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Susceptibilities

Two-point function of a b — c¢ flavor-changing currentJ, =V, ,A {V =cy b, A = Cyy b ] splits into
p wiu\ T u Yu p V5V

Transverse (spin 1) and Longitudinal (spin 0) polarization functions HT,L ;

9.9 9.9,
:2 )HT<q2>+ :2 1, (9%

Choosing q = (qy, 6), polarization functions in terms of the 2 point correlation functions C(t):

Hﬂy(q) = ( = g/,w

+ 00

HT(qz)ziJ Oodteiq'tCi (t) HL(q2)=iJ' dte'dtC, (t)

— Q0
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Susceptibilities

Two-point function of a b — c¢ flavor-changing currentJ, =V, ,A {V =cy b, A = Cyy b ] splits into
p wiu\ T u Yu p V5V

Transverse (spin 1) and Longitudinal (spin 0) polarization functions HT,L ;

9.9 9.9,
:2 )HT<q2>+ :2 1, (9%

Choosing q = (qy, 6), polarization functions in terms of the 2 point correlation functions C(t):

Hﬂy(q) = ( = g/,w

(g% =i rw dtedtC.(t) II,(g®) =1 roo dte'dtC, (t)
Definition:
() = ; ;;13; - (@ =0) = 11—2 LOO dtt* C; (t)
1.(q%) = ZZIZL : n(@Q°=0) = LOO dtt* C, (t) WF?: f::it{ = szC)z J OOO dtt C> (0

contact terms

(S,P =¢cb,cysb)
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Physics Motivations

BR(B — DMz
BR(B — D™¢1,)

. Tension with SM in lepton universality ratios R(D") =

» Long standing discrepancy in determination of | V_, | from exclusive and inclusive semileptonic B-decays
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Physics Motivations

BR(B — DMz
BR(B — D™¢w,)

. Tension with SM in lepton universality ratios R(D") =

» Long standing discrepancy in determination of |V _, | from exclusive and inclusive semileptonic B-decays

Example: hadronic matrix (D |V | B) element in B — D£v, described by two form factors f+,0(q2)

(DIV,IB) = f,.[(pg+Pp), — Amipa,/q?| + fy Amina,/q?
Semileptonic region:

dI'(B - Dfv,) GZni,mgi'?
o TPEw E \vaF(qz—m»z[mn(qmz+c0\fo<q2>\2] m7 < q° = (pg — Pp)” < Gpay

Kr?o;vn From Lattice

Lattice simulations more precise close to qzmax = (Mg — mD)2 but no experimental data at qrznax

Parametrizations to access the full semileptonic region q2 — 0 (BGL & CLN most popular)
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Constraining form factors

Figure from arXiv:2205.097421

; 1 01 1™ i ) G.Martilelli, M.Naviglio, S.Simula, L.Vittorio
: : ion- (q°) = =— | dt
® Dispersion relation: A7\9 29?2 ), (- o 3oy,
| 7
e Crossing symmetry (D|V,|B) — (0|V,|DB): Lo DM ez i
- RBC/UKQCD —&— T
1 08 : DM £ K
® Unitarity: Im HT(qz) > = Jd355d35D 5(q - pg — Pp) | (0| V|DB) |2 +>< o6 PRALMILE =8 / y
2 C\g 0.4 — » .0‘0"?
5_0 ”.‘§.00
= t) | f(t 2 .’ 0000’0‘0’:‘:‘:::::’:"
(q?) > — dt w(t) [1() RS/
AT\qQ) = 273 0.0 2303000
) (mg+mp)? (t—q%) 09 WL
0.4 S :
0 o 10 15 20 25

e Analyticity: traslate this bound into semileptonic region, from lattice points
at qfnax extrapolate to q2 — 0 with no assumption on q2—dependence

See hep-ph/9509358 Lellouch, arXiv:2105.02497 Di Carlo at al.
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Lattice setup

Ensemble (L®-T)/a* L [fm] m,[MeV] apua aps apc afth Negg 2-point correlation functions from
B=1.726 a=0.09076(54) wo/a=1.8352(35) apb"* =0.02005(25) aub"¥* =0.2748(27) ETMC gauge ensembles

A211.53.24 243 . 48 2.18 361.6(2.1) 0.0053 0.0185 0.2480 0.3390,0.6336 615
A211.40.24  243.48  2.18 315.7(2.0) 0.0040 0.0205 0.2900 0.3964,0.7408 660
(1.7

