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Introduction
B Motivation
Recently, precise verification of standard model has been actively studied.

Ex) CKM matrix element [1| Inthe ks decay 1+ _ Vol fo (02
without CKM unitarity ~ with CKM unitarity Kis us|J =+ K
| A
I 1 I 1 .
— 1 1 ' T T 1 T T T 1 . i known values
Kz N=2+1+1 de.cay W'dth' A ‘ - and so on
H— (Experimental value)=( ) X
_________ 4 ____i‘____________________:E?Qﬁ’g"'m (Matrix ellement) X (Had'ron matrix element)
a @ This work Y - Form factor
K|3 Nf_2+1 H——@+ @ This work (I not known values 1 Obtained using
H S —H O PACS20 - CKM matrix element |Vu5| lattice QCD calculations
H S H < JLQCD17
< H <« RBC-UKQCD15 : g :
= W FNAL/MILC3 For precise verification
___________________________________ O PACS Nj=2+1 _ o
K., O % PDG22 - Reduce the (systematic+statistic) error
T . - Multiple groups calculate in different methods
0.221 0.222 0.223 0.224 0.225 0.226 0.227 0.228 0.229 0.230
Vil

‘ New algorithm development is important.

arXiv:2212.00255 [hep-lat]
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Introduction Ty = Crepy ([Vas| f+(0))* I

OTraditional method for form factor

The form factor analysis is performed by Making (g%, E;(q?)) data and fitting it.

Fr(q°) F(?) = 1 (monopole) fit ansatz
L+ q?/M7 . (model-dependent)
Fo(q®) = 1+ f1¢° + fo(g?)? (polynomial)
Fe(@®) = 14116+ f2(6*)° + f3(¢*)°

2
V4Am2 + ¢% — /4m?2 :
F.(¢*) = apz® | 2= x4 = (z-expansion)
Am?2 2 Am/2
k=0 V AMg + 47+ /4ma

| g

q These fit ansatz <|:

QEW(p)ZW(O) C??T'V’;T(tatsink;p) e(Ew(p)*mw)t
(Eﬂ' (p) + m’”)Z’fT (p) C?TTL?T(IL tsink; ())

causes the systematic error

Increase the lattice QCD error

F(q®) =

3-point function: Crvalt tsn p) = Zy Z (07 (2, tam) Va(§, )7+ (£,0)]0) e @ =)
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Introduction | waco1s{ e
electromagnetic
: : form factor
OPion charge radius / charge radius: Gao et al. 21 1 ]
d ‘
2\ __ 2
<7T+(pf)|vﬂ‘”+(pz‘)> = (py +pi)qu(92) (rz)=—6 d—quW(q ) ., Fenoetal.20] H—e—H
————————— q e
OPhys.Lett.B324,85(1994) ONucl.Phys.B444,401(1995) OPoS LATTICE2016,170(2016) XQCD 20 ~ e+
- Proposed method for directly calculating the first-order derivative of the form factor
- Applied to calculate nucleon form factor
PDG 19 ]
‘ improve 0.350 0.375 0.400 0.425 0.450 0.475 0.500

2 2
OPhys.Rev.D101,051502(R)(2020) (rz) [fm<]

- Applied to calculate pion charge radius — Phys.Rev.D104,114515(2021)
- Proposed method to reduce the high-order contamination.

‘ Improve(Our work last year) '

model-independent
OPoS LATTICE2022,122 (2023)

- Found that large finite volume effect in small Mg
* Proposed method to solve the above problem.

¥ This talk:

Efficient way to reduce the finite volume effect of|original model-independent method
for pion charge radius

ole a@nd volume.
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Outline
@ Introduction

€ Model-independent method

- Original model-independent method

€ Our improved model-independent method

- Proposal for our method

- Introduce new function G(q?) to reduce the finite volume effect

€ Preliminary result

- Compare the results of Traditional method, Original method and Our method

€ Summary
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model-independent method .

