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ElectroWeak	Transitions	with	Resonances
purely hadronic EW decays

e.g. K → ππ

KTeV

❖ CP violation

photoproduction of resonances

e.g. πγ → ππ

❖ photocouplings

❖ dispersive approaches 
 to gμ−2
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semileptonic processes

e.g. B → π π ℓ ν̄

❖ understanding SM pheno

❖ enable BSM searches
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ElectroWeak	Transitions	with	Resonances
purely hadronic EW decays

e.g. K → ππ

KTeV

❖ matter/antimatter content

❖ CP violation

photoproduction of resonances

e.g. πγ → ππ

❖ photocouplings

❖ dispersive approaches 
 to gμ−2
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semileptonic processes

e.g. B → π π ℓ ν̄

❖ understanding SM pheno

❖ enable BSM searches
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  &  γ → πππ K → πππ





life	on	the	lattice

Angular momentum on the lattice

Infinite volume:
• ܱ 3 symmetry
• Infinite irreps ܬ = 0±, 1±,…

A lattice QCD study of the mesonȡ 9

Finite volume box:
• ܱ symmetry
• 10 irreducible representations

Many-to-one mapping

[R.C Johnson]

Angular momentum on the lattice

Infinite volume:
• ܱ 3 symmetry
• Infinite irreps ܬ = 0±, 1±,…

A lattice QCD study of the mesonȡ 9

Finite volume box:
• ܱ symmetry
• 10 irreducible representations

Many-to-one mapping

[R.C Johnson]

many-to-one

J, ⃗P = ⃗p1 + ⃗p2

L, Λ, ⃗P = ⃗p1 + ⃗p2

infinite volume: 
•  symmetry 
• infinite irreps ( ) 

O(3)
JP

finite volume: 
•discrete symmetries,  Λ

L

⃗pi =
2π
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thr

⟨p1 |p2⟩ = 2E δ(p1 − p2) ⟨p1 |p2⟩ ≠ 2E δ(p1 − p2)



lattice	states:	energies

discrete spectrum where:

C(2)
L = C(2)

∞ − A′ 

1
F−1(E⋆) + T(E⋆)

A

EΛ⋆
n

Luscher NPB354 
Rummukainen, Gottlieb hep-lat/9503028 
Kim, Sharpe, Sachrajda hep-lat/0507006  
Leskovec, Prelovsek hep-lat/1202.2145  
Briceno 1401.3312 
Briceno, Dudek, Young 1706.06223 
Woss, Wilson, Dudek 2001.08474 
[and many more] 

C(2)
L = + + …

det [F−1(E⋆) + T(E⋆)] = 0

https://arxiv.org/abs/hep-lat/9503028
https://arxiv.org/abs/hep-lat/0507006
https://arxiv.org/abs/1202.2145
https://arxiv.org/abs/1401.3312
https://arxiv.org/abs/1706.06223
https://arxiv.org/abs/2001.08474


lattice	states:	normalization
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a	cartoon	“how-to”	with	B → ππℓν̄
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3-point	functions
C3,i = ⟨ Oi( ⃗p, Λ) Vμ OB( ⃗pB) ⟩
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-point	function	lattice	data3
C3,i = < Oi( ⃗p, Λ) Vμ OB( ⃗pB)⟩
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ratio aic fit:
cv: 0.7355
sig: 0.0129

c3 aic fit:
cv: 0.7348
sig: 0.0298

idx: 8 Pi 1,1,1 irr A2 r 1 state 1 Pf 0,0,1 q 1,1,0 cmu 1

⟨n
| V

| B
⟩

AIC average

a multitude of models…
Jay & Neil, 2008.01069

https://arxiv.org/abs/2008.01069


det F[ −1 + M] = 0
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	I:	RBC/UKQCD	-	G-parity	and	periodicK → ππ

RBC/UKQCD, hep-lat/2004.09440

❖ G-twisted BC

❖ mphys
π

❖ periodic BC

❖

❖ optimized ops from GEVP

mphys
π

Re(ε'/ε) [x 10-4]

RBC/UKQCD
ExperimentGPBC 2015

GPBC 2020

This work 2023

PDG 2012-22

-10 0 10 20 30 40 50

FIG. 20. Result for Re("0/") comparing with our earlier works [1, 2] and the world average of

experimental values [6]. All quoted errors are combined in quadrature.