A211.30.32  32%.64  2.90 272.2(1.7) 0.0032 0.4635,0.8661 615 * N¢ =2+ 1+ 1flavors of Wilson-
A211.12.48  48%.96 167.1(0.8) 0.0048 0.5419,1.0126 219 Clover twisted-mass quarks
B=1.778 a=0.07957(13) wo/a=2.1299(16) auP ¥s = 0.018414(69) auP"¥s = 0.23859(78)

B211.25.48 483 .96 2.18 253.3(1.4) 0.0048 0.0170 0.2200 0.3007,0.5620 300 * All dynamical quark masses close
B211.072.64 643-128  5.09 140.1(0.2) 0.00072 0.0190 0.2572 0.3516,0.6571 190 to physical values (most ensembles)

0.4111,0.7683
0.4807,0.8983
B3=1836 a=0.06821(13) wo/a=2.5045(17) apP™¥s =0.016176(72) auPh¥s = 0.20253(74)
C211.060.80 80%-160  5.46 136.7(0.2) 0.00080 0.0155 0.1920 0.2625,0.4905 165
0.0175 0.2245 0.3069,0.5735

* Four values of the lattice spacing to
extrapolate to the continuum limit

0.3588,0.6705 e Two variations (r,r) and (r, -r)
0.4195,0.7840 of twisted mass regularization to
B=1.900 a=0.05692(12) wg/a=2.5045(17) apP™s =0.013647(58) auP"¥s = 0.16710(52) constrain the continuum limit

D211.054.96 962 - 192 5.46  140.8(0.2) 0.00096 0.0130 0.1600 0.2187,0.4087 43

0.0140 0.1871 0.2557,0.4779 . Heavy-quark masses m(n) to
0.2990, 0.5588 h

0.3496, 0.6533 extrapolate to b-quark mass
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Effective mass of heavy-charmed mesons

b-quark mass determination from MB

Extraction of meson masses M (a mﬁ”), m,) from constant fit at large time distances of effective mass Ml?,ff(t)

Gl - CrE =2
Meff(t a mﬁn), mC) e ArCCOSh ( ( ) ( )) t>0

=5 Mo(a?, mi", fiil.)
2CPt+1)

Effective mass at mﬁ”) =RRZI

1.4525 F

1.4500 | -

1.4475 [ boonen)

M|epff (t)

1.4450 -

1.4425F °. .

... -
ooooo00.00000000.000...000‘"’000000‘0..0.000.00.Q =

1 4400 | ] ] | | ] ] ] | | ] | ] | | ] | ] | | ] ] ] ] | ] | ] ]
20 30 40 50 60 70 80

t/a
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Continuum limit of Mp(a?; mﬁ”), m..)

0) _ 9
mf])—mC mﬁ)~3.4mc

x2/dof=0.24 , AlCc = 45 x2/dof=0.67 , AICc =29
3.08 1 Fit (r,-r): 2.98(1-0.00a2-0.05a4-0.11a8) | >3 Fit (r,-r): 5.25(1-0.41a2+0.08a2-0.79a8) |
0 Fit (r,r): 2.98(1+0.03a2+0.05a,+0.11a?2) 5.2 - 0 Fit (r,r): 5.25(1-0.37a2-0.08a,+0.79a%)
« Combined fit of (r, r) and (r, -r) regularizations 3.06 Yy & §
imposing same continuum limit = | . \ .
; | > - ; 5.0 \\\\1\‘\\:\
: O P O +\\§i§§\
« Highly correlated data p ~ 1: we study &) a0 P O, 49 N
: B }L/ o & U
mean and difference of the two data sets S .ol gl | S a8t +
. // \\\\\‘\
¢ 4.7
2.981 X + + | - +
4.6
2.96 .
u u 6 | | | ] ] ] 45 B | | | | | | |
 Polynomial fit ansatz up to @(a )Z 0.000  0.002  0.004  0.006  0.008  0.010 0.000  0.002  0.004  0.006  0.008  0.010
a’ [fm?] a’ [fm?]