Phys.Lett.B324,85(1994) ; Nucl.Phys.B444,401(1995) ; PoS LATTICE2016,170(2016)

(Ex(p) + )
2mL2E,(p)

Corva(ts tsini; p) = Zyv Zx(0) Z (p) L FT((Q)e_E”(p)te_m”(t“‘i““_ﬂ

Fora- 0and V - o F(f)ZF(\fD
() -4 [ F(Z)e 7* = —— [ &z |7’ F(7)
d|p)’ d|p’
|p]%=0 1512=0

n-th order momentum-derivative at |5]? = 0 <= 2n-th order spatial moment (|¥|*™)

1-dimension 3-point function

For finite V, the higher-order contaminations appear. ¢, -2 Y Y O i 0m 00

(n) R 271 27} - ?pr Z Y2,Y3 x2,T3
C (IL) = Crva ( bsinks T L C. 7V (s Lsink: ,U)P (r:=|x1 —y1|; 0 <r < L/2; Periodic B.C.)

r r

FDy = ’ L ] 2 2?’? ? r
Z A Lsink, }0 ( )-rrr[(] ) ((f'ﬂ‘i—"ﬂ“- ‘,'Hillktp) — A("‘ unkaP)F*[f] n . L Z 1P )

= Jobon() +fiBa()+ folon®) £ | Fela®) =D fmd®™  Brnlt) =Y Al sk, ) Ta(p)g™"
d_l_ \ m=0 known function p

() = ~6lg@ (@) higher-order contamination
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. (CO) =1, fo=
model-independent method
Phys.Rev.D101,051502(R)(2020) C(”)(t) = Z”’“anwvw (¢, tsink; ) Z JrmBmn(
moment function r
To reduce the higher-order contamination
Bun(t) = At teinic, P) T (p) ™"
R(t) P — alO(l) (t) 4+ QQC(Q) (t) +h known function

= (1801 +a2fpa+h)+(a1f11+aefi2)fi + (1P21 +asBaa)fo+ -+

i i ) ) d
Define parameters a4, a,, h to satisfy the following = {ag"@)| _,
(}51,50:1 —+ (}5235(}:2 +h =0 (}:1:5151 + (}:2.5112 = 1] Cl:’lﬁgjl —+ Cl:’gﬁgjg =0

‘ R(t) = f1 + Z (Z Ozkﬁm&k (t)) fm (rz2) = —6 diq?F”(qz)
j m=3 \k=1

constant time-dependent
If the high-order contamination terms is small, we get the charge radius
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Our improved model-independent method ,,_, . & (s.....0)..

m=3 \k=1
Original method remains the contamination from high-order at small Méole and volume.

‘ Improve the convergence of f,,

L -- Fact --
and reduce the contamination

Pion form factor is well
G(q?) represented by
1

G(q?
(f ) FW(QQ) 1+q2/
pole

from phenomenology.

C(p) = ZA tainkes ) Tn () Fr (¢2) ZA Leint, 2) Tn () Fr (¢7)

= ZA teink, P) T (p)S (g7 )C(l (S(q%) == Fr(q®)G(q?))

m m kIlDWIl fllIlCtiOIl p

— Z Sm .f:;{m.-n (” (S(Uz) — Z Sm f}zm¢ f’:?m.-n (” = Z A(f tsink p)Tn (P)f}zm/G(qz))

Original model-independent method changes to R(t) = s1 + Z (Z kB i ( )s

‘Change E.(g?) to S(g%) and choose G (g?) with good convergence s,,
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What is the good function G(q*) ? LCRUED 3] ) SRERIC) o

The function G(q?) is arbitrary.
) Temporarily, we assume that the form factor is monopole form to see the convergence of s,,,.

