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Introduction and motivations

FIAG2021

» ~ 30 discrepancy (in the plot) between

ks inclusive (blue cross)/exclusive (black cross)
45 B-D inclusive determination;

» lattice QFT represents a fully nonperturbative
Botv theoretical approach to QCD;

» no current predictions from lattice QCD for the
inclusive decays.
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This talk: Pilot study By — X,y
[Barone et al. (2023)?]

» improve existing strategies for inclusive decays
36 38 40 42 44 on the lattice;
|Vcb| x 103

» compare two different methods for the analysis.

[Aoki et al. (2021)}]

— see also Ryan Kellermann's talk, Mon 17:20
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Observables

The total decay rate is

I o / dg*dwdE; L, W,  w=Ex,.

Other interesting observables are moments such as

1
¢® moments (™) f/dQQdeEg

1
hadronic mass moments (M5 )") o = /dquwdEl

(q2)n LMVWIW ,

(Mgfc)n LHVW'L“/ )

mn 1 n v
lepton moments  (E}") x5 /dquwdElL,“,W“ :

Chebyshev and Backus-Gilbert reconstruction for inclusive semileptonic B(S)-meson decays from Lattice QCD

Alessandro Barone

3/16



Observables

After integrating over Ej, all of them can be rewritten as

Foc/qmaxdq \/>.
0

and similarly

1 Amax
(@) g [ g Ve
1 qiax
) g [ e Ve
n I s
(B') < & /0 dg”V/q

know kinematics

-

Wmm

from lattice?

portal to compute the observables
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Inclusive decays on the lattice
[Hansen et al. (2017)3, Hashimoto (2017)*, Gambino and Hashimoto (2020)°]

We need the nonperturbative calculation of the hadronic tensor

W (q,w) ~ Z (Bs] JH [ Xe) (Xe| JY | Bs) -
Xe
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Inclusive decays on the lattice
[Hansen et al. (2017)3, Hashimoto (2017)*, Gambino and Hashimoto (2020)°]

We need the nonperturbative calculation of the hadronic tensor

W (q,w) ~ Z (Bs] JH [ Xe) (Xe| JY | Bs) -
XC

On the lattice, this is achieved with a 4pt correlation function:

Jo(t1)  Ji(t2) > tore, b, tank fixed
b . b > tac <t < o
> =ty — 1t
tsre tenk > t_SmaII — . .
signal-to-noise ratio
S deteriorate with t

CH(t) > (By|J*(q,0)e " J¥(q,0)|B)|.
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Inclusive observables from lattice data
For the inclusive case we compute X

lattice data for inclusive

Wmax

X:/ de‘“’m * /dw Wq,) et
JIXe) ( ) 6(

kinematics factors Xo) (Xe|J,|Bs)d(w — Ex.)

where the hadronic tensor acts now as a spectral function.
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Inclusive observables from lattice data
For the inclusive case we compute X

lattice data for inclusive

Wmax

N R ﬂ /d
Jh

kinematics factors
where the hadronic tensor acts now as a spectral function.
To make use of C),, (t) we need to extend the range
Wmax

Wmin

w ;w qa ) et
e) ) O

Xe) (X Jy|Bs)d(w — Ex.)

oo
- ’ dw WWJ‘ k;tu(qa W)H(Wmax o
0 < wo < Wnin wo

w) F kernel operator

o0
:/ dw WH"K,,(q,w)
W

0
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Inclusive observables from lattice data
For the inclusive case the observable we compute is O = X

lattice data for inclusive

f- [ iaa] (G0 [ e
)

Kernel Sox, (Bs| JI1Xc) (Xcl Jy |Bs) 6(w — Ex,)
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Inclusive observables from lattice data
For the inclusive case the observable we compute is O = X

lattice data for inclusive

X:/ dw W K ,“, 0) ﬁ /dw W (g,w) e
) ( )

Kernel >ox. |X X¢|J,|Bs)d(w — Ex.)

aw

Approximating the Kernel in polynomials in e~ (a = 1 in lattice units)

—w —wN
K/u/ = Cuv,0 + Cuv,1€ qF oo qe Cuv,N€ )

_ o0 oo oo
= X ~cupo / dw WH +cppa / dwWHe ™ + ... + e N / dw WHYe=wN
wo wo wo
—_——— —_———
crv(0) crv(1) CrY(N)
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Polynomial approximation strategies

N
K(w): [,oo) SR, K(w)~ ch

wo € [0, Wmin) family of (shifted) polynomials in e

Pj(w) .

