enough to sustain the existence 
of a stable bbud  state with a binding energy of about 200 MeV with 
respect to the sum of the masses of the pseudoscalar, B− or B0, and 
vector, B*− or B∗0, beauty mesons, which defines the minimal mass 
for the strong decay to be allowed. In the case of the bcud  and ccud  
systems, there is currently no consensus regarding whether such 
states exist and are narrow enough to be detected experimentally. 

The similarity of the ccud  tetraquark state and the Ξ++
cc

 baryon con-
taining two c quarks and a u quark leads to a relationship between 
the properties of the two states. In particular, the measured mass of 
the Ξ

++
cc

 baryon with quark content ccu50–52 implies that the mass 
of the ccud  tetraquark is close to the sum of the masses of the D0 
and D*+ mesons with quark content of cu  and cd , respectively, as 
suggested in ref. 53. Theoretical predictions for the mass of the ccud  
ground state with spin-parity quantum numbers JP = 1+ and isospin 
I = 0, denoted hereafter as T+

cc

, relative to the D*+D0 mass threshold

δm ≡ m

T

+
cc

− (m
D

∗+ +m

D

0) (1)

lie in the range of −300 < δm < 300 MeV (refs. 53–84), where m
D

∗+ 
and m

D

0 denote the known masses of the D*+ and D0 mesons38. 
Lattice quantum chromodynamics calculations also do not provide 
a definite conclusion on the existence of the T+

cc

 state or its binding 
energy73,85–87. The observation of the Ξ++

cc

 baryon50,51 and of a new 
exotic resonance decaying to a pair of J/ψ mesons29 by the LHCb 
experiment motivates the search for the T+

cc

 state.
In this Letter, the observation of a narrow state in the D0D0π+ 

mass spectrum near the D*+D0 mass threshold compatible with 
being a T+

cc

 tetraquark state is reported. Throughout this Letter, 
charge conjugate decays are implied. The study is based on proton–
proton (pp) collision data collected by the LHCb detector at the 
Large Hadron Collider at the European Organization for Nuclear 
Research at centre-of-mass energies of 7, 8 and 13 TeV, correspond-
ing to integrated luminosity of 9 fb−1. The LHCb detector88,89 is a 
single-arm forward spectrometer covering the pseudorapidity range 
of 2 < η < 5, designed to study particles containing b or c quarks and 
is further described in Methods. The pseudorapidity η is defined 
as − log

(

tan

θ

2

)

, where θ is a polar angle of the track relative to the 
proton beam line.

The D0D0π+ final state is reconstructed by selecting events with 
two D0 mesons and a positively charged pion, all produced at the 
same pp interaction point. Both D0 mesons are reconstructed in the 
D0→K−π+ decay channel. The selection criteria are similar to those 
used in ref. 90. To subtract the background not originating from two 
D0 candidates, an extended, unbinned maximum-likelihood fit to 
the two-dimensional distribution of the masses of the two D0 can-
didates is performed. The corresponding procedure, together with 
the selection criteria, is described in detail in Methods. To improve 
the δm mass resolution and to make the determination insensitive 
to the precision of the D0 meson mass, the mass of the D0D0π+ com-
binations is calculated with the mass of each D0 meson constrained 
to the known value38. The resulting D0D0π+ mass distribution for 
selected D0D0π+ combinations is shown in Fig. 1. A narrow peak 
near the D*+D0 mass threshold is clearly visible.

An extended, unbinned, maximum-likelihood fit to the D0D0π+ 
mass distribution is performed using a model consisting of the signal 

Observation of an exotic narrow doubly charmed 
tetraquark
LHCb Collaboration*
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Natural candidate for study using LQCD
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Lattice studies of Tcc(3875)

3

• [Padmanath & Prelovsec, 2202.10110]  (so  is stable) Lüscher method

• [Chen et al., 2206.06185]  (  is stable) Lüscher method

• [Lyu et al. (HALQCD), 2302.04505]  (  still stable!) Determine  
potential using HALQCD method

• Active area of research!

Mπ ≈ 280 MeV D*

Mπ ≈ 350 MeV D*

Mπ ≈ 146 MeV D* D*D

https://arxiv.org/abs/2202.10110
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Left-hand cut in  amplitudeD*D

• Two-particle (Lüscher) quantization condition (QC2) fails at and below left-hand cut

• Nonanalyticity in  and  leads to additional finite-volume effects [Raposo & Hansen, 23]

•  becomes complex, ERE fails

• In LQCD studies, left-hand cut lies in vicinity of putative virtual bound state, invalidating the analysis 
using QC2

ℳ2 𝒦2

𝒦2 ∝ 1/(k cot δ)

4

D*

D*

π

D

D
u = M2

π , t = 0

s = sthr − (M2
π − [MD* − MD]2)
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Left-hand cut in  amplitudeD*D
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RESULTS AND DISCUSSION
From unitarity one gets T (E)= � (2⇡/µ)1/ (p cot (�(E)) � ip)

Often employed: Taylor expansion (effective range expansion (ERE))

p cot (�(E)) = 1/a + (r/2)p2 =) Epole=�9.9 MeV [(p/EDD⇤)2= � 0.001]
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green dashed: Re(ip)/EDD⇤

< 0: first sheet;
> 0: second sheet

black dashed:
location of left-hand cut (lhc)

gray band (line): (best) ERE fit

However, lhc sets radius of convergence for ERE
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LATTICE STUDY
We here focus on a DD⇤ Lüscher analysis @ M⇡ = 280 MeV

Padmanath & Prelovsek, PRL129(2022)032002

Then D⇤ is stable (M⇡ > �M = MD⇤ � MD) ! cut structure:

right-hand three-body cuts
right-hand two-body cut
left-hand cut

2

FIG. 1. Cut structure of the D⇤D system: Perpendicular
blue lines indicate the right-hand cuts, while the horizontal
red line indicates the left-hand cut. The perpendicular green
wavy line indicates the two-body cut.

sheet [13].

Amongst the many exotic candidates, the Tcc is of par-
ticular interest, since for physical pion masses it acquires
its width only from the DD⇡ channel, while for pion
masses slightly larger that can be studied e.g. using lat-
tice QCD and chiral e↵ective field theories, it is stable
with respect to the strong interaction. Accordingly, while
for the physical pion mass the DD⇡ cut is located below
the DD⇤ threshold, at higher pion masses it is located
above. In the latter case the pion exchange induces a
second cut (indicated as the horizontal red line in Fig. 1)
as will be discussed in the next section — this so called
left-hand cut (lhc) is in the focus of this work. Since the
locations of its branch points are connected to the range
of the potential, while the discontinuity depends on its
strength, the cut is also called dynamical cut [14].