' - ) m original method
p m B} . . _ 2 _
Frla®) = 1+ /M2, 2. (_Mgl ) " s() = Fga) o T If G(g”) =1
ole m=0 ole ) ( 1 m
Sm = — Sm—1 1 9m (m > 1) 1
—1 - Mzoe) Sm~ Ol | —
I e - () )

Ex.2) Log function
Ex.1) polynomial (dim=2)

- _glz)m /2
G(q¢°) =1+ gilog(1+g5¢°) =1+ ( 914"
G(¢*) =1+ g1¢° + 924" ( ) mzzjl mo
m—2 - Convergence is Improved
! ~ O ! /2 f th to (m-2)-th
sm= | gz |$m—1 (m > 3) Sm TR 95 rom m-th power to (m-- )-th power.
pole et - Convergence can be adjusted by g, .
How to determine parameters g, g, How to determine parameters g1, g, mmp satisfy s, =0
) satisfy s, =0

We can reduce the influence of high-order coefficient

+ High-order coefficient s,,, (contamination) with the function G(g?) .
exactly disappear. !
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Simulation detalls
B gauge configuration (Phys. Rev. D 86, 074514 (2012))

e [P xT =32°x%x48, a ! =2194GeV — a = 0.08095fm, L = 2.9fm
* my = 0.51GeV, (Kkyq, ks) = (0.1373316,0.1367526)
« Ny =2+ 1, Iwasaki gauge + O(a)-improved Wilson quark

¢ =190, csw = 1.715, tsinx = 22

B measurement parameter

- 80 configurations, 50 traj. each

- 16 sources X 3 directions (X, Yy, Z) X 4 random sources = 192 meas. per config.
* bin size:100 traj.

m=) \Ne obtain the charge radius and compare the traditional, original and our method.
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0.285

Preliminary result
OTraditional method LT l
Now, we use 4 forms as fit ansatz. .
1 = T
F.(¢®) = T &0, (monopole) 2 oo !
Fold®) = 144"+ falg”)’ (polynomial) 026 |
Felq®) = 1+ fid + f2(¢)° + fs(a*)”
2 0.255 -
2y _ k o ViaAmZ 4+ ¢ — /Am2
Fr(q”) = kzzoakz (Z = \/4m?r+q2+\/M)

Preliminary

{ _

monopole
polynomial(dim=2) —&— ]
polynomial(dim=3) &
z-expansion(dim=2; t0=0) —=—

0.25

(z-expansion)

- Central value Fr(q?)
Weighted mean for 4 forms

- Statistic error m) (r2), . =0.2676(26)(95)fm"
Jackknife error of the central value Central(Stat.) (Sys.)

- Systematic error

Maximum difference between the central value and value on each form
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Polynomial Imp. F>¢—

- " 0.3 riginal method(gi=g,= i

Preliminary result e nenedasesl S

: =0 T
OModel-independent method 029 - s 7
Ex.1) polynomial (dim=2) T ol % 0 i
G@*)=1+gd® +g20" o | i _
Now, we consider the sufficiently large g, region’ )} - Q'i = -5f
(gl = _5f11 01 Sfl) 0.26 - |
= —— Estimated from traditional method If g1 =0, = 0, our method

=) Evaluate the systematic error of g, | retums to original model- Preliminary

independent method.

g- 1S determined to satisfy s, = 0

m=3 \k=1

o0 2 00 2
R(t)=s1+ ) (Z Oék/ém,k(t)) smo | Rt) =s2+ ) ( aﬁﬁm,k(t)) Sm
m=3 \k=1

Central (Stat.)
2 2
<T7|'>Original = 0.2629(39)fm
- Central value - Statistic error

Result value at g; =0 Jackknife error of the central value
- Systematic error

Maximum difference between the central value and Result value at g, = 5f; or g, = =5f;

= 0.2777(39)(50)fm"
Central (Stat.) (Sys.)

<r7%' > Polynomiallmp.
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PR T T " [Logimp. 1]
Preliminary result [ Preliminary i
OModel-independent method o3 I
Ex.2) Log function £ zi t
G(¢®) =1+ g1log(1+ g5¢°) =1+ Z _(_Tgé)ng’lqzn N;E 031 i
Now, we consider the sufficiently rz;rlge g, region. zzz ! L] I B I f 1
=) Evaluate the systematic error of g,’ 027 1 .

