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Introduction

▶ Quantum anomalies +
EM fields
Vorticity

→ non-dissipative transport effects:

Anomalous transport phenomena

▶ Examples:

Chiral Magnetic Effect (CME)
Chiral Separation Effect (CSE)
Chiral Electric Separation Effect (CESE)
Chiral Vortical Effect (CVE)
. . .

For a review see Kharzeev, Liao, Voloshin, Wang ’16

▶ Event-by-event CP-violation → non-trivial topology of QCD vacuum
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Anomalous transport

▶ Macroscopic manifestations of quantum anomalies

▶ UA(1) anomaly origin ∼ Qtop ∝ Ga
µνG̃

µν
a → CP-odd phenomena

▶ CP-violation in QCD?:

Globally these currents vanish (
〈
Qtop

〉
= 0)

Locally it’s possible Qtop ̸= 0 → “Local” CP- violation

▶ Experimental efforts:

Condensed matter systems Li, Kharzeev, Zhan et al ’14

Heavy-ion collisions STAR collaboration ’21

Great experimental effort to detect CME!
What can we say from the theory?
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Conductivities

▶ We focus on:

CME: Finite chiral density + Magnetic field → Vector current

CSE: Finite quark density + Magnetic field → Axial current

▶ Currents linear in B and µ/µ5 to first order:

JV
CME = CCME eBµ5 +O(µ35)

JA
CSE = CCSE eBµ+O(µ3)

Baryon chemical potential: µψ̄γ4ψ, Chiral “chemical potential”: µ5ψ̄γ4γ5ψ
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Conductivities

▶ Analytical predictions for free fermions
▶ CME Fukushima, Kharzeev, Warringa ’08:

CCME =


1

2π2
out-of-equilibrium Son, Surowka ’09 Kharzeev et al ’16

0

(
or

1

2π2
?

)
in-equilibrium Buividovich ’14 Sheng et al ’17

Importance of regularization!
▶ CSE Son, Zhitnitsky ’04 Metlitski, Zhitnitsky ’05:

CCSE = CCSE(m/T )
m→0−−−→ 1

2π2

▶ Problem to solve: Use gauge invariant lattice regularization and check
corrections due to QCD!
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Lattice setup

▶ Some previous results:
CME

Wilson: Quenched and full QCD Yamamoto ’11

Full QCD: CCME = 0.013 at high T (1/2π2 ≈ 0.05)
Quenched: CCME = 0.02− 0.03 at high T

CSE

Overlap: Quenched QCD Puhr, Buividovich ’17

No significant corrections found to the free fermions result

Wilson/Domain Wall: SU(2) Buividovich, Smith, von Smekal ’21

CSE suppressed at low T

No results for full QCD with physical masses!

▶ Our setup:

Dynamical staggered fermions, 2 + 1 flavors, physical quark masses

Quenched (improved) staggered and (unimproved) Wilson

Background B field (z ≡ 3 direction)
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Lattice setup

▶ Measure derivatives of the currents:

CCMEeB3 =
d⟨JV

3 ⟩
dµ5

∣∣∣
µ5=0

∼
〈
JV
3 J

A
4

〉
µ5=0

CCSEeB3 =
d⟨JA

3 ⟩
dµ

∣∣∣
µ=0

∼
〈
JV
4 J

A
3

〉
µ=0

▶ Simulations at µ = 0 → no sign problem
▶ Numerical derivative (linear fit) w.r.t. B to obtain CCME/CSE:

free fermions full QCD
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Currents in staggered

▶ Staggered “gammas” (free fermions and quark chemical potential):

Γν(n,m) =
1

2
ην(n)[e

aµδν,4δn+ν̂,m + e−aµδν,4δn−ν̂,m]

Γ5(n,m) =
1

4!

∑
i,j,k,l

ϵijklΓiΓjΓkΓl

Γν5(n,m) =
1

3!

∑
i,j,k

ϵijkΓiΓjΓk i, j, k ̸= ν

▶ Conserved vector current and anomalous axial current:

jVν = χ̄Γνχ

jAν = χ̄Γν5χ

▶ Staggered observable has a tadpole term, for example CSE

d
〈
JA
3

〉
dµ

∣∣∣∣∣∣∣
µ=0

∼
〈
JV
4 J

A
3

〉
µ=0

+

〈
∂JA

3

∂µ

〉
µ=0
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Currents in Wilson

▶ Local currents (don’t fulfill a WI/AWI)

jV L
µ = ψ̄γµψ

jAL
µ = ψ̄γµγ5ψ

▶ Conserved vector current and anomalous axial current:

jV C
µ (n) =

1

2

[
ψ̄(n)(γµ − r)ψ(n+ µ̂)) + ψ̄(n)(γµ + r)ψ(n− µ̂))

]
jAA
µ (n) =

1

2

[
ψ̄(n)γµγ5ψ(n+ µ̂)) + ψ̄(n)γµγ5ψ(n− µ̂)

]
▶ For correlators like

〈
JV
4 J

A
3

〉
we can use different combinations, for

example
〈
JV C
4 JAA

3

〉
,
〈
JV L
4 JAA

3

〉
, . . .
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Results for free fermions

▶ Consistency check in the free case

▶ For m/T = 4 (similar behavior for other m/T ’s)

▶ Using the correct currents is crucial
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Quenched results: CSE

▶ Quenched staggered results for CSE

▶ Large negative result?
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Polyakov loop

▶ There is an explanation!

Imaginary Polyakov loop
sectors

↕
Imaginary chemical potential

µ = ±i 2π/3

▶ Contribution to CSE (not CME), at T = 400 MeV in a 323× 8 lattice:

▶ In full QCD, quark masses break the Z3 symmetry → we consider
only the real sector
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Quenched results: CSE and CME

▶ Quenched results: Staggered mπ = 415 MeV, Wilson mπ = 620 MeV

▶ Vanishing CME for correct currents

▶ CSE suppressed at low T, free result for high T
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Results for CSE: full QCD

▶ 2+1 flavors, physical masses

▶ High T (T > Tc): approaches free case value

▶ Low T (T < Tc): CSE suppressed Buividovich, Smith, von Smekal ’21

Chiral effective theories Avdoshkin, Sadofyev, Zakharov ’18
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Results for CME: full QCD

▶ 2+1 flavors, physical masses

▶ CME vanishes in our setup for free fermions and in QCD for physical
and higher than physical pion masses, for all temperatures

▶ Chiral density is finite and non-zero for µ5 ̸= 0 in our setup
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Summary

▶ First study of CME and CSE with staggered fermions, 2+1 flavors,
physical masses

▶ Free case consistent with analytical prediction → Importance of the
currents used

▶ Quenched:
Imaginary Polyakov loop sectors for quenched CSE give an unphysical
contribution
Cross check with Wilson fermions

▶ Full QCD:

CME
CME current is zero in equilibrium in a gauge invariant regularization
with conserved vector and anomalous axial currents

CSE
Suppression at low T , approach free case value at high T
Example of how interactions can modify the free case results
Implications for experimental searches of the chiral magnetic wave
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Backup slides



Anomalous transport

▶ Transport effects: (
J⃗

J⃗5

)
=

(
σOhm σCME

σCESE σCSE

)(
E⃗

B⃗

)

▶ Chiral Vortical Effect: vector/axial current generated by rotation +
µ+ µ5:

J⃗ =
1

π2
µ5µω⃗

J⃗5 =

[
1

6
T 2 +

1

2π2
(µ25 + µ2)

]
ω⃗
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CSE free case
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CME free case
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CSE masses
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CME masses
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Chirality
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