For the Tcc there are now three studies available using
lattice QCD, namely Refs. [15–17]. While the first two
use the Lüscher method to extract D⇤D phase shifts �(E)
at m⇡ = 280 and 350 MeV, respectively, the last one uses
the method of the HAL-QCD collaboration: Here first
a D⇤D scattering potential is extracted which is then
used to calculate the phase shifts. The phase shifts are
connected to the scattering matrix via

T (E) =
1

p cot (�(E)) � ip
(1)

A pole of the T -matrix thus appears for

p cot(�) = ip . (2)

Below the threshold the momentum p gets imaginary for
real energies, with i|p| (�i|p|) for the first (second) sheet.
Poles below the lowest production threshold on the real
s-axis are called bound states or virtual states, if they
are located on the first or second sheet, respectively. To
exploit the phase-shifts extracted from the lattice studies
of Refs. [15–17], p cot(�) was parametrized by the first

. ...(a) m⇡ > �M (b) m⇡ < �M

FIG. 2. Sketch of the locations of the various branch cuts in
the complex s plane for m⇡=280 MeV, (a), and the physical
pion mass, (b), employing the color coding of Fig. 1: The
left-hand cut in red, the D⇤D cuts in green and the DD⇡
three-body cut in blue. The black dots show typical locations
for the Tcc poles: They can appear as a pair of virtual states
or a resonance in case (a) (only the former is shown) and is a
resonance in case (b).

two terms of the e↵ective range expansion (ERE)1,

p cot(�) =
1

a
+

1

2
rp2 . (3)

The radius of convergence of the e↵ective range expan-
sion is set by the location of the nearest singularity. For
the studies of relevance here, this is the left-hand cut, as
will be discussed below.

II. CUT STRUCTURE OF THE D⇤D
AMPLITUDE

In line with the available lattice setting employed for an
analysis of the D⇤D system, we work in the isospin limit.
Then the Tcc(3875) is a pure isoscalar state. The relevant
degrees of freedom for its description are D⇤D and DD⇡
introducing two-body and three-body branchpoints into
the amplitude, respectively. For physical pion masses, pi-
ons contribute to the D⇤D dynamics in two ways, namely
to the D⇤ self-energy and to the D⇤D scattering poten-
tial. Both induce right-hand cuts to the amplitude, which
are shown as the right and left blue line in Fig. 1, respec-
tively. The part of the pion propagator embedded in the
three-body system that generates this cut can be written
as [19–22]

G⇡(E, k 0, k)�1 = E�2MD�k2+k02

2MD

�!⇡(q) (4)

where E denotes the total energy and k (k 0) the incom-
ing (outgoing) D⇤D relative momentum in the overall
center-of-mass system. The pion energy in the intermedi-
ate state is !⇡(q)=

p
m2

⇡
+ q2, where q=p 0�p. Since for

1 If one of the scattering particles is unstable, the ERE needs to
performed around the complex branch point connected to the
two-body channels [18].

Left-hand cut appears as new non-analyticity very near-by
=) Study its impact on pole extraction

M. L. Du et al., [arXiv:2303.09441 [hep-ph]]

We take lattice data above lhc for granted! lattice with lhc: Raposo and Hansen, PoS LATTICE2022(2023)051
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[Padmanath & Prelovsec, 2202.10110]

LH cut

• Need to include pion exchange

• Example using model finds 0 or 2 
virtual bound states

• See also talk by Md Habib E Islam

IMPROVED ANALYSIS
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<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="+WYBA/W7XJVStx+ftjNAkzuyEJw=">AAACJHicbVBNS8NAEN34bepHq0cvwSJ4Kq2I9lgrgkdFW4UmlM122i5udsPupFhCfoJX/Qf+Gm/iwYu/xU3bg1YfDDzem2FmXhgLbrBa/XQWFpeWV1bX1t3CxubWdrG00zYq0QxaTAml70NqQHAJLeQo4D7WQKNQwF34cJ77dyPQhit5i+MYgogOJO9zRtFKN37Mu8VytVKdwPtLajNSJjNcdUtOwe8plkQgkQlqTKceY5BSjZwJyFw/MRBT9kAH0LFU0ghMkE5OzbwDq/S8vtK2JHoT9edESiNjxlFoOyOKQzPv5eJ/XifBfj1IuYwTBMmmi/qJ8FB5+d9ej2tgKMaWUKa5vdVjQ6opQ5vOry2ASolQPWau659hEwZcXsgR10rmH6dIw0RQnaU+cjnObHy1+bD+kvZRpXZSOb4+LjeasyDXyB7ZJ4ekRk5Jg1ySK9IijAzIE3kmL86r8+a8Ox/T1gVnNrNLfsH5+gZ4J6V9</latexit>⇡
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M. L. Du et al., [arXiv:2303.09441 [hep-ph]].

Slide 20 21

• Ignoring LH cut suggests a virtual 
bound state

• Authors argue that this 
transitions to a real bound state 
for physical case

[Du et al., 2303.09441]

https://arxiv.org/abs/2202.10110
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Including LH cut in LQCD analyses 

6

• Extend QC2 by explicit inclusion of LH cut [Raposo & Hansen, talk by Raposo]

• Use HALQCD method to obtain  potential? [Lyu et al, talk by Aoki]

• Use three-particle quantization condition (QC3) applied to  system [present proposal]

•  included as bound state in p-wave  channel (so don’t need to use QC2, or QC2+3 
[Briceño, Hansen, SRS 17] )

• Pion exchange automatically incorporated into formalism

• Applies also for physical case with unstable 

• Analogous to use of QC3 for three identical particles in which two form a dimer, and study dimer-
particle interactions and trimer formation [Blanton et al., 1908.02411; David et al.,  2303.04394; talks 
by Md Habib E Islam & Dawid]
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Including LH cut in LQCD analyses 

6

• Extend QC2 by explicit inclusion of LH cut [Raposo & Hansen, talk by Raposo]

• Use HALQCD method to obtain  potential? [Lyu et al, talk by Aoki]

• Use three-particle quantization condition (QC3) applied to  system [present proposal]

•  included as bound state in p-wave  channel (so don’t need to use QC2, or QC2+3 
[Briceño, Hansen, SRS 17] )

• Pion exchange automatically incorporated into formalism

• Applies also for physical case with unstable 

• Analogous to use of QC3 for three identical particles in which two form a dimer, and study dimer-
particle interactions and trimer formation [Blanton et al., 1908.02411; David et al.,  2303.04394; talks 
by Md Habib E Islam & Dawid]
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Here we present only the formalism; applications are for future work
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Essential idea

7

• In TOPT, LH cut arises from intermediate  state, which is not included in standard analysisDDπ

D*

D*

π

D

D

• 3 particle  formalism does include such a state, and  included as  bound stateDDπ D* Dπ

D*

D*

π

D

D
D

π

D
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Workflow of QC3

8

E0(L)

E1(L)

E2(L)

Kdf,3 M3
Infinite-volume 

integral eqs.
Quantization 
Conditions 

(QC2 & QC3)

𝒦2

2- and 3-particle 
spectra

ℳ2

Special to this application:

ℳ2
D

π

D

π
includes  bound stateD*

D*D

π

D

π

M3
includes  scatteringD*D

D

D

D

D

π π
ℳ2

D D

D* D*
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Generalization required

9

• We work in isosymmetric QCD

• Focus on charge  states: , , , all of which mix

• Need a combination of “ ” and fully nonidentical QC3s [Blanton & SRS]

✴ 2+1 QC3 has two flavor channels (two choices of spectator)

✴ Fully nonidentical QC3 has three flavor channels

• Thus might expect that full QC3 requires  channels

• In fact, our preferred approach has 8 channels, corresponding to symmetric ( ) 
and antisymmetric ( ) combinations of  in  state

• Block diagonalizes into different total isospins: 