1

¥ w € |wo, 00)
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Polynomial approximation strategies

N
K(w): [,oo) SR, K(w)~ ch

wo € [0, Wmin) family of (shifted) polynomials in e

Pj(w) .

1

¥ w € |wo, 00)

Chebyshev approach
Standard Chebyshev polynomials:
jji(oj) : [__'17 1] — [__’1a 1]7

generic shifted Chebyshev

N ~T
K(w) =Y & Tjw)|,
=0

Cj = (K, j>'
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Polynomial approximation strategies

K(w):[, o) >R, K(w

ZCJ Pj(w) -

1

wo € [0,wmin)  family of (sh|fted) polynomials in e™, w € [wo, )

Chebyshev approach
Standard Chebyshev polynomials:
Tj(w) : [_]-7 1] — [_1a 1]7

generic shifted Chebyshev

+

N ~
w) = Zéj Tj(w) )
3=0

Backus-Gilbert approach

We minimise the functional (Ls-norm)

A[g]—/wo dw Zg] ,

weight factor to help numerical stab|||ty
0A

g =
: dg;
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Kernel: polynomial approximation

smooth step-function (sigmoid):
K w) = e2wto [ w)| 0y (Wmax — W
”V(q7 ) ‘W(q’ ) i ( max ) cut the unphysical states above wmax

Kernel approximation N = 9, ¢® =0.26 GeV? Kernel approximation N = 9, q*> =4.77 GeV?
; 12 -,
e ~=~ CHEBwy=0 £ ~=~ CHEBw; =0
101 e, —== CHEB wp =0.9win 10] ¢ e A —== CHEB wy =0.9%mn
N BGexp wy =0 x - ‘\\‘-“\ ------ BGexp wp =0
...... BGexp wo =0.9in 8 3 weee BGexp wy =0.9wiin
!
S.6 o L
<F <E6 4
s &
<3 4 S n
2 A 2
&,
0 \‘\4‘".'.':..,_,.& 0
0 1 2 3 4 0 1 2 3 4
aw aw

The kernel plotted here corresponds to the main contribution to the total decay rate from the
A;A; channel. The smearing parameter of the sigmoid 6, () = 1/(1 + e~%/%)is kept fixed at
o = 0.02.
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Kernel: polynomial approximation

smooth step-function (sigmoid):
K w) = e2wto [ w)| 0y (Wmax — W
”V(q7 ) ’W(q’ ) i ( max ) cut the unphysical states above wmax

Kernel approximation N = 9, q® =4.77 GeV?
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Analysis strategy

Problem: data too noisy, statistical errors add up with a “naive” approach!

00 N
Xoaive ™ CMV70/ dw W”’”I:’o(w) + e, N/ dw WH Py (w Z 0, Crv (K)
wo k=0
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Analysis strategy

Problem: data too noisy, statistical errors add up with a “naive” approach!

00 N
Xinive = C;w,O/ dw W”’”I:’o(w) + e, N/ dw WH Py (w Z 0, Crv (K)
wo k=0

We need to add a correction term X = X paive + 0.X (essentially a noisy zero) that takes care
of the variance reduction.

o 6
10t ® °
o) o N
3 a © >
10°4 6 O Xyaive BGexp
° 4 Xuive CHEB
g< 10? ® X BGexp
X BGcheb
) 4 X CHEB
10
Iy A A A A A
10| ¢ s L] L] 0 e A
0 1 2 4 5

3
q’ (GeV?)
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Analysis strategy

Problem: data too noisy, statistical errors add up with a “naive” approach!

Xnaive = Cuv,0 / dw WHVPO(O‘)) +eee Cuv,N
wo

oo

dw W“VPN

wo

N
= GuwkCou (k).

k=0

We need to add a correction term X = X paive + 0.X (essentially a noisy zero) that takes care

of the variance reduction.

10*
10°
&102
10!

10"

s
o
o
o - o
- o
R O Xyaive BGexp
°  Xuiv CHEB
® X BGexp
X BGcheb
4 X CHEB
) ¢
)
0 3 4 5
o’ (GeV?)