While the statistical and systematic errors in the present work are larger because of

fewer measurements on a coarser lattice, the results are promising enough to motivate us

to perform calculations with more configurations and on a finer lattice ensemble that are

on-going. Therefore we expect more precise results will be obtained in the near future.

The on-going calculations are on the 323 ⇥ 64 Iwasaki + DSDR ensemble, which has the

same lattice spacing as on the GPBC ensemble, as well as to increase the statistics on

the 243 ⇥ 64 ensemble employed here. We will attempt to take the continuum limit with

these two ensembles. This may be challenging due to possible discretization e↵ects on the

a�1 = 1.023 GeV ensemble, both for NPR factors and matrix elements, beyond the leading

O(a2) scaling errors. The validity of taking the continuum limit with these ensembles needs

to be carefully investigated.

There is another important systematic error due to the perturbative truncation of the

Wilson coe�cients in the three-flavor theory. This is not improved by step scaling because

the matching of the Wilson coe�cients in the four-flavor theory to those in the three-flavor

theory needs to be done below the charm threshold. This error gives a 12% systematic

uncertainty in the K ! ⇡⇡ amplitudes, which is as large as the finite lattice spacing er-

ror on the 323 lattice. While the error will eventually be reduced when we have enough

66

RBC/UKQCD, 2306.06781

https://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=&cad=rja&uact=8&ved=2ahUKEwjmorS4ib-AAxWmJTQIHTwvBDQQFnoECB0QAQ&url=https://arxiv.org/abs/2004.09440&usg=AOvVaw0XbkCV_2HUkSdfEIxLtRCi&opi=89978449
https://arxiv.org/pdf/2306.06781


	II:	Ishizuka	et	al.	K → ππ

❖ Wilson-Clover

❖

❖ don’t give up

mπ = 260 MeV

TABLE IV: Standard model parameters used to evaluate the decay amplitudes in the present
work (from Ref. [18]). τ = − (V ∗

tsVtd) / (V ∗
usVud) and Λ(5)

MS
is the lambda QCD for Nf = 5 theory.

The standard representation of the CKM matrix of Ref. [18] is adopted, where the CP violation
enters entirely through a complex phase of Vtd, thus τ .

mZ 91.1876GeV

mW 80.379GeV

mt 173.0GeV

mb 4.18GeV

mc 1.275GeV

Λ(5)

MS
231.4MeV

α ( at µ = mW ) 1/129

sin2 θW 0.230

GF 1.166 × 10−5 GeV−2

Vud 0.97446

Vus 0.22452

Re(τ) 0.0015999

Im(τ) −0.0006469

TABLE V: Results of the K → ππ decay amplitudes at mπ = 260MeV, mK = 570MeV, La =

4.4 fm, and a = 0.091 fm, and the experimental values [18].

q∗ = 1/a q∗ = π/a Exp.

ReA2 (×10−8 GeV) 2.431 ± 0.019 2.463 ± 0.019 1.479 ± 0.004

ReA0 (×10−8 GeV) 51.3 ± 27.5 45.9 ± 24.1 33.2 ± 0.2

ReA0/ReA2 21.1 ± 11.3 18.6 ± 9.8 22.45 ± 0.06

ImA2 (×10−12 GeV) −1.0754 ± 0.0064 −0.6611 ± 0.0042

ImA0 (×10−12 GeV) −89.1± 135.5 −64.9± 112.4

Re(ε′/ε)(×10−3) 1.94 ± 5.72 1.95 ± 5.77 1.66± 0.23

19
FIG. 2: Effective matrix element of M I=2

i (t) in (36) for the operator Q1 in the lattice unit. The

operator for the two-pion is located at (t1, t2) = (0, 4) and the K meson at tK = 29. The operator
Qi(t) runs over the whole time extent. The result of the fitting to (43) in the time range t = [13, 18]
is plotted by a curved line and the result of the K → ππ matrix element is shown by a straight

line with one sigma band.

