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Hadron polarizabilities (in units of 10–4 fm3 )
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αE  = 2.0(6)(7) = – βM (PDG)Charged pion (π±)
αE  = 2.93(5), βM = – 2.77(11) (ChPT)

IJMPA34 (2019) , 
Moinester and Scherer

αE  = – 0.69(7)(4) = – βM   (PDG)Neutral pion (π0)

αE  = – 0.40(18) , βM =  1.50 (27)  (ChPT) 

Charged kaon (K±) αE  = 0.58 = – βM (ChPT) 

Eur. Phys. J. C75 (2015) 
Lensky, McGovern, 
Pascalutsa  

Symmetry (2020), 
Hagelstein.

αE1  = 11.2(0.4), βM1 = 2.5(1.2)  (PDG) Proton
αE1  = 11.2(0.7),        βM1 = 3.9(0.7) (ChPT) 
γE1E1  = – 3.3(0.8),    γM1M1 = 2.9(1.5), 
γE1M2  = – 0.2(0.2),    γM1E2 = 1.1(0.3) (ChPT) 

αE1  = 11.8(1.1), βM1 = 3.7(1.2)  (PDG) Neutron
αE1  = 13.7(3.1),        βM1 = 4.6(2.7) (ChPT) 
γE1E1  = – 4.7(1.1),    γM1M1 = 2.9(1.5), 
γE1M2  =  0.2(0.2),     γM1E2 = 1.6(0.4) (ChPT) 

1) Hadrons are stiff
2) QCD+QED

• Polarizabilities encode information on charge and current 
distributions inside hadrons at low energies.

• An active community in nuclear physics is engaged in the effort 
(experiment, theory, lattice QCD) 



Background field method in QCD
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It works well for neutral hadrons (π0, K0, n) 

Interaction Hamiltonian for weak fields:

E or B field
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New challenges arise for charged particles in background field method:
• Acceleration in electric fields
• Landau levels in magnetic field
• They come at leading order (polarizabilities at 2nd order)
• Their energies must be disentangled from the total to obtain the 

deformation energy on which polarizabilities are defined.

Alternative approach: four-point functions
• Mimics the Compton scattering process on the lattice
• Instead of background field, electromagnetic currents 

couple to quarks 
• All photon, gluon, and quark interactions are included
• Charged and neutral hadrons are on equal footing



Charged pion polarizability formulas

Charge radius can be extracted from elastic part of the same Q44 ,

PRD104 (2021), Wilcox, Lee

5

<latexit sha1_base64="+JGrBu3D3aGC1ig9JA9BPGxXjyA="></latexit>

Qelas
44 (q, t) =

(E⇡ +m⇡)2

4E⇡m⇡
F 2
⇡ (q

2) e�a(E⇡(q)�m⇡)t

<latexit sha1_base64="shV9UAN62OGThUOp4nfOG+25xHw="></latexit>

↵E =
↵ r2E
3m⇡

+
2↵

q 2

Z 1

0
dt


Q44(q, t)�Qelas

44 (q, t)

�

<latexit sha1_base64="3LqxGsK1cxvF8lW0Qf0Po7kH/rM="></latexit>

�M = �↵ r2E
3m⇡

+
2↵

q 2

Z 1

0
dt


Qinel

11 (q, t)�Qinel
11 (0, t)

�

PRD108 (2023), Lee, Alexandru, Culver, Wilcox
arXiv:2307.08620 (2023), Lee, Wilcox , Alexandru, Culver 



Proton formulas

PRD104 (2021), Wilcox, Lee
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Neutron formulas
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Four-point function in lattice QCD

Kinematics 
(zero-momentum Breit frame)

Path integrals
in Euclidean 
spacetime

<latexit sha1_base64="HWmDdtbLXKY/CEc1IoLwQZRc4J0="></latexit>P
x3,x2,x1,x0

e�iq·x2eiq·x1 ⌦| †(x3) : jLµ (x2)jL⌫ (x1) :  (x0)|⌦P
x3,x0

⌦| †(x3) (x0)|⌦
⌘ Qµ⌫(q, t3, t2, t1, t0)

π+ π+
t2

t3
t1

t0

Proof-of-concept simulation:
• Quenched Wilson action on 243x48 lattice with spacing a=0.085 fm. 
• Dirichlet boundary condition in time, periodic in space. 
• Quark mass parameter κ=0.1520, 0.1543, 0.1555, 0.1565 corresponding to pion mass 

mπ=1100,  800, 600, 370 MeV.  Analyzed 1000 configurations for each mass.
• 5 momenta q={0,0,0}, {0,0,1}, {0,1,1}, {1,1,1}, {0,0,2}  per mass



