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Outline

• Need for amplitude analysis 
• Three-body integral equations 

• Analytic continuation 

• Scattering observables in a toy model
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Solving relativistic three-body integral equations in the presence of bound states 
Jackura, Briceño, Dawid, Islam, McCarty, Phys. Rev. D104 (2021) 1, 014507

Analytic continuation of the relativistic three-body amplitudes 
Dawid, Islam, Briceño, arXiv:2303.04394

Evolution of Efimov states in relativistic scattering theory 
Dawid, Islam, Briceño, Jackura, in preparation

Coupled 3ϕ and ϕb system
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Need for amplitude analysis

Isoscalar ππ, KK, ηη scattering and the σ, f0, f2 mesons from QCD 
Briceño et al. (HadSpec), Phys. Rev. D 97, (2018) 054513

Lattice — f0 isoscalar pole

Amplitude analysis and the nature of the Zc(3900) 
Pilloni et al. (JPAC), Phys. Lett. B 772, (2017) 200-209

Experiment — Zc(3900) pole

Pole on 3rd sheet Pole on 4th sheet + triangle

Plenary talk by by A. Hanlon



Three-body program
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Amplitude ResonancesLattice QCD Spectrum

E

Finite Volume Infinite Volume

Quantization 
Condition

Three-body unitarity in finite volume   
Mai, Döring, Eur. Phys. J. A 53 (2017) 12, 240

Relativistic, model-independent, three-particle quantization condition 
Hansen, Sharpe, Phys. Rev. D 90 (2014) 11, 116003

Relativistic-invariant formulation of the NREFT three-particle quantization condition 
Müller, Pang, Rusetsky, Wu, JHEP 02 (2022), 158

Talk by S. Sharpe Talk by Z. Draper Talk by M. Sjö



S-matrix parametrization
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All diagrams by Andrew Jackura

Unitarity

One Particle Exchange Short Range Interactions

Three-body amplitude

pair-spectator 
partial waves 
symmetrization



S-matrix parametrization
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All diagrams by Andrew Jackura

Unitarity

One Particle Exchange Short Range Interactions

Three-body amplitude

pair-spectator 
partial waves 
symmetrization



Ladder equation

Ladder amplitude
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Bound state of mass   
mb = 1.732m (ma=2) 
mb = 1.996m (ma=16)

s
J = 0

LSZ

Bound-state—spectator  
amplitude

Three-body amplitude

s
φb 3φtrimer?



The Born term

One-particle exchange propagator
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Partial-wave projection

trimer?

Analytic continuation of the relativistic three-body amplitudes 
Dawid, Islam, Briceño, arXiv:2303.04394

3φtrimer? φb
s
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Analytic continuation of the integral equation

Inhomogeneous term Homogeneous term

SolutionIntegration kernel

In a nutshell 

• Avoid crossing the 
singularities in the 
integration 

• Deform the contour, add 
discontinuity, deform, ...

Singularities of the ladder equation

s
φb 3φtrimer?
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Analytic continuation of the integral equation

Inhomogeneous term Homogeneous term

SolutionIntegration kernel

In a nutshell 

• Avoid crossing the 
singularities in the 
integration 

• Deform the contour, add 
discontinuity, deform, ...

Singularities of the ladder equation

s
φb 3φtrimer?

Negative Im(s)



Integration kernel

Deformed contour

Singularities of the ladder equation

Self-consistency of the deformed contour
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Domain of  
non-analyticity

Extrapolation to the desired momentum p′ ⟶ qφb

Addition of discontinuity  
to the integration kernel Δ(p′ , s, p) ∝ 2πi

s/m2 = 8.6 − 0.05i



Trajectories of the first three trimers: binding momentum
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Efimov phenomenon in relativistic scattering Evolution of Efimov states in relativistic scattering theory 
Dawid, Islam, Briceño, Jackura, in preparation

At unitarity, ratios of binding energies  
approach Efimov's constant λ2=515

Emergence of virtual state 

Two- and three-body threshold

Value at unitarity

κ ∝ E vs 1/ma



Beyond the three-body cut
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Collision of the integration contour with: 