M a2 mtY, m ) = Mp(m™, mc)<1 + P"Ya” + P{"Va* + Pg’r)a6> Mp(me, me) = M, = 2981(18) MeV

Mg"r)(a2; mf‘”), m.) = MP(mﬁ”), mc)<1 + Pgr"r)a2 - P(zr’r)a4 -~ Pg’r)a6>

Lattice23 contribution: Hadronic susceptibilities for b—c transitions | Aurora Melis | Fermilab, Batavia, lllinois | 31-July-2023



® ® ® [niroduction @ [attice setup ® ® ® h-quark mass O OO OO0 Susceptibilities

b-quark mass

Simple phenomenological ansatz determination: [PRE — 21dof = 0.26
mass of heavy meson goes to infinity when its heav 035 —————T17 " ,i..W'NARY —
y 9 y y I 1 b-quark point —] c-quark point¥—"]
quark constituent mass m, — ©o: 0a0f i . ° ]
m m m? m?> T i ° i
M>'(m™ m)=—B,| 1+B,— +B,— + B,— I i ° i
P ’ 1 2 ! E ! 4 B l ! |
" ’ mp my m% mﬁ 1 I E o ’ i
= - : " |
Fix m,/m_ imposing L o20f : ° ]
8
MP(mb, mc) — M;)zp o 0.15 _—-'I-/MGI;)EP -------- E i -
= mMS/mMS = 4.5075 = i i
b c 0.10 | i fit: 1.0046x(1-1.59x+1.42x2-0.50x3) -
__ i i g Mnc=2.985 + 0.018 |
Multiplying by mE"S(SGeV)ﬂ .039(17) : ; 053_ | ,\”;;(”_7%);43380“—“025016 -
arXiv: 2104.13408 ETM 21 0 | k= my(mp)=4.365 + 0.062 i
- i A=1.14670 ]
_ OO I I I l 1 ! ! | ! ! ! | ! ! ! | ! ! ! | 1
mEAS(SGeV) =4 .683(77) GeV .0 0.2 04 06 0.8 1.0
m.(m,) = 4.365(62) GeV me'/my'
DA OVE e
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Update w.r.t
‘AR N I p-quark point c-quark point ! - ! b-quark point c-quark point |
: 0.0175F i - i | i
I [ 21 arXiv:2105.07851 = L 0.08F ! -
E M G.Martilelli, S.Simula, L.Vittorio 0.0150F | a~0.08fm ] S a ~0.08fm ;
0.0125 | ] 0.07F -
. . | i #-B211.25.32, ETM'21 | - ;
Clover term and improved precision >Sootof - cB21125.48, thiswork | SJoosf | ]
I\ - B211.25.32, ETM'21 L
= 00075F |\ _¢_cB211.25.48, this work - vosf _ .
Computed quantities for each ensemble: — o A |
= ] L -~ o—%
W|(m(n) + Mm )2 o | : - 0.04 ! '/./././.,‘—-—# — . b
h o 0.0025 ! t I ! = o
12 0.0000——tio v 1 1 P S ST I S
0 0.03
0.2 0.4 0.6 0.8 1.0 | 0.2 0.4 0.6 0.8 1.0
wh@m",m) = —| dtt*CA . © o
1 2 O 0007 ! | ! ! | ! ! ! | ! ! ! | ! ! ! I 00040 [ | : ! ! ! | ! ! ! | ! ! J | ! ! ! | ]
[ | b-quark point c-quark point ! ; ! b-quark point c-quark point | ]
| g 0.0035 F i I
0.006 | | P - i i
0.0035 - !\ i | - i i E
i | o 0005 a~0.08fm N 0.0030 008 -
Only small times | : | | 0.0025F ! ’ .
0.0025 - 0.004 l | _ - i i
o count t/a < 1 O % - i E - % 0.0020 E | ! 7
\C)/ 0.0020 - g 0.003 [ i i - g ' i . ]
N olo0as > - i i G 0-001> - i E E
"X 0002} i T R 0.0010F ! -
0.0010 ! : N ! ! i
0.0005 - 0-001¢ i i 0.0005 ;‘ i i .
el . | | . 0000 =0 ""%a 06 08 10 0.0000 — 02 04 06 08 10
0 10 20 30 40 S S _ —_
t/a my'S /mMS my'S /mMS
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- 0.007 — T T T T T T 1 T T T T T 0.0500 — rmr— . 1. 1+ . 1 . T T 1 T ] .