•  (case of interest for ), and , have 2-d flavor structure

•  has 4-d flavor structure

1 D0D0π+ D+D+π− D+D0π0

2 + 1

2 + 2 + 3 = 7

I = 1
I = 0 D+D0 D+D0π0

1
2 ⊗ 1

2 ⊗ 1 = 0 ⊕ 1 ⊕ 1 ⊕ 2

I = 0 Tcc I = 2

I = 1
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Methods of derivation

10

• Use both TOPT-based method of [Blanton & SRS] and intuitive method based on nontrivial 
generalization of derivation for  of all allowed isospins [Hansen, Romero-López, SRS]

• Former leads to both asymmetric and symmetric forms of QC3, latter only to symmetric 
form

3π



S.R.Sharpe, “Resolving the left-hand cut problem for LQCD studies of Tcc(3875),” LATTICE 2023, 8/3/2023 /15

Results: QC3
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• Symmetric form of QC3 takes the by-now familiar form

where i is a channel index related to the flavor of the particles and which of the three
particles is the spectator, k labels the three momentum of such spectator and ¸, m are
partial-wave indices of the interacting pair. Here, ‚Kdf,3 is the three-particle K matrix, and
‚F3 is a matrix that depends on kinematics, size of the box and the two particle K matrix.
As is the case in the RFT formalism, a finite-dimensional quantization condition is obtained
by (1) neglecting interactions in two-particle partial waves that are larger than som ¸max,
and (2) truncating the spectator function using a smooth cuto� function, H

(i)(k). For
systems of nondegenerate particles, a suitable cuto� function is given in Eqs. (2.22) and
(2.23) of Ref. [14].

It is illustrative to consider the dimensionality of the quantization condition. There are
three kinds of three-meson systems to consider, D

+
D

+
fi

≠, D
0
D

0
fi

+ and D
0
D

+
fi

0. The first
two correspond to systems with two identical particles and a distinct third meson (“2+1”),
while the last one has three distinguishable particles(“1+1+1”). Since the matrices in the
quantization condition for “2+1” systems has dimension 2 [4], and dimension 3 for “1+1+1”
systems [13], one would naively expect a dimension 7 quantization condition. As will be
seen below, the expressions presented here have a dimension-8 space. The reason is that
in the D

0
D

+
fi

0 we have chose to split the symmetric and antisymmetric parts of D
0
D

+,
since they correspond to di�erent two-meson isospin channels, 1 and 0, respectively.

Since the total isospin is a conserved quantity, the quantization condition factorizes in
the total isospin of the system:

Ÿ

Iœ{0,1,2}
det

i,k,¸,m

Ë
1 + ‚K[I]

df,3
‚F [I]

3
È

= 0, (2.6)

where the superindex [I] labels the total isospin of the system. The dimensionality of the
blocks is as follows: 2 for I = 0 and 2, and 4 for I = 1. Parametrizations of ‚K[I]

df,3 in each
isospin channel will be discussed below. The explicit relation between ‚F [I]

3 , the two-particle
K matrix and other kinematical quantities is:

‚F [I]
3 ©

‚F [I]

3 ≠ ‚F [I] 1
1 + „M[I]

2,L
‚G[I]

„M[I]
2,L

‚F [I]
, „M[I]

2,L ©
1

‚K[I]≠1
2,L + ‚F [I]

. (2.7)

For each isospin channel, we now list the di�erent building blocks. We explicitly represent
the channel index i in matrix form, and the entries must be understood as matrices only
in k, ¸, m space.

First, the ‚F matrix, closely related to the Lüscher zeta function:

‚F [I=2] = ‚F [I=0] = diag
1

ÂF D
, ÂF fi

2
, (2.8)

‚F [I=1] = diag
1

ÂF D
, ÂF D

, ÂF fi
, ÂF fi

2
. (2.9)

The superindex in each of the matrix entries labels the spectator particle. The definition
of each entry is

Ë
ÂF (i)

È

pÕ¸ÕmÕ;p¸m
= ”pÕp

H
(i)(p)

2Ê
(i)
p L3

C
1

L3

UVÿ

a

≠PV
⁄ UV d

3
a

(2fi)3

D

– 4 –
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where i, j, k can take values D, D, fi. For instance, if i = D, then j = D and k = fi.
Here, UV indicates that the sum-integral di�erence must be regularized (see App A of
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i.e., to the CMF of the nonspectator pair.
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Here, P¸ is a matrix with elements [P¸]r¸ÕmÕ;p¸m = ”¸Õ¸”mÕm”rp(≠1)¸. The superindices in
the matrix elements indicates which particles are the spectator after and before the switch.
For instance, G

fiD means that the incoming spectator is D, and the outgoing is fi. Each
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where K2,LDfi, I = 3/2 indicates that it is a modified two-particle K matrix for a Dfi

system with two-meson isospin I = 3/2. The conexion to the standard two-body K matrix
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• Symmetric form of QC3 takes the by-now familiar form

where i is a channel index related to the flavor of the particles and which of the three
particles is the spectator, k labels the three momentum of such spectator and ¸, m are
partial-wave indices of the interacting pair. Here, ‚Kdf,3 is the three-particle K matrix, and
‚F3 is a matrix that depends on kinematics, size of the box and the two particle K matrix.
As is the case in the RFT formalism, a finite-dimensional quantization condition is obtained
by (1) neglecting interactions in two-particle partial waves that are larger than som ¸max,
and (2) truncating the spectator function using a smooth cuto� function, H

(i)(k). For
systems of nondegenerate particles, a suitable cuto� function is given in Eqs. (2.22) and
(2.23) of Ref. [14].
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quantization condition for “2+1” systems has dimension 2 [4], and dimension 3 for “1+1+1”
systems [13], one would naively expect a dimension 7 quantization condition. As will be
seen below, the expressions presented here have a dimension-8 space. The reason is that
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where the superindex [I] labels the total isospin of the system. The dimensionality of the
blocks is as follows: 2 for I = 0 and 2, and 4 for I = 1. Parametrizations of ‚K[I]

df,3 in each
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For each isospin channel, we now list the di�erent building blocks. We explicitly represent
the channel index i in matrix form, and the entries must be understood as matrices only
in k, ¸, m space.
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where i is a channel index related to the flavor of the particles and which of the three
particles is the spectator, k labels the three momentum of such spectator and ¸, m are
partial-wave indices of the interacting pair. Here, ‚Kdf,3 is the three-particle K matrix, and
‚F3 is a matrix that depends on kinematics, size of the box and the two particle K matrix.
As is the case in the RFT formalism, a finite-dimensional quantization condition is obtained
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• 2-d flavor structure corresponding to  and
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where i is a channel index related to the flavor of the particles and which of the three
particles is the spectator, k labels the three momentum of such spectator and ¸, m are
partial-wave indices of the interacting pair. Here, ‚Kdf,3 is the three-particle K matrix, and
‚F3 is a matrix that depends on kinematics, size of the box and the two particle K matrix.
As is the case in the RFT formalism, a finite-dimensional quantization condition is obtained
by (1) neglecting interactions in two-particle partial waves that are larger than som ¸max,
and (2) truncating the spectator function using a smooth cuto� function, H