•  pole of the pair amplitude        dimer-particle cut 

•  unitarity branch cut of the pair        three-body cut

Accessing the 2nd Riemann sheet Accessing the 3rd Riemann sheet

s/m2 = 9.01 − 0.01i

Evolution of Efimov states in relativistic scattering theory 
Dawid, Islam, Briceño, Jackura, in preparation
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Three-body resonances (2nd sheet)

ma = − 16 ma = − 12 ma = − 10 ma = − 8 ma = − 6

ma = − 6

ma = − 2
Poles travel on loop-like trajectories and 

"disappear" (Missing poles problem)
ma = − 4

Evolution of Efimov states in relativistic scattering theory 
Dawid, Islam, Briceño, Jackura, in preparation

3φ
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Three-body resonances (2nd sheet)

ma = − 16 ma = − 12 ma = − 10 ma = − 8 ma = − 6

ma = − 6

ma = − 2
Poles travel on loop-like trajectories and 

"disappear" (Missing poles problem)
ma = − 4

Evolution of Efimov states in relativistic scattering theory 
Dawid, Islam, Briceño, Jackura, in preparation

3φ
Continuation through the three-body cut

ma = − 6

Im
[m

2
d(

p′
 ,s

,p
)]



Summary

• Development of the formalism 

  Consistency check of the  
    three-body framework 

  Breakdown of the Lüscher QC 

  Amplitude in the complex plane 

  Trajectories of Efimov trimers
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Amplitude ResonancesLattice QCD Spectrum

E

Finite Volume Infinite Volume

QC

• Future work 

 Higher partial waves 

 Application to realistic states 

 Multi-body, multi-channel formalism

Talk by S. SharpeTalk by M. Islam



Thank you



Personal choice of relevant literature

Three-body scattering and quantization conditions from S matrix unitarity 
A. Jackura, arXiv:2208.10587 (2022) 
 

Off- and On-Shell Analyticity of Three-Particle Scattering amplitudes 
D. Brayshaw, Phys. Rev. 176, 5 (1968) 

S-matrix pole trajectory in the three-neutron model 
W. Gloeckle, Phys. Rev. C 18, 1 (1978) 

S-matrix pole trajectory of the three-body system 
A. Matsuyama, K. Yazaki, Nucl. Phys. A 534, 620 (1991) 

Fate of the Tetraquark Candidate Zc(3900) from Lattice QCD
Ikeda et al. (HAL QCD), Phys. Rev. Lett. 117 (2016) 24, 242001 

The Three-Boson System with Short-Range Interactions  
Bedaque, Hammer, van Kolck, Nucl. Phys. A 646 (1999) 444 

Energy-Dependent πππ Scattering Amplitude from QCD 
Hansen et al. (HadSpec), Phys. Rev. Lett. 126 (2021), 012001
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Resonance, Ariel Davis for Quanta Magazine



Basics of scattering theory
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Analyticity (causality)  
Unitarity (probability conservation) 
Poincaré symmetry (frame independence) 
Crossing symmetry (particles—antiparticles) 
Internal symmetries (charge, isospin, G-parity)

• Analyticity on the first Riemann sheet 
• Bound-states & resonances correspond to poles 
• Branch cuts correspond to open channels
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K-matrix parametrization

Phase shift

Properties of the S matrix



Basics of scattering theory
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• Analyticity on the first Riemann sheet 
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K-matrix parametrization

Phase shift

Properties of the S matrix



Brief introduction to analytic continuation
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Analytic continuation of the relativistic three-body amplitudes 
Dawid, Islam, Briceño, arXiv:2303.04394



Unphysical left-hand cut
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s
φb 3φtrimer

Complex conjugation of s reflects the cuts in p'
We add discontinuity to the inhomogeneous part

Check self-consistency of the contour

s/m2 = 8.6 + 0.05i

Analytic continuation of the relativistic three-body amplitudes 
Dawid, Islam, Briceño, arXiv:2303.04394



Unphysical left-hand cut
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s
φb 3φtrimer

Complex conjugation of s reflects the cuts in p'
We add discontinuity to the inhomogeneous part

Check self-consistency of the contour

s/m2 = 8.6 + 0.05i

Analytic continuation of the relativistic three-body amplitudes 
Dawid, Islam, Briceño, arXiv:2303.04394



Rotating away the unphysical cut (ma=16)
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Complex-plane amplitude (ma=16)