6XCHEB

5XBG

N

acts on the data

r (by imposing

rigourous bounds)

z 0yt

acts on the coefficients
(by including info
from the data)
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Analysis strategy: Chebyshev

[Bailas et al. (2020)9]

For Chebyshev polynomials we have Py(w) = Ty (w)

oo o0 k
Xnaive ™ Cuv0 dw WH To(w) + - + v N dw WH Ty (w), Th(w)= Z f;k)e_j‘“
wo wo j=0
Chebyshev polynomials are bounded, so we normalize
e . L2 dw WH T (w)
/ dw WH T, (w) — 1< =2 = <1
wo fwo dw WMVTO(M)
¥
Chebyshev matrix element (T}),, = Z.l;:o fg»k')C,,,,,(j)/C’,“,(O)

We extract (T}),, from a Bayesian fit with constraints to the data such that

k
ClL (k) = Cu(0) Y& (T = 0C,u (k) = CBY (k) — Cu (k).
j=0
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Analysis strategy - Backus-Gilbert

[Hansen et al. (2019)7, Bulava et al. (2021)%, Alexandrou et al. (2023)°]

systematic error

o) N 2 k
Aol = / 4w Q) [Ku(w,q) = 3 g Pe@)| . Blw) = 3 P,
wo b1 =0
k
Blal | = 0 = 3 g CovlOE 1. O (g Z 55 C
g=1
statistical errér
We minimise the functional
oF,,
Fuuﬂ[g] = AW[Q] + 923#!/[9] ) 8*“’0 =0
Guv,k

and choose the value 6*2 that achieve optimal balance between statistical and systematical
error, i.e. A, (9] = Bu[g*]

= Guv,j
0240 02=0

0Guv,j = Guv,;j
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Inclusive decays on the lattice: setup

Simulations carried out on the DiIRAC Extreme Scaling service at the University of Edinburgh
using the Grid[Boyle et al.’%] and Hadrons[Portelli et al.''] software packages

Pilot study with RBC/UKQCD 2+1 flavour
ensembles [Allton et al. (2008)"]:

€ > lattice size: 243 x 64;
| » lattice spacing a ~ 0.11 fm;
& > M, ~ 330 MeV.
¢ v\ Limited statistics/qualitative results!
Simulation:

» b quark simulated at its physical mass (RHQ action [El-Khadra et al. (1997)", Christ et al.
(2007)™, Lin and Christ (2007)'%] );

» s, c quarks simulated at near-to-physical mass (DWF action [Shamir (1993)'°, Furman and
Shamir (1994)'7]).
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Results and comparison: decay rate
[Barone et al. (2023)?]

Comparison of Chebyshev (CHEB) and Backus-Gilbert (BG) approaches with different values
kw

exponential (BGexp) DPy(w)=e" basis.

of starting point of the approximation wg and N -
ep PP 0 Chebyshev (BGcheb) Py (w) = Ty (w)

I CHEBwy 0 The smearing parameter of the
20 ﬁ@ I CHEB wy = 09w sigmoid in the kernels is fixed at
L & BGexpuwy=0 o = 0.02.
i & BCGexp wp = 0.9wmnin
g\ 25 % @ BGcheb wy =0 Key points:
EGS/ % & BGcheb wp = 09w » Chebyshev and Backus-Gilbert
@20 % : approaches are fully compatible;
= 15 4{;% I > pilot study:
i % [ » values are in the right ballpark;
10 % & » low statistics, roughly 5%
%@ statistical error.
0 1 2 3 4 5
q’ (GeV?)
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Results and comparison: moments

4 CHEBwy=0 50 5 CHEBwy=0
1 CHEB wy = 0.9 4 CHEB wy = 0.9win
80 3 BGexpwy=0 ‘& 3 BGexpwp=0
— E * & BGexp wy = 0.9wpin —40 % & BGexp wp = 0.9wnin
= 3 BGehebwy =0 = 3 BGeheb wy =0
&0 } } B BGeloh w = 0.9 3 % & BGeheh wp = 09w,
o 230
=40 = @
Zi f=a
= & ‘ ¥
20 i) X 4&3
Eoa 2 oa
. 3 10 dr
0 1 2 4 5 0 1 2 4 5

3
q? (GeV?)

