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Introduction & motivation

Neutral pion main decay modes & branching ratios (BRs): PDG, 2022
Decay modes 7% = vy 70 —=sete ™y 70 s eteete 7% = efe”
BR 98.823% 1.174% 3.34 x 107° 6.46 x 1078

e All listed decays described by pion transition form factor Fro.- (g7, q3)
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Introduction & motivation

Neutral pion main decay modes & branching ratios (BRs): PDG, 2022
Decay modes 7% = vy 70 —=sete ™y 70 s eteete 7% = efe”
BR 98.823% 1.174% 3.34 x 107° 6.46 x 1078

e All listed decays described by pion transition form factor Fro.- (g7, q3)

K7, relevant decay modes: PDG, 2022

Decay modes K — vy Ky =0ty Kp—ete T Kp—{0T0

— —6 —8 —12
gr (=€ E a7 104 9.4 x 10 3.56 x 10 9x 10
l=pu 3.59 x 1077 2.69 x 1077 6.84 x 107

e All listed decays described by kaon transition form factor Fl, (47, ¢3)
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Introduction & motivation

Pion transition form factor (TFF) Fro.«« (3, q3):

e Defined by the matrix element of two electromagnetic currents j,(x)

i/d4m e (O[T {j,.() v (0)} 7 (g1 + q2)) o

= €uvpo qlpq;Fﬂ'U'y*'y* <Q%7 q%)
o Normalization fixed by the Adler—Bell-Jackiw anomaly:

1
FT"O'Y*'Y* (070) = W = Fﬂ-fyfy

F, =92.28(10) MeV: pion decay constant PDG, 2022
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Introduction & motivation

Kaon TFF Fi, s (q%, q%):

e Defined by the matrix element of two currents j,(x) & Lag=1(0)
/d4x ei‘Z1”/d4y 'Y (0T {J(2) Ty (y) Las=1(0)}| Kz (a1 + g2))
= €uvpo Q1pq2UFKL’y*'y* (Q%a qg)

e No low-energy theorem dictates normalization

o Normalization can be fixed from the real-photon decay K — ~v
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Introduction & motivation
Fpy++(q},q3) kinematic regions:
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70— ete™

Leading Standard-Model contributions to 7% — ete™:
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70— ete™

Leading Standard-Model contributions to 7% — ete™:

o QED loop contribution dominates

e |oop- and helicity-suppressed rare decay

BR[7" — ete] a2 m2 5. 5 me s
B o~ () a8 5 ~ 0107

= 2
m) M2, Mo
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70— ete™

Reduced amplitude A(¢?):

BR[m? — ete]

= 206(612)(%)2](;23 A

q2 — M301 o—e(q2) — 1— 4;7;2
2 *k* — (q- k) -
2 4 9 9
- Froen- _
AP = oz [ 4y iy < P (0= )

Froere (K%, (¢ — k)?) = Froyey- (k2,(q — k)?) / Frryy, normalized pion TFF

Lattice 2023 Bai-Long Hoid, ITP



70— ete™

We build the form factor double-spectral representation:
Hoferichter et al., 2018

di
Fﬂ.O,Y*,y* (q%, q%) - Fﬂ_lsp

Oy (7. a3) + F;grw*w* (4%, 43) + Fooi. . (ai 43)

7"07*’7*

e Reconstructed from the lowest-lying singularities 27 & 3
e Fulfills the asymptotic constraints at O(1/Q?)

e Suitable for muon g, —2 & 7 — eTe™ loop-integral evaluation
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70— ete™

Imaginary part from the vy cut:

—o.(q?
Im A(¢*) = 201(12) tog [1 6(;] >] -

Re A(g%)? = need to perform the integral with the form factor
° .Aeffi standard reduction Passarino, Veltman, 1979, 't Hooft, Veltman, 1979
e AYM: integration by parts Chetyrkin, Tkachov, 1981

o AdP: integration-kernel method Masjuan, Sanchez-Puertas, 2016
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70 — ete™
Long-range contribution from the final representation:

