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Disconnected Loops
ØPhysical quantities on lattice 

come in form of, 

ØHard to evaluate due to many 
matrix inversions needed to 
measure all the background 
fermionic degrees of freedom

ØTreat the disconnected quark 
loops stochastically, through the 
use of noise vectors to project 
out operator contributions

Subtraction methods needed in order 
to reduce the variance of these noisy 

calculations
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The only term that affects

Noise Subtracted Trace Estimator

The “trace correction”

Ø Each noise subtraction method uses a different matrix
Ø Will need to deal with “trace correction” later. 
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Ø New GMRES Polynomial5

• Implementation from factored roots, 

•      are the Leja ordered6, harmonic Ritz values of the system 
• Much more stable 

The GMRES Polynomial

5 J. A. Loe and R. B. Morgan, Numer. Linear Algebra Appl., 29:1–21, (2021).
6 Z. Bai, D. Hu, and L. Reichel, IMA J. Numer. Anal. 14 (1994), pp. 563–581.
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Ø New GMRES Polynomial5 
• GMRES polynomial related to                          by                                     , 

• For subtraction, 

The GMRES Polynomial Cont.

5 J. A. Loe and R. B. Morgan, Numer. Linear Algebra Appl., 29:1–21, (2021).
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Ø Run single cycle of GMRES(𝑑) 
Ø Extract    harmonic Ritz values 
Ø Leja order these for numerical stability
Ø Apply polynomial, 
Ø         of degree

Constructing the polynomial
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Relative Variance

Ø Lots of fluctuations across configurations. Need to log-average

    

 
where,
 

Relative Variance

Log-averaged Relative Variance
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Polynomial Degree and Lattice Volume

Lattice	Settings:	

Scalar	Operator:	
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The only term that affects The “trace correction”

Ø Polynomial degree is too high to calculate 
     directly… 

Multipolynomial Monte Carlo (MPMC)
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Multipolynomial Monte Carlo (MPMC)

Monte Carlo Estimation of Trace Correction

Degree of             low enough to compute                         directly!
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Ø Single polynomial preconditioning:   
•  Right precondition               using                             ,

Ø Double polynomial preconditioning 5 :  
• Preconditioner system a second time with                                                  , 

Double Polynomial Preconditioning

Preconditioning and Double Polynomials

Single Polynomial Preconditioning

5 J. A. Loe and R. B. Morgan, Numer. Linear Algebra Appl., 29:1–21, (2021).
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Ø Double polynomial preconditioner: 
•  Combine preconditioners              ,                            into one 

preconditioner, 

• Orthonormal basis for Arnoldi is expensive to form and store 
• Much cheaper to form as it requires two smaller Krylov subspaces

Double Polynomial Preconditioner

Preconditioning and Double Polynomials
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Deflation in Monte Carlo Levels

Ø Deflation can be used in three different ways: 
1. Deflation of Monte Carlo Levels (new)

2. Deflation in the main solves:
3. Deflation of the double polynomial             when forming (new)
• We will be making MPMC and Hutchinson more effective

Deflated Multipolynomial Monte Carlo 
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Double Polynomial Subtraction

Polynomial Preconditioning of Linear Equations

Three Different Applications for Eigenvalue Deflation

Summary of Improvements to MPMC
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Trace for 𝟏𝟐𝟑×𝟏𝟔 with 𝝐 = 𝟎. 𝟎𝟎𝟎𝟓 ∗ 𝟏𝟐𝟑 ∗ 𝟏𝟔 
Improvements Settings

Double poly 𝑑𝑒𝑔 = 30 ∗ 31	 − 1 

(Defl.) Double poly 𝑑𝑒𝑔 = 30 ∗ 12	 − 1
Defl. of PP-GMRES 13 Eigenmodes 

(Defl.) Double poly 𝑑𝑒𝑔 = 30 ∗ 12	 − 1
Defl. of PP-GMRES 13 Eigenmodes 
Defl. Of MC
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Trace for 𝟐𝟒𝟑×𝟐𝟒 with 𝝐 = 𝟎. 𝟎𝟎𝟎𝟓 ∗ 𝟐𝟒𝟑 ∗ 𝟐𝟒 
Ave. # of Evals: 22.4 Ave. # of Evals: 52.9 

Ø Fluctuations across configurations reduced with extra deflation 
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Trace for 𝟐𝟒𝟑×𝟐𝟒 with 𝝐 = 𝟎. 𝟎𝟎𝟎𝟓 ∗ 𝟐𝟒𝟑 ∗ 𝟐𝟒 
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Ø Extra deflation is an overall improvement
Ø Hutchinson would take much longer without deflation and 

preconditioning  
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Conclusions

ØHigh-degree GMRES polynomials can be efficiently formed 
and used in lattice QCD for noise subtraction. 

ØThe full trace estimator can be performed using our new 
Multipolynomial Monte Carlo method

ØWe can use double-polynomials, preconditioning, and 
eigenvalue deflation to make MPMC more effective

ØLots of variables that need further tuning, and many 
possibilities for future improvements
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