
Update on the gradient flow scale on 
the 2+1+1 HISQ ensembles

Alexei Bazavov 
Michigan State University 

[Fermilab-MILC Collaboration] 

Lattice 2023 
Fermilab, July 31 — August 4, 2023



Alexei Bazavov (MSU)

Outline

• Gradient flow on HISQ ensembles 
• Autocorrelations 
• Physical scales 
• Conclusion 

Aug 1, 2023 2



Alexei Bazavov (MSU)

The gradient flow

• Smoothing of the original gauge field  towards stationary points 

of the action   (Lüscher, 1006.4518): 

           , 

where the flow action  or . 

• Scale setting  (Lüscher, 1006.4518, Borsanyi et al., 1203.4469): 

           or     , 

where the observable    or    or  . 

Ux, μ

Sf

dVx, μ

dt
= − {∂x, μSf(t)} Vx, μ, Vx, μ(t = 0) = Ux, μ

Sf = SWilson SSymanzik

t2⟨So(t)⟩
t=t0

= Const [t
d
dt

t2⟨So(t)⟩]
t=w2

0

= Const

So = Sclover SWilson SSymanzik
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The gradient flow

• For a given combination of the dynamical action, flow action and the 
observable the leading discretization effects can be canceled at tree 
level (Fodor et al, 1406.0827): 

               t2S(t) → t2Scorr(t) =
t2S(t)

1 +
4

∑
m=1

Cm(a2m/tm)
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Action density vs flow time,  fma = 0.12
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Action density vs flow time,  fma = 0.09
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Parameters of the calculation

• Flow: Wilson, Symanzik 
• Observable: Clover, Wilson, Symanzik 
• Tree-level corrections 
• Fourth-order commutator-free Lie group integrator 

(Bazavov, 2007.04225, Bazavov, Chuna, 2101.05320) 
• Integrate the flow at two step sizes ,  
• Ensembles: MILC HISQ 2+1+1, 3+1, 1+1+1+1 with 

 fm, CalLat HISQ 2+1+1  fm 

Δt = 1/20 1/40

a = 0.042 − 0.15 a = 0.09
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Autocorrelations

• Define the autocorrelation function for an observable : 
        

• The integrated autocorrelation time 

       ,       

• Window method to estimate the integrated autocorrelation time 

        

• If the autocorrelation function is a single exponential 

         then    

𝒪
C(n) ≡ ⟨𝒪0𝒪n⟩ − ⟨𝒪⟩2

τint = 1 + 2
N−1

∑
n=1

(1 −
n
N ) C(n)

C(0)
σ2(�̄�) =

σ2(𝒪)
N

τint

τint(n) = 1 + 2
n

∑
n′ =1

C(n′ )
C(0)

C(n) = C(0) exp(−an) τ1
int =

ea + 1
ea − 1
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Autocorrelations:  fm, physical piona = 0.12

• MC time series: 45,000 time units 

• Observable: Clover action density at  

• Normalized autocorrelation function (left) and integrated 
autocorrelation time  (right) 

• Single-exponential fit: 

∼
t ∼ w2
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Autocorrelations:  fm, physical piona = 0.09

• MC time series: 20,000 time units 

• Observable: Clover action density at  

• Normalized autocorrelation function (left) and integrated 
autocorrelation time  (right) 

• Single-exponential fit: 

∼
t ∼ w2
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Autocorrelations:  fm,  MeV piona = 0.06 300

• MC time series: 6,000 time units 

• Observable: Clover action density at  

• Normalized autocorrelation function (left) and integrated 
autocorrelation time  (right) 

• Single-exponential fit: 

∼
t ∼ w2
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Physical scales

• In the past we used  ( ) to set  in fm (MILC, 1503.02769) 

• A better alternative is the  baryon mass: 
• Mixed action MDWF-on-HISQ calculation by CalLat 

(Miller et al., 2011.12166) 
• We initiated staggered  baryon calculation on the physical mass 

MILC HISQ ensembles 
• Our plan for absolute scale setting: 

•  on all ensembles (also as a crosscheck of 1503.02769) 

•  on physical mass ensembles 

fp4s fπ w0

Ω

Ω

w0 fp4s

w0MΩ
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Simple continuum extrapolation — 1

• Simultaneous fit for all six available flow/observable combinations 
on the physical pion , 0.09 and 0.12 fm ensembles 

• Quadratic in , 18 data points, 13 parameters with common 
intercept

a = 0.06
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Figure 1: Preliminary fit of a dimensionless quantity w0fp4s for the physical mass ensembles at
a = 0.06, 0.09 and 0.12 fm as function of a2. Di↵erent colors represent di↵erent definitions of w0

in terms of the gradient flow and discretization of the observable used, as defined in Table 1. The
details are described in the text.

compute two more sets of correlators measured at finite valance electric charges ±ev. Computations
on the physical a ⇡ 0.15 fm ensemble are cheap, so we intend to use unallocated resources for this
ensemble. Based on the result of this study, we will decide whether to pursue a leadership-cluster
proposal to perform computations on the physical mass a ⇡ 0.06 fm ensemble.

On the other hand, the isospin-breaking e↵ects from sea quarks are observed to be small for the
Omega baryon mass [9], and they more computationally intensive to study. So a separate study
will be needed, and we do not include them in this proposal.

Figure 2 shows the current statistics on three physical ensembles. The current fit posteriors
show uncertainties between 0.2% and 0.3% so further increases in statistics are needed to reach the
desired precision.
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Staggered baryons

• Quite complicated! 
• Luckily: 

Golterman, Smit, NPB 255 (1985) 
Kilcup, Sharpe, NPB 283 (1987) 
Bailey, hep-lat/0611023 
Hughes, Lin, Meyer, 1912.00028 

• Wall and Gaussian smeared sources 
• Physical mass ensembles with 

, 0.09 (CalLat retuned), 0.12, 0.15 fma = 0.06
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 baryon effective mass with HISQΩ
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 baryon effective mass with HISQΩ
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Simple continuum extrapolation — 2

• (Very preliminary) 
 MeV (i.e. 0.4% error is reachable)MΩ = 1668(7)
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Conclusion

• Ongoing program of gradient flow computations for all MILC HISQ 
ensembles with two flow and three observable combinations 

• Ongoing computation of    with HISQ 

• Next steps: 

• Adding electromagnetic effects for   

• Full chiral-continuum analysis of   

• Preliminary results are in agreement with the earlier studies 

aMΩ

aMΩ

w0 fp4s
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