(i)(k). For
systems of nondegenerate particles, a suitable cuto� function is given in Eqs. (2.22) and
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where i, j, k can take values D, D, fi. For instance, if i = D, then j = D and k = fi.
Here, UV indicates that the sum-integral di�erence must be regularized (see App A of
Ref. [14]). On-shell energies are given by Ê
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p =
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of the two-meson relative momentum in their CMF, and aú(i,j,p)) is the spatial part of the
four momentum (Ê(j)

a , a) after boosting it with boost velocity —(i)
p = ≠(P ≠ p)/(E ≠ Ê
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a ),

i.e., to the CMF of the nonspectator pair.
The second block is the G matrix, which accounts from finite-volume e�ects in diagrams
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Here, P¸ is a matrix with elements [P¸]r¸ÕmÕ;p¸m = ”¸Õ¸”mÕm”rp(≠1)¸. The superindices in
the matrix elements indicates which particles are the spectator after and before the switch.
For instance, G

fiD means that the incoming spectator is D, and the outgoing is fi. Each
entry is given by:
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The next building block is the two-particle K matrix, given by
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where K2,LDfi, I = 3/2 indicates that it is a modified two-particle K matrix for a Dfi
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where i is a channel index related to the flavor of the particles and which of the three
particles is the spectator, k labels the three momentum of such spectator and ¸, m are
partial-wave indices of the interacting pair. Here, ‚Kdf,3 is the three-particle K matrix, and
‚F3 is a matrix that depends on kinematics, size of the box and the two particle K matrix.
As is the case in the RFT formalism, a finite-dimensional quantization condition is obtained
by (1) neglecting interactions in two-particle partial waves that are larger than som ¸max,
and (2) truncating the spectator function using a smooth cuto� function, H

(i)(k). For
systems of nondegenerate particles, a suitable cuto� function is given in Eqs. (2.22) and
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seen below, the expressions presented here have a dimension-8 space. The reason is that
in the D

0
D

+
fi

0 we have chose to split the symmetric and antisymmetric parts of D
0
D

+,
since they correspond to di�erent two-meson isospin channels, 1 and 0, respectively.

Since the total isospin is a conserved quantity, the quantization condition factorizes in
the total isospin of the system:
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Iœ{0,1,2}
det

i,k,¸,m

Ë
1 + ‚K[I]

df,3
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3
È

= 0, (2.6)

where the superindex [I] labels the total isospin of the system. The dimensionality of the
blocks is as follows: 2 for I = 0 and 2, and 4 for I = 1. Parametrizations of ‚K[I]

df,3 in each
isospin channel will be discussed below. The explicit relation between ‚F [I]

3 , the two-particle
K matrix and other kinematical quantities is:
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3 ≠ ‚F [I] 1
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2,L
‚G[I]
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2,L

‚F [I]
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2,L + ‚F [I]
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For each isospin channel, we now list the di�erent building blocks. We explicitly represent
the channel index i in matrix form, and the entries must be understood as matrices only
in k, ¸, m space.

First, the ‚F matrix, closely related to the Lüscher zeta function:

‚F [I=2] = ‚F [I=0] = diag
1

ÂF D
, ÂF fi

2
, (2.8)

‚F [I=1] = diag
1

ÂF D
, ÂF D

, ÂF fi
, ÂF fi

2
. (2.9)

The superindex in each of the matrix entries labels the spectator particle. The definition
of each entry is

Ë
ÂF (i)

È

pÕ¸ÕmÕ;p¸m
= ”pÕp

H
(i)(p)

2Ê
(i)
p L3

C
1

L3

UVÿ

a

≠PV
⁄ UV d

3
a

(2fi)3

D
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where i is a channel index related to the flavor of the particles and which of the three
particles is the spectator, k labels the three momentum of such spectator and ¸, m are
partial-wave indices of the interacting pair. Here, ‚Kdf,3 is the three-particle K matrix, and
‚F3 is a matrix that depends on kinematics, size of the box and the two particle K matrix.
As is the case in the RFT formalism, a finite-dimensional quantization condition is obtained
by (1) neglecting interactions in two-particle partial waves that are larger than som ¸max,
and (2) truncating the spectator function using a smooth cuto� function, H

(i)(k). For
systems of nondegenerate particles, a suitable cuto� function is given in Eqs. (2.22) and
(2.23) of Ref. [14].

It is illustrative to consider the dimensionality of the quantization condition. There are
three kinds of three-meson systems to consider, D
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0
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0. The first
two correspond to systems with two identical particles and a distinct third meson (“2+1”),
while the last one has three distinguishable particles(“1+1+1”). Since the matrices in the
quantization condition for “2+1” systems has dimension 2 [4], and dimension 3 for “1+1+1”
systems [13], one would naively expect a dimension 7 quantization condition. As will be
seen below, the expressions presented here have a dimension-8 space. The reason is that
in the D
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D
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0 we have chose to split the symmetric and antisymmetric parts of D
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+,
since they correspond to di�erent two-meson isospin channels, 1 and 0, respectively.

Since the total isospin is a conserved quantity, the quantization condition factorizes in
the total isospin of the system:
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where the superindex [I] labels the total isospin of the system. The dimensionality of the
blocks is as follows: 2 for I = 0 and 2, and 4 for I = 1. Parametrizations of ‚K[I]

df,3 in each
isospin channel will be discussed below. The explicit relation between ‚F [I]

3 , the two-particle
K matrix and other kinematical quantities is:
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For each isospin channel, we now list the di�erent building blocks. We explicitly represent
the channel index i in matrix form, and the entries must be understood as matrices only
in k, ¸, m space.

First, the ‚F matrix, closely related to the Lüscher zeta function:

‚F [I=2] = ‚F [I=0] = diag
1

ÂF D
, ÂF fi

2
, (2.8)

‚F [I=1] = diag
1

ÂF D
, ÂF D

, ÂF fi
, ÂF fi

2
. (2.9)

The superindex in each of the matrix entries labels the spectator particle. The definition
of each entry is

Ë
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◊

S

UY¸ÕmÕ(aú(i,j,p))
!
q

ú(i)
2,pÕ

"¸Õ
1

4Ê
(j)
a Ê

(k)
b

!
E≠Ê

(i)
p ≠Ê

(j)
a ≠Ê

(k)
b

"
Y¸m(aú(i,j,p))

!
q

ú(i)
2,p

"¸

T

V (2.10)

where i, j, k can take values D, D, fi. For instance, if i = D, then j = D and k = fi.
Here, UV indicates that the sum-integral di�erence must be regularized (see App A of
Ref. [14]). On-shell energies are given by Ê

(i)
p =

Ò
p2 + m

2
i , and b = P ≠ a ≠ p. The

spherical harmonics are normalized as Y¸m(a) =
Ô

4fiY¸m(â)|a|
¸.