FIG. 3: Effective matrix elements of M I=2
i (t) in (36) for the operators Q7,8, following the same

convention as in Fig. 2.

15

I=2

FIG. 4: Effective matrix element of M I=0
i (t) in (36) for the LL-type four-fermion operators

Q1,2,3,4,9,10, following the same convention as in Fig. 2.

16

I=0

Ishizuka et al., hep-lat/1809.03893

https://arxiv.org/abs/1809.03893
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	I:	HadSpecπγ → ππ

❖

❖ anisotropic 

❖ Clover-Wilson

mπ = 400 MeV

Nf = 2 + 1

13

FIG. 14: m⇡|A⇡⇡,⇡�? | for two values of Q2 as a function of E?
⇡⇡ along with the elastic ⇡⇡ P -wave scattering amplitude.
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FIG. 15: Mean value of m⇡|A⇡⇡,⇡�? | plotted as contours
along with the locations of the points (E?

⇡⇡/m⇡, Q
2) where

the finite-volume matrix elements were determined. A total
of 42 di↵erent kinematic points were used, and 6 of these ap-
pear outside the range plotted here.

a natural choice for general virtualities if one identifies
Q2 = �m2

� . An alternative extrapolation procedure was
presented in Ref. [30], where the authors suggest deter-
mining A⇡⇡,⇡�? for a range of values of E?

⇡⇡ while fixing
|Q| in the c.m. frame of the ⇡�? state. One can then ex-
trapolate E?

⇡⇡ to the ⇢ pole while keeping |Q| fixed. The
advantage of this procedure is that one does not need to
perform a global fit of the amplitude in terms of the vari-
able Q2. However this procedure has not been described
for the most useful means of accessing a large number

of energy levels in a finite volume, utilized in this pa-
per, namely boosting of the ⇡⇡ system to non-zero total
momentum.

With a determination of F (E?
⇡⇡, Q

2) in hand
we may construct the P -wave reduced amplitude,
A⇡⇡,⇡�?(E?

⇡⇡, Q
2), using Eqs. (22, 23). Since the phase

of the amplitude is fixed by Watson’s theorem to match
the ⇡⇡ phase, we only report its magnitude, which we
choose to present in units of m�1

⇡ . In Fig. 14, we show
the result for the transition amplitude as a function of
E?

⇡⇡ for two values of Q2 along with the elastic ⇡⇡ scat-
tering amplitude, M`=1

⇡⇡ . The bands shown encompass all
the 1� fluctuations obtained using various di↵erent pa-
rameterizations and hence can be considered to include
both statistical and systematic error estimates. Figure 15
makes clear that our determination of the amplitude has
been constrained by points which sample well the entire
relevant region of E?

⇡⇡ and Q2.

V. ⇡+� ! ⇡+⇡0 CROSS SECTION

Having obtained the transition amplitude, we can pro-
ceed to determine the dominant P -wave contribution to
the ⇡+� ! ⇡+⇡0 cross section, which can readily be
compared with phenomenological studies [67, 68]. For
simplicity, we restrict our attention to the process where
the incoming photon is on-shell, Q2 = 0, but all results
generalize to describe the dominant one-photon exchange
contribution to the ⇡+e� ! ⇡+⇡0e� cross section.

14
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2.0 2.1 2.32.2

FIG. 16: ⇡+� ! ⇡+⇡0 cross section as a function of the ⇡⇡ cm energy along with the ` = 1 elastic ⇡⇡ scattering cross section.
The ⇢ resonance is clearly visible in both cross-sections.

In Appendix E we show that,

�`=1(⇡+� ! ⇡+⇡0) = ↵
q?f q

?
i

m2
⇡

��A⇡⇡,⇡�?(E?
⇡⇡, 0)

��2, (27)

where q?i and q?f are the cm-frame momenta in the initial
and final states, respectively. Similarly, the ⇡⇡ elastic
scattering cross-section due to the P -wave is given by

�`=1(⇡+⇡0 ! ⇡+⇡0) =
12⇡

q?2
sin2 �1, (28)

where q? is the cm-frame momentum.
In Fig. 16 we plot both cross-sections for comparison.

