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Rome-Southampton [Martinelli et al NPB 445 (1995)] 
Schrödinger functional


X-space method [Tomii et al PRD 94 (2016)] 
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[Lüscher et al NPB 384 (1992),

Sint NPB 421 (1994)]
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NPR schemes: massless vs massive
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NPR schemes: massless vs massive
⟨𝒪⟩S

lat(am, aμ) = ZS
𝒪(am, aμ) ⟨𝒪⟩lat(am) = ⟨𝒪⟩S

cont(m, μ)[1 + ̂δ(am, aμ)]
= ⟨𝒪⟩S

cont(m, μ)[1 + c1(am) + c2(am)2 + …]

• Massless: RI/SMOM      
[Sturm et al PRD 80 (2009)]


Z𝒪 = Z𝒪(aμ)

✓ works if 


✓ nice properties: WIs, IR effects

am ≪ 1
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Z𝒪 = Z𝒪(aμ)

✓ works if 


✓ nice properties: WIs, IR effects

am ≪ 1

• Massive: RI/mSMOM     
[Boyle et al PRD 95 (2017)]


Z𝒪 = Z𝒪(am, aμ) |m

✓ valid outside 


✓ same properties as SMOM


✓ 


? reduced cutoff effects

am ≪ 1

lim
m→0

ZmSMOM = ZSMOM
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Renormalised charm quark mass
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Step 4
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RMS←mSMOM
m ( m

μ ) = 1 +
α
4π

C2(F )[−4− 1
2 C0(0) + 2C0 ( m2

μ2 ) +
m2

μ2 (1 + 4 ln ( m2

m2 + μ2 )
−

m2

μ2
ln ( m2

m2 + μ2 )) − 3 ln ( m2 + μ2

μ̃2 )

[Boyle et al PRD 95 (2017), Sturm et al PRD 80 (2009)]

Work in progress!
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https://journals.aps.org/prd/cited-by/10.1103/PhysRevD.95.054505
https://doi.org/10.1103/PhysRevD.80.014501


Summary and outlook
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mS
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C,cont
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lim
a→0

RMS←S

mMS
C,cont

•Comparison of massive vs massless scheme for 
computing renormalised charm quark mass


• improvement in continuum slope using a massive NPR 
scheme


•Next:


• final result:  systematics from different s


•  quantifying “improvement”, more lattice spacings


• long term: massive NPR for other fermion 
bilinear operators, extend mSMOM for 4q 
operators

mMS
C,cont m
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Backup: 

 vs Zm am
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 effectsamres



Zq : lim
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Tr [−iSR(p)−1 /p]
p2=μ2

= 1,

Zm : lim
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1
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R (p)−1]

p2=μ2
+
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2

Tr [(iq ⋅ ΛA,R) γ5]
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ZV : lim
MR→0

1
12q2

Tr [(q ⋅ ΛV,R) /q]
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= 1,

ZA : lim
MR→0

1
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Tr [q ⋅ ΛA,Rγ5 /q]
sym

= 1,

ZP : lim
MR→0

1
12

Tr [ΛP,Rγ5]
sym

= 1,

ZS : lim
MR→0

1
12

Tr [ΛS,R]
sym

= 1.

Backup: SMOM renormalisation conditions



Backup: mSMOM renormalisation conditions

Zq : lim
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ZV : lim
MR→m

1
12q2
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sym
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ZA : lim
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1
12q2
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sym

= 1,

ZP : lim
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1
12
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sym
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ZS : lim
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12
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1
6q2
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