!
q

ú(i)
2,p

"¸Õ
is the magnitude

of the two-meson relative momentum in their CMF, and aú(i,j,p)) is the spatial part of the
four momentum (Ê(j)

a , a) after boosting it with boost velocity —(i)
p = ≠(P ≠ p)/(E ≠ Ê

(j)
a ),

i.e., to the CMF of the nonspectator pair.
The second block is the G matrix, which accounts from finite-volume e�ects in diagrams

where the spectator is switched:

‚G[I=2] = ‚G[I=0] =
A

G
DD

Ô
2P¸G

Dfi
Ô

2G
fiD

P¸ 0

B

, (2.11)

‚G[I=1] =

Q

cccccca

≠
1
3G

DD 2
Ô

2
3 G

DD
Ò

2
3P¸G

Dfi
≠

2Ô
3P¸G

Dfi

2
Ô

2
3 G

DD 1
3G

DD
≠

2Ô
3P¸G

Dfi
Ò

2
3P¸G

Dfi

≠

Ò
2
3G

fiD
P¸ ≠

2Ô
3G

fiD
P¸ 0 0

≠
2Ô
3G

fiD
P¸

Ò
2
3G

fiD
P¸ 0 0

R

ddddddb
. (2.12)

Here, P¸ is a matrix with elements [P¸]r¸ÕmÕ;p¸m = ”¸Õ¸”mÕm”rp(≠1)¸. The superindices in
the matrix elements indicates which particles are the spectator after and before the switch.
For instance, G

fiD means that the incoming spectator is D, and the outgoing is fi. Each
entry is given by:

Ë
ÂG(ij)

È

p¸ÕmÕ;r¸m
= 1

2Ê
(i)
p L3

Y¸ÕmÕ(rú(i,j,p))
!
q

ú(i)
2,p

"¸Õ
H

(i)(p)H(j)(r)
b

2
ij ≠ m

2
k

Y¸m(pú(j,i,r))
!
q

ú(j)
2,r

"¸

1
2Ê

(j)
r L3

, (2.13)

where bij = (E ≠ Ê
(i)
p ≠ Ê

(j)
r , P ≠ p ≠ r).

The next building block is the two-particle K matrix, given by

‚K[I=2]
2,L = diag

3
K

Dfi,I=3/2
2,L ,

1
2K

DD,I=1
2,L

4
, (2.14)

‚K[I=1]
2,L = diag

3
K

Dfi,I=3/2
2,L , K

Dfi,I=1/2
2,L ,

1
2K

DD,I=1
2,L ,

1
2K

DD,I=0
2,L

4
, (2.15)

‚K[I=0]
2,L = diag

3
K

Dfi,I=1/2
2,L ,

1
2K

DD,I=1
2,L

4
, (2.16)

where K2,LDfi, I = 3/2 indicates that it is a modified two-particle K matrix for a Dfi

system with two-meson isospin I = 3/2. The conexion to the standard two-body K matrix
is [1, 15, 16]:

Ë
K

(j,k),I
2,L

È

p¸ÕmÕ;r¸m
= ”pr2Ê

(i)
r L

3
”¸Õ¸”mÕm

Ë
K

(j,k),I
2 (r)

È

¸m
, (2.17)
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Same 3-particle K matrix expressed in
different coordinates

• Focus here on most relevant case: 

• 2-d flavor structure corresponding to  and

I = 0

[(Dπ)I=1/2D]I=0 [(DD)I=1π]I=0

Ë
K

(i,j),I
2 (r)≠1

È

¸m
= 1

8fi
Ô

‡i

Ó
q

ú(i)
2,r cot ”

(j,k),I
¸ (qú(i)

2,r ) + |q
ú(i)
2,r |[1 ≠ H

(i)(r)]
Ô

. (2.18)

Note that the symmetry factor for (non)identical particles are explicit in eq. (2.16).
It is worth mentioning that not all two-meson partial waves must be considered in all

cases. This is because K
(DD),I=1
2,L is nonzero only for even partial waves, while K

(DD),I=0
2,L

only for odd ¸. Thus, the corresponding entries in ‚F and ‚G need only account for the
values of ¸ that are nonzero in ‚K2,L. For instance, in I = 0 and I = 2 only even partial
waves in DD are needed.

Finally, we comment on the structure of Kdf,3. Each of the entries of ‚K[I]
df,3 corresponds

to the same underlying functions (up to symmetry factors), and expressed in terms of
di�erent coordinates:

‚K[I=2,0]
df,3 =

Q

a

Ë
K

[I=2,0]
df,3

È

DD

1Ô
2

Ë
K

[I=2,0]
df,3

È

Dfi
1Ô
2

Ë
K

[I=2,0]
df,3

È

fiD

1
2

Ë
K

[I=2,0]
df,3

È

fifi

R

b , (2.19)

‚K[I=1]
df,3 =

Q

cccccca

raa
6

Ë
K

[I=1],a,a
df,3

È

DD

Ô
2raa
6

Ë
K

[I=1],a,a
df,3

È

DD
≠

raa

2
Ô

6

Ë
K

[I=1],a,a
df,3

È

Dfi
≠

rabÔ
6

Ë
K

[I=1],a,b
df,3

È

DfiÔ
2raa
6

Ë
K

[I=1],a,a
df,3

È

DD

raa
3

Ë
K

[I=1],a,a
df,3

È

DD
≠

raa

2
Ô

3

Ë
K

[I=1],a,a
df,3

È

Dfi
≠

rabÔ
3

Ë
K

[I=1],a,b
df,3

È

Dfi

≠
raa

2
Ô

6

Ë
K

[I=1],a,a
df,3

È

fiD
≠

raa

2
Ô

3

Ë
K

[I=1],a,a
df,3

È

fiD

raa
4

Ë
K

[I=1],a,a
df,3

È

fifi

rab
2

Ë
K

[I=1],a,b
df,3

È

fifi

≠
rabÔ

6

Ë
K

[I=1],b,a
df,3

È

fiD
≠

rabÔ
3

Ë
K

[I=1],b,a
df,3

È

fiD

rab
2

Ë
K

[I=1],b,a
df,3

È

fifi
rbb

Ë
K

[I=1],b,b
df,3

È

fifi

R

ddddddb
,

(2.20)

where raa = 9/(1 +
Ô

2)2, rab = ≠9/(2 +
Ô

2)2, and rbb = 9/2. [I found several typos in
steve’s note for ‚K[I=1]

df,3 ] In these equations,
Ë
K

[I]
df,3

È

Dfi
means that the underlying function

K
[I]
df,3 is expressed in that matrix entry using the the D meson as spectator and Dfi as

interacting pair for the coordinates of the outgoing mesons, as well as pion as spectator
and DD as interacting pair for those of the incoming particles.

The formalism at maximal isospin is formally identical to the three-particle formalism
for K

+
K

+
fi

+ systems [4]. This is expected, since it should be equivalent to a D
+

D
+

fi
+

system. For I = 0, we also observe that the equations are the same, but the two-particle K
matrix for the Dfi part is that of isospin I = 1/2 instead. In any case, for these channels,
the implementation presented in Ref. [14] can be used.

2.3 Integral equations

The connexion between the three-particle K matrix and the scattering amplitude comes in
the form of integral equations [2]. Here we summarize this for each of the isospin channels.
The expresions below are closely related to those of Refs. [13, 14], and in particular identical
to Ref. [14] in the case of isospin 0 and 2.

The unsymmetrized finite-volume equivalent of the three-particle scattering amplitude
is denoted as „M(u,u),[I]

3,L . The infinite-volume amplitude in each isospin channel is obtained
by first performing an ordered double limit:

„M[I]
3 = lim

‘æ0+
lim

LæŒ
„M[I]

3,L (2.21)
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• Obtained by taking infinite-volume limit of a “finite-volume scattering amplitude”

where the finite-volume amplitude can be constructed from the unsymmetrized amplitude:

„M[I=0, 2]
3,L = È–S | „M(u,u),[I=0, 2]

3,L |–SÍ ,

„M[I=1]
3,L =

A
È–a| „M(u,u),[I=1]

3,L |–aÍ È–a| „M(u,u),[I=1]
3,L |–bÍ

È–b|
„M(u,u),[I=1]

3,L |–aÍ È–b|
„M(u,u),[I=1]

3,L |–bÍ

B

,

(2.22)

where the vectors |–XÍ add all possible diagrams where each of the particles is the spectator.

|–SÍ =
A

2
Ô

2

B

, |–aÍ =

Q

cccca

2


1/3
2


2/3
≠2
0

R

ddddb
, |–bÍ =

Q

cccca

0
0
0

Ô
2

R

ddddb
. (2.23)

In eq. (2.22) the five independent amplitudes are explicit: two from I = 0 and I = 2,
two in the diagonal of the I = 1 amplitude, and one in the o�-diagonal of I = 1 (the other
one is related by time reversal).

