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Rare Decays

• One avenue to search for BSM physics in is via rare decay processes

• s→ d quark transitions are FCNCs that are good probes for BSM physics
due to being suppressed in the SM:

• K0L → ℓ+ℓ− [PoS LATTICE2021 451] [Talks: En-Hung Chao 13:30 Thurs,
Bai-Long Hoid 13:50 Thurs,
Amarjit Soni 14:10 Thurs ]

• K+/0 → π+/0ℓ+ℓ− [RH hep-lat/2202.08795]

• K+/0 → π+/0νν̄ [hep-lat/1910.10644]

• Σ+ → pℓ+ℓ− [RH hep-lat/2209.15460]

• We shall focus on the rare Hyperon decay
Σ+ → pℓ+ℓ−

• Need an experimental measurement and a
SM prediction to identify any new physics
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Experimental Measurement

First observed by HyperCP: [hep-ex/0501014]
• 3 events seen

B(Σ+ → pµ+µ−)HCP = 8.6+6.6−5.4 ± 5.5× 10−8

• HyperCP anomaly: possible new particle
Σ+ → pP0, P0 → µ+µ− with mP0 ≃ 214 MeV

Recently measured at LHCb: [hep-ex/1712.08606]
• 10 events. No evidence of the HyperCP anomaly

B(Σ+ → pµ+µ−)LHCb = 2.2+1.8−1.3 × 10−8

• Currently working on improved measurements
+ angular observables
+ e+e− mode
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Phenomenological Calculation

• Existing SM prediction [hep-ph/0506067] [hep-ph/1806.08350] shows rare
hyperon decay is long distance dominated via

Σ+ → pγ∗ , γ∗ → ℓ+ℓ−

• Has 4 hadronic form factors a, b, c,d (see later)

• Computed using Experimental input, ChPT and vector meson dominance
• Gives rise to large range in SM prediction

1.6× 10−8 < B(Σ+ → pµ+µ−)SM < 9.0× 10−8

• Poor constraint of Re a and Re b from experimental measurement of
Σ+ → pγ mainly responsible for this large range
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Exploratory Rare Hyperon Lattice
Calculation



Exploratory Calculation: RBC-UKQCD Collaboration
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Minkowski Amplitude

• Extraction of the rare hyperon decay from the lattice is presented in
[RH hep-lat/2209.15460]

• Long distance Σ+ → pγ∗ amplitude

Ars
µ =

∫
d4x ⟨p(p), r| T[HW(x)Jµ(0)]

∣∣Σ+(k), s
〉

• Jµ is the Electromagnetic current
• Hw is the s→ d effective weak Hamiltonian

HW =
Gf√
2
VusV∗ud

[
C1(Qu1 − Qc1) + C2(Qu2 − Qc2) + ...

]
with 4-quark operators

Qq1 = (d̄γLµs)(q̄γLµq) Qq2 = (d̄γLµq)(q̄γLµs)

• GIM subtraction in Qui − Qci
• Wilson coefficients Ci>2 suppressed by factor VtsVtd

VusVud
∼ 10−3
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Minkowski Amplitude

• Form factor decomposition

Ars
µ = ūrp(p)

[
iσνµqν(a+ bγ5) + (q2γµ − qµ/q)(c+ dγ5)

]
usΣ(k)

q = k− p
• Spectral representation

Ars
µ = −i

∫ ∞

0
dω
(

ρrsµ(ω)

ω − EΣ(k)− iϵ +
σrsµ (ω)

ω − Ep(p)− iϵ

)
• In finite volume spectral functions have the form

ρrsµ(ω)L =
∑
α

δ(ω − Eα(k))
2Eα(k)

⟨p(p), r| Jµ |Eα(k)⟩L ⟨Eα(k)|HW |Σ(k), s⟩L

σrsµ (ω)L =
∑
β

δ(ω − Eβ(p))
2Eβ(p)

⟨p(p), r|HW |Eβ(p)⟩L ⟨Eβ(p)| Jµ |Σ(k), s⟩L
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Euclidean Correlators

• In a finite Euclidean space-time have access to 4-point function

Γ(4)
µ (tp, tH, tΣ) =

∫
d3x ⟨ψp(tp,p) HW(tH, x)Jµ(0) ψ̄Σ(tΣ, k)⟩

with unpolarised interpolators ψp and ψΣ

• Amputate external state creation, propagation and annihilation
(assuming ground state dominance)

