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Introduction

e TMD quasi-PDFs: [E.g., X. Ji et al.,, Rev. Mod. Phys. 93, 035005 (2021)]
f(l‘ zu C) - lim déye—zéyg 2PV2 (h(Puz)lol"(x %Y Y )|h(PV2))
T e ) 2w Nr (L(zy +9") ’

(See our conventions below)

1
Sy=y -y

o Asymmetric staple-shaped Wilson-line quark bilinear operators:

Or(z, z7y7y’) = 12)(1) r Wstaple(xa Z, y,y') 1/)($+z171+(y—y')172), r= 17'75’7#7'757#’ Opv
vy (zy—vy) >
ﬁlL
Z A r h A Y 2z
y 7(0,0) y+y
Wstaple(mvz’y’ y,) L(Z,y+y’)

¢ Renormalization challenges:
1. Linear divergences
Logarithmic divergences at cusp, end points, contact points
Pinch-pole singularity (in the limit y — 00)
Operator mixing
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Operator mixing

e Different studies:

1. Based on one-loop perturbation theory: [M. Constantinou et al., PRD
99, 074508 (2019)]

Mixing between (I', +[T',,, ]/2) for non-chiral fermions

Mixing sets: ('757 Y5 Yvo )7 (’Yul »Ovyvg )7 (’Yug » Ovgug )7 (’Yu47 Ovyvo )
Multiplicative renormalization: 1,7,,,75%Vu;>Y5Ys5Y5Yvsr Ovgry s

Ovyv15O0v4v3

where (v1,v2,v3,v4) are all different and €, 50504 = +1.

2. Maximal prescription: 16 X 16 mixing [P. Shanahan et al., PRD 101,
074505 (2020)]

one mixing set: (17’75» Yv1s Yvgs Yvzs Yvgs V5 Yv15 V5 Yve s V5 Vg s V5 Vg
UU1V270—U3V170—11411170—U3V270—U4V270—l/4l/3)

3. Based on symmetries: [C. Alexandrou et al., arXiv:2305.11824],
[Y. Ji et al., PRD 104, 094510 (2021)]

» Generalized time reversal 7 (in each direction)
» Generalized parity P (in each direction)
» Charge conjugation C
P Chiral transformations A
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Operator mixing based on symmetries

e Basis of operators: We take 8 independent linear combinations of

(Or‘(x, +z, +y, +y’)’01—‘(xa -z, ty, +y,)7 OF(ZE, +z, -y, _y’)’ OF(Z7 —Z, Y, _y')7
OF(Z7 +z, +y'7 +y)701—‘(x7 —Z, +y’7 +y)7 OF("E7 +z, _y,7 _y)) OF(QU, —-z, _y,’ _y))7
which are odd/even under T,P,C.

Mixing pattern for chiral fermions: (I",+I'y,,v,,)
MiXing sets: (17 Ovyvg )7 (’Yul y Yvg )7 (’YSv [ )7 (75'71/1 » V5 Yvg )7

(’71/3 s V5 Yvy )7 (ngul s Ovgug )7 (7V4 s V5 Yvs ), (UV4V1 s Ovgvg )
In symmetric staples: (I', +[T", v, 7, 1/2)

Mixing sets: ('Yul > Yvg )7 (75'7»1 > V5 Yvg )a (nglq » Ovgvg )7 (Uu4y1 sOvgvo )
Multiplicative renormalization: 1,75, Yus, Yuss ¥5Yvs> V5 Yvas Ovive > Tvavs

Mixing pattern for non-chiral fermions: | (', +I'y,, v, +I'y,,, 277, )

Mixing sets: (1, Ovivas Yvrs Trg )s (s, Ovavss V5 Vv V5 Vvg )s

(’Yug s V5 Yvg s Ovzvy s Ovgrg )7 ('YV4 s V5 Y3 Ovgvy s Ovgug )
In symmetric staples: (T, [T, 7y, 7, 1/2, [T, 7, 1/2, +[T, 7, 1/2)
Mixing sets: (0u,05, %1, V), (5, 757015 ¥5Vw2 )

