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FIG. 17: The central value of the parameter C for di↵erent combinations of the fermion mass m̃0a and coupling �(g).

FIG. 18: Non-thermal phase structure of the massive Thirring model from our numerical investigation. In addition to the data
points that can be identified to be in the gapped phase (blue stars) or at criticality (red circles), there are points (black squares)
where our simulations cannot determine which phase the theory is in. The grey area indicates the regime where we find these
“undetermined” point. The BKT phase transition must occur within this grey area.

above. It is obvious that the BKT transition occurs in this grey region, with the phase boundary described by a
function

�⇤(m̃0a) = �[g⇤(m̃0a)] , (46)

Cstring(r) = ⟨0 |Sz
0Sz

1⋯Sz
r |0⟩ ⟶ Br−ηAr + C

Using finite-size MPS, Banuls et al., Phys. Rev. D 100 (2019) 9, 094504

Value of C
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s ⊗ Ās- Q` ;`�T?B+�HHv-

A 

A , 

UjXReV

r?B+? Bb �M QT2`�iQ` �+iBM; QM i?2 bT�+2 Q7 D × D K�i`B+2bX h?Bb FBM/ Q7 K�i`Bt
?�b i?2 T`QT2`iv i?�i i?2 H2�/BM; 2B;2Mp�Hm2 η Ui?2 2B;2Mp�Hm2 rBi? K�tBKmK MQ`KV
rBHH #2 TQbBiBp2- �M/ +�M #2 b+�H2/ iQ R #v `2b+�HBM; i?2 mJSa i2MbQ` �b A → A√

η
X

q2 /2MQi2 i?2 +Q``2bTQM/BM; H27i �M/ `B;?i 2B;2Mp2+iQ`b �b l �M/ r �M/ i?2v b�iBb7v
i?2 2B;2Mp�Hm2 2[m�iBQMb,

A 

A 

l l = 
A 

A 
= r r 

, . 
UjXRdV

�M/ r2 +�M MQ`K�HBx2 i?2 H2�/BM; 2B;2Mp2+iQ`b l �M/ r bm+? i?�i h`(rl) = 1- Q`
/B�;`�KK�iB+�HHv-

l r = 1 . UjXR3V

Ry

&- -

Real-time evolution via time-dependent variational principle

J. Haegeman et al, Phys. Rev. Lett.107, 2011

doi:10.6342/NTU201802766

𝑉௅ 

𝐴ҧ 𝐴ҧ 𝑉ത௅ 𝑙ି
ଵ
ଶ 𝑟ି

ଵ
ଶ 𝐴ҧ ⋯ ⋯ 

𝑠௡ 

A A A 

𝑠௡ 

𝑙ି
ଵ
ଶ 𝑟ି

ଵ
ଶ 

𝑃|టሺ𝐴ሻۧ ൌ . 
U8XRjV

LQr- r2 +�M bi�`i iQ +QMbi`m+i i?2 iBK2@/2T2M/2Mi p�`B�iBQM�H T`BM+BTH2 Uh.oSV
�H;Q`Bi?KX ai�`iBM; 7`QK a+?`Q̈/BM;2` 2[m�iBQM,

i
d

dt
|Ψ(A(t))〉 = Ĥ|Ψ(A(t))〉, U8XR9V

r2 +�MMQi `2T`2b2Mi 2t�+i [m�MimK bi�i2 �b � mJSa rBi? }MBi2 #QM/ /BK2MbBQM- bQ
r2 M22/ iQ T`QD2+i i?2 [m�MimK bi�i2 iQ i�M;2Mi TH�M2X >2M+2- i?2 h.oS 2[m�iBQM
Bb,

i
d

dt
|Ψ(A(t))〉 = P|Ψ(A)〉Ĥ|Ψ(A(t))〉 U8XR8V
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Dynamical quantum phase transition
“Quenching” : Sudden change of Hamiltonian parameters in time evolution 
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Acknowledgments

The authosr thank people for very useful discussions. This work is supported by grants.

The Loschmidt echo and the return rate

&

c.f., the partition function and the free energy

In uMPS: from the largest eigenvalue of the “mixed transfer matrix"

5

G(r) = h †
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Ā01 A(t)

Acknowledgments

The authosr thank people for very useful discussions. This work is supported by grants.

5

G(r) = h †
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+(r) +(0)i, Ḡ(r) = G(r)/G(0) (31)

c = 1 (32)

Cstring(x) = h †(x0 + x) (x0)i
JW trans������! 1

Nx

X

n

S+(n)Sz(n+ 1) · · ·Sz(n+ x� 1)S�(n+ x) (33)

Cpow
string(x) = �x↵ + C (34)

Cpow�exp
string (x) = Bx�⌘Ax + C (35)

Czz(x) = h ̄ (x0 + x) ̄ (x0)iconn
JW trans������! 1

Nx

X

n

Sz(n)Sz(n+ x)� 1

N0

X

n

Sz(n)
X

n

Sz(n+ 1) (36)

Cpow
zz

(x) = �x↵ (37)

Cpow�exp
zz

(x) = Bx�⌘Ax (38)

| (t)i = e�iH(g2)t|01i (39)

H(g1)|01i = E(1)
0 |01i (40)

L(t) = h01|e�iH(g2)t|01i (41)

g(t) = � lim
N!1

1

N
lnL(t) (42)
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Look for singular behaviour along real-time evolution.

L(t) = |⟨01 |e−iH(g2)t |01⟩ |2



Illustration using the case ,  (m̃0a)2 = 0.1 Δ2 = 0.9



DQPT and eigenvalues of  Ti,j(t)
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“Dynamical quantum phase structure”
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Dynamical and equilibrium phase structures

The zero-temperature (non-thermal) phase structures are different!
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FIG. 17: The central value of the parameter C for di↵erent combinations of the fermion mass m̃0a and coupling �(g).

FIG. 18: Non-thermal phase structure of the massive Thirring model from our numerical investigation. In addition to the data
points that can be identified to be in the gapped phase (blue stars) or at criticality (red circles), there are points (black squares)
where our simulations cannot determine which phase the theory is in. The grey area indicates the regime where we find these
“undetermined” point. The BKT phase transition must occur within this grey area.

above. It is obvious that the BKT transition occurs in this grey region, with the phase boundary described by a
function

�⇤(m̃0a) = �[g⇤(m̃0a)] , (46)

(m̃
0a

) 1
Δ1

DQPT scan for ,  (m̃a)2 = 0.1 Δ2 = 0.9



Relating to finite-T equilibrium phase structure

 Obtain the curve  ⇒ E(β)

Start from the maximally mixed state ⇒ β = 1/T → 0

Purify the state (for positivity) 

Imaginary-time evolution to obtain thermal states,  |β⟩

Compute the energy,  E = ⟨β |H2 |β⟩

With finite MPS:

Regard the ground state, , as a thermal state: |01⟩
 Compute ⇒ E = ⟨01 |H2 |01⟩
 Use info from  to determine the effective temperature ⇒ E(β)

Back to uMPS

Question: universal  for the appearance of DQPT?β



Connection to finite-T phase transitions
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Thermal correlator
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Conclusion and outlook

DQPT and the spectrum of the mixed transfer operator

DQPT manifested in singular behaviour of the return rate 

DQPT and finite-T equilibrium phase structure

Similar observations for , (m̃0a)2 = 0.1 Δ2 = − 0.9