Γ̂(4)
µ (tH) = Γ(4)

µ (tp, tH, tΣ)/ZΣp(tΣ, tp)

=

∫ ∞

0
dω

{
ρ̃µ(ω)L e−(EΣ−ω)tH for tH < 0
σ̃µ(ω)L e−(ω−Ep)tH for tH > 0

• Dirac matrix valued spectral densities

ρ̃µ(ω)L ∼
∑
rs
urpρrsµ(ω)LūsΣ , etc
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Euclidean Correlators

To compute these correlators need to compute Wick contraction topologies:
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Euclidean Correlators

4-point function requires a current insertion on each leg
(and disconnected diagram that we neglect here)
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Exploratory Calculation: Measurement details

• 2+1f Shamir domain-wall fermions
• a ≃ 0.11 fm ≃ (1785 MeV)−1

• Lattice size 243 × 64 (×16)Ls

• mπ ≃ 340 MeV
• mN ≃ 1200 MeV
• mΣ ≃ 1370 MeV

ρ σ

p(k)

Nπ(k)

Nππ(k)

Σ(p)
Σ(k)

p(p)

• Software: Grid + Hadrons
• Kinematics k = 0 , p = 2π

L (1, 0, 0)
• Gauge fixed Gaussian smeared sources
• Source-Sink sampling [hep-lat/2009.01029]

• Sparsened Z2 noise loop estimation
• Restrict to parity conserving contribution

[github.com/paboyle/Grid]

[github.com/aportelli/Hadrons] 10/18



Exploratory Calculation: Preliminary Data

• Temporal component of the 4-point correlator with a source-sink
separation tf/a = 16 and e.m. current at tJ/a = 8
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• Observe good signal for the non-eye diagrams
• Stochastic estimation of eye diagrams give large errors dominating the
total (Non-Eye < Eye)
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Integrated Correlator

• Integrate amputated 4-point function within two windows
tH ∈ [−Ta, 0] and tH ∈ [0, Tb]

Iρµ(Ta) = −i
∫ 0

−Ta
dtH Γ̂(4)

µ (tH) = −i
∫ ∞

0
dω ρ̃µ(ω)L

1− e−(ω−EΣ)Ta

ω − EΣ

Iσµ(Tb) = −i
∫ Tb

0
dtH Γ̂(4)

µ (tH) = −i
∫ ∞

0
dω σ̃µ(ω)L

1− e−(ω−Ep)Tb

ω − Ep

• Have the form of the spectral integrals in Aµ up to Ta,b exp terms
(and FV corrections see [RH hep-lat/2209.15460])

Ãρ
µ = −i

∫ ∞

0
dω ρ̃µ(ω)L

ω − EΣ
, Ãσ

µ = −i
∫ ∞

0
dω σ̃µ(ω)L

ω − Ep

• Remove Tb exp terms by taking Tb → ∞

• Ta → ∞ limit blows up for region of ρµ spectrum with ω < EΣ
• On this ensemble this is only the single proton intermediate state
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Exploratory Calculation: Integrated 4-point functions

• Summing in the two time orderings
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• Large fluctuations in the eye diagrams cancel giving Eye ≲ Non-Eye
• Appears promising that with extra noise hits we can significantly
improve results

• Can in principle remove growing exponential via a shift to HW operator
• Unfortunately no signal observed after shift
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Exploratory Calculation: Fitting

• Use fit ansatz with a single intermediate state exponential
(energies fixed by mp and mΣ from 2-point functions)

• Example fits for temporal component and tf/a = 16
(Non-Eye diagrams only)
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Exploratory Calculation: Preliminary Results

• Extract linear combinations of form factors fµ: example values for ft

Parameter Result ft = fρt + fσt
fρ,NEt 2.16(31)

−4.7(21.8)× 10−2
fσ,NEt −2.21(21)
fρ,Eyet 0.20(1.03)

−0.37(1.21)fσ,Eyet −0.57(71)
fρt 2.52(1.62)

−0.25(1.75)fσt −2.78(92)
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• Eye and total contributions have very large errors from stochastic loop
estimation