 20

z= z=
No LSZ factorization



Complex-plane amplitude (ma=16)
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z= z=

Amplitude on the second sheet

(or contour deformation)

ma=6

No LSZ factorization



Circular cut

• For real s the cut closes and forms a circle 

• The S-wave projection
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Position of the cuts is arbitrary 
Position of branch points is not

Contour deformation in x opens the circle 
(Deformation of the cuts in the OPE)

Positive Im(s)



Circular cut

• For real s the cut closes and forms a circle 

• The S-wave projection

 21

Position of the cuts is arbitrary 
Position of branch points is not

Contour deformation in x opens the circle 
(Deformation of the cuts in the OPE)

Positive Im(s)



• Reflection of the cuts in p'
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• Adding discontinuity to OPE

Analytic continuation of the integral equation
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<latexit sha1_base64="ObgjHZ4nDVjogIgy4/tnARDbbD0=">AAACDXicbVC7TgJBFJ31ieADtbSZCCZWuEuhlkQbS0zkkbC4mR0GmDD7yMxdItnsD9j4KzaaaIyNhb2dH6K1w0Kh4EkmOTnnvua4oeAKTPPTWFhcWl5Zzaxlc+sbm1v57Z26CiJJWY0GIpBNlygmuM9qwEGwZigZ8VzBGu7gfOw3hkwqHvhXMApZ2yM9n3c5JaAlJ1+0gd1AOid2BaGDJFZObA+JDPscu8mRd11OnHzBLJkp8DyxpqRQKX49vg1z31Un/2F3Ahp5zAcqiFItywyhHRMJnAqWZO1IsVAvIz3W0tQnHlPtOL0iwQda6eBuIPXzAafq746YeEqNPFdXegT6atYbi/95rQi6p+2Y+2EEzKeTRd1IYAjwOBrc4ZJRECNNCJVc34ppn0hCQQeY1SFYs1+eJ/VyyTouWZdWoXKGJsigPbSPDpGFTlAFXaAqqiGKbtE9ekLPxp3xYLwYr5PSBWPas4v+wHj/AZLpoOo=</latexit>

s'b/m2
<latexit sha1_base64="9ZohK2WLFUCcbLEtiPTBWKt1SYc=">AAACBnicbVDLSsNAFJ3UV62vqksRQosgCDXpQl0G3bhwUcE+oI1hMp22gzNJmLkRQ8jKjR/gT7hxoYhbv8Fd/8bpY6GtBwYO59w7Z+b4EWcKLGto5BYWl5ZX8quFtfWNza3i9k5DhbEktE5CHsqWjxXlLKB1YMBpK5IUC5/Tpn93MfKb91QqFgY3kETUFbgfsB4jGLTkFfc7QB9gfE/qc0zuslR56VU1Oxa31cwrlq2KNYY5T+wpKTulztHz0ElqXvG70w1JLGgAhGOl2rYVgZtiCYxwmhU6saKRTsF92tY0wIIqNx3HZ+aBVrpmL5T6BGCO1d8bKRZKJcLXkwLDQM16I/E/rx1D78xNWRDFQAMyCerF3ITQHHVidpmkBHiiCSaS6beaZIAlJqCbK+gS7Nkvz5NGtWKfVOxru+ycownyaA+V0CGy0Sly0CWqoToi6BG9oDf0bjwZr8aH8TkZzRnTnV30B8bXDx1pnIA=</latexit>

sL2/m2
<latexit sha1_base64="ObgjHZ4nDVjogIgy4/tnARDbbD0=">AAACDXicbVC7TgJBFJ31ieADtbSZCCZWuEuhlkQbS0zkkbC4mR0GmDD7yMxdItnsD9j4KzaaaIyNhb2dH6K1w0Kh4EkmOTnnvua4oeAKTPPTWFhcWl5Zzaxlc+sbm1v57Z26CiJJWY0GIpBNlygmuM9qwEGwZigZ8VzBGu7gfOw3hkwqHvhXMApZ2yM9n3c5JaAlJ1+0gd1AOid2BaGDJFZObA+JDPscu8mRd11OnHzBLJkp8DyxpqRQKX49vg1z31Un/2F3Ahp5zAcqiFItywyhHRMJnAqWZO1IsVAvIz3W0tQnHlPtOL0iwQda6eBuIPXzAafq746YeEqNPFdXegT6atYbi/95rQi6p+2Y+2EEzKeTRd1IYAjwOBrc4ZJRECNNCJVc34ppn0hCQQeY1SFYs1+eJ/VyyTouWZdWoXKGJsigPbSPDpGFTlAFXaAqqiGKbtE9ekLPxp3xYLwYr5PSBWPas4v+wHj/AZLpoOo=</latexit>