Yv3sOvzvyr Ovgug )7 YvgsOvqv1s Ovgvg
Multiplicative renormalization: 1,7v5v,5,75Y,s Tugus



Renormalization prescriptions

R,X R,X\1/2
O (2,2,9,9) = Ztod Opilw, z,y,y), (@) =(Z,)7)  u(e),

I'e {Sl = (17‘71/11/27'71/1771/2)7 52 = (75a0'1/41/3775'71/17757u2)7
SS = ('Vug y Y5 Yy Ovgvyr Ovgug )’ S4 = ('YVAL"YS'\/Vg s Ovgv15 Ovgug )}

o Standard RI' scheme:

RI',X

RI' , X >
) ZFF' ’I‘I‘[AF'(qv 2,Y, y,)PF”]‘q=§ = JFI‘" )

4N (2

where  Ap(g,z,9,9") = ¥, (¥(@)|Or (2, 2,4,5)1%(2)) amp.

Z}ZI X . ’I‘r[(w(q)l/;(Q))_l . %] ‘q:q, X: regularization
771[}] = eTtar FT,
e—iq-r(l stT ¢L F‘L I'e Sq1,8S,
pl2l ey _ (¢T ¢Vs)(hww T € {Vug, ¥5Yu5> Tvgvr > Ougua } 5

e {’71/4"75"@4 s Ovgvys UV4V2}
qT qy4

r - ( ar-ais

et g (gr- ‘1,/4)(¢L+¢,/4 ) ’

where ¢, = = gy, 01 + qu, P2 and gr=q-qr = QusP3 + quy V4.
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Renormalization prescriptions

o Alternative RI' scheme (RI'-bar): [M. Ebert et al., JHEP 03 (2020) 099],
[Y. Ji et al., PRD 104, 094510 (2021)]

- !
IZRI',X Ari(q,2,9,9) P ”” \
z

RI',X
Z, ) , T
r (L(z,y +y")

L(
IN,

q, = drr |y
z

Yy —y=67y

1
* Main advantage: Set small values of zZ and §7 and use Z?;,’X to

renormalize correlators at all values of z and y' - y.

= Avoid non-perturbative effects at large distances and residual linear
divergences [LPC, PRL 129, 082002 (2022)].

* Further improvement: Remove one-loop artifacts (for the lattice
regularization) from Zy, Ap, L (similarly to [M. Constantinou, H. Panagopoulos,
PRD 107, 014503 (2023)] in the case of non-local straight Wilson-line
operators).

= Reduce sizable contributions from finite lattice spacing effects due to the
use of small values of z/a and §y/a.
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One-loop calculation in DR

e Feynman diagrams:

dy

]

3
%J

ty

daq

v

d3,

i

dyq

dyg

dyy

:

%

ds,

.

dyy

2
?

dye

AF(q7z7 Y, y') = Zz <¢(q)lol—‘($7 2 Y, y’)"lz)(q))amp

dae

7

dy

dyy

Divergent terms:

1. End-point divergences:
Ad2(a)| — Ad3(0)|

C
re —TF Laos),

2. Contact dlvcrgcnccs
Ad4(a)| Ad4(b)|

Altsz(C)l 1 _

Te “’”16? L(2+8),

3. Cusp divergences:
Ad4(d)| _ d4(f)|

C
re ’“isf L(-p),

4. Pinch-pole divergences:
Ad4(e)| - el 92054 %
r v 1672

1 U
|:g tan™! (E) +% tan! (l)i|
z z z z
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One-loop calculation in DR

e Dirac structures: (See our forthcoming paper)

E.g.,
+ E3 quYrn + 24 quYvo

E1 i + E2 EvqvaupV5Vp
+ Z)7 Q;Llﬁlv

U
A (a2,y,y)
+ X5 U,Lu/|¢ + i U,U«V2¢

_2 2
where n#F v, v and E,L = Ez(;u' yQuy s Quay 4 ’Z,y)y’) .

