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We want to investigate the analytic 
structure of the partition function ( )ln Z

We have theoretical guidance by the Lee-Yang 
theorem, which predicts branch-cuts in the 
scaling function of the order parameter, located 
at universal positions.

Locating singularities in the complex 
-plane might help to find the elusive QCD 
critical point 

μB /T

We use lattice QCD data of the baryon 
number density ( ) at imaginary 
chemical potential

∂μ ln Z
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Tri-critical pointWe want to investigate the analytic 
structure of the partition function ( )ln Z

We have theoretical guidance by the Lee-Yang 
theorem, which predicts branch-cuts in the 
scaling function of the order parameter, located 
at universal positions.

Locating singularities in the complex 
-plane might help to find the elusive QCD 
critical point 

μB /T

We use lattice QCD data of the baryon 
number density ( ) at imaginary 
chemical potential
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Perform analytic continuation by 
mean of a multi-point Padé analysis 
(see Talk by F. Di Renzo)

Inspect Fourier coefficients of the 
baryon number density                   
(this talk)
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Recap on the Lee-Yang edge singularity

‣ Lee-Yang theorem (circle theorem)

‣ A branch cut in the universal scaling function

‣ Scaling variables for Roberge-Weiss, chiral transition 

and QCD critical point

An update on the Roberge-Weiss critical temperature 

‣ A preliminary continuum extrapolation from Nτ = 4,6,8

Fourier Coefficients, an alternative to the multi-point Padé?

‣ Expected asymptotic behaviour

‣ Fourier coefficients in the quark-meson model 

‣ Fourier coefficients from lattice QCD data



5Lee-Yang edge singularities

h′￼

h′￼′￼

Consider a generic Ising or O(N) model: 
One finds zeros of the partition function only at imaginary values of the symmetry breaking field                
[Lee, Yang 1952]


In the thermodynamic limit the zeros become dense on the line h′￼= 0

h′￼

h′￼′￼

+hYL(T )

 finite,  V T > Tc ,  V → ∞ T > Tc

Z(V, T, h) ≡ 0, h = h′￼+ ih′￼′￼

−hYL(T )
h′￼

h′￼′￼

hYL(Tc) = 0

,  V → ∞ T → Tc

 a brach cut is observed in the free 

energy density and order parameter 

→

The position of the branch cut singularity is universal. In terms of the scaling variable , 

we have  , where .             [Connelly et al. PRL 125 (2020) 19]

z = t/h1/βδ

zLY = |zc |ei π
2βδ t = T/Tc − 1

 [Johnson et al. PRD 107 (2023) 116013]
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 [Karsch et al. PRD 108 (2023) 014505]
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Fit with Schofield type of 
parametrisation

Fig: complex scaling function 
 over the complex  pane, 

courtesy to V. Skokov
fG(z) z

 Find LY edge also in the 
parametrisation with quite 
similar results for 

⇒

|zc |

 [Karsch, CS, Singh, 


work in progress]



7Lee-Yang edge singularities in the complex -planeμB/T

Roberge-Weiss transition:

    and    t = t0 ( TRW − T
TRW ) h = h0 ( ̂μB − iπ

iπ )
Chiral transition:

   and    t = t0 [ T − Tc

Tc
+ κB

2 ( μB

T )
2

] h = h0
ml

mphys
s

zLY = |zc |ei π
2βδ

    and t = αt(T − Tcep) + βt(μB − μcep)

h = αh(T − Tcep) + βh(μB − μcep)

QCD critical point:

T

µB

mu,
d
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-criticalO(4)
-criticalZ(2)
-order1st

Tri-critical
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Re[µB/T]
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Im
[µ

B
/T

]

RW scaling

chiral scaling

CEP scaling

Solve for 
with different scaling fields and 
non-universal parameters 

 T = TRW

 T = TCEP

 different temperature intervals are sensitive to  
different scaling of the Lee-Yang edge singularity  
→

T ↘ TCEP

T ↘ TCEP

  See next talk by D. Clarke⇒



8Lattice Data

We use (2+1)-flavor of highly improved staggered 
quarks (HISQ)


Simulations at  are not possible due to the 
infamous sign problem 


Instead we perform calculations at imaginary 
chemical potential 

[De Frorcrand, Philipsen (2002); D’Elia, Lombardo (2003) ]


The temperature scale and line of constant physics 
is taken from previous HotQCD calculations 

[see e.g., Bollweg et al. PRD 104 (2021) ]