Operators
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Charged pion:

Local current:
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Current conservation at momentum q=0 for Q44: (used for 
numerical 
validation of the 
diagrams)
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Wick contractions
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Quark propagator

Connected contributions
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Four-point functions Q44 for αE
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Four-point functions Q11 for βM
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Extrapolation to q2=0
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Chiral extrapolation
<latexit sha1_base64="Hj6zSwhrlnGc2oEVI/w9GvAARLM="></latexit>

↵⇡
E =

↵ r2E
3m⇡

+
2↵a

q2

Z 1

0
dt

⇥
Q44(q, t)�Qelas

44 (q, t)
⇤

✭ = PDG
▼ = ChPT

<latexit sha1_base64="3LqxGsK1cxvF8lW0Qf0Po7kH/rM="></latexit>

�M = �↵ r2E
3m⇡

+
2↵

q 2

Z 1

0
dt


Qinel

11 (q, t)�Qinel
11 (0, t)

�

<latexit sha1_base64="L20YCu9nkoaY/4JC6epQIhV1nII=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AVhEqZ8b4sunFZwV6gMw6ZNG1DM8mQZIQy9AXc+CpuXCji1r0738a0HUFbfwh8/OccTs4fxowq7ThfVm5ufmFxKb9cWFldW9+wN7fqSiQSkxoWTMhmiBRhlJOappqRZiwJikJGGmH/alRv3BOpqOC3ehATP0JdTjsUI22swN5LkSdMA4wCL6bDUugdTrCEf+juOLCLTtkZC86Cm0ERZKoG9qfXFjiJCNeYIaVarhNrP0VSU8zIsOAlisQI91GXtAxyFBHlp+NrhnDfOG3YEdI8ruHY/T2RokipQRSazgjpnpqujcz/aq1Edy78lPI40YTjyaJOwqAWcBQNbFNJsGYDAwhLav4KcQ9JhLUJsGBCcKdPnoX6Udk9K5/enBQrl1kcebADdsEBcME5qIBrUAU1gMEDeAIv4NV6tJ6tN+t90pqzsplt8EfWxzeu9Zqt</latexit> a

m⇡
+ bm⇡ + cm3

⇡

14

★★▼▼

○○
★★

○
○

○
○

0.2 0.4 0.6 0.8 1.0

-15

-10

-5

0

5

10

15

mπ (GeV)
C
ha
rg
ed
pi
on

β M
(1
0-
4
fm

3
)

elastic
inelastic
total

<latexit sha1_base64="8H0gIMw+rkk++vCgjbzthnQKxKI=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWQaiUGe/LohuXFewF2nHIpJk2NMkMSUYoQ3Hjq7hxoYhbn8Kdb2PajqCtPwQ+/nMOJ+cPYkaVdpwvKzc3v7C4lF8urKyurW/Ym1t1FSUSkxqOWCSbAVKEUUFqmmpGmrEkiAeMNIL+1ajeuCdS0Ujc6kFMPI66goYUI20s395J0bAUtA8h99sxLeEfujv27aJTdsaCs+BmUASZqr792e5EOOFEaMyQUi3XibWXIqkpZmRYaCeKxAj3UZe0DArEifLS8QlDuG+cDgwjaZ7QcOz+nkgRV2rAA9PJke6p6drI/K/WSnR44aVUxIkmAk8WhQmDOoKjPGCHSoI1GxhAWFLzV4h7SCKsTWoFE4I7ffIs1I/K7ln59OakWLnM4siDXbAHDoALzkEFXIMqqAEMHsATeAGv1qP1bL1Z75PWnJXNbIM/sj6+AS6wlgY=</latexit>

a+ bm⇡ + cm3
⇡

★★▼▼

★★
○○

○

○

○

○

0.2 0.4 0.6 0.8 1.0

-10

-5

0

5

10

15

mπ (GeV)

C
ha
rg
ed
pi
on

α E
(1
0-
4
fm

3
)

elastic
inelastic
total



<latexit sha1_base64="L20YCu9nkoaY/4JC6epQIhV1nII=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AVhEqZ8b4sunFZwV6gMw6ZNG1DM8mQZIQy9AXc+CpuXCji1r0738a0HUFbfwh8/OccTs4fxowq7ThfVm5ufmFxKb9cWFldW9+wN7fqSiQSkxoWTMhmiBRhlJOappqRZiwJikJGGmH/alRv3BOpqOC3ehATP0JdTjsUI22swN5LkSdMA4wCL6bDUugdTrCEf+juOLCLTtkZC86Cm0ERZKoG9qfXFjiJCNeYIaVarhNrP0VSU8zIsOAlisQI91GXtAxyFBHlp+NrhnDfOG3YEdI8ruHY/T2RokipQRSazgjpnpqujcz/aq1Edy78lPI40YTjyaJOwqAWcBQNbFNJsGYDAwhLav4KcQ9JhLUJsGBCcKdPnoX6Udk9K5/enBQrl1kcebADdsEBcME5qIBrUAU1gMEDeAIv4NV6tJ6tN+t90pqzsplt8EfWxzeu9Zqt</latexit> a