2
X1+ 35 quy +36 quy + 27 qus

T [A,, P

[AWPA[ ]i| = 3 independent of g,
¢ Expectation value of Wilson loop:
g 1 y+y . 1yt z 1, 2
! — —
(L(z,y+y))= 67|_26’}78{2+6+2w}5+Ztan (— )+y+y,tan (y+y')

2 9 22 .
+ln(”4 )—1n(1+( ,)2)}+O(g )

Agree with [e.g., LPC, PRL 129, 082002 (2022)].
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One-loop calculation in DR

e Conversion matrices between RI'-type and MS schemes: (See our
forthcoming paper)

EvT<i EvT<i 1 1
MS, X MS,RI' JRI', X
ZFFI = CFFH ZI-HFI )
EvT<i 1 — 1
MS,RI MS,RI
Cr.r Cr Tyt vva 0 0
, MS,RI' MS,RI' o o
c S,RI' _ Tyvqyvg T Ty v, Ty Yoo , , + O( i/[s).
o 0 oMS.RI MS,RI 9
Tyuy,Pywg TyvyPywg
o o MS,RI' MS,RI'
Tyvg . Tyuy Tyvg . Tyvg

* Block diagonal B
* Example: (p #vy,v2, F;, G;, G;, H;, H;, I, are integrals over Bessel functions)

f 2
MS,RIT _ 9Ns
Cypyp =1+ 162 Cp X

{15 —AF, + B(=1+2F, = F,) + s +2i(G - 1)B(F) = F)
~2i2G,, (G1 + Gy + Go + Go) + 0o |G (2BF, — 2(2F) — 4F, + Fy))
~(r®qa)BFs + 2iyGuy (~H1 = Hy + Hs + Hy) = 4i(y = 4 )Guy (11 + I2)
+2iy'éu2(ﬁ1 +Hy— Hs— Hy)+4i(q - ")65/@2173} + O(Q;Ts)a

50 =2(6+B)vp +4[y/ztan" " (y/z) +y'[ztan"" (4'/2) - (y -y )z tan" (v - ¥')/2)] + (1 - B)In (5% /%)

+(2+B)1n(ﬁ27'2/4) +41n(ﬂ2z2/4) + 2[111(1 +z2/y2) + ln(l +z2/y,2)].
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MS, RI'
Y4 Vs

Re C

zla=1, (y-y')a=-1
Sl § A &F A el

One-loop calculation in DR
o Example: Unpolarized TMD PDF I = ,,

(v1,v2,vs,v4) = (2,3,1,4)
ETMC ensembles: 8=1, i=2 GeV, a ~0.09 fm, L/a =24, T/a = 48,
(ag) = 2ma(ny/L,ny/L,n3[L,(ng +0.5)/T), (n1,n2,n3,n4) = (3,3,3,5)

LI e S s B e e e B e s e B e e e

N T S N ST T T T ST S S N T S S Y S S M

| IR

o
S
LY LY
L 1 L I L
4

o
o
LY LY
L I L 1
10

> m ¢ o

RI;
RI,

RI; -bar
RI; —bar
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One-loop calculation in DR

o Example: Unpolarized TMD PDF I' = ~,,
ETMC ensembles: 8=1, i=2 GeV, a ~0.09 fm, L/a =24, T/a = 48,
(ag) = 2ma(ny/L,ny/L,n3[L,(ng +0.5)/T), (n1,n2,n3,n4) = (3,3,3,5)

L

; * * * * * * L 3
»_ ° ° ° ° ° . '—.
I « ]
[ 1 <« < <« P <]
I v ]
[ v \ 4 v v v v
i x LA I L}
»—l 1 1 1 1 L —-
0 2 4 6 10
y/a

