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Motivation

e The error on the theory calculation of the muon g —2 is dominated by two
hadronic contributions.

LO HVP HLbL
Contribution to a, x 1011: 6931440 90+17 [WP, 2020]

e An error of ~10% on the HLbL is needed for future experimental precision.
— Difficult because it's a four-point function.
e Two independent approaches to calculate the HLbL contribution
1. Direct lattice calculation of the four-point function.
2. Dispersive: data-driven (cross-section, form factors).
— Lattice QCD can provide valuable input to dispersive approach.
— Agreement between two approaches is an important cross-check!
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Contributions

Value x10!1

7%, n,n'-poles

7, K-loops/boxes
T scattering
scalars + tensors
axial vectors

u,d,s-loops / short distance

c-loop
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)
2)
1)
)
6)
)
)
)

92(19

1. n%pole

e Contribution has been determined on the lattice by Mainz (Gérardin et al.,
., 2022) (+ talk by Burri 01/08).

Preliminary results by ETM (Burri et al

e Also computed in data-driven dispersive framework (Hoferichter et al.,

2. n,n'-pole

2018).

e No dispersive results. Transition form factor not well-known in relevant kinematical

region (experimentally).

e But ~ 1/3 of the total pseudoscalar pole contribution
e Challenges for lattice QCD: mixing between 1,1’ and sizable disconnected diagrams.

2016, 2019).
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Contributions Value x10'!
7%, m,n-poles 93.8(4.0)
7, K-loops/boxes -16.4(0.2)
T scattering -8(1)
scalars + tensors -1(3)
axial vectors 6(6)
u,d,s-loops / short distance 15(10)
c-loop 3(1)
Total 92(19)

This work: the first lattice QCD calculation of the 7%-, n- and n’-pole contri-
butions to the muon g —2 at the physical point and in the continuum limit.
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e In the dispersive framework, the ‘master equation’ relates the Pseudoscalar

Transition Form Factors (TFFs) to pseudoscalar (p) pole contributions to ajj pole

(Knecht and Nyffeler, 2002)
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e In the dispersive framework, the ‘master equation’ relates the Pseudoscalar

Transition Form Factors (TFFs) to pseudoscalar (p) pole contributions to af P

(Knecht and Nyffeler, 2002)

—pole Ole 3= ha 1 o o
e = (%) /0 dQl/O sz/_ldT [w1( Q1. Q2.7) Py (— QF .~ QF) Ty (— @3.0)

+w(Qr, Qz.T)ffpr«/*(*Qf7*Q§):5”7py*y*(*Q§~,0)}

We recognize two main objects

1. The TFFs 7,y (g2.93)
2. The weight functions w;(q1,q2.7)

fpyx«/*(q%,q%) encodes the interaction between a pseudoscalar and two virtual photons.

7*(g1)
P(p)

7*(42)



e In the dispersive framework, the ‘master equation’ relates the Pseudoscalar

Transition Form Factors (TFFs) to pseudoscalar (p) pole contributions to aﬁfpo,e

(Knecht and Nyffeler, 2002)
3 foo o0 1
o= (%) [Taeu [ a@z [ dr [wa(Qr. Qo.t) Ty (~ @2~ Q) Ty (~@3.0)
+W2(Q1-QZ-T)-ﬁpyVy*(*Qfsfog)f[py*y*(fQ%-o)}

We recognize two main objects

1. The TFFs %,y (g3.G3)
2. The weight functions w;(q1,q2.7)

Weight functions are peaked at low spacelike Q2 so lattice QCD is an appropriate

method to compute azfp‘)le.

w1i(Q, Q2,00

W2(Q1,Q,0) 025 w1i(Q1,Q2,0)

Q) o Gev) 2 % Q. (Gev)
7((!



Transition Form Factor from the Lattice

The TFF for a pseudoscalar meson is defined by the matrix elements M, )
(Ji and Jung, 2001)

o 8 (GéQrardi2n et al., 2016)
Muv(p.q1) = i/ d*x e (Q| T{Ju(x) v (0)} |P(B)) = €uvapai a2 Fpyy (91, 92)

where J,, is the EM current. The (Euclidean) matrix elements are related to a 3-point
correlation function Cyy on lattice

Cuv(7,tp) = a® Y (Ju(Z, 7+ tp) Iy (0, tp) PT(%,0))ePXe 1012

where T is the time-separation between the two EM currents and

1. P is an interpolating operator for the pseudoscalar mesons.

2. In the Euclidean:
2Ep [ ) e
Mg, =52 '/m dTe® Ay (1) with Auy o Cuy

3. Ep,Zp energy and overlap of the pseudoscalar that are extracted from two-point
correlations functions.

4. g1 =(m,q1) and g2 = (Ep — 01,p — G1) with @ a free parameter.
5. For details see (Gérardin et al., 2023).