Re A(q”)

e = 10.16(5)disp (8)BL(2)asym

Z-boson contribution:

F.GFr

ReA(})|, = ————— = —0.05(0
@)z =~ 5eap 0
Final Standard-Model prediction:
Re A(¢*)|gy = 10.11(10)
BR[7" — eTe™ ’SM =6.25(3) x 1078

e Fully controlled uncertainty estimates

e Mild 1.80 tension with experiment
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Experiment vs theory: KTeV, 2006
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e ~ 20 discrepancy between experiment and theory
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Comparison to lattice result: RBC/UKQCD, 2022
Re A = 18.60(1.19)(1.04)eV

Im A = 32.59(1.50)(1.65)eV

Re A
Im A

I' (7% = vv) = 6.60(0.61)(0.67)eV
Instead using experimental decay width T" (7r0 — 77) = 7.802(0.052)(0.105)eV:

= 0.571(10)(4)

RBA = 20-2(0'4)stat (0.1)5y5t(0.2)exptev
BR[']TO — €+6_] = 6~22(5)stat (2)5y5t X 10_8
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70 — ete™
Comparison of I’ (7‘(‘0 — fyfy) as byproducts:

9 T T T T
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Experiments & lattice

o Lattice results systematically below experiment, finite-volume corrections?

Lattice 2023 Bai-Long Hoid, ITP



K; — e~

Aim to build the form factor double-spectral representation:

-
Frepyene (a1, 63) = Figyon(at, 63) + FRT. - (af, 63)

e Reconstructed from the lowest-lying singularities 27, 3w, & K7
e Fulfills the asymptotic constraints at O(1/Q?)

e Suitable for K, — £t¢~ loop-integral evaluation
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Dispersive reconstruction from the lowest-lying hadronic intermediate states:

F?(iip’y*'y* (qfa q%) = Fm;((ﬁv (15) + E:s(q?a q%) + E’S(qg’ q%) + FSS (q% q%)
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K; — e~

Dispersive reconstruction from the lowest-lying hadronic intermediate states:

F?(iip’y*'y* (qfa q%) = Fm;((ﬁv (15) + E:s(q?a q%) + E’S(qg’ q%) + FSS (q% q%)

Yoo IV
Isovector photon: 2 pions [soscalar photon: 3 pions
o v st =i ViKY o v »rtr a0 = 4 /yIKL
e disc o< pion vector form factor x e Dominated by w, ¢

Ky — =~} /v amplitude
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K; — e~

Dispersive reconstruction from the lowest-lying hadronic intermediate states:
o Relative weights of different contributions not known:
e Reliance on VMD estimates gives vv : vs:ss=1:—-1/3:5/9
o Input from lattice QCD?

Slope parameter of TFF suggests additional K cut:

y
Fi e (67,43) D Foc (67, 63) + Frceo (a3, 63) + Foc- (a7, 63) + Fies (47, 63)
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Fit to the K — wmy magnetic amplitude M with representation:

Q K * (t)
Q K * (0)

M(t?) = 3 ald) N1+ i) + 0 (1),

i=v,s
1.6
14}
1.2 }

1
0.8
0.6 +
0.4
0.2

. KTeV 2001

|M(E”r70)|2

0 0.05 0.1 0.15 0.2
E. [GeV]
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Short-distance constraints: Simma, Wyler, 1990, Herrlich, Kalinowski 1992
Isidori, Unterdorfer, 2004

- 160[GFVJSVudFK

FRlm o (d3,43) = 972 [Ca() +3C1 ()] | 1(r1,m2) + T(r1) +T(r2)

e F: kaon decay constant

o Difference between c¢- and u-quark contributions

u,c u,c
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Preliminary results of K — u*p~:

e Imaginary part from the complete analysis:
Im A(¢®) [ p7] = =5.20

e Imaginary part from the vy cut:

o
Im A(g*)[u* ] = g [1“@)] = —5.21

T
O
20,(4%) 1+ 0,(q?)

e Higher intermediate-state contributions found to be small!
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Conclusion & outlook

e 7 — eTe™ decay

» Reduced amplitude with form factor representation

» Standard-Model prediction with 0.5% precision

» Experiment and lattice progress NA62, RBC/UKQCD, 2022
o K; — {70~ decay

» Reduced amplitude with form factor representation

» Standard-Model prediction with well-controlled uncertainties

» Experiment and lattice progress talk by Chao
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Much obliged for your attention!