We observe both the elastic scattering and the radiative
transition cross sections are dynamically enhanced in the
same region of energy due to the presence of the ⇢ reso-
nance, and we see the reduction in magnitude expected
for the electromagnetic process relative to the strong pro-
cess.

Comparing �`=1(⇡+� ! ⇡+⇡0) to the phenomenolog-
ical cross-section [67, 68], we find that the peak cross-
section in our calculation with m⇡ ⇡ 400 MeV is nearly
one order of magnitude larger than those in Refs. [67, 68].
This apparent discrepancy can be understood by inves-
tigating the dependence of the peak cross section on the
width of the resonance (see Eq. (E5)),

lim
E?

⇡⇡!m⇢

�`=1(⇡+� ! ⇡+⇡0) /
q?i F

2
⇡⇢(m⇢, 0)

m2
⇡ �P (m⇢)

. (29)

From Fig. 13, we find that q?i F
2
⇡⇢(m⇢, 0)/m2

⇡ is approx-
imately 60% of the experimental value. With the two

quark-mass points at our disposal, we can speculate
that the quark-mass dependence of this quantity is rela-
tively mild. Meanwhile, the ⇢ width is known to depend
strongly on the quark mass and for the quark masses
used here it is around 12 MeV [14], making it an order
of magnitude smaller than experiment [69]. It reasonable
to expect that for calculations performed with decreas-
ing values of the quark masses, the ⇢-resonance will be-
come broader (see Ref. [24] for a concrete example at
m⇡ ⇡ 230 MeV), and the ⇡+� ! ⇡+⇡0 cross section will
decrease significantly.

VI. CONCLUSION AND OUTLOOK

In this paper we have described the first calculation of
the radiative decay of a resonance within a first-principles
approach to QCD. By computing three-point correlation
functions using lattice QCD we determine ⇡⇡ ! ⇡�? ma-
trix elements in a finite-volume over a range of discrete
kinematic points. These are related to the correspond-
ing infinite-volume transition amplitude using a proce-
dure which features the ⇡⇡ elastic scattering amplitude
determined from the discrete spectrum of states on the
same lattice configurations. The P -wave amplitude for
⇡⇡ ! ⇡�? is found to feature a dynamical enhancement
corresponding to the ⇢ resonance, and the residue of the
amplitude at the ⇢-pole can be used to determine the
⇢ ! ⇡�? transition form factor.

In the present calculation we made a small number
of approximations which will be addressed in subsequent
studies. We used only a single lattice volume, but the

HadSpec,  1507.06622 
HadSpec,  1604.03530

https://arxiv.org/abs/1507.06622
https://arxiv.org/abs/1604.03530
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	:	HadSpecKγ → Kπ

❖

❖ Clover-Wilson

❖ anisotropic 

mπ = 280 MeV

Nf = 2 + 1
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FIG. 16. Transition amplitude for �K+ ! (K⇡)I=1/2,Iz=+1/2 for three values of photon virtuality. Lines and inner band
correspond to the “global fitting” analysis using KMg for the K⇡ elastic scattering amplitude, and Eqn. 17 as transition
parameterization. The outer band shows an envelope of one-sigma variations over choices of K⇡ amplitude and transition
amplitude parameterization form. The lower panel shows the corresponding elastic K⇡ P -wave scattering amplitude for two
sample parameterizations, KMg(solid line), BWa(dashed line).

FIG. 17. K⇤+ ! K+� resonance transition form factor, as
defined in Eqn. 3. Lines and inner band correspond to the
“global fitting” analysis using KMg for theK⇡ elastic scattering
amplitude, and Eqn. 17 as transition parameterization. The
outer band shows an envelope of one-sigma variations over
choices of K⇡ amplitude and transition amplitude parameter-
ization form. Also shown an estimate for the Q2 = 0 value
extracted from the experimental radiative decay width.

A somewhat comparable14 quantity can be extracted from
the experimental partial decay width, �(K⇤+ ! K+�).