s'b/m2

<latexit sha1_base64="48HgjWA85V72snNCh06FyaZ46vk=">AAACA3icbVDLSgMxFM3UV62vUXe6CZaCqzIjRV0W3bisYB/QGUomzbShmQfJHbEMA278FTcuFHHrT7jzb8y0s9DWA4HDOffmJMeLBVdgWd9GaWV1bX2jvFnZ2t7Z3TP3DzoqSiRlbRqJSPY8opjgIWsDB8F6sWQk8ATrepPr3O/eM6l4FN7BNGZuQEYh9zkloKWBeeQAe4DZPaknCJ1kqVW3rIZTywZmNac58DKxC1JFBVoD88sZRjQJWAhUEKX6thWDmxIJnAqWVZxEsVhHkBHraxqSgCk3nWVnuKaVIfYjqU8IeKb+3khJoNQ08PRkQGCsFr1c/M/rJ+BfuikP4wRYSOdBfiIwRDgvBA+5ZBTEVBNCJddvxXRMJKGga6voEuzFLy+TzlndPq/bt41q86qoo4yO0Qk6RTa6QE10g1qojSh6RM/oFb0ZT8aL8W58zEdLRrFziP7A+PwBYzmXVQ==</latexit>

0.004%

Amplitude below the threshold

 23

ma = 2 ma = 6

ma = 16

Analytic continuation of the relativistic three-body amplitudes 
Dawid, Islam, Briceño, arXiv:2303.04394



Analytic continuation through the three-body cut

 24

Collision of the integration contour with: 
 pole of the pair amplitude        dimer-particle cut 
 unitarity branch cut of the pair        three-body cut

Im(s/m2) = − 0.2

Im(s/m2) = + 0.2

…

(on the second sheet)

Im(s/m2) = − 0.2



Kernel singularities in the invariants plane

 25



Numerical  
convergence

 26



Vertex functions

 27
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<latexit sha1_base64="u8h9Uy1eONRHkKDZo18t6kt2YsE=">AAACAXicbVDLSgMxFM3UVx1fo24EN4NFcFUmLqqbYtGNywr2AW0pmTTThmYeJHfEMowbP0U3LhRx6we4dyP+jem0C209EDicc29OctxIcAWO823kFhaXllfyq+ba+sbmlrW9U1dhLCmr0VCEsukSxQQPWA04CNaMJCO+K1jDHV6M/cYNk4qHwTWMItbxST/gHqcEtNS19trAbiG7J3EFocM08UkZl9KuVXCKTgZ7nuApKZx9mOXo4cusdq3Pdi+ksc8CoIIo1cJOBJ2ESOBUsNRsx4pFOoD0WUvTgPhMdZIsObUPtdKzvVDqE4Cdqb83EuIrNfJdPekTGKhZbyz+57Vi8E47CQ+iGFhAJ0FeLGwI7XEddo9LRkGMNCFUcv1Wmw6IJBR0aaYuAc9+eZ7Uj4u4VMRXuFA5RxPk0T46QEcIoxNUQZeoimqIojv0iJ7Ri3FvPBmvxttkNGdMd3bRHxjvP2cvmn4=</latexit>