e u r a Ive - | b-quark point ¢-quark point - ' b-quark point c-quark point ! -
: 0.006F ! L 0.0475F L
i : : ] - ! cB211.25.48 : -
Subtraction N <~ O A A . R
Following arXiv: 2105.02497 0004f | ] oo
>>§' L <§' 0.0400F -
0.003 |- ! N : ——9%
2 2 i 2 =0 i ] 0.0375 F i o B = j f J
x(@) = x(@@) — (¥"'@) — 13 ok | _- = -
| i : ] 0.0350 | | #- (rr) ]
R/_J 0.001F ! . : i —|||— 2:';;)PTsub :
Cut-off effect | M T () Praun ;
of Free Theory e 00300 e 10
MS MS
)(LT the perturbative value is known me=/my,
0.030 ———r—r+—7F—F—7T—T———"——T"7T—T—T—T—T7T—— 0.020——r——7F—T——7T—T———T—TT7TT—T—T—T1T T
from hep-ph/9705252 Grinstein et al. i b-quark point c-quark point ! - i b-quark point c-quark point E
n l I 0.0175 ' ' -
0.025F ! 0086 L i cB211.25.48 |
FT. o - i - M i 0.0150 F i a~ 0.08fm i _
y ' :susceptibilities from correlation oozl | SN R -
functions in Free Theory(FT): a, = O, > 5 T s b A
computed for every ensemble setup e XOPE —— (0 PTsub e U —~ (1) PTsub
- ! —— (r,-r) PTsub | & 0.0075 E : —— (r,-r) PT- sub
0.010F ! A ' i E
FT 2 = | 0.0050 | i .
(a%) = )( + cut-off effects ooosk . i
| | 0.0025F _
0000 =02 ""%2a 06 08 10 00000 o =2 06 08 10
ml}"slmr'\]’IS mc't"s/mr':/'S
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mg’) = (i, m(9) ~3.4m,_
C t I t f v A 2/dof—O 45 AlCc= —42 2/dOf—O 92 AlCc = — 65
On In u UI I I II I II 0 % 0.00033 f Flt(r -r): 0. 0003(1+0 323 +2. 3584 3. 36a6) 0.00625 | I Fit (r -r): 0. 0044(1+0 O9a +7. 35a -10. 39a )
[ Fit (r,r): 0.0003(1+1.67a2-4.93a;,+3.36a%) 0 Fit (r,r): 0.0044(1+1.86a2-7.22a;+10.39a¢2)
0.00032 . 0.00600 - .
. Polynomial fit ansatz up to O(a®): 000031 R
S , 0.00030 L i S § 0.00550 p ot
a2 R 0.00525 -
(r r (n) . (n) (r,r) o2 (r,r, 4 (r,r),6 0.00029 | AP
(a*; m.", mg) =y (m mc)<1 +P"Ya®+ P a" + P a ) W | i
0.00028 //:
/ 0.00475 |
0.00027 |
7@ m", m) =y (m", mc)<1 + P{"Va? 4+ PU g% — Pg’”a6> | ool
. O.OIOO 0.0102 O.OIO4 O.OIO6 O.OIOS O.OIlO O.OIOO O.OIOZ O.OIO4 0.606 O.OIOS O.OIlO
a*[fm?] a2[fm?]
2/o/of_o 10, AICC =11 x2/dof=0.51, AICc = — 44
Fit (r,- | r): 00330(1+0 91a +0.14a% +0 25a%) 0.0425 I Fit (rl,—r): 0.026I1(1+2.41;@-4.73a;;5.74a3)
: . _ . 0.042 | 5 Fit (r,r): 0.0330(1+0.03a2+3.29a-0.25a5) @ Fit (r,r): 0.0261(1+0.72a2+6.22a;,-5.74a8)
e Combined fit of (r, r) and (r, -r) regularizations Y 4 0.0400] /
imposing same continuum limit o S | /..
- // ) -
0.0350
: < | 0.038F
 Highly correlated data p ~ 1: we study mean and N S .
difference of the two data sets 0.036} .
0.0300 | »
0.034 | e . i ///
»  Mean shows reduced O(a*°) effects - R -
O.OIOO O.OIOZ O.OIO4 O.OIO6 O.OIO8 O.OIlO O.OIOO O.OIOZ O.OIO4 0.606 O.OIOS O.OIlO
a’[fm?] a’[fm?]
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: . 2 V.A
Continuum limit of m; ¥