We measure cumulants of net baryon number in 
the interval 

[Allton et al. PRD 66 (2002) ]


The cumulants  are odd and imaginary for  odd 
and even and and real for  even

μB > 0

μB = iμI
B

iμI
B /T ∈ [0,π]

χB
n n

n


χB
n (T, V, μB) = ( ∂

∂ ̂μB )
n ln Z(T, V, μl, μs)

VT3

= ( 1
3

∂
∂ ̂μl

+
1
3

∂
∂ ̂μs )

n
ln Z(T, V, μl, μs)

VT3

T = 176.6 MeV

T = 186.3 MeV

T = 201.4 MeV

Lattice size: 243 × 4

[Dimopoulos et al.,  PRD 105 (2022)]

 see talk by F. Di Renzo→
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χB
n (T, V, μB) = ( ∂

∂ ̂μB )
n ln Z(T, V, μl, μs)

VT3

= ( 1
3

∂
∂ ̂μl

+
1
3

∂
∂ ̂μs )

n
ln Z(T, V, μl, μs)

VT3

T = 176.6 MeV

T = 186.3 MeV

T = 201.4 MeV

Lattice size: 243 × 4

[Dimopoulos et al.,  PRD 105 (2022)]
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[Zambello et al.,  PoS LATTICE2022 (2023) 164]

Lattice size:  363 × 6
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[Zambello et al.,  PoS LATTICE2022 (2023) 164]

Lattice size:  363 × 6 Lattice size:  483 × 8

 MeV T = 202.9

  analytic structure (poles and roots) are similar to 
 data

⇒
Nτ = 6

New! 

  more  ensembles are work in progress.  ⇒ Nτ = 8
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11The Roberge-Weiss temperature

Nø = 4

Nø = 6

Nø = 8

continuum

The approach of the LY edge to the RW critical point: By 
solving  we find
z = t/h1/βδ ≡ zc
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µ̂R
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◆��
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LY = Re[µB/T ]
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TRW = T (0)
RW + T (2)

RW /N2
⌧
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�2 ⇡ 0.4

Obtain continuum result


Combined fit

<latexit sha1_base64="LUFq9T3t32YOibyDuvlN4UAAO/c="></latexit>

T (0)
RW = 211.1 ± 3.1 MeV

 in good agreement with previous 
results from the Pisa group
⇒

[Bonati et al., PRD 93 (2016) 074504]



12Calculation of Fourier Coefficients

Definition:  

Method:  

highly oscillatory 
for large k

Data only defined on a 
discrete set of points

• Interpolate , take also it’s derivative and eventually higher derivatives 
up to order  into account  Hermite-interpolation (spline)

Im χB
1 Re χB

2
s →

• Piecewise integration can be done analytically 

<latexit sha1_base64="FMSL3orw3EPmGKUdBzZX32c8Ixo="></latexit>

bk(T ) =
1

⇡

Z 2⇡

0
d✓B Im�B

1 (T, i✓B) sin(k✓B)

<latexit sha1_base64="Z4ImnvpCahieqc+da773gjvsY+Y="></latexit>

bk =
2

⇡

N�1X

i=0

Z ✓
(i+1)
B

✓
(i)
B

d✓B p(✓B) sin(k✓B)
<latexit sha1_base64="qja/c/Lat6DP8tmaqv7LejN2fmw="></latexit>

0 = ✓(0)
B < ✓(1)

B < · · · < ✓(N)
B = ⇡with

• Statistical error is estimated by bootstrapping over the error of  and .Im χB
1 Re χB

2

 variant of a Filon-type quadrature: error decreases as  (for exact data)→ 𝒪(k−s−2)

<latexit sha1_base64="AOfXKLSt/20rDamkLo8mc5T5UcI="></latexit>

µB/T = i✓B, with ✓B 2 R

A Fourier interpolation 
of the data is periodic 
by construction!