ma = 16
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107 Deep Trimer, SC
Shallow Trimer, SC
Deep Trimer, HC
Shallow Trimer, HC
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<latexit sha1_base64="zL0/y1NEBrAtbCHYJ9OpaIaXP+w=">AAAB+3icbVDLSgMxFL3js9ZXrUs3wSK4qjMi6rLoxmUF+4B2KJk004YmmSHJiGWYX3HjQhG3/og7/8Z0OgttPRA4nHNfOUHMmTau++2srK6tb2yWtsrbO7t7+5WDaltHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHI78zuPVGkWyQczjakv8EiykBFsrDSoVPv5jDTgmEyydHImskGl5tbdHGiZeAWpQYHmoPLVH0YkEVQawrHWPc+NjZ9iZRjhNCv3E01jOx6PaM9SiQXVfprvzdCJVYYojJR90qBc/d2RYqH1VAS2UmAz1oveTPzP6yUmvPZTJuPEUEnmi8KEIxOhWRBoyBQlhk8twUQxeysiY6wwMTausg3BW/zyMmmf173Lund/UWvcFHGU4AiO4RQ8uIIG3EETWkDgCZ7hFd6czHlx3p2PeemKU/Qcwh84nz+i5pTU</latexit>

k/m

<latexit sha1_base64="FrrDRHVaJ4uUNIOy+ZP6SqM2BhI=">AAACBXicbVA7T8MwGHTKq5RXgBGGiAqpLFVSIWCsYICxSPQhNaFyXKe1ajuR7SBVaRYW/goLAwix8h/Y+De4aQZoOcnS6e57+fyIEqls+9soLC2vrK4V10sbm1vbO+buXkuGsUC4iUIaio4PJaaE46YiiuJOJDBkPsVtf3Q19dsPWEgS8js1jrDH4ICTgCCotNQzD91sRuJTiEZpMnGvIWOwMjqZ3NfSnlm2q3YGa5E4OSmDHI2e+eX2QxQzzBWiUMquY0fKS6BQBFGcltxY4kgvggPc1ZRDhqWXZBek1rFW+lYQCv24sjL1d0cCmZRj5utKBtVQzntT8T+vG6vgwksIj2KFOZotCmJqqdCaRmL1icBI0bEmEAmib7XQEAqIlA6upENw5r+8SFq1qnNWdW5Py/XLPI4iOABHoAIccA7q4AY0QBMg8AiewSt4M56MF+Pd+JiVFoy8Zx/8gfH5A7mRmLQ=</latexit> |�
(k
)|2

z

Non-relativistic prediction

Hansen, Sharpe, Phys. Rev. D 95, 034501 (2017)
Briceño, Hansen, Sharpe, Phys. Rev. D 98, 014506 (2018)
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<latexit sha1_base64="u8h9Uy1eONRHkKDZo18t6kt2YsE=">AAACAXicbVDLSgMxFM3UVx1fo24EN4NFcFUmLqqbYtGNywr2AW0pmTTThmYeJHfEMowbP0U3LhRx6we4dyP+jem0C209EDicc29OctxIcAWO823kFhaXllfyq+ba+sbmlrW9U1dhLCmr0VCEsukSxQQPWA04CNaMJCO+K1jDHV6M/cYNk4qHwTWMItbxST/gHqcEtNS19trAbiG7J3EFocM08UkZl9KuVXCKTgZ7nuApKZx9mOXo4cusdq3Pdi+ksc8CoIIo1cJOBJ2ESOBUsNRsx4pFOoD0WUvTgPhMdZIsObUPtdKzvVDqE4Cdqb83EuIrNfJdPekTGKhZbyz+57Vi8E47CQ+iGFhAJ0FeLGwI7XEddo9LRkGMNCFUcv1Wmw6IJBR0aaYuAc9+eZ7Uj4u4VMRXuFA5RxPk0T46QEcIoxNUQZeoimqIojv0iJ7Ri3FvPBmvxttkNGdMd3bRHxjvP2cvmn4=</latexit>

ma = 16

0.0 0.2 0.4 0.6 0.8 1.0
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107 Deep Trimer, SC
Shallow Trimer, SC
Deep Trimer, HC
Shallow Trimer, HC
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<latexit sha1_base64="zL0/y1NEBrAtbCHYJ9OpaIaXP+w=">AAAB+3icbVDLSgMxFL3js9ZXrUs3wSK4qjMi6rLoxmUF+4B2KJk004YmmSHJiGWYX3HjQhG3/og7/8Z0OgttPRA4nHNfOUHMmTau++2srK6tb2yWtsrbO7t7+5WDaltHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHI78zuPVGkWyQczjakv8EiykBFsrDSoVPv5jDTgmEyydHImskGl5tbdHGiZeAWpQYHmoPLVH0YkEVQawrHWPc+NjZ9iZRjhNCv3E01jOx6PaM9SiQXVfprvzdCJVYYojJR90qBc/d2RYqH1VAS2UmAz1oveTPzP6yUmvPZTJuPEUEnmi8KEIxOhWRBoyBQlhk8twUQxeysiY6wwMTausg3BW/zyMmmf173Lund/UWvcFHGU4AiO4RQ8uIIG3EETWkDgCZ7hFd6czHlx3p2PeemKU/Qcwh84nz+i5pTU</latexit>