Compatible results between the two approaches also for

» hadronic mass moments )_((1);

> lepton moments X'g).
= prospects for computing more observables (e.g. differential and central moments) and
compare with continuum approaches.
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Summary and outlook

Summary:
» full and flexible setup for studying inclusive semileptonic decays on the lattice;

» double approach for the analysis: Chebyshev and Backus-Gilbert approaches compatible
within error;

» prospects for phenomenology studies and comparison with continuum approaches.

Coming next:

» continue to work towards understanding the systematics involved in solving the inverse
problem;

» dedicated simulations to address the systematics for polynomial approximation, finite
volume effects (— see Ryan Kellermann's talk, Mon 17:20), continuum limit,...;

» prepare for a full study Bs/B.
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Summary and outlook

Summary:
» full and flexible setup for studying inclusive semileptonic decays on the lattice;

» double approach for the analysis: Chebyshev and Backus-Gilbert approaches compatible
within error;

» prospects for phenomenology studies and comparison with continuum approaches.

Coming next:

» continue to work towards understanding the systematics involved in solving the inverse
problem;

» dedicated simulations to address the systematics for polynomial approximation, finite
volume effects (— see Ryan Kellermann's talk, Mon 17:20), continuum limit,...;

» prepare for a full study Bs/B.

THANK YOU!
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Chebyshev polynomial approximation: more

GammaT-GammaT, q2=0.22 GeV?

1.0{ — true
~--= CHEBN=0 wpy=0
0.8/ ~°° CHEB N=15 wp=0
--- CHEB N=6 wo=0.9wWmin
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0.6 i
. - CHEB N=30 wo=0.9 Wmin /
e
w 0.4
0.2
0.0
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aWmin aWmax aw
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Kernels

Kernel approximation N =9, ¢

0.26 GeV?*

Kernel approximation N = 9, q” =0.26 GeV?

wo =0.9wmin
~~~~~~ BGexp wy =0
------ BGexp wy =0.9,

@Ky

9

10

Kernel approximation N = 9, q*> =0.26 GeV?

CHEB wy = 0
CHEB wy =09
BGexp wy = 0
BGexp wy =0.9nin

~== CHEBwy=0
—== CHEB wy =09 2
BGexp wy =0
H
0 2 4 0 1 2 3 4 2 3 4
aw aw aw

~== CHEBwy=0
CHEB wy =0.9wiin
BCexp wy = 0
BCexp wp =09wnin

2
aw
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Kernels Backus-Gilbert

N =9, wy =09wi. q° =0.26 GeV?

N =9, w =09, 4

=0.26 GeV?

N =9,

- BGexp A=0
- BGexp A= \'

22,

A,

-== BGexp A=0
“+ Blexp A= X'

wo =0.9wnin, g =0.26 GeV?

-== BGexp A=10
wwee BGexp A= A*

02 N
0.0 < -
[ 3 3 1 0 3 3 1 0 3 3 1
aw aw aw
N =9, wy =0.9wyin, §°> =4.77 GeV? N =9, wy =0.9win, g =4.77 GeV?
[
R K -== BGexpA=0 g ¢ —== BGexp A=0
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6 ds | 8
~ 3
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2
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Chebyshev data reconstruction - A;A; distribution
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Chebyshev data reconstruction - A;A; distribution
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X contributions
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Systematics from Chebyshev
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Systematics from Chebyshev
(q%) with extra 4+1/-1 Chebyshev
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Scan over A\ (Backus-Gilbert)
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Ground state limit

As a useful cross-check of the inclusive analysis, we can consider the limit where only the
ground state dominates, i.e.

1
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If we decompose - B -
X =Xxl4x+

and restrict to the vector currents (VV) the matrix element can be decomposed as

(Ds| Vi |Bs) = f+(a*)(pB. + pD.)p + f-(4°) (DB, — PD. )0

and we can show that
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Exclusive decay limit

The matrix element and form factors can be extracted from 3pt-correlation functions. From
that we can generate mock data for the 4pt functions (where only the ground state contributes)

1 X
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Hv 4MBO EDS < | 14 | > < | ‘ >
and run the analysis!
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