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Discrete time evolution

▶ Real time evolution

▶ Imaginary time evolution
▶ Symplectic integration

|ψ(t)⟩ = e− iHt |ψ(0)⟩
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ṗ = −∂H
∂x

⇔
(
x(t)
p(t)

)
= et(

∂H
∂p

∂
∂x−

∂H
∂x

∂
∂p)
(
x(0)
p(0)

)

2 / 11



Discrete time evolution

▶ Real time evolution
▶ Imaginary time evolution
▶ Symplectic integration
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Suzuki-Trotter decomposition
[Suzuki CommunMathPhys 51 (1976); Trotter ProcAMS 4 (1959)]

H =
Λ∑
i

Ai , [Ai,Aj] ̸= 0

U(h) ≡ eiHh

U(h) = eiA1h eiA2h · · · eiAΛh +O
(
h2
)

U(h) = eiA1h/2 eiA2h/2 · · · eiAΛh/2 eiAΛh/2 · · · eiA2h/2 eiA1h/2 +O
(
h3
)

...
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Error estimation and efficiency [Omelyan et al. CPC 146 (2002), CPC 151 (2003)]

e(A+B)h+O1 h+O3 h
3+O5 h

5+··· = eAa1h eBb1h · · · eBbqh eAaq+1h

O1 = (ν − 1)A+ (σ − 1)B, ν =
∑

i ai, σ =
∑

i bi

O3 = α[A, [A,B]] + β[B, [A,B]]

O5 = γ1[A, [A, [A, [A,B]]]] + γ2[A, [A, [B, [A,B]]]]

+ γ3[B, [A, [A, [A,B]]]] + γ4[B, [B, [B, [A,B]]]]

+ γ5[B, [B, [A, [A,B]]]] + γ6[A, [B, [B, [A,B]]]]

Eff2 =
1

q2
√
|α|2 + |β|2

Eff4 =
1

q4
√∑6

j=1 |γj|2
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Decompositions into 2 operators

e(A+B)h+O(hn+1) = eAa1h eBb1h eAa2h · · · eBbqh eAaq+1h

= eAc1h eBc1h eBd1h eAd1h · · · eBdqh eAdqh

c1 = a1 , d1 = b1 − c1 ,

c2 = a2 − d1 , d2 = b2 − c2 ,
... ...
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Decompositions into Λ operators [JO JPhysA 56 (2023)]

e
h

Λ∑
k=1

Ak+O(hn+1)

=

(
Λ∏

k=1

eAkc1h

)(
1∏

k=Λ

eAkd1h

)
· · ·

(
Λ∏

k=1

eAkcqh

)(
1∏

k=Λ

eAkdqh

)

AΛ

A1

c1 c2d1 cqdq−1 dq

A2

...
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Benchmarking the Heisenberg model
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order = 2 ,

cycles = 1
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AΛ
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...

c1 d1 c2c2 d1 c1

. . .

c1 ≈ 0.08 d1 ≈ 0.13

c2 ≈ 0.22 d2 ≈ −0.36

c3 ≈ 0.32 d3 ≈ 0.11

order = 4 ,

cycles = 6 ,

Eff4 = 10.2
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Non-Unitary [JO JPhysA 56 (2023)]
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c1 ≈ 0.10 + 0.02 i
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d2 ≈ 0.11− 0.16 i

order = 4 ,

cycles = 4 ,

Eff4 = 29.9
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Benchmarking the Heisenberg model
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Non-Unitary [JO JPhysA 56 (2023)]
Taylor

eHh = lim
k→∞

k∑
i=0

(Hh)i

i!∣∣∣∣∣(λmax(H)h)k

(k + 1)!

∣∣∣∣∣ < ε
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Taylor series factorisation

eHh =
k∑

i=0

(Hh)i

i!
+O

(
hk+1

)

n∑
i=0

(Hh)i
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=

n∏
i=1

(1 + aniHh)
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Error accumulation
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Non-Unitary [JO JPhysA 56 (2023)]
Unif. Non-Unitary [JO JPhysA 56 (2023)]

c1 = 0.1 + 0.025 i

d1 = 0.1 + 0.025 i

c2 = 0.1− 0.066 i

d2 = 0.1− 0.066 i

c3 = 0.1 + 0.082 i

order = 4 ,

cycles = 5 ,

Eff4 = 6.38
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How to choose... [JO JPhysA 56 (2023)]
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Three simple tricks for better Trotterization

0. Don’t use Forest & Ruth.
1. Use 2-operator methods

for Λ operators.
2. Use complex coefficients.
3. Use Taylor expansion.
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Heisenberg model and error estimation

H =
L∑
i=1

(
σxi σ

x
i+1 + σyi σ

y
i+1 + σzi σ

z
i+1 + hiσ

z
i

)
,

U(t) ≡ eiHt

= U(h)t/h

= S(h)t/h +O (hn) ,

S(h) = eiH
x
1 c1heiH

y
1 c1heiH

z
1 c1heiH

x
2 c1heiH

y
2 c1heiH

z
2 c1h · · · eiHz

1dq1heiH
y
1 dqheiH

x
1 dqh ,

error =
1√
N

∣∣∣∣∣∣U(t)− S(h)t/h
∣∣∣∣∣∣

F

=
1√
N

√∑
v

∣∣U(t) · v − S(h)t/h · v
∣∣2
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