k/m

<latexit sha1_base64="FrrDRHVaJ4uUNIOy+ZP6SqM2BhI=">AAACBXicbVA7T8MwGHTKq5RXgBGGiAqpLFVSIWCsYICxSPQhNaFyXKe1ajuR7SBVaRYW/goLAwix8h/Y+De4aQZoOcnS6e57+fyIEqls+9soLC2vrK4V10sbm1vbO+buXkuGsUC4iUIaio4PJaaE46YiiuJOJDBkPsVtf3Q19dsPWEgS8js1jrDH4ICTgCCotNQzD91sRuJTiEZpMnGvIWOwMjqZ3NfSnlm2q3YGa5E4OSmDHI2e+eX2QxQzzBWiUMquY0fKS6BQBFGcltxY4kgvggPc1ZRDhqWXZBek1rFW+lYQCv24sjL1d0cCmZRj5utKBtVQzntT8T+vG6vgwksIj2KFOZotCmJqqdCaRmL1icBI0bEmEAmib7XQEAqIlA6upENw5r+8SFq1qnNWdW5Py/XLPI4iOABHoAIccA7q4AY0QBMg8AiewSt4M56MF+Pd+JiVFoy8Zx/8gfH5A7mRmLQ=</latexit> |�
(k
)|2

z

Homogeneous equation

0.0 0.2 0.4 0.6 0.8 1.0

101

103

105

107

<latexit sha1_base64="u8h9Uy1eONRHkKDZo18t6kt2YsE=">AAACAXicbVDLSgMxFM3UVx1fo24EN4NFcFUmLqqbYtGNywr2AW0pmTTThmYeJHfEMowbP0U3LhRx6we4dyP+jem0C209EDicc29OctxIcAWO823kFhaXllfyq+ba+sbmlrW9U1dhLCmr0VCEsukSxQQPWA04CNaMJCO+K1jDHV6M/cYNk4qHwTWMItbxST/gHqcEtNS19trAbiG7J3EFocM08UkZl9KuVXCKTgZ7nuApKZx9mOXo4cusdq3Pdi+ksc8CoIIo1cJOBJ2ESOBUsNRsx4pFOoD0WUvTgPhMdZIsObUPtdKzvVDqE4Cdqb83EuIrNfJdPekTGKhZbyz+57Vi8E47CQ+iGFhAJ0FeLGwI7XEddo9LRkGMNCFUcv1Wmw6IJBR0aaYuAc9+eZ7Uj4u4VMRXuFA5RxPk0T46QEcIoxNUQZeoimqIojv0iJ7Ri3FvPBmvxttkNGdMd3bRHxjvP2cvmn4=</latexit>

ma = 16

0.0 0.2 0.4 0.6 0.8 1.0
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103

105

107 Deep Trimer, SC
Shallow Trimer, SC
Deep Trimer, HC
Shallow Trimer, HC
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<latexit sha1_base64="zL0/y1NEBrAtbCHYJ9OpaIaXP+w=">AAAB+3icbVDLSgMxFL3js9ZXrUs3wSK4qjMi6rLoxmUF+4B2KJk004YmmSHJiGWYX3HjQhG3/og7/8Z0OgttPRA4nHNfOUHMmTau++2srK6tb2yWtsrbO7t7+5WDaltHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHI78zuPVGkWyQczjakv8EiykBFsrDSoVPv5jDTgmEyydHImskGl5tbdHGiZeAWpQYHmoPLVH0YkEVQawrHWPc+NjZ9iZRjhNCv3E01jOx6PaM9SiQXVfprvzdCJVYYojJR90qBc/d2RYqH1VAS2UmAz1oveTPzP6yUmvPZTJuPEUEnmi8KEIxOhWRBoyBQlhk8twUQxeysiY6wwMTausg3BW/zyMmmf173Lund/UWvcFHGU4AiO4RQ8uIIG3EETWkDgCZ7hFd6czHlx3p2PeemKU/Qcwh84nz+i5pTU</latexit>