13Data interpolation

<latexit sha1_base64="ZO/GZRKC16kxgwlQG9bsB3uLm8I=">AAACC3icbVC7TsMwFHXKq5RXgJElaoXUAVUJA2WsygJbkehDakrluE5r1Ykj+wZRRdlZ+AL+gYUBhFgZWNkQfAzuY4DCkSwfnXOv7r3HizhTYNsfRmZhcWl5JbuaW1vf2Nwyt3caSsSS0DoRXMiWhxXlLKR1YMBpK5IUBx6nTW94MvabV1QqJsILGEW0E+B+yHxGMGipa+ZdT/CeGgX6S1yg1+D5yVmQugcuGbCuc1lNu2bBLtkTWH+JMyOFSr749Vl+u6t1zXe3J0gc0BAIx0q1HTuCToIlMMJpmnNjRSNMhrhP25qGOKCqk0xuSa19rfQsX0j9QrAm6s+OBAdqvK6uDDAM1Lw3Fv/z2jH4x52EhVEMNCTTQX7MLRDWOBirxyQlwEeaYCKZ3tUiAywxAR1fTofgzJ/8lzQOS85RyTnXaVTRFFm0h/KoiBxURhV0imqojgi6QffoET0Zt8aD8Wy8TEszxqxnF/2C8foN22CfRw==</latexit>

Im�B
1

<latexit sha1_base64="RbTFYYtygXZQyzBiduTGG9Z4MBg=">AAACC3icbVA9SwNBEN3zM8avqKXNkSCkkHBnYSxDbCyjGBVyMext5pIlex/szonhuN7GX+B/sLFQxNbC1k70x7iXWGjig2Uf780wM8+NBFdoWR/GzOzc/MJibim/vLK6tl7Y2DxTYSwZNFkoQnnhUgWCB9BEjgIuIgnUdwWcu4PDzD+/Aql4GJziMIK2T3sB9zijqKVOoei4oeiqoa+/xEG4RtdLTiB1dh3W5529y3raKZSsijWCOU3sH1KqFctfn9W3u0an8O50Qxb7ECATVKmWbUXYTqhEzgSkeSdWEFE2oD1oaRpQH1Q7Gd2Smjta6ZpeKPUL0BypvzsS6qtsXV3pU+yrSS8T//NaMXoH7YQHUYwQsPEgLxYmhmYWjNnlEhiKoSaUSa53NVmfSspQx5fXIdiTJ0+Ts72KvV+xj3UadTJGjmyTIikTm1RJjRyRBmkSRm7IPXkkT8at8WA8Gy/j0hnjp2eL/IHx+g3egJ9J</latexit>

Re�B
2

<latexit sha1_base64="wuyT9V+R2hotyqgSSUTq27sjEiw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbkKLIAg1caEuS924rNAXNCFMJtN26OTBzI0QQjZ+g3/gxoUibv0Md/0bJ20X2npgmMM593LvPV7MmQTTnGqltfWNza3ydmVnd2//QD886sooEYR2SMQj0fewpJyFtAMMOO3HguLA47TnTe4Kv/dIhWRR2IY0pk6ARyEbMoJBSa5+YnsR92UaqC+zYUwBu83Ldu7qNbNuzmCsEmtBao2qffE8baQtV/+2/YgkAQ2BcCzlwDJjcDIsgBFO84qdSBpjMsEjOlA0xAGVTjY7IDfOlOIbw0ioF4IxU393ZDiQxY6qMsAwlsteIf7nDRIY3joZC+MEaEjmg4YJNyAyijQMnwlKgKeKYCKY2tUgYywwAZVZRYVgLZ+8SrpXdeu6bj2oNJpojjI6RVV0jix0gxroHrVQBxGUoxf0ht61J+1V+9A+56UlbdFzjP5A+/oBMfeZww==</latexit>

✓B/T

Error band of the Hermite-
Interpolation (piecewise cubic, 
taking  and  into 
account)

Im χB
1 Re χB

2

• Note asymmetry of the data, w.r.t a sin function: data can be described by  
Fourier-coefficients 

𝒪(10)

Interpolation at T = 190MeV



14Data interpolation

<latexit sha1_base64="ZO/GZRKC16kxgwlQG9bsB3uLm8I=">AAACC3icbVC7TsMwFHXKq5RXgJElaoXUAVUJA2WsygJbkehDakrluE5r1Ykj+wZRRdlZ+AL+gYUBhFgZWNkQfAzuY4DCkSwfnXOv7r3HizhTYNsfRmZhcWl5JbuaW1vf2Nwyt3caSsSS0DoRXMiWhxXlLKR1YMBpK5IUBx6nTW94MvabV1QqJsILGEW0E+B+yHxGMGipa+ZdT/CeGgX6S1yg1+D5yVmQugcuGbCuc1lNu2bBLtkTWH+JMyOFSr749Vl+u6t1zXe3J0gc0BAIx0q1HTuCToIlMMJpmnNjRSNMhrhP25qGOKCqk0xuSa19rfQsX0j9QrAm6s+OBAdqvK6uDDAM1Lw3Fv/z2jH4x52EhVEMNCTTQX7MLRDWOBirxyQlwEeaYCKZ3tUiAywxAR1fTofgzJ/8lzQOS85RyTnXaVTRFFm0h/KoiBxURhV0imqojgi6QffoET0Zt8aD8Wy8TEszxqxnF/2C8foN22CfRw==</latexit>