14
Experimental analyses do not typically perform an analytic con-

tinuation to the pole, rather they assume a Breit-Wigner energy-

dependence and factorize the numerator into production and

decay partial widths.

Given an amplitude for K⇤+ ! K+�,

T�K⇡,�� = e ✏⇤µ(��)K
µ(�K⇡) f ,

where Kµ is the same kinematic factor defined in Eqn. 2,
the decay width is given by

�(K⇤+ ! K+�) =
4

3
↵
k?3K�

m2
K

��f
��2 .

The argument leading up to Eqn. 3 suggests an association
between fR(0) and f in the above equations that would
be exact for a stable K⇤. Using the PDG average [26] for
the radiative partial decay width, and the physical values
of hadron masses, we extract

��fpdg
�� = 0.206(10) ,

which we show in Figure 17. We note that our
|fR(0)| = 0.185(15), despite being computed with
unphysically heavy light quark masses, is in reasonable
agreement with this value15.

15
The analysis done for �⇡ ! ⇡⇡ in Ref. [27], extended simplisti-

cally to the current case, would seem to suggest that it is the

quantity fR/mK that is approximately constant with changing

light quark-mass. The kaon mass in this calculation is only 5%

larger than the physical kaon mass, leading to a modest correction

that worsens slightly the apparent agreement.

15

FIG. 16. Transition amplitude for �K+ ! (K⇡)I=1/2,Iz=+1/2 for three values of photon virtuality. Lines and inner band
correspond to the “global fitting” analysis using KMg for the K⇡ elastic scattering amplitude, and Eqn. 17 as transition
parameterization. The outer band shows an envelope of one-sigma variations over choices of K⇡ amplitude and transition
amplitude parameterization form. The lower panel shows the corresponding elastic K⇡ P -wave scattering amplitude for two
sample parameterizations, KMg(solid line), BWa(dashed line).
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FIG. 17. K⇤+ ! K+� resonance transition form factor, as
defined in Eqn. 3. Lines and inner band correspond to the
“global fitting” analysis using KMg for theK⇡ elastic scattering
amplitude, and Eqn. 17 as transition parameterization. The
outer band shows an envelope of one-sigma variations over
choices of K⇡ amplitude and transition amplitude parameter-
ization form. Also shown an estimate for the Q2 = 0 value
extracted from the experimental radiative decay width.

A somewhat comparable14 quantity can be extracted from
the experimental partial decay width, �(K⇤+ ! K+�).

14
Experimental analyses do not typically perform an analytic con-

tinuation to the pole, rather they assume a Breit-Wigner energy-

dependence and factorize the numerator into production and

decay partial widths.

Given an amplitude for K⇤+ ! K+�,

T�K⇡,�� = e ✏⇤µ(��)K
µ(�K⇡) f ,

where Kµ is the same kinematic factor defined in Eqn. 2,
the decay width is given by

�(K⇤+ ! K+�) =
4

3
↵
k?3K�

m2
K

��f
��2 .

The argument leading up to Eqn. 3 suggests an association
between fR(0) and f in the above equations that would
be exact for a stable K⇤. Using the PDG average [26] for
the radiative partial decay width, and the physical values
of hadron masses, we extract

��fpdg
�� = 0.206(10) ,

which we show in Figure 17. We note that our
|fR(0)| = 0.185(15), despite being computed with
unphysically heavy light quark masses, is in reasonable
agreement with this value15.

15
The analysis done for �⇡ ! ⇡⇡ in Ref. [27], extended simplisti-

cally to the current case, would seem to suggest that it is the

quantity fR/mK that is approximately constant with changing

light quark-mass. The kaon mass in this calculation is only 5%

larger than the physical kaon mass, leading to a modest correction

that worsens slightly the apparent agreement.