k/m

<latexit sha1_base64="FrrDRHVaJ4uUNIOy+ZP6SqM2BhI=">AAACBXicbVA7T8MwGHTKq5RXgBGGiAqpLFVSIWCsYICxSPQhNaFyXKe1ajuR7SBVaRYW/goLAwix8h/Y+De4aQZoOcnS6e57+fyIEqls+9soLC2vrK4V10sbm1vbO+buXkuGsUC4iUIaio4PJaaE46YiiuJOJDBkPsVtf3Q19dsPWEgS8js1jrDH4ICTgCCotNQzD91sRuJTiEZpMnGvIWOwMjqZ3NfSnlm2q3YGa5E4OSmDHI2e+eX2QxQzzBWiUMquY0fKS6BQBFGcltxY4kgvggPc1ZRDhqWXZBek1rFW+lYQCv24sjL1d0cCmZRj5utKBtVQzntT8T+vG6vgwksIj2KFOZotCmJqqdCaRmL1icBI0bEmEAmib7XQEAqIlA6upENw5r+8SFq1qnNWdW5Py/XLPI4iOABHoAIccA7q4AY0QBMg8AiewSt4M56MF+Pd+JiVFoy8Zx/8gfH5A7mRmLQ=</latexit> |�
(k
)|2
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<latexit sha1_base64="u8h9Uy1eONRHkKDZo18t6kt2YsE=">AAACAXicbVDLSgMxFM3UVx1fo24EN4NFcFUmLqqbYtGNywr2AW0pmTTThmYeJHfEMowbP0U3LhRx6we4dyP+jem0C209EDicc29OctxIcAWO823kFhaXllfyq+ba+sbmlrW9U1dhLCmr0VCEsukSxQQPWA04CNaMJCO+K1jDHV6M/cYNk4qHwTWMItbxST/gHqcEtNS19trAbiG7J3EFocM08UkZl9KuVXCKTgZ7nuApKZx9mOXo4cusdq3Pdi+ksc8CoIIo1cJOBJ2ESOBUsNRsx4pFOoD0WUvTgPhMdZIsObUPtdKzvVDqE4Cdqb83EuIrNfJdPekTGKhZbyz+57Vi8E47CQ+iGFhAJ0FeLGwI7XEddo9LRkGMNCFUcv1Wmw6IJBR0aaYuAc9+eZ7Uj4u4VMRXuFA5RxPk0T46QEcIoxNUQZeoimqIojv0iJ7Ri3FvPBmvxttkNGdMd3bRHxjvP2cvmn4=</latexit>

ma = 16
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107 Deep Trimer, SC
Shallow Trimer, SC
Deep Trimer, HC
Shallow Trimer, HC
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<latexit sha1_base64="zL0/y1NEBrAtbCHYJ9OpaIaXP+w=">AAAB+3icbVDLSgMxFL3js9ZXrUs3wSK4qjMi6rLoxmUF+4B2KJk004YmmSHJiGWYX3HjQhG3/og7/8Z0OgttPRA4nHNfOUHMmTau++2srK6tb2yWtsrbO7t7+5WDaltHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHI78zuPVGkWyQczjakv8EiykBFsrDSoVPv5jDTgmEyydHImskGl5tbdHGiZeAWpQYHmoPLVH0YkEVQawrHWPc+NjZ9iZRjhNCv3E01jOx6PaM9SiQXVfprvzdCJVYYojJR90qBc/d2RYqH1VAS2UmAz1oveTPzP6yUmvPZTJuPEUEnmi8KEIxOhWRBoyBQlhk8twUQxeysiY6wwMTausg3BW/zyMmmf173Lund/UWvcFHGU4AiO4RQ8uIIG3EETWkDgCZ7hFd6czHlx3p2PeemKU/Qcwh84nz+i5pTU</latexit>