• Non-eye contribution has 10− 15% errors on separated spectral
components, but have a cancellation when combined giving large errors

• More investigation needed into the cause of this cancellation
(approx. SU(3)F symmetry?)
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Exploratory Calculation: Preliminary Results

• Inverting the linear relation between ft,z and a, c give form factors

Form Factor Value (Stat)
Re aNE 5 (16) MeV
Re cNE 0.009 (30)
Re aEye −58 (100) MeV
Re cEye 0.034 (173)
Re a −53 (114) MeV
Re c 0.018 (249)

• For reference phenomenological values at q2 = 0:

Re a ∼ 10MeV , Re c ∼ 10−2

• Note all fits made to data with tf = 16a ≃ 1.8 fm
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Exploratory Calculation: Preliminary Results

• If we also include data with source-sink separation tf = 12a ≃ 1.3 fm
(data only available for non-eye diagrams)

Form Factor Value (Stat)
Re aNE 4 (5) MeV
Re cNE 0.030 (9)

• Start to observe result for the non-eye contribution to the c form factor
• Requires fitting approx 0.3 fm from the source/sink operators
• Will have large uncontrolled excited state contributions that must be
addressed
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Conclusions/Outlook

Conclusions

• Working towards an exploratory computation of the RH decay with
mπ ≃ 340MeV using methods of [RH hep-lat/2209.15460]

• Errors currently dominated by stochastic loop estimation and large
cancellation between two intermediate spectra

Outlook

• RH and RK decays would both benefit from improved loop estimation
• Physical point calculation will likely require baryon variance reduction
techniques, and finite volume corrections become relevant

This project has received funding from the European Research Council (ERC) under the European Union’s Horizon
2020 research and innovation programme under grant agreement No 757646
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Source-Sink Sampling

x y

• Contraction method fixes positions x and y fixed at time of inversion
• Full volume sum for momentum projection requires ∼ 14, 000 solves
• Use field sparsening approach to approximate with sum over N random
position samples [hep-lat/2009.01029]

• Ideal error scaling is 1/N when applied to both the source and sink



Exploratory Calculation: Eye Diagrams

• Eye diagrams require loop propagators: S(x|x) ∀x
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s d

• Stochastic estimator with Z2 ⊗ Z2 noise
sources with spatial sparsening of 2 in
each dimension

• Improve the signal-per-cost by 2x over
full volume noise [hep-lat/2202.08795]

• So far we have 1 hit of 16 noise sources
measured, and are continuing to add
additional hits using AMA approach



Intermediate state removal: Scalar shift

• Can remove the single proton state with a scalar operator shift to Hw
(would also need pseudo-scalar shift for k ̸= 0)

• Amplitude invariant due to chiral Ward identities [hep-lat/1212.5931]

H′
W = HW − cSd̄s ⇒ A′

µ = Aµ

• Choose cS such that

⟨p(k)|H′
W |Σ(k)⟩ = ūp [aH − cSaS]uΣ = 0 ∴ cS =

aH
aS

• Scalar shift compared to non-eye diagrams
• No signal observed in the difference with
current statistics

• Must remove single proton intermediate
state by other methods
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Exploratory Calculation: Form factor extraction

• Extract combinations form factors (fµ) split into separate spectra (X)
with traces

Tr
[
ÃµP+γ

]
= ζµ,γ fµ

• P+ = (1+ γt)/2 projects positive parity external state
• ζµ,γ accounts for artificial γ dependence
• We use the µ = t, z components related to the form factors by(

ft
fz

)
=

(
1 mΣ +mp

mΣ +mp q2

)(
a
c

)



Exploratory Calculation: Preliminary Results

Parameter Result ft = fρt + fσt
fρ,NEt 2.16(31)

−4.7(21.8)× 10−2
fσ,NEt −2.21(21)
fρ,Eyet 0.20(1.03)

−0.37(1.21)fσ,Eyet −0.57(71)
fρt 2.52(1.62)

−0.25(1.75)fσt −2.78(92)

Parameter Result fz = fρz + fσz
fρ,NEz −0.25(6)

−2.2(5.8)× 10−2
fσ,NEz 0.23(4)
fρ,Eyez 0.16(28) 0.20(36)fσ,Eyez 0.04(20)
fρz −0.08(28) 0.19(40)fσz 0.27(27)
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