HadSpec, 2208.13755

https://arxiv.org/abs/2208.13755


ElectroWeak	Transitions	with	Resonances
purely hadronic EW decays

e.g. K → ππ

KTeV

❖ matter/antimatter content

❖ CP violation

photoproduction of resonances

e.g. πγ → ππ

❖ photocouplings

❖ dispersive approaches 
 to gμ−2
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semileptonic processes

e.g. B → π π ℓ ν̄

❖ understanding SM pheno

❖ enable BSM searches
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purely hadronic EW decays

e.g. K → ππ

❖ matter/antimatter content

❖ CP violation

KTeV
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det F[ −1 + M] = 0

R = lim
E→En

E − En

F−1 + M

δ

E

Im(E)

Re(E)

E q2 q2

fR(Epole)

Lüscher analysis

Briceño-Hansen-Walker-Loud
formalism

Im(E)
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II )⋆

⋆ππ
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transition amplitude

V(E⋆, q2) = F(E⋆, q2)
T(E⋆)

k

÷
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Re(q2) q2
MAX

B⋆

Bπ

Boyd, Grinstein, Lebed hep-ph/9412324
Bourrely, Caprini, Lellouch 0807.2722
Alexandrou, LL, Meinel et al. 1807.08357 =

2iV(E⋆, q2)
mB + 2mπ

ϵμναβ εν* pαpβ
B

⟨ππ, E⋆ |V |B, pB⟩∞

T =
E⋆Γi

m2
R − E⋆2 − iE⋆Γi

ΓI =
g2

ρππ

6π
p3

E⋆2

ΓII =
g2

ρππ

6π
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F(E⋆, q2) =
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1 − q2

m2
P

∑
n,m

An,m zn(q2) (E⋆2 − E2
thr)

m

q = pf − pi

E⋆ = 2 m2
π + k2

https://arxiv.org/abs/hep-ph/9412324
https://arxiv.org/abs/0807.2722
https://arxiv.org/abs/1807.08357


details	I

❖ FF3N0M0_TBWI

❖

❖

χ2/dof = 74.3 / 63 = 1.179

A0,0 = 0.2413(66)

❖     FF3N1M0_TBWI

❖   

❖

❖

χ2/dof = 66.8 / 62 = 1.078

A0,0 = 0.2256(87)

A1,0 = − 0.41(18)

❖    FF3N0M1_TBWI

❖           

❖

❖

χ2/dof = 39.1/62 = 0.630

A0,0 = 0.279(12)

A0,1 = − 0.061(13)

❖   FF3N1M1_TBWI

❖   

❖

❖

❖

❖

χ2/dof = 29.9 / 60 = 0.499

A0,0 = 0.260(16)

A1,0 = − 0.88(50)

A0,1 = − 0.031(21)

A1,1 = 1.46(82)



details	II

❖ FF3N0M0_TBWII

❖

❖

χ2/dof = 34.3 / 63 = 0.545

A0,0 = 0.2376(71)

❖ FF3N1M0_TBWII

❖

❖

❖

χ2/dof = 34.0 / 62 = 0.549

A0,0 = 0.2365(89)

A1,0 = − 0.03(22)

❖ FF3N0M1_TBWII

❖

❖

❖

χ2/dof = 32.2 / 62 = 0.520

A0,0 = 0.240(23)

A0,0 = − 0.003(33)

❖ FF3N1M1_TBWII

❖

❖

❖

❖

❖

χ2/dof = 30.4 / 60 = 0.507

A0,0 = 0.232(20)

A1,0 = − 0.27(60)

A0,1 = 0.008(28)

A1,1 = 0.45(1.02)



different	parameterizations

❖  dependence statistically 
significant, albeit small

❖ different  dependence  
in BWI and BWII 

❖ FF3N1M1_TBWII -  
chosen as central

E⋆

E⋆

E
⋆



different	parameterizations
F(q2

MAX) = 1.001 ± 0.059 ± 0.106
E

⋆



b → sℓℓ
LFU ? CPV ?

photo
couplings ❖ a great start to a (more) 

complete understanding of SM

nuclear EW



—Lellouch & Lüscher, hep-lat/0003023

“One might think that having a finite volume (…) makes it even more difficult 
to extract the transition amplitudes. In the present paper we wish to show that 

this is actually not so.“

https://arxiv.org/abs/hep-lat/0003023