The unsymmetrized finite-volume amplitude is

„M(u,u),[I]
3,L = ‚D(u,u),[I]

L + „M(u,u),[I]
df,3,L , (2.24)

and it is composed by the ladder amplitude, which contains pairwise rescattering,

‚D(u,u),[I]
L = ≠ „M[I]

2,L
‚G[I] „M[I]

2,L

1
1 + ‚G[I] „M[I]

2,L

, (2.25)

and a short-distance piece that depends on the three-particle K matrix.

„M(u,u),[I]
df,3,L =

51
3 ≠ ‚D(u,u),[I]

23,L
‚F [I]

6
‚K[I]

df,3
1

1 + ‚F [I]
3

‚K[I]
df,3

51
3 ≠ ‚F [I] ‚D(u,u),[I]

23,L

6
, (2.26)

where
‚D(u,u),[I]

23,L = „M[I]
2,L + ‚D(u,u),[I]

L . (2.27)

The symmetrized short-distance piece, „M[I]
df,3 is defined using the |–XÍ vectors analo-

gously to „M[I]
3,L in eq. (2.22). The normalization of this quantity and Kdf,3 are such that

in the limit of weak two-body interactions [Re or not Re?]

Re „M[I=0,2]
df,3 = K

[I=0,2]
df,3

Ë
1 + O(M2

2)
È

,

Re „M[I=1]
df,3 =

Q

aK
[I=1],a,a
df,3 K

[I=1],a,b
df,3

K
[I=1],b,a
df,3 K

[I=1],b,b
df,3

R

b
Ë
1 + O(M2

2)
È

.

(2.28)

Similar relations for the case of pions or kaons were used in Refs. [14, 17, 18] to invert the
integral equations analytically to a given order in the chiral expansion.
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Ë
K

(i,j),I
2 (r)≠1

È

¸m
= 1

8fi
Ô

‡i

Ó
q

ú(i)
2,r cot ”

(j,k),I
¸ (qú(i)

2,r ) + |q
ú(i)
2,r |[1 ≠ H

(i)(r)]
Ô

. (2.18)

Note that the symmetry factor for (non)identical particles are explicit in eq. (2.16).
It is worth mentioning that not all two-meson partial waves must be considered in all

cases. This is because K
(DD),I=1
2,L is nonzero only for even partial waves, while K

(DD),I=0
2,L

only for odd ¸. Thus, the corresponding entries in ‚F and ‚G need only account for the
values of ¸ that are nonzero in ‚K2,L. For instance, in I = 0 and I = 2 only even partial
waves in DD are needed.

Finally, we comment on the structure of Kdf,3. Each of the entries of ‚K[I]
df,3 corresponds

to the same underlying functions (up to symmetry factors), and expressed in terms of
di�erent coordinates:

‚K[I=2,0]
df,3 =

Q

a

Ë
K

[I=2,0]
df,3

È

DD

1Ô
2

Ë
K

[I=2,0]
df,3

È

Dfi
1Ô
2

Ë
K

[I=2,0]
df,3

È

fiD

1
2

Ë
K

[I=2,0]
df,3

È

fifi

R

b , (2.19)

‚K[I=1]
df,3 =

Q
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K
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df,3

È

DD

Ô
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6

Ë
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[I=1],a,a
df,3
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DD
≠

raa

2
Ô

6

Ë
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È

Dfi
≠

rabÔ
6

Ë
K
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df,3

È
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6

Ë
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DD
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3

Ë
K

[I=1],a,a
df,3

È

DD
≠

raa

2
Ô

3

Ë
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[I=1],a,a
df,3
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Dfi
≠

rabÔ
3

Ë
K

[I=1],a,b
df,3

È

Dfi

≠
raa

2
Ô

6

Ë
K

[I=1],a,a
df,3

È

fiD
≠

raa

2
Ô

3

Ë
K

[I=1],a,a
df,3
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4

Ë
K

[I=1],a,a
df,3
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2

Ë
K

[I=1],a,b
df,3
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≠
rabÔ

6

Ë
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df,3
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fiD
≠
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3

Ë
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2

Ë
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È
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rbb

Ë
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È
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R

ddddddb
,

(2.20)

where raa = 9/(1 +
Ô

2)2, rab = ≠9/(2 +
Ô

2)2, and rbb = 9/2. [I found several typos in
steve’s note for ‚K[I=1]

df,3 ] In these equations,
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K

[I]
df,3

È

Dfi
means that the underlying function

K
[I]
df,3 is expressed in that matrix entry using the the D meson as spectator and Dfi as

interacting pair for the coordinates of the outgoing mesons, as well as pion as spectator
and DD as interacting pair for those of the incoming particles.

The formalism at maximal isospin is formally identical to the three-particle formalism
for K

+
K

+
fi

+ systems [4]. This is expected, since it should be equivalent to a D
+

D
+

fi
+

system. For I = 0, we also observe that the equations are the same, but the two-particle K
matrix for the Dfi part is that of isospin I = 1/2 instead. In any case, for these channels,
the implementation presented in Ref. [14] can be used.

2.3 Integral equations

The connexion between the three-particle K matrix and the scattering amplitude comes in
the form of integral equations [2]. Here we summarize this for each of the isospin channels.
The expresions below are closely related to those of Refs. [13, 14], and in particular identical
to Ref. [14] in the case of isospin 0 and 2.

The unsymmetrized finite-volume equivalent of the three-particle scattering amplitude
is denoted as „M(u,u),[I]

3,L . The infinite-volume amplitude in each isospin channel is obtained
by first performing an ordered double limit:
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3 = lim
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where the finite-volume amplitude can be constructed from the unsymmetrized amplitude:

„M[I=0, 2]
3,L = È–S | „M(u,u),[I=0, 2]

3,L |–SÍ ,

„M[I=1]
3,L =

A
È–a| „M(u,u),[I=1]

3,L |–aÍ È–a| „M(u,u),[I=1]
3,L |–bÍ

È–b|
„M(u,u),[I=1]

3,L |–aÍ È–b|
„M(u,u),[I=1]

3,L |–bÍ

B

,

(2.22)

where the vectors |–XÍ add all possible diagrams where each of the particles is the spectator.

|–SÍ =
A

2
Ô

2

B

, |–aÍ =

Q

cccca

2


1/3
2


2/3
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0

R

ddddb
, |–bÍ =

Q

cccca

0
0
0

Ô
2

R

ddddb
. (2.23)

In eq. (2.22) the five independent amplitudes are explicit: two from I = 0 and I = 2,
two in the diagonal of the I = 1 amplitude, and one in the o�-diagonal of I = 1 (the other
one is related by time reversal).