. Polynomial fit ansatz up to O(a®):

m; )(g (@% mW, m ) = m? )(T(mf]”), mc)<1 + Pgr’r)a2 + P(Zr’r)a4 + Pg’r)a6>

= )2 1) a4 )6
m; ;((r (a?; mﬁ”),m) mh)(T(m(”), mc)<1 + Pgr "a” + P(2r Na* — Pg a >

e Combined fit of (r, r) and (r, -r) regularizations
Imposing same continuum limit

« Highly correlated data p ~ 1: we study mean and
difference of the two data sets

. Mean shows reduced O(a*®) effects

0 9
mﬁ ) = m, m( )~ 3. 4m_
2/dof—0 10 AICC— 10 2/dof_o 05, AICc 37
0.0060 |- Fit (r,-r): O. 0043(1+o 61a2 -0. 67a4+1 15a8) - 0.020 Fit (r -r): 0. 0116(1+2 11a -0.89a;; 3 95a6)
[ Fit (r,r): 0.0043(1+1.45a2-1.05a%-1.15a9) : [ Fit (r,r): 0.0116(1+4.66a2-9.16a; +3.95a%)
0.0055 - ] /Q// HH
0.018
>
>>!§ 0.0050 : g; 0.016
NE_C C\IE-C + +
0.0045 0.014 ¢
0.012}
0.0040 |
1 1 | 1 | | 0010 | 1 1 1 | I
0.000 0.002 0.004 0.006 0.008 0.010 0.000 0002 0004 0006 0008 0010
2 2
[fm~] a’[fm?]
2/dof_o 24 AlCc = — 20 2/dof—0 08 AICc =16
0.0024 - Fit (r,-r): 0. 0019(1+o 94a2 1. 70a4+1 53a%) Fit (r,-r): O. 0061(1+4 83a2 13. 42a +7. 22a6)
== Fit (r,r): 0.0019(1-0.80a2+2.07a%-1.53a8) 0.0090 1" = Fit (r,r): 0.0061(1+0.80a2+0.75a%-7.22a8)
0.0023 F
0.0085 | + +
0.0022 }
< | 0.0080 * ’m
R 0.0021 F <>.|§ +
N C 0.0075 +
- N
0.0020 F E
0.0070 J— -
0.0019 - -t \H\H\J
0.0065 .
0.0018F
0.0060 |
0.0017 F
| ] | 1 1 1 0.0055 I I | | H
0.000 0.002 0.004 0.006 0.008 0.010 0.000 0.002 0.004 0.006 0.008 0.010
2 2
a?[fm?] a2[fm?]

Lattice23 contribution: Hadronic susceptibilities for b—c transitions | Aurora Melis | Fermilab, Batavia, lllinois | 31-July-2023



® ® ® [niroduction @ [attice setup ® ® ® h-quark mass @0 000 Susceptibilities

Susceptibilities at b-quark point
Known static limit: . Smgle f|ts W|th general ansatz @_EL NARVJ_

b quark pomt

. i B S
lim )(V’A(mh) = | i
L S 112 |
my,— o0 T |
. 3 :
lim mj yA(my) = e : -
T _
™0 —— PT-expression -
. | . N fit )/ :
Fit ansatz imposing static limit: ]
fit mZx¥

LA
m - fit x;

() 1 3 m; f :
AL (m v, m.) = 1+ B1 = 82 ~ 4 B3—C TN . fit m2yA :
s My Tmp & e e ——

o3 (e g g m) 0o —
mh)(T(m m°)=8_7z2 1 +B1m_h+Bzm_ﬁ+B3mﬁ
0.000 - T ——e- -
PT expressions known at NNLO 00 | S, NS 08 L0
hep-ph/9705252 J.Grigo at al. mc>/m,
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Susceptibilities at b-quark point

- Single fits with | ansatz | P AINADY
. Our Results: : e ingle I| S with gelnerla ansatz u—&@iﬂw_@:ﬁ—
- i1 6= B 1 h- k I 7
X, (my) =6.243(45) X 10 ! ib quark point . . -
x(my) =2.362(63) X 1077 ; -
xy(mp) =5.37(48) X 107*[GeV 2 §
A (my) =3.12(18) x 107* [GeVv ™2 ]
—— PT-expression -
fit )(X 7
Fit ansatz imposing static limit: fit m2xY i
j fit x7' "
1 m m .
)(L(mﬁn), mc) — 1 + B1 c I B2 - I fit ml%Xé 7
871'2 my, m%
Pl
7 3 me mcz; mc3; +:
mi yr(mi™, m,) = — | 1+Bi—+By— +B3—
87 Mh M Mh 0.000 | I S— -
0.0 . . — 0.8 1.0
PT expressions known at NNLO mCM_S /mrl\(l_s

hep-ph/9705252 J.Grigo at al.
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Conclusions

» Susceptibilities are important ingredients to constrain the from factors of b — ¢ transitions, which are

important to clarify the tension in Ry« and in the determination of |V 4 |

« We have presented a non perturbative calculation of the Susceptibilities from Ne =2 + 1 + 1 ETM
ensembles at physical point and at four lattice spacings.

* Results are well compatible with the perturbative expressions, encouraging results, but comparison with
previous analysis only possible after results are final.

To do list:

* Large discretisation effects, to improve robustness of the continuum limit, on going simulations of a 5t"
lattice spacing

* Perform a global fit of all the susceptibilities with a fit ansatz based on Operator Product Expansion to
extract leading condensate term
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