"Rare is the union of beauty and purity.”

Juvenal
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Pion transition form factor

Dispersive form factor:

d's” (z,y)dy
Fdlsp 27_ 2 7/ / Yy ’
moe (7Q1 —Q2) = 4M2 s (2 +QF) (v +Q3)

9P (2, ) = 1q27;r(\/)5|m [(F;/(x))*fl (ac,y)} + [z < Y]

FY (s) pion vector form factor, fi(s,q?) = v*(¢q) — 37 P-wave amplitude
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Pion transition form factor

Effective pole term:
F5P. (g3, 3) fulfills the chiral anomaly F. by around 90%
= Introduce an effective pole term
fF 2 2) Geff M%‘f
Feo * *(Q17q2 = £
T 42 Fy (Mler - (I%)(Mfff - q%)

gefr fixed by fulfilling the chiral anomaly

geff ~ 10%, = small

Mg fit to singly-virtual data excluding BaBar above 5 GeV?  Gronberg et al., 1998,
Aubert et al., 2009, Uehara et al., 2012

Mg ~ 1.5-2GeV, = reasonable
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Pion transition form factor

Asymptotically, F 0.+« should fulfill Brodsky, Lepage, 1979-1981

Yy

2F, (! br () 1
2 2 s s
Fwov*v*(%y(&) = - 3 /0 dqu% T (1 — $)q% +0 qj )

]

Pion distribution amplitude ¢ (z) = 6z(1 — x) + - -

Brodsky—Lepage (BL) limit:

. 2F;
Qyinoo Froyn(—Q%,0) = o
Operator product expansion (OPE): Nesterenko, Radyushkin, 1983,
Novikov et al., 1984, Manohar, 1990
2 F
. 2 2\ T
Q£1LnooFﬂ07*7*(_Q ,—Q%) = 30°
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Pion transition form factor

Rewrite the asymptotic form into a double-spectral representation:

asym(l y)
F2™ (43,43) / / d:rdy
oy 2 )y —aq3)’

PP (x,y) = —27T2F7T;vy§”(x — )

This defines the asymptotic contribution:

Fasym (q% q%) . 2F /oo dJC Q%q%
[SPNEPVES 9 - s
™Y o (@—q])?(@—g3)?

e Does not contribute for the singly-virtual kinematics

o Restores the asympotics for singly-/doubly-virtual kinematics
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For the dispersive part we can write Masjuan, Sanchez-Puertas, 2016

dISp
AdISp 7-(-Q/V dCC/ dy ay) (l‘ y)
4M2 Sthr

Integration kernel

2i 22 — (q-k)? x
K(z,y) = 2/d4k‘k( ok (- k) x Y

m2q g =k (p—k)?2—m2  (k*—2)[(qg—k)? -y

e Checked with several standard techniques
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Experiment: KTeV, 2006

BR[x” — eTe™ (y),zp > 0.95]|, 1, = 6.44(25)(22) x 10~°

2
wp =Tt 9B
M2, Mo
o With old radiative corrections Bergstrom, 1982

BR[7” — ete™ = 7.48(29)(25) x 1078

‘KTV

o With reexamined radiative corrections Vagko, Novotny, 2011, Husek et al., 2014

BR[7” — ete™ = 6.85(27)(23) x 1078

‘KTV
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Theory predictions BR[7? — ete™] x 108

Dorokhov et al. 6.23(9)
Husek et al. 6.12(7)
Masjuan et al. 6.23(5)
Weil et al. 6.22(3)
This work 6.25(3)
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