Im�B
1

<latexit sha1_base64="RbTFYYtygXZQyzBiduTGG9Z4MBg=">AAACC3icbVA9SwNBEN3zM8avqKXNkSCkkHBnYSxDbCyjGBVyMext5pIlex/szonhuN7GX+B/sLFQxNbC1k70x7iXWGjig2Uf780wM8+NBFdoWR/GzOzc/MJibim/vLK6tl7Y2DxTYSwZNFkoQnnhUgWCB9BEjgIuIgnUdwWcu4PDzD+/Aql4GJziMIK2T3sB9zijqKVOoei4oeiqoa+/xEG4RtdLTiB1dh3W5529y3raKZSsijWCOU3sH1KqFctfn9W3u0an8O50Qxb7ECATVKmWbUXYTqhEzgSkeSdWEFE2oD1oaRpQH1Q7Gd2Smjta6ZpeKPUL0BypvzsS6qtsXV3pU+yrSS8T//NaMXoH7YQHUYwQsPEgLxYmhmYWjNnlEhiKoSaUSa53NVmfSspQx5fXIdiTJ0+Ts72KvV+xj3UadTJGjmyTIikTm1RJjRyRBmkSRm7IPXkkT8at8WA8Gy/j0hnjp2eL/IHx+g3egJ9J</latexit>

Re�B
2

<latexit sha1_base64="wuyT9V+R2hotyqgSSUTq27sjEiw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbkKLIAg1caEuS924rNAXNCFMJtN26OTBzI0QQjZ+g3/gxoUibv0Md/0bJ20X2npgmMM593LvPV7MmQTTnGqltfWNza3ydmVnd2//QD886sooEYR2SMQj0fewpJyFtAMMOO3HguLA47TnTe4Kv/dIhWRR2IY0pk6ARyEbMoJBSa5+YnsR92UaqC+zYUwBu83Ldu7qNbNuzmCsEmtBao2qffE8baQtV/+2/YgkAQ2BcCzlwDJjcDIsgBFO84qdSBpjMsEjOlA0xAGVTjY7IDfOlOIbw0ioF4IxU393ZDiQxY6qMsAwlsteIf7nDRIY3joZC+MEaEjmg4YJNyAyijQMnwlKgKeKYCKY2tUgYywwAZVZRYVgLZ+8SrpXdeu6bj2oNJpojjI6RVV0jix0gxroHrVQBxGUoxf0ht61J+1V+9A+56UlbdFzjP5A+/oBMfeZww==</latexit>

✓B/T

Hermite Interpolation 

[11/8] rational approximation

• Note asymmetry of the data, w.r.t a sin function: need  Fourier-coefficients 
to describe the data 

𝒪(10)

Interpolation at , T = 190MeV 363 × 6

• Both interpolations agree within error. 



15Fourier Coefficients and critical scaling

+
• We can deform the integration contour to integrate along the cuts

• Assume that we can express the density along the cuts as 

<latexit sha1_base64="scpOJOZlhW50nAXpSXxb/Fd4Rx4="></latexit>

nB(µ̂) = A(µ̂ � µ̂br)�| {z }(1 + B(µ̂ � µ̂br)✓c + . . .) +
1X

n=0

an(µ̂ � µ̂br)n

| {z }Leading order 
non-analytic part analytic part

edge coefficient, σ > − 1

RW cut

chiral cut

̂μbr
Only 
these 
integrals 
remain



16Fourier Coefficients and critical scaling

• The final result for one cut is 
<latexit sha1_base64="KwJVbLglOhwPd7pk7cwgDONOf1k="></latexit>

bk =
e�µbrk

i⇡
A
�(1 + �)

k1+�

✓
1 � ei2⇡� +

B

k✓c

h
1 � ei2⇡(�+✓c)

i �(1 + � + ✓c)

�(1 + �)
+ . . .