0.01 0.1 1 10 100

g1’ is determined to satisfy s, = 0

o0 2 2
R(t) = s1+ Z (Z Ozk,ém,k(t)) Sm R(t) = so + Z (Z a3 mk(t)) Sim

9’
= If g," is sufficiently small,
the charge radius is constant.

2

- Central value - Statistic error .
, _ We can control the high-order
Result Yalue atg, =1 Jackknife error of the central value contamination(Systematic error).
- Systematic error -
. . 2 m—2
We consider it to be almost zero.  HEp <7“72T>Log1mp, = 0.2789(45)(0)fm o 0((—M%) ggz)
(- (r ) = const. at gz <1) Central(Stat.)(Sys.) .



~

-~

Preliminary result

<T3F>Traditional = 0.2676(26)(95)fm
") Original — (.2629(39)fm”
T72T>Polynomia]1mp. = 0-2777(39)(50)fm
") Loglmp, — 0.2789(45)(0)fm

Central(Stat.)(Sys.)

<rg?> [fm?]

0.29

0.285

0.28

0.275

0.27

0.265

0.26

0.255

Preliminary

Our method

Trad. (323x48)

Original

Poly. Imp.

Log Imp.

Model-independent

- The model-independent method’s error is smaller than the traditional method'’s error.

m) Model-independent method does not have the error from fit ansatz.

- There is a difference between the original method and our method.

m) Our method can suppress the finite volume effect.

.

Our method is consistent with large volume result)

Trad. (64°x64)
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Summary

€ We discuss improvement of model independent method to obtain the pion charge

radius.

€ We propose our method which reduces the high-order contribution included in the

original model-independent method.

€ \We show the arbitrarily of the appropriate function G (g?) and examples of

parameter settings.

€ We apply the method to actual lattice QCD data and find that the error (statistics +
systematic) was smaller than the traditional method.

0.29

0.285

Future works

0.275 |

2> [fm?2]

€ Analysis by various functions G(g?)

€ Analysis at various my, a, V e 0ok
€ Analysis at physical point
€ Analysis with other particles such as K5

€ Other methods (direct fit, etc.) 025

|

Preliminary

Trad. (323x48) Origina

[ Poly. Imp. Log Imp. Trad. (64°x64)
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Relationship between momentum-derivative and spatial moment

dF d , o
B (‘t? = FEE d‘*mF(f)e‘*p'“’
|)ﬁ] Iﬂzz{} |ﬂ : Iﬁ-l?.:“
d - =) % =1y —t|p||Z| cos . = =
= - 2/d|:1:|d(cos(y‘)dgb|:r|2F(|:r:|)e p]|Z] cos 6 (if F(Z):= F(|Z]))
1™ 17]2=0
d 2 1
= 5 [ A A |7 F (7)) — s eI 00
Gt | eI |
|p]*=0
d S 2 sin (|p]|¥
= 5 [ d|Z| de|z]"F(|2]) x 2 (H_! )
dlpl” . Pz |,
|P]7=0
d / PR@ S (71|
= : d|Z| d(cos @) do |Z|" F(x — —1)"
d Sy () » (|P112])%"
T AP /d © F(z) Z( b” (2n + 1)!
bl n=0 17]%2=0
o0 2(n—1)| =12n
— dl‘}”F 7 —1 nnlﬂ |T|
/ > F(Z) Z( ) (2n + 1)! |
n=>0 |5]2=0
1 -
= T3 &z |z F(Z)
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Why consider a small Mpole :

Monopole form: F(¢*) =

1
F(QQ) — <7“2>
1+ —5-(aq)?
6a? 1
a— 0 6@2
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sy relationship

measm, G(xr) =14+ g1z —I—gng, S(x) =

m

=ﬂ3{

m

2

k=0

(m — k)