Reach in (¢?,43) Plane
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e We have a dense covering of the whole (q%,qg) plane.

e In the rest of the presentation we only display TFF for two kinematics
(1) g? = g2 (double-virtual)
(2) ¢ =0, g2 #0 (single-virtual)



Correlation Function on the Lattice: Wick Contractions

Cuv(T.tp) = 2° (J,l(z T+ tp) Jy (8, tp) PT(%,0))e/P% 1017

Xt
Nt

The correlation function receives contributions from (potentially) four different Wick
contractions

1. e For the n° T

0(x) = 5 (ru(x) A () p -

Jv
We work in the isospin limit = (2) and (4) do not contribute.
Diagram (3) is small &(1—2%) (Gérardin et al., 2019). O ;
P .

2. e For the n,7n’

i Ju
Py (x) = % (@ u(x) + I1ed(x) — 25355(x) ﬁ O J
2

Pro (x) = % (Tpsu(x)+ dysd(x) +5¥%s(x))

Jv
All four diagrams contribute. O
Disconnected diagram (2) is large! 5 O O ;

Ns and Mo mix to create physical n,1’.

From top to bottom: connected, p.vv, pv.v, p.v.v



Gauge Ensembles

24141 dynamical staggered fermions with 4 steps of stout smearing

(subset of ensembles used for the LO HVP calculation (Borsanyi et al., 2021))
e Gauge ensembles at (nearly) physical pion & kaon mass.
e Exploit up to six different lattice spacings ranging between [0.06 - 0.13] fm.
e Consider boxes of ~ 3,4 and 6 fm for finite-size effect studies.

e Ensembles in isosymmetric limit (— no mixing between 7 and n()).



Integrand for the Different Wick Contractions (1,1’)

Due to staggered oscillations in the integrand, we prefer to display the smeared
integrand for clarity. We defined

f(r)‘smr:%f(r_a)‘f'%f(f)‘f'%f(f“ra). (1)

In practice, we always integrate the unsmeared integrands!
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o 1 W
AD () e o AD() o
01 total e £ . 1 total r—e—s 1 . o
0.08 L conn —e—i i @ =3 (277) 103y conn ———i i1 @2 =3 (f) ]
pvy —e—i [ p—
0.06 - pv.v (x50) T ox oP =3 (5)2 4 02F pvv (x50) ]
0.04 | pv-v (x50) = = E | p-v.v (x50)
’ 0.1 ]
0.02 F ]
0 0
—0.02 F s =" 4 01t * * ]
. : 0.1 N, o
—0.04 | F 1 -
i3 —0.2 1 i1 4
—0.06 - ]
i i
—0.08 L . \ . PR R ) S . | . L
—20 -10 0 10 20 —20 -10 0 10 20
T/a T/a

1. We find a signal for all the disconnected diagrams.

2. The connected and p.vv diagrams are the dominant contributions to the signal
(but with opposite signs) for both the n and 1.



Fitting the TFF

Continuous description of the TFF can be obtained using the (modified) z—expansion,

N
PUGE.GA) P07 (<01~ @) = L can() (et +CoMen g Poatin)

N m N+l
<Z2m+(*1) +mm22+ >7

where z; are conformal variables

Y ,/tc+Q£—\/tc—t07 (-1
\Vitet+ Q2+ /te—to

® cym(a) symmetric coefficients ot =4m?2

e ty free parameter o P(Q?%,Q3) imposes short
distance constraints

The coefficients are expanded as: ¢,m(a) = c,(,?,z (1 + Yoma? +)

Advantages of z-expansion:

— Fit is model-independent, only systematic is choice of N.
— Obtain TFF in whole (Qf7Q22)—pIane.



Transition Form Factor 70 at the physical point

Q* Fryeye (=Q%,0)
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e Good agreement with experimental data.

e Reasonable agreement with previous lattice result (Mainz) and dispersive
approach.