◆

Absorbing -independent factors into  and  we getk A B
<latexit sha1_base64="mzyEb1e1OUGVBLz2QP3ZuAGFYtI="></latexit>

bk = Ã
e�µ̂brk

k1+�

 
1 +

B̃

k✓c
+ . . .

!

• The final result for both cuts is (dropping NLO)
<latexit sha1_base64="hGhbDerEbi+Vz7UnyUE47fQK+YA="></latexit>

bk = |ÃYLE|
e�µ̂YLE

r k

k1+�
cos(µ̂YLE

i k + �YLE
a ) + |ÂRW|(�1)k

e�µ̂RW
r k

k1+�

Note that the regular part 
cancels completely 

<latexit sha1_base64="5SKY8NyxXgCCOcxVGrqBZrkk/5w=">AAACC3icbVC7TsMwFHV4lvAKMLJYrZA6VQkDZUGqYGEsiD6kJkSO47RWnYdsB6mKsrPwBfwDCwMIsTKwsiH4GJy2A7QcyfLROffq3nu8hFEhTfNTW1hcWl5ZLa3p6xubW9vGzm5bxCnHpIVjFvOuhwRhNCItSSUj3YQTFHqMdLzhWeF3bggXNI6u5CghToj6EQ0oRlJJrlG2vZj5YhSqL4PQHiBph6lLr7PLTn5iJ1TPXaNi1swx4DyxpqTSKFe/v+rv903X+LD9GKchiSRmSIieZSbSyRCXFDOS63YqSILwEPVJT9EIhUQ42fiWHB4oxYdBzNWLJByrvzsyFIpiXVUZIjkQs14h/uf1UhkcOxmNklSSCE8GBSmDMoZFMNCnnGDJRoogzKnaFeIB4ghLFZ+uQrBmT54n7cOadVSzLlQap2CCEtgHZVAFFqiDBjgHTdACGNyCB/AEnrU77VF70V4npQvatGcP/IH29gMGKJ7C</latexit>

µ̂RW
i = ⇡



17Test of the analytic form in the quark-meson model

• The analytic form fits the Fourier coefficients from the quark-meson model well. 
Details of the Model can be found here  [Skokov et al., PRD 82 (2010) 034029]

• In Mean-Field and LAP approximation fits to the Fourier coefficients reproduce the 
correct location of the LY edge up to (5 – 7)%.

 MeVT = 180  MeVT = 150

<latexit sha1_base64="F/7EPLZ6UW6gO6KxlbhHTEsRyX8="></latexit>

µ̂fit
YLE = 0.441(2) + i 0.325(3)

<latexit sha1_base64="FCz+NRpqQBvDkjNNWNIYO0pcfWQ="></latexit>

µ̂fit
YLE = 0.1156(6) + i 0.9952(5)

<latexit sha1_base64="8iDf1vW0fnjdYBXAcwHRj9Q11tI="></latexit>

µ̂YLE = 0.412884 + i 0.342187
<latexit sha1_base64="+ShMz/uH5R8JG4h4ZV9vXc80ciE="></latexit>

µ̂YLE = 0.118657 + i 1.00256

<latexit sha1_base64="gEjMBl8I2fKfuQ9kWQV4LCR3160="></latexit>

b̃k = k1+�bk (�MF = 1/2)



18Fourier coefficients of the baryon number from lattice QCD

• Find some oscillating pattern. Need further investigation of the systematic error.

0 10 20 30 40 50
k

°6

°4

°2

0

2

4

sg
n
((

°
1)

k
+

1
b k

)
lo

g 1
0
(|k

1
+

æ
b k

|
T=157.6

• Investigate also the analytic from for Fourier coefficients in the finite volume. 



19Summary and Conclusions

At different temperature intervals we expect to be sensitive to different scaling behaviour of the Lee-
Yang edge singularly (Roberge-Weiss, chiral, QCD critical point)

At high temperature scaling of the Lee-Yang edge is in agreement with Roberge-Weiss Z(2) scaling. 
Find continuum  MeV.TRW = 211.1 ± 3.1

performing smaller than physical mass calculations

Outlook:  

the real part of the branch cut singularity will be 
reduced!
→

m=1/27

m=1/80

perform more systematic fits to Fourier coefficients

investigate asymptotic behaviour for finite volume 

Mass dependence of chiral scaling 

Derived analytic form for the asymptotic behaviour of the Fourier coefficients of the baryon number 
density and tested the formula at the quark-meson model with success. 

Fourier analysis of QCD data in progress, need further check of systematics.