k/m

<latexit sha1_base64="FrrDRHVaJ4uUNIOy+ZP6SqM2BhI=">AAACBXicbVA7T8MwGHTKq5RXgBGGiAqpLFVSIWCsYICxSPQhNaFyXKe1ajuR7SBVaRYW/goLAwix8h/Y+De4aQZoOcnS6e57+fyIEqls+9soLC2vrK4V10sbm1vbO+buXkuGsUC4iUIaio4PJaaE46YiiuJOJDBkPsVtf3Q19dsPWEgS8js1jrDH4ICTgCCotNQzD91sRuJTiEZpMnGvIWOwMjqZ3NfSnlm2q3YGa5E4OSmDHI2e+eX2QxQzzBWiUMquY0fKS6BQBFGcltxY4kgvggPc1ZRDhqWXZBek1rFW+lYQCv24sjL1d0cCmZRj5utKBtVQzntT8T+vG6vgwksIj2KFOZotCmJqqdCaRmL1icBI0bEmEAmib7XQEAqIlA6upENw5r+8SFq1qnNWdW5Py/XLPI4iOABHoAIccA7q4AY0QBMg8AiewSt4M56MF+Pd+JiVFoy8Zx/8gfH5A7mRmLQ=</latexit> |�
(k
)|2
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<latexit sha1_base64="u8h9Uy1eONRHkKDZo18t6kt2YsE=">AAACAXicbVDLSgMxFM3UVx1fo24EN4NFcFUmLqqbYtGNywr2AW0pmTTThmYeJHfEMowbP0U3LhRx6we4dyP+jem0C209EDicc29OctxIcAWO823kFhaXllfyq+ba+sbmlrW9U1dhLCmr0VCEsukSxQQPWA04CNaMJCO+K1jDHV6M/cYNk4qHwTWMItbxST/gHqcEtNS19trAbiG7J3EFocM08UkZl9KuVXCKTgZ7nuApKZx9mOXo4cusdq3Pdi+ksc8CoIIo1cJOBJ2ESOBUsNRsx4pFOoD0WUvTgPhMdZIsObUPtdKzvVDqE4Cdqb83EuIrNfJdPekTGKhZbyz+57Vi8E47CQ+iGFhAJ0FeLGwI7XEddo9LRkGMNCFUcv1Wmw6IJBR0aaYuAc9+eZ7Uj4u4VMRXuFA5RxPk0T46QEcIoxNUQZeoimqIojv0iJ7Ri3FvPBmvxttkNGdMd3bRHxjvP2cvmn4=</latexit>

ma = 16
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107 Deep Trimer, SC
Shallow Trimer, SC
Deep Trimer, HC
Shallow Trimer, HC
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<latexit sha1_base64="zL0/y1NEBrAtbCHYJ9OpaIaXP+w=">AAAB+3icbVDLSgMxFL3js9ZXrUs3wSK4qjMi6rLoxmUF+4B2KJk004YmmSHJiGWYX3HjQhG3/og7/8Z0OgttPRA4nHNfOUHMmTau++2srK6tb2yWtsrbO7t7+5WDaltHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHI78zuPVGkWyQczjakv8EiykBFsrDSoVPv5jDTgmEyydHImskGl5tbdHGiZeAWpQYHmoPLVH0YkEVQawrHWPc+NjZ9iZRjhNCv3E01jOx6PaM9SiQXVfprvzdCJVYYojJR90qBc/d2RYqH1VAS2UmAz1oveTPzP6yUmvPZTJuPEUEnmi8KEIxOhWRBoyBQlhk8twUQxeysiY6wwMTausg3BW/zyMmmf173Lund/UWvcFHGU4AiO4RQ8uIIG3EETWkDgCZ7hFd6czHlx3p2PeemKU/Qcwh84nz+i5pTU</latexit>

k/m
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Efimov phenomenon

NREFT three-body equation
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r

Induced long-range interaction 
Borromean binding

The Three-Boson System with Short-Range Interactions  
Bedaque, Hammer, van Kolck, Nucl. Phys. A 646 (1999) 444

Short range



REFT three-body formalism

Infinite volume integral equations:
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Lattice QCD and three-particle decays of resonances   
Hansen, Sharpe, Ann. Rev. Nucl. Part. Sci. 69 (2019) 65-107



Riemann sheets
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Mai, Meissner, Urbach, arXiv:2206.01477v1  



Properties of some three–body states
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