(v1,v2,vs,v4) = (2,3,1,4)

Im cf;j“i
Im G, "
Re If_s_;smyil
Re G5,
m G
Im G, %
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One-loop calculation on the lattice

e Green’s function of staple-shaped operator with n cusps and total
length ¢ using Wilson/clover fermions and Symanzik-improved

gluons:

LR MS _
Ar (g, 41,42, .. Lny1) = Ap (g, 81,02, Any1, 1) —

_2

16 72

2
g Cp iqer
e

{2 r [al + 167r2P2 B+ (1-75) ln(azp )] + (l"l?/Z + l}fl")(azr + agcsw)

N )
+(n + 1)F|:a4 - 167r2P2 B+ (2+73) ln(a,zﬁ,z):| +Tlas,

+1T g + 167" Py }}+0(g4),

where P> =0.02401318111946489(1), r(csw) is the Wilson (clover) parameter, ¢; is
the length of the it segment (Z?:ll £; =4£), r is the vector connecting the two end
points, and 7, (ﬁf) is the direction of the Wilson line in the initial (final) end point.

* end-point divergences, mixing, contact divergences, linear divergences,

Gluon action a; o ag oy |
Wilson ~4.464066(5) 7224055 (7) 1.142333(4) 4525751
Tree-Level Symanzik | -4.341269(5) 6.377911(6) -3.836778(4) -3.93028(1)
Twasaki -4.163735(5) 4.968266(5) -3.263819(3) -1.90532(1)
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One-loop calculation on the lattice

e Green’s function of rectangular Wilson loop with lengths /¢4, ¢5
(41 + {3 = ¢) using Symanzik-improved gluons:
2

LR _WMS g p 2 2 4 4
(e, 620)™ = L0 b, V™ = 2 o 4 (4024 ) 1T n(a®s®) # 82 ]+ 0(s").
* contact divergences, , linear divergences, by = 4(ay + ag), ba = 2a5
Gluon action [ as [ ag T b, [ by |
Wilson 19.95484(2) 0 -18.10303(1) 39.90968(4)
Tree-Level Symanzik 17.29374(2) -0.809890(1) -18.96069(3) 34.58748(3)
Iwasaki 12.97809(1) -2.101083(2) -16.02564(3) 25.95618(3)

¢ Renormalization functions in MS: (See our forthcoming paper)

2
MS,LR 9vsCF[ J4 2 2_2 4
Zp =1- 1146871'2 [e (n) - asg + e;b csw + eg) cow — (2n +3) log(a I )]+ O(9515)>
2
MS,LR _ 95sCr

4
DT +9fT) 1672 [a2r+a3csw]+o(gl\4$)’

2
5MS,LR _ 93sCr —2

r 2 2 4
Zp =1 6.2 [e (O)+e;p Csw+€g) CSW—Slog(a i )]+O(9W)7 (n=2),
5MS,LR _ ,MS,LR 4 _
I‘,(Fz},iﬂ}fl“) = F,(I‘z},iﬂ}fr) + O(ng)v ('n, = 2)7

where ' (n) = [eip +1-2a; - (n+1)ag — nae].
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Conclusions and future prospects

One-loop perturbative study of asymmetric staple-shaped operators in both
DR and LR.

Provide different RI'—type prescriptions for renormalization (Different
projectors, standard RI' vs RI’—bar).

Identify mixing sets through symmetries:
chiral fermions: (I', +I'y,, 7., )
non-chiral fermions: (', +T'y,, 7., .ty , £T7,,)

Confirm (in one-loop perturbation theory) that RI'-bar addresses all
divergences: linear, cusp, end-point, contact and pinch-pole singularities

Extract one-loop conversion functions for all 16 quark bilinear operators

Future plans: One-loop calculation of lattice artifacts,
Extend our study to 2 loops
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