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Hubbard Model

H = −
∑
x,y

κx,y

(
a†x↑ay↑ + a†x↓ay↓

)
− U

2

∑
x

(nx↑ − nx↓)
2 − µ

∑
x

(nx↑ + nx↓)

The Hubbard model is used to approximate solid state systems [Hubbard, 1959]

κ: Nearest-neighbour hopping (tight binding)

U: On-site interaction

µ: Chemical potential

κ U

Member of the Helmholtz Association August 3, 2023 Slide 2



The Sign-Problem

Expectation value

〈
Ô
〉
=

1
Z

∫
Dϕ Ô [ϕ] e−S[ϕ] , Z =

∫
Dϕ e−S[ϕ]

⇒
〈
Ô
〉
=

∫
Dϕ Ô [ϕ] ρ [ϕ] ≈ 1

N

N∑
n=0

Ô [ϕn]

with ϕn ∼ ρ [ϕn] =
1
Z e−S[ϕn]

Action

S =
∑
x,t

ϕ2
x,t

2Ũ
− log det(M[ϕ, κ̃, µ̃]M[−ϕ,−κ̃,−µ̃])

Action

S =
∑
x,t

ϕ2
x,t

2Ũ
− log det(M[ϕ, κ̃, µ̃]M[−ϕ,−κ̃,−µ̃]) ∈ C

[Duane et al., 1987, Wynen et al., b]
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2Ũ
− log det(M[ϕ, κ̃, µ̃]M[−ϕ,−κ̃,−µ̃])

Action

S =
∑
x,t

ϕ2
x,t

2Ũ
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The Sign-Problem

S[ϕ] → Re{S[ϕ]}+ i Im{S[ϕ]}
ρ[ϕ] → e−Re{S[ϕ]} ∈ R
Ô[ϕ] → Ôe−i Im{S[ϕ]} ∈ C

⇒
〈
Ô
〉
=

〈
Ôe−iSI

〉
R

⟨e−iSI⟩R
≈

∑N
n=0 Ô [ϕn] e−iSI[ϕn]∑N

n=0 e−iSI[ϕn]

with ϕn ∼ e−SR

Statistical Power

Σ =
∣∣〈e−iSI

〉
R

∣∣ (
Neff = Σ2 × Ncfg

)
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Contour Deformation
Lefschetz Thimbles ∫

Dϕ e−S[ϕ] =
∑
L

e−iSI[L]

∫
L
Dϕ e−SR[ϕ]

Im{ϕ}

Re{ϕ}

Lefschetz Thimbles

xx

[Alexandru et al., a, Wynen et al., a, Rodekamp et al., ]
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Contour Deformation
Constant Offsets

ϕ = Re(ϕ)

Im{ϕ}

Re{ϕ}

Lefschetz Thimbles

xx
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Contour Deformation
Constant Offsets - Tangent Plane

ϕ0/δ = − U
Nx

∑
k

tanh

(
β

2
[ϵk + µ+ ϕ0/δ]

)

Im{ϕ}
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Contour Deformation
Constant Offsets - NLO

Seff [ϕ1] = S[ϕ1] +
1
2
log detHS[ϕ1]

Im{ϕ}
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Contour Deformation
Constant Offsets - Optimized Offset

Σ[ϕopt] = max (Σ[ϕ])
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Optimizing Statistical Power
with Derivatives

dΣ[ϕ0]

dϕ0
and

d2Σ[ϕ0]

dϕ2
0

[Alexandru et al., b]
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Optimizing Statistical Power
µ-Offset Heatmap
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Optimizing Statistical Power
for varying µ
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Results
8-Sites Charge
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Results
8-Sites Single Particle Correlator
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Results
Statistical power C60

6 4 2 0 2 4 6

0.0

0.2

0.4

0.6

0.8

1.0

Real
Tangent
NLO
Optimized



Results
C60 Charge
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Results
C60 Single Particle Correlator
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Work in Progress
Offset + Gaussian - Preliminary results



Conclusion

the Sign-problem can be reduced without slowing down the HMC
the Sign-problem vanishes for µ → ±∞
the best imaginary offset can be determined efficiently
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Backup
18-Sites Statistical Power
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Backup
18-Sites Charge

0 1 2 3 4 5 6
0

2

4

6

8

10

12

14

16

18

Q

Real
Tangent
NLO
Optimized



Backup
18-Sites Single Particle Correlators
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Backup
C20 Statistical Power
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Backup
C20 Charge
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Backup
C20 Single Particle Correlators
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