The unsymmetrized finite-volume amplitude is

„M(u,u),[I]
3,L = ‚D(u,u),[I]

L + „M(u,u),[I]
df,3,L , (2.24)

and it is composed by the ladder amplitude, which contains pairwise rescattering,

‚D(u,u),[I]
L = ≠ „M[I]

2,L
‚G[I] „M[I]

2,L

1
1 + ‚G[I] „M[I]

2,L

, (2.25)

and a short-distance piece that depends on the three-particle K matrix.

„M(u,u),[I]
df,3,L =

51
3 ≠ ‚D(u,u),[I]

23,L
‚F [I]

6
‚K[I]

df,3
1

1 + ‚F [I]
3

‚K[I]
df,3

51
3 ≠ ‚F [I] ‚D(u,u),[I]

23,L

6
, (2.26)

where
‚D(u,u),[I]

23,L = „M[I]
2,L + ‚D(u,u),[I]

L . (2.27)

The symmetrized short-distance piece, „M[I]
df,3 is defined using the |–XÍ vectors analo-

gously to „M[I]
3,L in eq. (2.22). The normalization of this quantity and Kdf,3 are such that

in the limit of weak two-body interactions [Re or not Re?]

Re „M[I=0,2]
df,3 = K

[I=0,2]
df,3

Ë
1 + O(M2

2)
È

,

Re „M[I=1]
df,3 =

Q

aK
[I=1],a,a
df,3 K

[I=1],a,b
df,3

K
[I=1],b,a
df,3 K

[I=1],b,b
df,3

R

b
Ë
1 + O(M2

2)
È

.

(2.28)

Similar relations for the case of pions or kaons were used in Refs. [14, 17, 18] to invert the
integral equations analytically to a given order in the chiral expansion.
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where the finite-volume amplitude can be constructed from the unsymmetrized amplitude:

„M[I=0, 2]
3,L = È–S | „M(u,u),[I=0, 2]

3,L |–SÍ ,

„M[I=1]
3,L =

A
È–a| „M(u,u),[I=1]

3,L |–aÍ È–a| „M(u,u),[I=1]
3,L |–bÍ

È–b|
„M(u,u),[I=1]

3,L |–aÍ È–b|
„M(u,u),[I=1]

3,L |–bÍ

B

,

(2.22)

where the vectors |–XÍ add all possible diagrams where each of the particles is the spectator.

|–SÍ =
A

2
Ô

2

B

, |–aÍ =

Q

cccca

2


1/3
2


2/3
≠2
0

R

ddddb
, |–bÍ =

Q

cccca

0
0
0

Ô
2

R

ddddb
. (2.23)

In eq. (2.22) the five independent amplitudes are explicit: two from I = 0 and I = 2,
two in the diagonal of the I = 1 amplitude, and one in the o�-diagonal of I = 1 (the other
one is related by time reversal).

The unsymmetrized finite-volume amplitude is

„M(u,u),[I]
3,L = ‚D(u,u),[I]

L + „M(u,u),[I]
df,3,L , (2.24)

and it is composed by the ladder amplitude, which contains pairwise rescattering,

‚D(u,u),[I]
L = ≠ „M[I]

2,L
‚G[I] „M[I]

2,L

1
1 + ‚G[I] „M[I]

2,L

, (2.25)

and a short-distance piece that depends on the three-particle K matrix.

„M(u,u),[I]
df,3,L =

51
3 ≠ ‚D(u,u),[I]

23,L
‚F [I]

6
‚K[I]

df,3
1

1 + ‚F [I]
3

‚K[I]
df,3

51
3 ≠ ‚F [I] ‚D(u,u),[I]

23,L

6
, (2.26)

where
‚D(u,u),[I]

23,L = „M[I]
2,L + ‚D(u,u),[I]

L . (2.27)

The symmetrized short-distance piece, „M[I]
df,3 is defined using the |–XÍ vectors analo-

gously to „M[I]
3,L in eq. (2.22). The normalization of this quantity and Kdf,3 are such that

in the limit of weak two-body interactions [Re or not Re?]

Re „M[I=0,2]
df,3 = K

[I=0,2]
df,3

Ë
1 + O(M2

2)
È

,

Re „M[I=1]
df,3 =

Q

aK
[I=1],a,a
df,3 K

[I=1],a,b
df,3

K
[I=1],b,a
df,3 K

[I=1],b,b
df,3

R

b
Ë
1 + O(M2

2)
È

.

(2.28)

Similar relations for the case of pions or kaons were used in Refs. [14, 17, 18] to invert the
integral equations analytically to a given order in the chiral expansion.
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Implementation for I = 0

14

• QC3 for  is essentially the same as for , which has been implemented

• Input needed is spectrum of  (including  if stable), , &  
(including  if  is stable) states

• Minimal choice for  is s- and p-waves in  and s-wave in 

• Use effective-range expansion for  up to terms linear in 

✴ Choice for p-wave  interaction must lead to bound-state pole in 
 at the position found in LQCD simulations

• Projections onto lattice irreps can be carried over from 

• Form to use for  is unclear; may require a pole in the  channel, in which 
case a form consistent with the symmetries is

[DDπ]I=0 K+K+π+

(Dπ)I=1/2 D* (DD)I=1 [DDπ]I=0
D*D D*

𝒦2 (Dπ)I=1/2 (DD)I=1

𝒦2 q2

(Dπ)I=1/2
ℳ2(Dπ, I = 1/2)(ℓ=1)

K+K+π+

𝒦[I=0]
df,3 JP = 1+

where the structure gµ‹ ≠ P‹Pµ/P
2 ensures that only the vector part contributes. The

amplitude is invariant under 1 ¡ 2 exchange, thus leaving two possibilities for V
‹

12:

V
‹

12 = c1(p1 + p2)‹ + c2p
‹
3 = (c1 ≠ c2)(p1 + p2)‹ + c2P

‹
, (2.35)

where the second equality is a simple redefinition. Since the Lorentz structure with P
‹ is

projected out, the only possible parametrization is:

K
[I=0]
df,3 ∏ KTcc

1
P 2 ≠ M

2
Tcc

(p1 + p2)µ(k1 + k2)‹
3

gµ‹ ≠
P‹Pµ

P 2

4
. (2.36)

3 Conclusion
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A Derivation using time-ordered perturbation theory

B Derivation using intuitive flavor space extension

In this appendix we present a derivation of the formalism using a derivation based on
an extension of the flavor space of the three-particle formalism. This follows closely the
approach of Ref. [5], where the quantization condition for generic systems of three pions
was derived.

We first introduce the matrix of finite-volume correlation functions
Ë

‚CL(P )
È

ij
©

⁄
dx

0
⁄

L3
d

3
xe

≠iP ·x+iEt
e
TOj(x)O†

k(0),
f

L
. (B.1)

A convenient choice is to start with 12 Oi(x) operators that have the quantum numbers of
DDfi systems and electric charge 1:

≠æ
O =

!
D

+
D

+
fi

≠
, D

+
D

0
fi

0
, D

0
D

+
fi

0
, D

0
D

0
fi

+
,

D
+

fi
≠

D
+

, fi
≠

D
+

D
+

, D
0
fi

0
D

+
, fi

0
D

0
D

+

D
0
fi

+
D

0
, fi

+
D

0
D

0
, D

+
fi

0
D

0
, fi

0
D

+
D

0"
.