Transition Form Factor 711 at the physical point

@ Fyyeye (-Q7,0)
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e Good agreement with experimental data but slight tension with lowest CELLO
bin.
e Tension below 0.4 GeV? with other estimates (DSE and CA)



Transition Form Factor 1) at the physical point

QP (< ~?) @ Fyr (-@20)
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e Reasonable agreement with experimental data.

e Slightly overshoot CELLO data but within 20.



Normalization Transition Form Factor
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e Good agreement between different large-volume ensembles for the pion TFF.

e Good agreement between large and small-volume ensembles for the 7, " TFF.



Normalization Transition Form Factor

Normalization of TFF related to partial decay widths ['(p — vy),

ro’my
Mp—=17)=—F4—Fory(0,0).

Our results and that of experiment are

This work Experiment
r(z° — 7y) [eV] 7.11 + 0444 £ 0.215yy  7.802(52)ac(105)syst
r(n —vyy) [eV] 338 4 94 £ 35yst 516+18

r(n' — yy) [keV] 3.4 £ 1.0 £ 0.44y 4.28+0.19

Experimental values from (Larin et al., 2020; PDG, 2020)



o o —pol
Example of Continuum Extrapolation aj; *©

Reminder
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e The extrapolation and global fit procedure agree well within errors for the three
mesons.

e We only use large-volume ensembles for the 70 and they are in good agreement.

—pol ' —pol
e Large- and small-volume ensembles agree well for the aﬂ P and aﬂ pote.
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Systematics

Different systematic choices in the analysis are varied (for details see (Gérardin et al.,

2023))

70 11
a; x 10

z-exp (N=2)
2z-exp (N=3)
2-pt : lexp
2-pt : 2exp
2-pt : comb
N,=25
N,=20
N,=15
tail 1

tail 2

tail 3

cont (a?)
cont (a? and a*)

54 55 56 57 58 59 60 61 62

n 11
a} x 10

g

S S S

©

10 11 12 13 14 15 16

z-exp (N=2)
z-exp (N=3)
2-pt (C,C)
2-pt (D,C)
2.pt (D,D)
N,=25

N, =20
N,=15
tail 1

tail 2

tail 3

cont (a?)
cont {cut 0.1fm)
Atp opt
Atp

al x 101

6 8 10121416 18202224

zexp (N=2)
z-exp (N=1)
2-pt (C,C)
2-pt (D,C)
2-pt (D,D)
N,=25

N, =20

N, =15
tail 1

tail 2

tail 3

cont (a?)
cont (cut 0.1fm)
Atp opt
Atp

e Points indicate model average over all variations with that specific choice.

e Different bands indicate systematic (yellow), statistical (blue) and total error

(grey).

e The systematic error is estimated using assuming flat weight among all variations
(since we do not always include all correlations).
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Finite Size Effects

Reminder

—pole e 3 i 1 5 o
= (%) [ dau ["dQ: [ de [wi(Qu@e1) Fp y (~@F @) Forr (~G5.0)

+w2(Q1, @2, %) Fpy - (—QF, — Q3) Fpyy (— Q3,0)]

n—pole 1’ —pole
° ay and ay

are computed using mostly L =3 fm volumes.

0 —pole

e Therefore, we compute the aﬁ on L=06 fm and L =3 fm volumes with the

weight functions wy,ws of the 7,1’ and use the difference as a systematic for
n—pole _n'—pole
ay a .

»au
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Pseudoscalar-pole Contributions to a,

We find the following values

0
7’ —pole
ay

(57.8 & 1.84tar & 0.94y5) x 101,
aﬂ‘f""e = (11.6 & 1.64ar & 0.54y5 + 1.1psp) x 10,

all TPl = (15.7 4+ 3.9 + 11455 & 1.3psg) x 10711,

. I 0_
— aﬂ Pole 5nd aﬂ Pole ke up about 1/2 of aﬁ pole

This leads to
aﬁipo}e = (85.1 £4.74 £ 2.3) x 1071,

This can be compared with WP estimate aﬁfp"le = 93.8f§:g x 10711 (Aoyama et al.,
2020).
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1. Summary:

e We presented the first ab-initio determination of the TFFs of the 7°, 1 and i’ mesons
at the physical point and in the continuum limit.

e Our main result is

ah ™ = (85.145.2) x 101,

This is compatible with the estimate from the WP within 1.40.

e For more details we refer to our pre-print 2305.04570.

2. Outlook:

e Add larger volumes at finer lattice spacing to constrain the normalization of the TFF or

compute the normalization directly.
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