. A \m—k (k)
(m — B)l(—A)"kG

m! F(mk)G(k)}
|

xr=0

(- F™ = ml(—=A)™)
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Other methods CO) = S Coyn(t b ) Z FnBnn (1)

moment function T

- Direct fit (moment 3-point function)

cM(t) = ZA tsinte, P) T (P) Fr (¢7) = Z‘MLtﬁi“k’p)T"‘(p)Fﬁ(qg)ggﬁ;

l P

1

(S(qz) = F.(¢°)G(q*), G(¢*) =1+ gi1q° + gzq4)

(LQCD data) C(q )
Sm. /. m n — Z S-m.q2mg _5)3”..-”. (” L= Z A(t: tsink:p)Tn (P)qzm/(}'(qz)
m known function p

Parameters  Known function ‘ curve fitting

p—

- Direct fit (3-point function)
C?TVTr(ta tsink; T') = Zy ;j ;j ;j <O|ﬂ+(§'1 tsink)vél(g: t)ﬁ+df(3_:,} 0)|0>

Z Y2,Yz T2,T3

> At teinie; )T (p) Fe (6°) (ﬂ(p) = %ew)
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= D smBa(t) (:’}’m‘n(t) ;—ZA(t,tsinkgp)Tr(p)qu/G(qg))
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Other methods

- Model-dependent Direct fit (moment 3-point function)

C(n) (t) — ZA(tatsinkap)Tn(p)Fﬂ(QQ)
/ P
Input data o 1
(LQCD data) o Z A(t7 tSink7p)Tn(p) 1+ 2/M2
D q pole p
arameters
- curve fitting
B Model-dependent Direct fit (3-point function) ]

Cﬂ'Vﬂ‘ (ta tsink; T) — Z A(t, tsinka p)TT(p)F’/’T(QQ)

D
— Z A(t, tsinkap)Tr(p) 1+ 21/M2

D q pole
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- (0) () . gy —
How to find the parameter g4, 9, (CT) =1, fo 1)

C(n)(t) — Z QnC‘TTVﬂ' t tblnka Z Smﬁm n

- Exhaustive search moment function 7
Bm,n(t) = Z A(t: tsinkap)Tn (p)QQm/G(qz)
R(t) = o C(l) (t) - 9 0(2) (t) -+ h known function

= (@150,1 + OfQBO,Q + h) + (@151,1 =+ &231,2)81 =+ (05162,1 + 0525252)32 + -

Define parameters a4, a,, h to satisfy the following

(}51,.8():1 + (}12.,80}2 +h=0 (}:1,5111 + (_".152,5152 =0 61’1,82!1 + CYQ,BQJQ =1

‘ _52+Z Z&kﬁmk Sm
m=3

How to...

: : Plot s,- g,(or g,) graph
FIX g1 .9, ‘ Obtain R(¢) (s) ‘ Change g, (or g1) ‘ and find the crossing point (s,= 0)

) U 4
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How to find the parameter g4, 9>

- Method 2 : Exhaustive search

03 | | ﬂ % I — 60
1 H o — || _
%{WH 3 0.2?50(4@) - g1 = 0
1523 Tt
Eﬂ% }ﬁ%ﬁ TR 10 go = —32.5
0.25 - [ | i | ]
—_ | ~ 30
i
N 120 &
o 027 T
Y _ xﬁﬂiﬂx 4 10
0.15F Mﬂ,ﬂmﬂg % ; -0
i % Preliminary 110 Bmnl(t) = ZA(t,tsink,p)Tn(P)q2m/G(92)
] known function p
0.1 ' ' : ' -20
-50 -40 -30 -20 -10 0
92
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Traditional method and Form factor

1

Data ~—@—

monopole ——
nolynomial(dim=2)fit =——
polynomial(dim=3) ——

08 r

08t

o7t

Fla®)

06 | //

0ar

Preliminary

04

0 02 04 08 08 1
92 [Gev?]
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Model-independent method ()

r

T/ =

Preliminary
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