(B.2)

– 9 –

• Integral equations are a multichannel generalization of previous work, and also involve a 
projection onto overall 

• Under study in collaboration with Sebastian Dawid

JP = 1+
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Summary & Outlook 
• Three-particle formalism generalized to  for 

• Allows study of   including the physics of the LH cut

• Valid for both physical and heavier-than-physical light-quark masses

• Analysis of LQCD results more complicated than applying two-particle (Lüscher) 
quantization condition

• Requires 1-, 2- and 3-particle spectra if  is stable

• To extract  amplitude need to solve multichannel integral equations 

• Same formalism applies to  tetraquarks [Bicudo et al., 1505.00613; Francis et al., 
1607.05214; Hudspith & Mohler, 2303.17295; Aoki et al., 2306.03565], and to  
systems of general isospin

DDπ I = 0,1,2

I = 1 Tcc(3875)

D*

D*D

BBπ
KKπ

15
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Thanks 
Any questions?

16

D

D

D

D

π π π
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Forms of F and G
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• Symmetric form of QC3 takes the by-now familiar form

where i is a channel index related to the flavor of the particles and which of the three
particles is the spectator, k labels the three momentum of such spectator and ¸, m are
partial-wave indices of the interacting pair. Here, ‚Kdf,3 is the three-particle K matrix, and
‚F3 is a matrix that depends on kinematics, size of the box and the two particle K matrix.
As is the case in the RFT formalism, a finite-dimensional quantization condition is obtained
by (1) neglecting interactions in two-particle partial waves that are larger than som ¸max,
and (2) truncating the spectator function using a smooth cuto� function, H

(i)(k). For
systems of nondegenerate particles, a suitable cuto� function is given in Eqs. (2.22) and
(2.23) of Ref. [14].

It is illustrative to consider the dimensionality of the quantization condition. There are
three kinds of three-meson systems to consider, D

+
D

+
fi

≠, D
0
D

0
fi

+ and D
0
D

+
fi

0. The first
two correspond to systems with two identical particles and a distinct third meson (“2+1”),
while the last one has three distinguishable particles(“1+1+1”). Since the matrices in the
quantization condition for “2+1” systems has dimension 2 [4], and dimension 3 for “1+1+1”
systems [13], one would naively expect a dimension 7 quantization condition. As will be
seen below, the expressions presented here have a dimension-8 space. The reason is that
in the D

0
D

+
fi

0 we have chose to split the symmetric and antisymmetric parts of D
0
D

+,
since they correspond to di�erent two-meson isospin channels, 1 and 0, respectively.

Since the total isospin is a conserved quantity, the quantization condition factorizes in
the total isospin of the system:

Ÿ

Iœ{0,1,2}
det

i,k,¸,m

Ë
1 + ‚K[I]

df,3
‚F [I]

3
È

= 0, (2.6)

where the superindex [I] labels the total isospin of the system. The dimensionality of the
blocks is as follows: 2 for I = 0 and 2, and 4 for I = 1. Parametrizations of ‚K[I]

df,3 in each
isospin channel will be discussed below. The explicit relation between ‚F [I]

3 , the two-particle
K matrix and other kinematical quantities is:

‚F [I]
3 ©

‚F [I]

3 ≠ ‚F [I] 1
1 + „M[I]

2,L
‚G[I]

„M[I]
2,L

‚F [I]
, „M[I]

2,L ©
1

‚K[I]≠1
2,L + ‚F [I]

. (2.7)

For each isospin channel, we now list the di�erent building blocks. We explicitly represent
the channel index i in matrix form, and the entries must be understood as matrices only
in k, ¸, m space.

First, the ‚F matrix, closely related to the Lüscher zeta function:

‚F [I=2] = ‚F [I=0] = diag
1

ÂF D
, ÂF fi

2
, (2.8)

‚F [I=1] = diag
1

ÂF D
, ÂF D

, ÂF fi
, ÂF fi

2
. (2.9)

The superindex in each of the matrix entries labels the spectator particle. The definition
of each entry is

Ë
ÂF (i)

È

pÕ¸ÕmÕ;p¸m
= ”pÕp

H
(i)(p)

2Ê
(i)
p L3

C
1

L3

UVÿ

a

≠PV
⁄ UV d

3
a

(2fi)3

D
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where i is a channel index related to the flavor of the particles and which of the three
particles is the spectator, k labels the three momentum of such spectator and ¸, m are
partial-wave indices of the interacting pair. Here, ‚Kdf,3 is the three-particle K matrix, and
‚F3 is a matrix that depends on kinematics, size of the box and the two particle K matrix.
As is the case in the RFT formalism, a finite-dimensional quantization condition is obtained
by (1) neglecting interactions in two-particle partial waves that are larger than som ¸max,
and (2) truncating the spectator function using a smooth cuto� function, H

(i)(k). For
systems of nondegenerate particles, a suitable cuto� function is given in Eqs. (2.22) and
(2.23) of Ref. [14].
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+
D

+
fi

≠, D
0
D

0
fi

+ and D
0
D

+
fi

0. The first
two correspond to systems with two identical particles and a distinct third meson (“2+1”),
while the last one has three distinguishable particles(“1+1+1”). Since the matrices in the
quantization condition for “2+1” systems has dimension 2 [4], and dimension 3 for “1+1+1”
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seen below, the expressions presented here have a dimension-8 space. The reason is that
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where i, j, k can take values D, D, fi. For instance, if i = D, then j = D and k = fi.
Here, UV indicates that the sum-integral di�erence must be regularized (see App A of
Ref. [14]). On-shell energies are given by Ê
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Here, P¸ is a matrix with elements [P¸]r¸ÕmÕ;p¸m = ”¸Õ¸”mÕm”rp(≠1)¸. The superindices in
the matrix elements indicates which particles are the spectator after and before the switch.
For instance, G
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where i is a channel index related to the flavor of the particles and which of the three
particles is the spectator, k labels the three momentum of such spectator and ¸, m are
partial-wave indices of the interacting pair. Here, ‚Kdf,3 is the three-particle K matrix, and
‚F3 is a matrix that depends on kinematics, size of the box and the two particle K matrix.
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‚F [I=2] = ‚F [I=0] = diag
1

ÂF D
, ÂF fi

2
, (2.8)

‚F [I=1] = diag
1

ÂF D
, ÂF D

, ÂF fi
, ÂF fi

2
. (2.9)

The superindex in each of the matrix entries labels the spectator particle. The definition
of each entry is

Ë
ÂF (i)

È

pÕ¸ÕmÕ;p¸m
= ”pÕp

H
(i)(p)

2Ê
(i)
p L3

C
1

L3

UVÿ

a

≠PV
⁄ UV d

3
a

(2fi)3

D

– 4 –

◊

S

UY¸ÕmÕ(aú(i,j,p))
!
q

ú(i)
2,pÕ

"¸Õ
1

4Ê
(j)
a Ê

(k)
b

!
E≠Ê

(i)
p ≠Ê

(j)
a ≠Ê

(k)
b

"
Y¸m(aú(i,j,p))

!
q

ú(i)
2,p

"¸

T

V (2.10)

where i, j, k can take values D, D, fi. For instance, if i = D, then j = D and k = fi.
Here, UV indicates that the sum-integral di�erence must be regularized (see App A of
Ref. [14]). On-shell energies are given by Ê

(i)
p =

Ò
p2 + m

2
i , and b = P ≠ a ≠ p. The

spherical harmonics are normalized as Y¸m(a) =
Ô

4fiY¸m(â)|a|
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