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Phys.Rept. 892 (2021)
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Sign problem is NP-hard: no generic solution strategy is likely to exist
Troyer, Wiese PRL 94 170201 (2004) 
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In practice: use adaptive step size
in attempt to keep solution finite

Divergent solutions (runaways)

see e.g.: G. Aarts et.al. PLB 687(2-3), 154–159 (2010)
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see e.g.: G. Aarts et.al. Eur. Phys. J. C71 (2011) 1756

Two challenges for Complex Langevin

The XLth International Symposium on Lattice Field Theory – August 3rd 2023 – virtual

LATTICE REAL-TIME SIMULATIONS WITH MACHINE LEARNED OPTIMAL KERNELS

<latexit sha1_base64="3pfzh4kMlN2jVHhaOFBx7pCtA6o="></latexit>

d�R

d⌧L
= Re

"
i
�S [�]
�� (x )

����
�=�R+i�I

#
+ ⌘ (x , ⌧L),

d�I

d⌧L
= Im

"
i
�S [�]
�� (x )

����
�=�R+i�I

#

In practice: use adaptive step size
in attempt to keep solution finite

Divergent solutions (runaways)

see e.g.: G. Aarts et.al. PLB 687(2-3), 154–159 (2010)

for a community overview see e.g. E. Seiler LATTICE17 EPJ Web Conf. 175, 2018



DANIELALVESTAD - UIS

Only a posteriori criterion available:
tails in histogram of field d.o.f.

<latexit sha1_base64="9O3gkMft5FlahE3ovnzYeDZ5mxY="></latexit>π
d�R

π
d�IO(�R + i�I )PCL (�R ,�I ) ,

π
d�O(�)ei S [� ]

<latexit sha1_base64="9O3gkMft5FlahE3ovnzYeDZ5mxY="></latexit>π
d�R

π
d�IO(�R + i�I )PCL (�R ,�I ) ,

π
d�O(�)ei S [� ]

Convergence to incorrect solutions
as real-time extent increases

see e.g.: G. Aarts et.al. Eur. Phys. J. C71 (2011) 1756

Two challenges for Complex Langevin

The XLth International Symposium on Lattice Field Theory – August 3rd 2023 – virtual

LATTICE REAL-TIME SIMULATIONS WITH MACHINE LEARNED OPTIMAL KERNELS

<latexit sha1_base64="3pfzh4kMlN2jVHhaOFBx7pCtA6o="></latexit>

d�R

d⌧L
= Re

"
i
�S [�]
�� (x )

����
�=�R+i�I

#
+ ⌘ (x , ⌧L),

d�I

d⌧L
= Im

"
i
�S [�]
�� (x )

����
�=�R+i�I

#

In practice: use adaptive step size
in attempt to keep solution finite

Divergent solutions (runaways)

see e.g.: G. Aarts et.al. PLB 687(2-3), 154–159 (2010)

for a community overview see e.g. E. Seiler LATTICE17 EPJ Web Conf. 175, 2018

Technical novelty:
Implicit solvers render runaway

problem moot
JHEP 08 (2021) 138
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Machine learning technique infuses
system specific prior information -

loop-hole to beat the 
NP-hard sign problem
JHEP 04 (2023) 057
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Direct simulations anharmonic oscillator on the canonical SK contour in thermal 
equilibrium possible m=1 λ=24 βm=m/T=1 D. Alvestad, R. Larsen, A.R. JHEP 08 (2021) 138
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Direct simulations anharmonic oscillator on the canonical SK contour in thermal 
equilibrium possible

x0max=0.5

m=1 λ=24 βm=m/T=1

θ=0.6 N=64 ΔτL=0.005
500 traj. 1000 meas. 

D. Alvestad, R. Larsen, A.R. JHEP 08 (2021) 138
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Necessary, while not sufficient criterion for correct convergence: 
absence of boundary terms

developed in: G. Aarts et.al. 
Eur. Phys. J. C71 (2011) 1756
see also: D. Alvestad, R. Larsen, 
A.R. JHEP 04 (2023) 057
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Strategies to minimize boundary: pull complexified d.o.f. back to a real manifold

Gauge cooling: exploit freedom to bring SL(N,C) links as close as possible to SU(N) 
Seiler, Sexty, Stamatescu, PLB 04 62 (2013)

Dynamical stabilization: modified drift term pulls towards the origin (non-holomorphic)
Aarts, Attanasio, Jaeger, Sexty Acta Phys. Polon. Supp. 9, 621 (2016)

Necessary, while not sufficient criterion for correct convergence: 
absence of boundary terms

developed in: G. Aarts et.al. 
Eur. Phys. J. C71 (2011) 1756
see also: D. Alvestad, R. Larsen, 
A.R. JHEP 04 (2023) 057
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Strategies to minimize boundary: pull complexified d.o.f. back to a real manifold

Gauge cooling: exploit freedom to bring SL(N,C) links as close as possible to SU(N) 
Seiler, Sexty, Stamatescu, PLB 04 62 (2013)

Dynamical stabilization: modified drift term pulls towards the origin (non-holomorphic)
Aarts, Attanasio, Jaeger, Sexty Acta Phys. Polon. Supp. 9, 621 (2016)

Necessary, while not sufficient criterion for correct convergence: 
absence of boundary terms

developed in: G. Aarts et.al. 
Eur. Phys. J. C71 (2011) 1756
see also: D. Alvestad, R. Larsen, 
A.R. JHEP 04 (2023) 057

Our idea for NP-hard sign problem: incorporate system specific prior information
without affecting the proof of convergence
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Allows us to extend correct convergence to any real-time extent in free theory
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(c.f. dynamic stabilization but holomorphic)
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N. Lampl and D. Sexty (in preparation)

inspired by study of novel boundary criterion 
for detection of incorrect convergence
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Promising scaling: CL with # of grid points – field independent kernel avoids
need for Jacobian – implicit solvers performant even though Newton step

Found that for 1+1d low-cost functional proposed by 
Graz group offers even better performance. 
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