m⇡
+ bm⇡ + cm3

⇡

15

<latexit sha1_base64="8H0gIMw+rkk++vCgjbzthnQKxKI=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWQaiUGe/LohuXFewF2nHIpJk2NMkMSUYoQ3Hjq7hxoYhbn8Kdb2PajqCtPwQ+/nMOJ+cPYkaVdpwvKzc3v7C4lF8urKyurW/Ym1t1FSUSkxqOWCSbAVKEUUFqmmpGmrEkiAeMNIL+1ajeuCdS0Ujc6kFMPI66goYUI20s395J0bAUtA8h99sxLeEfujv27aJTdsaCs+BmUASZqr792e5EOOFEaMyQUi3XibWXIqkpZmRYaCeKxAj3UZe0DArEifLS8QlDuG+cDgwjaZ7QcOz+nkgRV2rAA9PJke6p6drI/K/WSnR44aVUxIkmAk8WhQmDOoKjPGCHSoI1GxhAWFLzV4h7SCKsTWoFE4I7ffIs1I/K7ln59OakWLnM4siDXbAHDoALzkEFXIMqqAEMHsATeAGv1qP1bL1Z75PWnJXNbIM/sj6+AS6wlgY=</latexit>

a+ bm⇡ + cm3
⇡

✭ = PDG
▼ = ChPT

○

○

★★

▼▼

0.2 0.4 0.6 0.8 1.0

-4

-3

-2

-1

0

mπ (GeV)

C
ha
rg
ed
pi
on

β M
(1
0-
4
fm

3
)

arXiv:2307.08620 (2023), 
Lee, Wilcox , Alexandru, Culver 

PRD104, 054506 (2021), 
He, Leinweber, Thomas, Wang

Four-point function vs. Background field

(Padé)

PACS-CS 2+1 ensembles on 323x64 at 
mπ= 0.296 , 0.411 , 0.572, 0.702 GeV.

Quenched Wilson ensembles on 243x48 at 
mπ= 0.37, 0.6, 0.8, 1.1 GeV.



Conclusion
• Proof-of-concept simulations for charged pion 

show promise of four-point function methodology.
– Clear pictures for αE and βM 
– Requires 2pt and 4pt (but not 3pt) functions

• Open issues
– Extrapolation to t=0 (contact term)
– Extrapolation to q2=0 (static limit)
– Chiral extrapolation 
– Quenched approximation
– Only connected contributions so far
– Discrepancy with background field method for βM 

• Outlook
– Dynamical ensembles (two-flavor nHYP-clover, 315 

and 227 MeV, elongated geometries for volume 
study and smaller q2)

– Disconnected contributions
– Next target: proton and neutron
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Reserve



αE  + βM
<latexit sha1_base64="Hj6zSwhrlnGc2oEVI/w9GvAARLM="></latexit>

↵⇡
E =

↵ r2E
3m⇡

+
2↵a

q2

Z 1

0
dt

⇥
Q44(q, t)�Qelas

44 (q, t)
⇤
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�⇡
E = �↵ r2E

3m⇡
+

2↵a

q2

Z 1

0
dt [Q11(q, t)�Q11(0, t)]

Momentum dependence

Pion mass dependence

▼’s =ChPT
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“Pion electric polarizabilities from lattice QCD”
X. Feng, T. Izubuchi, L. Jin, M. Golterman
arXiv:2201.01396 (Lattice 2021)

+=

Domain-wall ensembles
at physical pion mass
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Examples from background field method

PRD94 (2016), Lujan, Alexandru, Freeman, Lee

π0:  αE  ≃  – 0.5
K0:  αE  = 0.356(74)

Neutron

K0: αE  = 0.58 = – βM (ChPT) 
π0:  αE  = – 0.69(7)(4) = – βM   (PDG)



Background field + 4pt function method

PRD76 (2007), Engelhardt Neutron electric polarizability:  αE  = － 2.0(0.9)

Perturbative expansion in the background field at the action level leads to 
the same diagrammatic structure in 4pt method.

arXiv1111.2686 (Lattice2011), 
Engelhardt 

Neutron spin polarizability


